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Two-slit experiment with electrons
Ken Harada et.al., Scientific Reports (2018).

First 2-slit experiment with electrons:
Tonomura, Endo, Matsuda, Kawasaki, Ezawa, Am. J. Phys. 57(2) (1989).
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Which slit did the electron pass through?
Getting the “Welcher-Weg" (which-way) information

Tabish Qureshi (CTP, JMI) Momentum Kicks in Interference Experiments QIPA-2018 4 / 31
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Bohr’s Complementarity Principle.

Niels Bohr in 1928
Certain physical concepts are complementary. If two concepts are
complementary, an experiment that clearly illustrates one concept will
obscure the other complementary one.. . .

An experiment that illustrates the particle properties of light will not
show any of the wave properties of light.
an experiment that illustrates the wave properties of light will not show
any of the particle nature of light.

In the two-slit experiment, the “which-way" information and the existence
of interference pattern are mutually exclusive.

They can NEVER be observed at the same time, in the same experiment.
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Einstein’s Recoiling-Slit Experiment
A thought experiment proposed by Einstein

Particle going through upper (lower) slit has momentum p0 (−p0)
Slit experiences momentum recoil ±p0 (momentum conservation)
Momentum of slit→ which-way information
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Bohr’s reply

Difference in the momenta of particles in the two slits
p1 − p2 � 2p sin(θ/2) ≈ pθ �

h
λθ �

h
λ

d
L

Recoil momentum of the slit should be measured at least as accurately
as ∆px � h

λ
d
L .

Position of the single-slit is uncertain at least by an amount
∆x �

~
2∆px or ∆x �

h
4π

λ
h
L
d �

λL
4πd

Consequently, position of a fringe is uncertain by an amount λL
4πd

Separation between two neighbouring fringes = λL
d

Interference pattern will be washed out.
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Implication of Bohr’s resolution

Uncertainty principle seems to be enforcing complementarity.
Many people have come to believe:
Complementarity is a tacit restatement of the uncertainty principle.

Origin of complementarity:
Getting which-way information will necessarily disturb the state of the
particle.
Disturbance will be enough to wash out interference.
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Realization of Recoiling-Slit Experiment

Tabish Qureshi (CTP, JMI) Momentum Kicks in Interference Experiments QIPA-2018 9 / 31



10

Realization of Recoiling-Slit Experiment
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Complementarity without uncertainty?
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Momentum kicks

Storey et.al. proved:
Minimum momentum transferred in
which-way detection:

pm ≥ ~/d
where d � separation between the
two slits.
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Storey et.al. Nature 367, 626 (1994)

|Ψ〉 �
∫
dxψi(x)|Dx〉

|Dx〉 �
∑
ξ Oξ(x)|ξ〉

Final wavefunction
ψf (x) � Cψi(x)Oξ(x)

ψ̃f (p) � C
∫
ψ̃i(p′)Õξ(p − p′)dp′

Momentum distribution of ψi gets modified by Õξ(p − p′)
Fringe visibilityV � |〈Dx1 |Dx2〉| (x1 , x2 position of the slits)

1 ≥ V ≥ 1 − pmaxd
~

For perfect which-way detection (V � 0)

pmax ≥ ~/d
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Origin of complementarity
Correlations or the uncertainty principle?

Two opposite viewpoints:
Quantum correlations

B-G. Englert, Phys. Rev. Lett. 77, 2154 (1996),
“Fringe visibility and which-way information: an inequality"
M.O. Scully, B.G. Englert, H. Walther, Nature 375, 367 (1995),
“Complementarity and uncertainty."

Uncertainty principle
S.M. Tan, D.F. Walls,Phys. Rev. A 47, 4663-4676 (1993),
“Loss of coherence in interferometry".
E.P. Storey, S.M. Tan, M.J. Collett, D.F. Walls, Nature 367, 626 (1994).
H. Wiseman, F. Harrison, Nature 377, 584 (1995),
“Uncertainty over complementarity?"
H.M. Wiseman,Phys. Rev. A 58 1740 (1998).
“Bohmian analysis of momentum transfer in welcher Weg measurements,"
H. Wiseman, Phys. Lett. A 311, 285 (2003),
“Directly observing momentum transfer in twin-slit which-way experiments"
R. Mir, J.S. Lundeen, M.W. Mitchell, A.M. Steinberg, J.L. Garretson, H.M. Wiseman, New J. Phys. 9, 287 (2007).
“A double-slit ’which-way’ experiment on the complementarity-uncertainty debate"
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“Momentum kicks"
Controversy on whether particle receives “momentum kick"

S. Durr, T. Nonn, G. Rempe, Nature 395, 33 (1998),
“Origin of quantum-mechanical complementarity probed by a which-way
experiment in an atom interferometer."
Ma X.-S., Kofler J. and Zeilinger A., Rev. Mod. Phys., 88 (2016) 015005.
Luis A. and Sánchez-Soto L. L., Phys. Rev. Lett., 81 (1998) 4031
C.S. Unnikrishnan, Phys. Rev. A 62, 015601 (2000).
Mir R., Lundeen J. S., Mitchell M. W., Steinberg A. M., Garretson JL and
Wiseman HM, New J. Phys., 9 (2007) 287, “A double-slit which-way
experiment on the complementarity-uncertainty debate"
Xiao Y., Wiseman H. M., Xu J.-S., Kedem Y., Li C.-F. and Guo G.-C.,
Observing momentum disturbance in double-slit which-way measurements,
arXiv:1805.02059 [quant-ph].
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Controversy on momentum kicks...
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Controversy on momentum kicks...
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Is uncertainty a requirement for Complementarity?

Could Bohr have replied to Einstein without invoking the uncertainty
principle?
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Quantum measurement
According to von Neumann

A quantum measurement consists of two processes.

Process 1: Unitary→ establishes correlation between system & detector.

System initial state =
∑n

i�1 ci |ψi〉 Detector initial state = |d0〉

|d0〉
n∑

i�1
ci |ψi〉

Unitary evolution
−−−−−−−−−−−→

Process 1

n∑
i�1

ci |di〉|ψi〉

Process 2: A non-unitary one which picks out a single result

n∑
i�1

ci |di〉|ψi〉 −−−−−−−→
Process 2

|dk〉|ψk〉

with probability |ck |2. Process 2 constitutes "The Measurement Problem".
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Which-way detection in Einstein’s experiment
Using von Neumann’s process 1

Two orthogonal states of the particle: |ψ1〉 and |ψ2〉
|ψ1〉 → amplitude to go through slit 1.
|ψ2〉 → amplitude to go through slit 2.
Two momentum states of the recoiling slit: |p1〉 and |p2〉.
Points to be noted:
(a) Two different momentum states of the recoiling slit will necessarily get

entangled with the states of the particle passing through the two slits:
Ψ(x) � ψ1(x)|p1〉 + ψ2(x)|p2〉

(b) In principle it is possible to find an interaction which will not affect the
states of the particle |ψ1〉 and |ψ2〉, but only result in the detector
states getting correlated with them.

Point (a) was not part of Bohr’s reply.

Point (a) is enough to rule out interference!
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Which-way information and interference

Without which-way information
ψ(x) � ψ1(x) + ψ2(x)

Probability of finding the particle at a point x on the screen,

|ψ(x)|2 � |ψ1(x)|2 + |ψ2(x)|2 + ψ∗1(x)ψ2(x) + ψ∗2(x)ψ1(x)

The last two terms represent interference.

WITH which-way information
ψ(x) � ψ1(x)|p1〉 + ψ2(x)|p2〉

Probability of finding the particle at a point x on the screen,

|ψ(x)|2 � |ψ1(x)|2 + |ψ2(x)|2 + ψ∗1(x)ψ2(x)〈p1 |p2〉 + ψ∗2(x)ψ1(x)〈p2 |p1〉

|ψ(x)|2 � |ψ1(x)|2 + |ψ2(x)|2

Interference is killed by the orthogonality of |p1〉 and |p2〉.

Recoiling slit storing which-way information destroys interference!
Tabish Qureshi (CTP, JMI) Momentum Kicks in Interference Experiments QIPA-2018 20 / 31
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If this entanglement between the particle and the recoiling-slit had been
recognized and its implications understood

Bohr could have provided a simpler rebuttal to Einstein!

Can this argument be made more quantitative?
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Quantitative Wave-Particle Duality

ψ(x) � ψ1(x)|d1〉 + ψ2(x)|d2〉
If detector distinguishes the two paths inaccurately: 〈d1 |d2〉 , 0.

Define distinguishability of the two paths:

DQ = max. probability with which |d1〉, |d1〉 can be unambiguously
distinguished
Visibility of interference

V �
Imax − Imin

Imax + Imin

It has been shown that 1

DQ +V ≤ 1

1Wave-particle duality in asymmetric beam interference
Keerthy Menon, T. Qureshi, Phys. Rev. A 98, 022130 (2018).
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Symmetric beams

D2
+V2 ≤ 1

B.G. Englert, PRL 77, 2154 (1996).
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Keerthy Menon, T. Qureshi, Phys. Rev. A 98, 022130 (2018).
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Symmetric beams

D2
+V2 ≤ 1

B.G. Englert, PRL 77, 2154 (1996).
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Symmetric beams
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+V2 ≤ 1

B.G. Englert, PRL 77, 2154 (1996).
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Are there momentum kicks?

Particle passing through double-slit, with a which-way detector:

Ψ(x) � 1√
2
(ψ1(x)|d1〉 + ψ2(x)|d2〉)

Gives no interference for 〈d1 |d2〉 � 0.

New basis for path-detector states:
|d±〉 � 1√

2
(|d1〉 ± |d2〉

The state
Ψ(x) � 1

2 [ψ1(x) + ψ2(x)]|d+〉 + 1
2 [ψ1(x) − ψ2(x)]|d−〉

Our claim: The state can be written as

Ψ(x) � 1
2 [ψ1(x) + ψ2(x)]|d+〉 + 1

2e
ip0x/~[ψ1(x) + ψ2(x)]|d−〉

where p0 � ~π/d is a momentum-kick.
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Are there momentum kicks?

The quantum state

Ψ(x) �
1
2 [ψ1(x) + ψ2(x)]|d+〉 + 1

2e
ip0x
~ [ψ1(x) + ψ2(x)]|d−〉

�
1
2 [ψ1(x) + ψ2(x)]|d+〉 + 1

2 [e
ip0x
~ ψ1(x) + e

ip0x
~ ψ2(x)]|d−〉

�
1
2 [ψ1(x) + ψ2(x)]|d+〉 + 1

2 [e
ip00
~ ψ1(x) + e

ip0d
~ ψ2(x)]|d−〉

�
1
2 [ψ1(x) + ψ2(x)]|d+〉 + 1

2 [ψ1(x) − ψ2(x)]|d−〉

Particle receives a momentum kick of magnitude p0 � ~π/d � h/2d
whenever the path detector is found in state |d−〉
(randomly, 50% of the time).

Detector basis

|d1〉, |d2〉 → No momentum kick
|d+〉, |d−〉 → Momentum kick of size h/2d
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Momentum kick

e
ip0x
~ ψ(x) � e

ip0x
~

∫ ∞

−∞
ψ̃(p)e

ipx
~ dp

�

∫ ∞

−∞
ψ̃(p)e

i(p+p0)x
~ dp

�

∫ ∞

−∞
ψ̃(p − p0)e

ipx
~ dp

Momentum distribution of ψ gets shifted by p0.
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Three-slit which-way experiment

Ψ(x) � 1√
3

[
ψ1(x)|d1〉 + ψ2(x)|d2〉 + ψ3(x)|d3〉

]
New basis for path-detector states:

|dα〉 � 1√
3
(|d1〉 + |d2〉 + |d3〉)

|dβ〉 � 1√
3
(e−i2π/3 |d1〉 + |d2〉 + ei2π/3 |d3〉)

|dγ〉 � 1√
3
(ei2π/3 |d1〉 + |d2〉 + e−i2π/3 |d3〉)

State in the new basis:

Ψ(x) � 1
3

[
ψ1 + ψ2 + ψ3

]
|dα〉 + 1

3

[
e
−i2π
3 ψ1 + ψ2 + e

i2π
3 ψ3

]
|dβ〉 + 1

3

[
e
i2π
3 ψ1 + ψ2 + e

−i2π
3 ψ3

]
|dγ〉

Can also be written as

Ψ(x) � 1
3
[
ψ1 + ψ2 + ψ3

]
|dα〉 + 1

3e
ip0x
~

[
ψ1 + ψ2 + ψ3

]
|dβ〉 + 1

3e
−ip0x
~

[
ψ1 + ψ2 + ψ3

]
|dγ〉

where p0 � h/3d.
ψ1 , ψ2 , ψ3 are localized at x � −d , 0, d
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Three-slit which-way experiment

Particle recieves a momentum kick of magnitude

p0 � h/3d when detector state is |dβ〉 (one-third of the time)

p0 � −h/3d when detector state is |dγ〉 (one-third of the time)

No kick when detector state is |dα〉
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n-slit which-way experiment

Particle going through a multi-slit, with which-way detector:

Ψ(x) � 1√
n

n∑
k�1

ψk(x)|dk〉

Interference

Ψ∗(x)Ψ(x) � 1
n

n∑
k�1
|ψk |2 + 1

n

∑
j ,k

ψ∗j ψk 〈dj |dk〉 + ψ∗kψj 〈dk |dj〉

is destroyed by the orthogonality of {|di〉}.
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n-slit which-way experiment

A new basis for path-detector states

|d1〉 �
1√
n (|α1〉 + |α2〉 + |α3〉 + |α4〉 + · · · + |αn〉)

|d2〉 �
1√
n

(
|α1〉 + e

i2π
n |α2〉 + e

i4π
n |α3〉 + e

i6π
n |α4〉+

· · · + e
i2(n−1)π

n |αn〉
)

|d3〉 �
1√
n

(
|α1〉 + e

i4π
n |α2〉 + e

i8π
n |α3〉 + e

i12π
n |α4〉+

· · · + e
i4(n−1)π

n |αn〉
)
.

e i2kπ
n → nth root of unity
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n-slit which-way experiment

Ψ(x) �
1
n
(
ψ1 + ψ2 + ψ3 + · · · + ψn

)
|α1〉

+
1
ne

ip1x
~

(
ψ1 + ψ2 + ψ3 + · · · + ψn

)
|α2〉

+
1
ne

ip2x
~

(
ψ1 + ψ2 + ψ3 + · · · + ψn

)
|α3〉

+ . . .

+
1
ne

ipn−1x
~

(
ψ1 + ψ2 + ψ3 + · · · + ψn

)
|αn〉,

where pj � jh/nd.

Interpretation:

Particle either receives no momentum kick,
or randomly receives a kick of one of the n-1 magnitudes
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“Double-slit experiment in momentum space"
Ivanov et.al, EPL 115, 41001 (2016).

Particle in a superposition of two distinct
momentum states

Ψ(p) � 1√
2

[
ψ1(p)|d1〉 + ψ2(p)|d2〉

]
State in another basis:
Ψ(p) � 1

2 [ψ1(p) + ψ2(p)]|d+〉 + 1
2 [ψ1(p) − ψ2(p)]|d−〉.

May also be written as:

Ψ(p) � 1
2 [ψ1(p) + ψ2(p)]|d+〉 + e

−ip1x0
~ e

ipx0
~ 1

2 [ψ1(p) + ψ2(p)]|d−〉,

where x0 � h
2(p2−p1) .

Particle recieves position kicks of magnitude h
2(p2−p1)
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Conclusions

Complementarity is enforced by the ubiquitous entanglement between
the particle and the which-way detector - always!
The loss of interference can be interpreted
either
as arising from the entanglement of particle paths with orthogonal
state of the which-way detector |d1〉, |d2〉 basis
or
due to the random momentum kicks the particle appears to
experience. |d+〉, |d−〉 basis
The momentum kicks are NOT due to any momentum transfer from
the which-way detector.

“Which-way measurement and momentum kicks”
T. Qureshi, EPL 123, 30007 (2018).
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