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General Relativity Examination: December, 1998

1. The Schwarzschild metric is given by:

ds? = —(1 - ZGTM)dt’ =M

Y ldr? + r2(d6? +sin6d4%). (1)
Consider a spaceship which starts from rest at r = rp, and moves radially outwards in
such a way that an observer sitting inside the spaceship feels a constant acceleration
a. Find a differential equation which will determine the radial coordinate r of the
spaceship in terms of the proper time 7 of the observer inside the spaceship.

2. Let us assume that the density of matter in the universe is critical so that the
Robertson-Walker metric is given by:

ds? = —dt? + (A(t))2(dz® + dy? + d7) (2)

The energy density p and pressure p of a gas of photon at temperature T is given
by -

p=3p=CT", . (3
where C is a known constant. Let # denote the present instant of time, Hy denote
the Hubble constant, and Ty denote the temperature of the microwave background
radiation at ¢ = tg. Let t; denote the particular instant of time (in the past) when
the energy density due to matter was exactly equal to that due to radiation.

(a) Find tp —t; in terms of Hy, Tp, C and the Newton’s constant G.

o You can make the simplified assumption that during the period between
t1 and t,, the ezpansion of the universe is matter dominated; i.e. in the
Einstein’s equation the contribution to the energy momentum tensor from
the radiation can be ignored.

o You should not assume that the big bang occured at t = 0.

(b) Let us make the simplified assumption that for £ < ?, the expansion of the
universe is radiation dominated, i.e. in the Einstein’s equation we can take the
energy momentum tensor to be the one given in eq.(3). Let P and @ be two
space-time points at time ¢ = ¢;. What is the minimum distance between P
and @ such that their past light cones never intersect in the past?

You should express your answer in terms of the constant C, the temperature
T, of the radiation at time ¢;, and the Newton's constant G.

o Hint: For minimum distance between P and Q satisfying this property, the
past light-cones of P and Q will intersect ezactly at the time of the big
bang. ’



