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http://planetmath.org/encyclopedia/Pfafian.html

174
yanetMath: pfaff
I 3 - ' (mare info) profile: Grigori Perelman Linear Algebra Software
Q n 3 . E Pa_yPaI The mathematical genius who has solved Discover Maple 10 Today Linear Algebra
’ 2 ¥ B 4 : 2 ® W e DOMATE the Poincare Conjecture Made Easy
‘ Math for the people, by the people. Encyclopedia | Requests | Forums | Docs | Wiki | Random | RSS ; ..’."l‘.’_l

Login Pfaffian (Definition)
create new user The Pfaffian is an analog of the determinant that is defined only for a 21 X 21 antisymmetric matrix. Itis a

name: l polynomial of degree 7 in elements of the matrix, such that its square is equal to the determinant of the
pass: r‘”‘*‘"*” matrix.

login | The Pfaffian is applied in the generalized Gauss-Bonnet theorem.
forget your password?
Examples

Main Menu 0 a

sections Pt 0 =,
Encyclopaedia L ’
Papers
Books
Expositions 0 a b ¢
—a 0 d e
meta pf = af — be + de.
Requests (237) -b —-d 0 f f
Orphanage (5) - —¢ ~f D
Unclass'd s
Unproven (397)

Corrections (250) Standard definition
Classification

talkback Lat

Polls
Forums 0 a1y Q1op
Feedback

—ay,: ) Y
Bug Reports e 41,2 ( 2,90

downloads =Om1 —Oon2 - 0
Snapshots '
PM Book

information Let IT be the set of all partition of {1, 2,.., 2n} into pairs of elements ¢ € 11, can be represented as

News
Docs

Wiki == {“111}(12]2)*«(an]rl)}'
Changelog
TODO List with 4 < ji and 4 < 2p < -+ < iy, let
Legalese
About 12 8 4 . 2
i 1otz J2o Ja

be a corresponding permutation and let us define sgn(c) to be the signature of 7 ; clearly it depends only

on the partition & and not on the particular choice of 7 . Given a partition ¢x as above let us set

o = G4, j, B, 5,04, j,» then we can define the Pfaffian of A as

Pf(A) = Z sgn(a)ag.

el
Alternative definition

One can asociate to any antysimmetric 2n X 2nmatrix 4 = {a;;} abivector: w = Y. a;¢; Ae¢jina

<

basis {ej, €, ..., €20} of R?", then

wh = nlPf(A)e; Aea A A ean,







4l /a,(gb £ Cuds
stk 1/ Problem Set 1: Date Due: September 15, 2006 L
) Y renanig. o
1. Consider the action of a free scalar field theory: St Lo LI

" =} [ prosass s

Now introduce a new field x through the relation:

\Q)]ﬁ;ﬂ& where 9, = ;2.

1
¢=X+§)\X2

(a) Express the action in terms of x and its derivatives.

(b) Now forget about the description in terms of the ¢ field altogether,
and treat this as a new field theory of the field y. Derive the mo-
mentum space Feynman rules for calculating correlation functions
for the x field.

(c) Calculate the three and four point correlation functions:

}F\; (X(k1)X (k2) X (R3)).

g  -a and
Ny]xﬁw }y\%\b (X(k1)X (k2)X (k3) X (Ka))e
L E |

to order A and A\? respectively. Here

B R n w |
&g,f T (T =[xt [k / [(0x1es 1)

o\
. o5 X
\(\'j‘N 6 NGA\/‘ Jﬁ and ( ). denotes sum over only the connected Feynman diagrams.
NI ««'\571 vrrﬂ(d) Calculate the S-matrix element for the scattering of two y par-

¥ \;ﬂj& H}S&p ticles with momenta k; and ks to go into two y particles of mo-

menta p; and p; to order A%, In this calculation you can ignore
the forward scattering amplitude (i.e. the contribution from dis-
§” connected Feynman diagrams).

You can simplify the answer by expressing the final result using
the Mandelstam variables:

&= —(/ﬁ -+ k2)2, t= —(/fl - p1)2, U = _(kl - P2)2



Note that only two of these variables are independent since we
have a relation:
s+t+u=4m?

which you should be able to prove. Thus the final result should be
expressed as a function of only two of these three variables (say
of s and t).

2. Consider an action describing a vector field A, and a scalar field ¢:

S:/d4x

where F,, = (0,A, — 0,A,) and ¢ is a constant. Calculate the two
point correlation functions

(a) (Au(ky)A,(k2))
(b) (Au(k1)@(k2)) ~"
A o 20
() (B(k1)B(ks)) 2 O %Em St Aar o~ v ezvr\/w)

by defining these correlation functions through the usual path integral
formulation as given e.g. in eq.(1) of problem 1.

1 v 1 vo v
- 577M aﬂ¢au¢ - Zﬂ“pﬁ F,uqua + 077“ Auau¢

Hint: In solving this problem you may need to invert a 5 x 5 matrix.

N g
You can u;} to—use Lorentzcovarianeeto uhvﬁpn;‘y thc aucujymb



Quantum Field Theory

1. Consider an n component real scalar field (¢1,. .. ¢,) with action

g /d4 [ nuuz 0, $aly — V(¢>1,...¢n)}

where

k n 2
V(drr . dn) = —12 3" duda + A (z %%) C ken
a=1 a=1

for some real, positive constants p and A. We shall work at tree level
and hence will not worry about renormalizability issues.

(a) Find the full symmetry group as well as the unbroken symmetry
group of the theory.

wd the masses of different scalar particles in the theory and show
that the results are consistent with Goldstone’s theorem.

(c) If we couple the system to gauge fields so as to make all the global
symmetries into gauge symmetries, how many massless and how
many massive gauge fields shall we get?

2. Suppose A}, are a set of non-abelian gauge fields in three dimensions
with gauge group G. Let T%’s denote the generators of the group, and
define A, = 37, ALT*. We also define €"*? to be the totally antisym-
metric tensor in three dimensions, with €2 = 1.

Consider the action
S = [dwer Tr(A,0,A, + AALALA)
where T'r denotes trace and A is a constant. Find the value of \ for

which the action is gauge invariant after throwing away total derivative
terms.

BP.T.C;



3. Consider a four dimensional field theory with a complex scalar field ¢
and action

A
v / . [" Nt 8,49, — m2p*d — Z(¢*¢)2

Calculate the renormalization constants Z¢, Zy, and Zy to first
order in the renormalized coupling constant Ag.

(b) Calculate the 3-function for Ag to order \%,.



