Problem set 1 Date due: February 3, 2006

1. Consider a horizontal cylinder of length a, and cross section A, divided
into two parts by a piston P of mass m. The piston can slide back and
forth inside the cylinder without any friction. The walls of the cylinder
as well as the piston are perfect heat insulators. The left side of the
piston is filled with N7 molecules of helium gas, and the right side is
filled with Ny molecules of Helium gas. The total energy of the system
is fixed and is given by E. We assume that the piston is heavy and
moves slowly so that at any instant of time we can regard the gas on
each side to be in equilibrium, obeying ideal gas equation of state.

a) Take the distance x of the piston from the left wall, the velocity v of
the piston and the energy F; of the gas on the left side of the piston as
independent variables and write down the equations of motion in the
standard form with first order time derivatives only.

b) Express the total entropy of the system in terms of the independent
variables E;, z and v and show, using the equations of motion, that
the total entropy does not change with time.

¢) Now assume that the system is not in complete thermal equilibrium
during the motion of the piston so that the pressure on the piston due
to the gas on left compartment differs from the one calculated using the
ideal gas equation of state by c;v and similarly pressure on the piston
due to the gas on right compartment differs from the one calculated
using the ideal gas equation of state by cyv for some constants ¢y, c;.
Find the equations of motion to first order in ¢y, co.



d) Calculate the rate of change of entropy of the system. Show that
for physical choice of the sign of c;, c; the entropy increases with time.

9. Consider a vertical cylinder of cross section A containing helium gas,
closed from the top by a piston P of zero mass. The piston can slide
up and down without any friction. The walls of the cylinder as well as
the piston are perfect heat insulators. The piston is held in place by
putting 2n equal weights, each of mass m, on top of it. The piston is
at a height h above the base of the cylinder. :Jy
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a) Now suppose we suddenly remove n of the weights and wait till the
system comes to rest. You can assume that the system is in equilibrium
at the beginning and the end of the process but not in the intermedi-
ate stage. What will be the final height of the piston? What is the
difference between the initial and the final entropy?

b) Next consider the case where we remove n of the weights one by
one, and after each removal wait for the system to come to rest before
the next one is removed. What will be the height of the system at the
end of the process? What is the difference between the initial and the
final entropy?



¢) Study what happens in the n — oo limit.

. Consider a one dimensional harmonic oscillator with phase space coor-
dinates ¢, p and Hamiltonian

2
P |
H =— 4+ =Cq°,
(0,p) = 5~ +5Cq
where m and C' are constants. The system is in thermal contact with

a reservoir at temperature 7.
a) Calculate the average energy of the oscillator.

b) Calculate the probability that the energy of the oscillator lies be-
tween F and F + JF.

¢) Calculate the average value of ¢*.

. Consider a system of N magnetic dipoles, each carrying a dipole mo-
ment p. The dipoles are fixed in space at their centers but are free to
rotate about any axis passing through their centers and perpendicular
to the axis of the dipole. The moment of inertia of each of the dipoles
about any such axis is /. The system is kept in thermal equilibrium
with a heat bath of temperature 7. There is also an external uniform
magnetic field B which we take to be in the z direction.

a) Choose appropriate coordinates and momenta for describing this
system and write down the Hamiltonian in terms of these coordinates
and momenta.

b) Calculate the free energy F, the entropy S, mean energy £ and the
specific heat at constant magnetic field C'gz of the system.

¢) Show that the average magnetization of the system is given by
—0F/0B. Find an expression for the average magnetization and also
the susceptibility, which is defined as the rate of change of the average
magnetization with respect to the external magnetic field B.

d) Estimate the total fluctuation in the average energy as well as the
average magnetization in the canonical ensemble.

e¢) Now suppose that the dipoles are not fixed in their positions but are
allowed to move freely inside a box of volume V. Determine how the

esults of a) - d) will change. i 9L
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5. Consider a set of IV free charged particles moving in a uniform magnetic ?D
field inside a box of size V. If A is the vector potential so that B =
V x A is the magnetic field, then the hamiltonian of the system is given
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where m and e denote the mass and charge of the particle and ¢ is the '\NMG*V
velocity of light. As before, the average magnetization is defined to be N
—0F /0B where B = |B| and F'is the free energy. SO
a) Show that the average magnetization of the system vanishes. = {

b) Show that the same result holds when we add to the hamiltonian
an interaction term of the form:

Z V (75, 75)
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6. Consider a system of N objects which are free to move inside a box
of volume V. Each of these objects, in turn, is made of a pair of
point masses, connected by a spring whose length in the absence of any
external force is [y and whose spring constant is k. The system is in
thermal contact with a heat bath of temperature Tx. (You can ignore
the mass of the spring during this calculation.)

a) Write down the expression for the Hamiltonian of the system in
terms of appropriate generalized coordinates and momenta.

b) Find an expression for the number of objects in the full system for fé QQG*L(
which the mean separation between pair of particles constituting the 4

object lies between [ and [ + dl. O ovetd
Las 4o oo 1,

¢) Find an expression for the number of point masses in the full system

whose velocity (|#7]) lies between v and v + dw. A o L dos
o .Q‘Mll( (-2t
7. Consider a box containing ideal gas, moving with uniform velocity vy. Z Ha

a) Begin with the known velocity distribution function in the rest frame ':W Y
of the box and transform this to the laboratory frame to find the frac-  fivade e

tion of particles whose velocity (|7]) lies between v and v + dv. - gy diglh
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b) Now try to find the velocity distribution of particles in the moving
box in the following way. We treat the total momentum as a conserved
charge and define the microcanonical ensemble as the one for which

p=8(H(7,7) — Eo) 0¥ (P(@. ) — )

where Fy and B, denote the total energy and momentum of the system
and ﬁ(q,p) is that particular function of the generalized coordinates
and momenta of the system which give the total momentum vector.
In the same way that we calculated the distribution of energy among
the individual molecules of the system at rest, we can now calculate
the distribution of energy and momentum among individual molecules
of the moving system. Find the velocity distribution function in the
moving system this way and compare this to the answer obtained in
the previous analysis.
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