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The basic ideas behind effective field theory
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The SM is incomplete
▪ No º masses

▪ No DM

▪ No gravity

Presumably due to new physics

… but who knows where it lurks.

Two possibilities: look for new physics:

 directly ! energy limited

 in deviations form the SM ! luminosity limited
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The goal is to find the LNP– easier if the NP is 
observed directly

SM deviations usually restrict but do not fix the NP.

In particular, two interesting possibilities:

 NP = SM extension: The SM fields 2 LNP

(example: SUSY)

 NP = UV realization: the SM fields are generated 
in the IR (example: Technicolor)
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Begin with Slight[light-fields]

Assume the NP is not directly observable

) virtual NP effects will generate deviations from 
Slight predictions

The EFT approach is a way of studying this 
possibility systematically
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 Choose the light symmetries 
 Choose the light fields (& their 

transformation properties)
 Write down all local operators O obeying the 

symmetries using these fields & their 
derivatives

Leff =  cO O

The sum is infinite; yet the problem is not
renormalizablity, but predictability

3.2017 EFT course - HRI 6



Leff is renormalizable. Any divergence: 

 polynomial in the external momenta

 obeys the symmetries

) corresponds to an O
) renormalizes the corresponding cO

The real problem: at first sight, Leff has no 
predictive power

1 coefficients ) 1 measurements
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However, there is a hierarchy:

{O} ={O}leading [ {O}subleading [ {O}subsubleading 

Eventually the effects of the O are below the 
experimental sensitivity.

The hierarchy depends on classes of NP:
 UV completions: a derivative expansion
 Weakly-coupled SM extensions: dimension

⋮
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Example

Imagine QED with a heavy 
fermion ª of mass M

All processes at energies below 
M are

etc.

• Each term is separately 
gauge invariant

• There are no unitarity cuts 
since energies < M
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Example (cont.)

Since the full theory is known 
G¹ º can be obtained explicitly

There is a divergent piece /
CUV = 1/(d-4) + finite

The divergent piece is 
unobservable: absorbed in WF 
renormalization

Observable effects are:
• / 1/M2n ) Hierarchy
• / e2n/(16 ¼2)

) all observable effects vanish 
as M  1

The expansion is useful only if 
energy < M

Loop suppression factor: 
relevant since the theory is 
weakly coupled

Required by gauge 
invariance
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Example (concluded)

If we don’t know the NP:
• Symmetries: U(1) & SO(3,1)
• Fields: A¹

U(1): A¹  F¹º

[Wilson loops: non-local]

F2 terms: change the refraction 
index

F4 terms ¾ Euler-Heisenberg 
Lagrangian (light-by-light 
scattering). 

NP chiral ) Leff ¾ ²¹º½¾

NP known: cO are predicted

NP unknown: cO parameterize 
all possible new physics effects

EFT fails: energies ¸ ¤
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Construct all O assuming: 

 low-energy Lagrangian = LSM
 The O are gauge invariant
 The O hierarchy is  set by the canonical 

dimension
 Exclude O’ if  O’ / O on shell (justified later)

(“on shell” means when the equations of 
motion are imposed)
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Dimension 5 :

1 operator
L-violating
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Family index



Dimension 6:
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59 operators
(assuming B conservation)

3.2017 EFT course - HRI 16



Dimension 7:

where

20 operators
All violate B-L
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Renormalization Decoupling thm. Equivalence thm.
Gauge invariance PTG operators
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Low-energy theory with action S0 = sd4x L0

Effective Lagrangian

Two effective operators O, O’ such that

Generic light field

Some constant

A local operator
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Then the S-matrix depends only on

cO + a cO’

Not on cO, cO’ separately.

Without loss of generality one an drop either O
or O’ from  Leff

What this means: the EFT cannot distinguish 
the NP that generates O from the one that 

generates  O’
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Example: 1d QM

Simple classical Lagrangian

Add a term vanishing on-shell

Find the canonical momentum 
and Hamiltonian
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1d QM (concluded)

Quantize as usual (with an 
appropriate ordering 
prescription)

The quantum Hamiltonian is 
then

Which is equivalent to the 
original one

Also:
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QFT: Sketch of proof

Suppose O , O’ are leading 
effective operators (the other 
cases are similar)

Make a change of variables

To leading order

There is also a Jacobian
• A local ) J / ±(4)(0) & its 

derivatives
• ) J ! 0 in dim. reg.

[in general: J = renormalization 
effect]
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In all extensions of the SM

) a non-unitary theory

There is, however, a way of interpreting this.
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Stuckelberg trick

Model with N vectorbosons
Wn

¹ (n=1,2, … , N) and other 
fields Â

Choose any Lie group G of dim.        
L ¸ N,  generated by {Tn} and 
add L-N non-interacting  
vectors Wn

¹ (n=N+1, … , L)

Define a derivative operator

Introduce an auxiliary unitary 
field U in the fund. rep. of G

Define gauge-invariantized
gauge fields Wn

¹

Gauge invariant Lagrangian
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 Any L equals some LG.I. in the unitary 
gauge… but the Â (matter fields) are gauge 
singlets

 Also LG.I. is non-renormalizable
) valid at scales below ~4 ¼ mW

 The same group should be used throughout: 

Ldim < 5 G-invariant ) all LG.I. is G-invariant
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So gauge invariance has content:

 It predicts relations between matter 
couplings (most Â are not singlets)

 If we assume a part of the Lagrangian is 
invariant under a G, all the Lagrangian has 
the same property 

) Seff is invariant under GSM
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For a generic operator

B=boson field, F=fermion field.  
Its coefficient will be the form

3.2017 EFT course - HRI 29



A divergent L-loop graph generated by Ov

renormalizing O: 

Naïve degree of divergence 

1 23

4 5
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Power of L:

Radiative corrections to l(b,f)

Naturality: for any graph
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Use L as a cutoff



Replace Ov → B2 Ov

Similarly, for fermions

Combining everything:
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Logarithmic divergences generate the RG

 If Ndiv=0

 If Ndiv>0 there is a log subdivergence
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Leading RG effects from Ndiv=0

Super-renormalizable (SR) vertices:
 DO ≥ 0 except SR vertices: DSR=-1
 If the SR vertex ~Λ 𝜙3 then 𝑚𝜙~Λ
 Natural theories: SR vertices ∝ light scale
 Natural theories: SR vertices → subleading

RG effects

Ignoring SR vertices → DO ≥ 0 
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The index of an operator is defined by

Then

3.2017 EFT course - HRI 35

Real parameter:
0 ≤ u ≤ 4
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RG:
 Ndiv=0

 DO ≥ 0 

The RG running of cO is generated by operators 
or lower or equal indexes.

If

RG evolution of Ls generated by Ls’ with s’ ≤ s



Special cases

For u=1, d≥1, and b=0: s = d-1
• ¤Ã: natural scale
• Hierarchy: der. expansion
• Higher s  subdominant

For u=2: s = d + f/2 - 2
• ¤Á: natural scale
• Hierarchy: der. & ferm. # 

expansion
• Higher s  subdominant

For  u=4: s = d + b + (3/2)f - 4
• ¤: natural scale
• No suppression factor

s independent of f

s independent of b
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This approach also gives a natural estimate for 
the cO (aside from power of a scale)

Examples

 Nonlinear SUSY:
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 Chiral theories (low-energy hadron dynamics):

Simplest case: no fermions
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 Strongly coupled NP: NDA estimates of cO

 For weakly coupled NP: cO < 1/¤¢

… but we can do better.

 If O is generated at tree level then 

cO =  (couplings)/¤¢

 If O is generated by at L loops then

cO » (couplings)/[(16¼2)L ¤¢]
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Assume the SM extension is a gauge theory.

We can then find out the O that are always loop 
generated.

The remaining O may or may not be tree 
generated: I call them “Potentially Tree Generated” 
(PTG) operators.

To find the PTG operators we need the allowed 
vertices.

NB: I assume there are no heavy-light quadratic
mixings (can always be ensured)
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Vector interactions

Multi-vector vertices come 
from the kinetic Lagrangian

Cubic vertices / f
Quartic vertices / f f

V = { A (light), X(heavy)}

Light generators close

This leads to the list of allowed 
vertices

In particular this implies that 
pure-gauge operators are loop 
generated
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Vector-fermion 
interactions

Vertices with vectors and 
fermions come form the 
fermion kinetic term in L

Â = {Ã (light), ª (heavy)}

The unbroken generators Tl do 
not mix light and heavy degrees 
of freedom ) no Ã ª A vertex

Allowed vertices
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Scalar-vector 
interactions (begin)

These come form the scalar kinetic 
term in L

# = {Á (light), © (heavy) }

Terms  VV# / h©i

The (unbroken) tl do not mix Á and ©

The vectors th h©i point along the 
Goldstone directions then
• th h©i ? Á (physical) directions
• th h©i ? © (physical) directions

Gauge transformations do not mix Á
(light & physical) with  the Goldstone 
directions
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Scalar-vector 
interactions (conclude)

This leaves 14 allowed vertices 
(out of 25)

The forbidden vertices are
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Application: tree 
graphs suppressed by 
1/¤2 or 1/¤

Notation:

Fermion:

Bosons:

Cubic vertex of O(¤)
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PTG dimension 6 operators:
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39 PTG operators
(assuming B conservation)



PTG operators are of 5 types

 Only Higgs

 T parameter

 Yukawa like

 W,Z couplings

 4 fermion
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Phenomenologically: the amplitude for an 
observable receives 3 types of contributions

$ = ($)SM tree + ($)SM loop + ($)eff

where 
 ($)SM loop » (®/4¼) ($)SM tree

 ($)eff» (E2 cO/¤2)   ($)SM tree

Easiest to observe the NP for PTG operators
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Some limits on ¤ are very strict: 
for O » eedd: ¤ > 10.5 TeV

) is NP outside the reach of LHC?

Not necessarily. Simplest way: a new symmetry

 All heavy particles transform non-trivially
 All SM particles transform trivially

) all dim=6 O are loop generated (no PTG ops)

and the above limit becomes ¤ > 840 GeV
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Examples:

 SUSY: use R-parity

 Universal higher dimensional models: use 
translations along the compactified
directions
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Theory with light (Á) and heavy (©) fields of 
mass O(¤)

 S = Sl[Á] + Sh[©,Á]

 Sl ! renormalizable

 exp( i S[Á]) = s [d©] exp( i Sh)
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Then

 S = Sdivergent + Seff

 Sdivergent renormalizes Sl

 For large ¤

 Seff = s d4x  cO O

 cO finite

 cO ! 0 as ¤ ! 1
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The formalism fails if

 Leff is used in processes with E > ¤

 If some O breaks a local symmetry

 If some cO are impossibly large
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If E > ¤

Consider ee ! ¹º

Then ¾ !1 as ECM ! 1

+

E > ¤

Z resonance

¤=300 GeV

3.2017 EFT course - HRI 56



Very large coefficients

A simple example: choose

And calculate the 1-loop W 
vacuum polarization ¦W

Then get the propagator poles 
s1 and s2

If ¸ is independent of ¤: no 
light W

If ¸ / 1/¤2 the poles make 
physical sense
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Collider phenomenology LNV
DM Higgs couplings
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The Universe

SM (~4%)

DM (~23%)

DE (~73%)

Assumptions:

• standard & dark sectors interact 
via the exchange of heavy 
mediators

• DM stabilized against decay by 
some symmetry GDM

• SM  particles: GDM singlets

• Dark particles: GSM singlets

• Weak coupling
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Within the paradigm:

Mediator mass

OSM ODMmediator

Mediator fields;
singlets under DM 
& SM symmetries
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N-generated:
 ≥ 2 component dark sector
 Couple DM (©, ª) to neutrinos
 (©,ª)-Z,h coupling @ 1 loop

Higgs portal

Leading interactions:
Lowest dimension (smallest M suppression)
Weak coupling )Tree generated (no loop suppression factor)
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Dark sector: at least © & ª

m© > mª ) all ©’s have decayed: fermionic DM.

Important loop-generated couplings 

ª

©

º

h

h
Z

ª

ª
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The Planck constraints fix 

¤eff = ¤eff(mª)

NB: 
Large ¤eff ) small mª

Small ¾ ) small mª

ª

ª

º

º

©
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More refined treatment: include Z and H 
resonance effects.

of the form JSM ·Jdark or O
(6)
r in (4.1) generate small corrections that we will ignore in the

following.

In the unitary gauge

( ̄ Φ)(φ̃†`) ⊃
v
p
2
( ̄ ⌫Φ) ,  ̄  |φ|2 ⊃ vH( ̄  )+ , J

(φ)
SM ·J

(L,R)
dark ⊃ − vmZ  ̄ /ZPL,R ; (5.1)

with v ⇠ 246GeV. The cross section for   !⌫⌫(relevant for the relic abundance calculation

below) is generated by the diagrams in figure 1 and can be obtained using standard techniques;

we include the analytic expression in appendix B.

Φ

 

 

⌫

⌫̄

 

 

Z

⌫

⌫̄

Figure 1. Leading DM-SM interactions for the case where the e↵ective vertices (represented by

black circles) are generated by neutral fermionic mediators. The t-channel diagram (Φ exchange)

generates the leading contribution / |cIII|4; the s-channel diagram (Z exchange) generates a resonant

contribution / |c
(φ|L,R)
VII |2 that is significant only when m ' mZ/2; see (5.5).

The cross section for   annihilation into heavier fermions has two resonant contributions

from the Higgs and the Z boson generated by the diagrams in figure 2; their expressions are

also given in appendix B. From these results, and using the approximations described in [34],

we readily obtain,
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where in the first line we ignored O(m2
 /⇤

2) corrections and

BL,R =

✓

1 +
m2

Φ

m2
 

◆ ✓
g

4⇡ cw

◆ 2 c
(φ|L,R)
VII

c2
III

m2
 

m2
Z − 4m2

 + imZΓZ

⇤e↵ =

s

1 +
m2

Φ

m2
 

⇤

cIII
, B =

|BL +BR|
2

|BL|2 +|BR|2
, ui =

m2
i

m2
 

– 9 –

σ̄Z =
(v/⇤e↵ )

4(|BL|
2 +|BR|

2)

2048
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(5.6)

The expressions (5.3-5.5) correspond to the s-wave annihilation processes for the correspond-

ing channels.

Using standard results [34] we use these expressions to derive the relic abundance:

⌦ h
2 =

1.07⇥109

GeV

xf
⇠
; ⇠=

MPl hσvitotp
g?

, hσvitot =
X

f

hσvi
  

Z,H
−−!ff

, (5.7)

where MPl denotes the Planck mass, g?S , g? denote, respectively, the relativistic degrees of

freedom associated with the entropy and energy density, and

xf =
m 

Tf
= ln (0.152m ⇠) −

1

2
ln [ln (0.152m ⇠)] , (5.8)

and Tf is the freeze-out temperature.

 

 

h

f

f̄

 

 

Z

q, l

q̄, l̄

Figure 2. Resonant contributions for the   ! ff annihilation cross section.

The expression for⌦can now be compared to the result inferred from CMB data obtained

by the Planck experiment[10]:

⌦Planckh
2 = 0.1198 ± 0.0026 (3σ). (5.9)

Outside the resonance region ⌦is determined by the   !⌫⌫cross section (5.5) and so will

be a function of ⇤e↵ and m ; accordingly (5.9) selects a narrow region in the (m ,⇤e↵ ) plane

(see figure 3), which is well approximated by the relation

⇤e↵ '

r
m⌦

m 
TeV; m⌦' 74GeV (non-resonant region). (5.10)

In addition to the above analytic calculation, we also derived numerically the constraints

on the model parameters. This calculation was done by selecting 2 ⇥ 107 points in the 7-

dimensional parameter space {cII, cIII, c
(φ|L,R)
VII , ⇤, m , mΦ}within the ranges

1GeV m 199GeV , 1TeV ⇤ 5TeV , 11GeV mΦ 836GeV,

– 10 –
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Nucleonic weak 
current

Z

ª

ª nucleon nucleonH
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Results: easy to accommodate LUX (and other) 
limits.
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Expect monochromatic neutrinos of energy mª ;

ª ª

º º

©
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Add neutral fermions N to the SM:

Mass eigentsates: nL (mass=0), and Â (mass=M)
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Large mo:

© Á

Nª `

⊗

⊗
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In a model the cO may be correlated ) more 
stringent bounds

For this model a strong constraint comes from

¡ (Z ! invisible)

This rules out mª > 35 GeV unless m© » mª



Phenomenological description:

Experiments measure the ci
) need to relate these couplings to the cO

The relevant O can be divided into 3 groups
 Pure Higgs

 O affecting the H-W and H-Z couplings

 O affecting the couplings of H, Z and W to the fermions
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Pure Higgs operators

There are two of them

The first changes the 
normalization of H 

Canonically normalized field

Must replace h ! H everywhere

The second operator changes v: 
absorbed in finite renormalizations

This operator can be probed only 
by measuring the Higgs self-
coupling.
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O modifying H-W and 
H-Z couplings

There is one PTG operator. 

Contributes to the T oblique 
parameter. 

The constraints on ± T imply 
this cannot affect the ci within 
existing experimental precision

All the rest are loop generated 
) neglect to  a first 
approximation

) HZZ & HWW  couplings are 
SM to lowest order.
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H, W, Z coupling to 
fermions (begin)

First: vector or tensor 
couplings. 

These are PTG or loop 
generated.

Limits on FCNC coupled to the 
Z suggest ¤ is very large unless 
p=r

For c~1:
• OÃ involving leptons: ¤ > 

2.5 TeV

• OÃ involving  quarks 
except the top: ¤ > O(1 
TeV)

• Oud : ¤ > O(1 TeV)

O(1%) corrections to the SM: 
ignore
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Family index

LGPTG



H coupling to fermions 
(concluded)

There are also scalar couplings

In unitary gauge
 ||2 =(²/2) (v + 3 H +  )/√2

² v contributions: absorbed in  
finite renormalization. GIM 
mechanism survives.

² H contributions: observable 
deviations form the SM 
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LG operators

In most cases these are 
ignored, but since H ! °°, Z°, 
GG are LG in the SM, OLG

whose contributions interfere 
with the SM should be 
included.

Operators containing the dual 
tensors do not interfere with 
the SM: they are subdominant
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H ! ÃÃ

H !V V* (V=Z, W)
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H ! °°, ° Z, GG

where
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If there are no tree-level generated operators:

and

¤ > 1.4 TeV



There is a single dimension 5 operator that violates lepton number (LN) –

assuming the SM particle content:

Note that it involves only left-handed leptons!

Different chiralities have different quantum numbers, different interactions 

and different scales. The scale for O(5) is large , what of the scales when 

fermions of other chiralities are involved?
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Operator with ` and e: 

Opposite chiralities ) need an odd number of ° matrices ) c=odd. 

Try the smallest value: c=1. If the D acts on ` and e: 

because of the equations of motion and the equivalence theorem.

The smallest number of scalars needed for gauge invariance is a=3, b=0. Then 

the smallest-dimensional operator has dimension 7:
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Operator with two e:

Same chiralities ) need an even number of ° matrices ) c=even. Try the 

smallest number of Á: a=4

Cannot have c=0:  SU(2) invariance then requires the Á contract into 

Then try c=2; each  must act on a Á and must not get a factor of Á T ² Á . The 

only possibility is then

that has dimension 7:
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0º - ¯¯ decay: 
introduction

Some nuclei cannot undergo ¯
decay, but can undergo 2¯ decay 
because
• Ebind(Z) > Ebind(Z+1)
• Ebind(Z) < Ebind(Z+2)

There are 35 nuclei exhibiting 2¯

decay:

48Ca, 76Ge, 82Se , 96Zr , 100Mo , 
116Cd , 128Te , 130Te , 136Xe , 150Nd, 
238U

It may be possible to have no º on 
the final state (LNV process)

Best limits: Hidelberg-Moscow 
experiment
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0º - ¯¯ decay: 
operators, vertices & 
amplitudes

d

u

d

u

W W

e e

n

84



The implications of the lifetime limit depend 
strongly on the type of NP.

If the NP generates the ee operator @ tree 
level it may be probed at the LHC
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b – quark production in e+ e- machines

e+ e- ! n b + X

In the SM model the 3rd family (t,b) mixes with the other families, however
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) neglecting Vub, cb, td, ts there is a discrete symmetry:

(-1) (# of b quarks) is conserved

In particular e+ e- ! (2n+1) b + X is forbidden in the SM!

For non-zero V’s this “b-parity” is almost conserved.

NP effects that violate b-parity are easier to observe because the SM 

ones are strongly suppressed.
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Looked at the reaction

e+ e- ! n b + m c + l j    (j=light-quark jet)

Let

• ²b = efficiency in tagging (identifying) a b jet

• tj = probability of mistaking a j-jet for a b-jet

• tc = probability of mistaking a c-jet for a b-jet

• ¾n m l = ¾ (e+ e- ! n b + m c + l j )

Cross section for detecting k b-jets (some misidentified!):
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Let

Nk J = # of events with k b-jets and J total jets (k=odd)

Then a 3-sigma deviation from the SM requires

| Nk J - N
k J 

SM |  > 3 ¢

Where ¢ = error = [¢stat
2 + ¢syst

2 + ¢theo
2 ] ½ 

• ¢stat = (Nk J )
1/2

• ¢syst =  Nk J ±s

• ¢theo = Nk J ±t

New physics:

L =
1

¤2
(¹̀°¹`)(¹qi°¹qj) ; i; j = 1; 2; 3
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3¾ limits on ¤ (in TeV ) derived from Nk=1, J=2

0.2

0.1

0.5 1.0

tc

²b

s1/2 = 0.5 TeV

¤ > 2 TeV

0.2

0.1

0.5 1.0

tc

²b

s1/2 = 1 TeV

¤ > 4 TeV

3¾ allowed regions derived from Nk=1, J=2 when ±s = ±t = 0.05, tj = 0.02
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Because of the SM suppression, even for 
moderate efficiencies and errors one can probe 
up to ¤ » 3.5 √s
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