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Abstract

We consider a generalized quantum teleportation protocol for an unknown qubit using non-maximally entangled state as a
shared resource. Without recourse to local filtering or entanglement concentration, using standard Bell-state measurement and
classical communication one cannot teleport the state with unit fidelity and unit probability. We show that using non-maximally
entangled measurements one can teleport an unknown state with unit fidelity albeit with reduced probability. We also give a
generalized protocol for entanglement swapping using non-maximally entangled states.
 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Many of the quantum information processing pro-
tocols typically involve sending quantum states from
sender to receiver using quantum and classical chan-
nels. Transmission of an intact unknown state from
one place to another is very important in the field
of quantum information. One amazing discovery in
this context is teleportation of an unknown quantum
state with the help of a maximally entangled channel,
local operation and classical communications [1]. In
standard teleportation protocol, Alice performs a Bell-
state measurement on the unknown state and one-half
of the maximally entangled pair and depending on the
measurement outcome Bob applies a local unitary op-
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eration to recover the unknown state. This has also
been experimentally verified in recent years [2–4]. The
study of quantum teleportation protocol is not only
limited to qubits and qudits (systems ind-dimensional
Hilbert spaces) but also to quantum systems in infinite
dimensional Hilbert spaces [5,6]. Quantum teleporta-
tion can also be understood as a quantum computa-
tion [7] and it has been even suggested that quantum
teleportation will play an important role as a primitive
subroutine in quantum computation [8].

In real situations sender and receiver may not
have shared maximally entangled state but some
form of non-maximally entangled pure state (due
to some imperfection at the source). Usually if one
follows the standard protocol, one will not be able to
complete the teleportation process with unit fidelity
and unit probability. Rather, the fidelity will depend
on the parameters of the the unknown state and the
teleportation will not be reliable. Of course, if one
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has several non-maximally entangled pairs one can
first perform entanglement concentration [9] and then
recover fewer perfect maximally entangled pairs, and
then use one of them to teleport an unknown state
using the standard protocol. If Alice and Bob have
only one pair, they can perform local filtering [10]
first, and convert a non-maximally entangled pair to
maximally entangled pair with certain probability.
Then they can follow standard protocol.

In this Letter, we consider the question of tele-
porting an unknown state withunit fidelity but less
than unit probability when two parties share a non-
maximally entangled state. We should mention that
there has been a proposal to teleport an unknown state
using any pure entangled state but using generalized
measurements such as POVMs [11]. This has been
termed as conclusive teleportation. Also, there has
been a qubit assisted conclusive teleportation process
[12]. It has also been mentioned that teleportation with
unit fidelity but less than unit probability is possible
for a qubit encoded in a coherent state [13]. However,
those protocols are different than ours as we will see
below. We provide a simple protocol that uses single
shot standard orthogonal projections innon-maximally
entangled basisand able to teleport an arbitrary state
with unit fidelity albeit less than unit probability, hence
probabilistic teleportation. We discuss various special
cases from probabilistic to deterministic teleportation
of unknown states. Further, we generalize entangle-
ment swapping protocol for non-maximally entangled
states.

2. Teleportation with non-maximally entangled
state

In this section we present our simple scheme
to teleport an unknown state using non-maximally
entangled state. Let us consider two observers A and
B (conventionally called Alice and Bob) who share a
pure non-maximally entangled state as a resource:

(1)|Φres〉12 = 1√
1+ |n|2

(|00〉12 + n|11〉12
)
,

wheren is a known complex number. It is understood
that qubits ‘1’ and ‘2’ are with Alice and Bob,
respectively. Notice that because of the existence
of Schmidt decomposition [14,15] any two qubit

entangled state|Φ〉 ∈ H2 ⊗H2 such as

(2)|Φ〉 = a|00〉+ b|11〉 + c|01〉 + d|10〉,
can be written as a superposition of two basis vec-
tors. In general given an arbitrary two-qubit state (2),
the computational basis|0〉 and |1〉 need not be the
Schmidt basis, but we assume that Alice and Bob
know the Schmidt basis and coefficients. Then (1) is
the most general non-maximally entangled state up
to local unitary transformations relating Schmidt ba-
sis and computational basis states. Now Alice receives
a qubit in an unknown state|ψ〉a = (α|0〉a + β|1〉a)
with |α|2 + |β|2 = 1. Alice wishes to teleport this
state to Bob using the non-maximally entangled re-
source, local operations and classical communications
(LOCCs).

In order to send the state, Alice will make a
joint measurement on the the two qubits: qubit ‘1’
that is in the entangled state|Φres〉12 with particle
‘2’ and the other that is in the state|ψ〉a . If Alice
performs a measurement in the Bell basis, then the
state |ψ〉a cannot be teleported faithfully, i.e., with
unit fidelity and unit probability. However if the
measurement is in a non-maximally entangled basis
then it is possible for Alice to send the state with unit
fidelity, though not with unit probability. Therefore we
call our protocol probabilistic quantum teleportation.
We will also discuss how it is important to use
non-maximally entangled measurements having same
amount of entanglement as that of the shared resource.
This is like taking out a nail by another nail! To see this
we carry out the following analysis.

First we give the most general set of basis vec-
tors for two qubit Hilbert space possessed by Al-
ice. Since Alice can do whatever physical operations
within her laboratory we allow the general entangled
basis states. If we denote a set of basis vectors as
{|00〉, |01〉, |10〉, |11〉}, known as computational basis,
then we can define another set of mutually orthogonal
basis vectors as:

(3)
∣∣ϕ+
�

〉 = 1√
1+ |�|2

(|00〉 + �|11〉),

(4)
∣∣ϕ−
�

〉 = 1√
1+ |�|2

(
�∗|00〉 − |11〉),

(5)
∣∣ψ+
p

〉 = 1√
1+ |p|2

(|01〉 + p|10〉),
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(6)
∣∣ψ−
p

〉 = 1√
1+ |p|2

(
p∗|01〉 − |10〉).

Here � and p are complex numbers in general. We
notice that when� = p = 0, this basis reduces to
the computational basis which is not entangled. For
� = p = 1, it reduces to the Bell basis which is
maximally entangled. Therefore this set interpolates
between untangled and maximally entangled set of
basis vectors. Also note that the set|ϕ±

� 〉 and |ψ±
p 〉

have different amount of entanglement. As measured
by von Neumann entropy [16], the entanglement
of E(|ϕ±

� 〉)= (−L2 log2L
2 − L2|�|2 log2L

2|�|2) and
of E(|ψ±

p 〉) = (−P 2 log2P
2 − P 2|p|2 log2P

2|p|2),
respectively, are different for these sets withL =

1√
1+|�|2 andP = 1√

1+|p|2 as real numbers. However,

when� = p, then all basis vectors have identical von
Neumann entropy.

We can invert the above transformations and we
see:

(7)|00〉 = 1√
1+ |�|2

(∣∣ϕ+
�

〉 + �
∣∣ϕ−
�

〉)
,

(8)|11〉 = 1√
1+ |�|2

(
�∗

∣∣ϕ+
�

〉 − ∣∣ϕ−
�

〉)
,

(9)|01〉 = 1√
1+ |p|2

(∣∣ψ+
p

〉 + p
∣∣ψ−
p

〉)
,

(10)|10〉 = 1√
1+ |p|2

(
p∗∣∣ψ+

p

〉 − ∣∣ψ−
p

〉)
.

Using the non-maximally entangled basis states
given in (3)–(6) we can rewrite the combined state of
the input and resource state as:

|ψ〉a |Φres〉12

=N
(
α|0〉a + β|1〉a

)(|00〉12 + n|11〉12
)

=N
(
α|00〉a1|0〉2 + αn|01〉a1|1〉2

+ β|10〉a1|0〉2 + βn|11〉a1|1〉2
)

(11)

=N
[∣∣ϕ+

�

〉
a1

(
Lα|0〉2 +Lnβ�∗|1〉2

)

+ ∣∣ϕ−
�

〉
a1

(
L�α|0〉2 − nLβ|1〉2

)

+ ∣∣ψ+
p

〉
a1

(
Pβp∗|0〉2 + Pαn|1〉2

)

+ ∣∣ψ−
p

〉
a1

(−Pβ|0〉2 + Pαnp|1〉2
)]
.

HereN = 1√
1+|n|2 ,L= 1√

1+|�|2 andP = 1√
1+|p|2 are

real numbers. Above expression is the most general
way of rewriting an unknown state and two qubit

entangled state. We now wish to have teleportation
with unit fidelity and nonzero probability. Let us
consider several scenarios involving various choices of
the parameters� andp, given the value ofn. Choice
is at the disposal of Alice.

(i) Standard teleportation protocol. Let us choose
� = 1

�∗ = p∗ = 1
p

= n. In this case�,n and p can
be pure phases, i.e., complex numbers of unit mod-
ulus. Then faithful teleportation is possible with unit
fidelity and unit probability. This is classic teleporta-
tion [1]. Bob can regenerate the state|ψ〉a by applying
the local unitary transformationσ0 = I , σz, σx , or iσy
on his qubit. These transformations will correspond to
the Alice’s result of measurement|ϕ+

� 〉, |ϕ−
� 〉, |ψ+

p 〉,
or |ψ−

p 〉, respectively. Alice can communicate the re-
sults of her measurement to Bob using 2 cbits of in-
formation over a classical channel. Then Bob with his
knowledge of the shared resource state can find out
the unitary operation needed to convert the state of his
qubit to |ψ〉a . The unitary operationsσx , iσy , andσz
correspond to the rotation by 180◦ around thex, y,
and z axis, respectively. We would also like to em-
phasize that in a slightly modified version of the clas-
sic teleportation protocol, Bob does not have to know
the shared resource state; only Alice has to know the
shared resource state. In this modified version of the
protocol, Alice will encode in two cbits the unitary
transformation (instead of the state she has got after
the measurement), that Bob has to apply on his qubit
to complete the teleportation.

(ii) Probabilistic teleportation protocol. If we
make the choice� = n = p∗, or � = n = 1

p
, or

�∗ = 1
n

= p, or �∗ = 1
n

= 1
p∗ , then for any of these

choices, reliable (i.e., with unit fidelity) teleporta-
tion is possible for only two out of four possi-
ble results of the measurement. An interesting ob-
servation here is that the above choice of parame-
ters refers to the situation where the basis used
for joint measurements and the resource state have
the same amount of quantum entanglement, namely,
E(|Φres〉)= (−N2 log2N

2 −N2|n|2 log2N
2|n|2). For

example, in the case of first choice, when the out-
come is|ϕ−

�=n〉, then the state at Bob’s hand will be
(α|0〉 − β|1〉) and when the outcome is|ψ+

p=n〉, then
the state at Bob’s hand is(β|0〉 + α|1〉). Therefore,
when Alice sends two classical bits to Bob he will ap-
ply σz in the former andσx in the later case to recover
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the unknown state with unit fidelity. The total proba-
bility of this successful teleportation will be given by

(12)Psucc= 2|n|2
(1+ |n|2)2 .

Thus, we can say that usingE(|Φres〉)= (−N2 log2N
2

− N2|n|2 log2N
2|n|2) amount of entanglement and

two classical bits Alicecan teleport an unknown state
with unit fidelity and probability given in(12). This
is one of the main result of our Letter. We see that
this probability goes from zero for untangled|Φres〉 to
one-half for the maximally entangled resource state.
(Other one-half will come from the other two possi-
ble outcomes of the measurement when the shared re-
source and joint measurement are maximally entan-
gled sates.) In this sense we can regard our protocol as
a generalized quantum teleportation protocol (GQTP)
that goes from probabilistic one to deterministic one.
Furthermore, we can amplify the probability statisti-
cally by repetitions. We can say that the reciprocal of
the averagesuccess probability must be the number
of repetitionsR that are required in order to success-
fully (all the time) teleport an unknown state with unit
fidelity. We see that one shall need on the average at
leastR = (1+ |n|2)2/|n|2 repetitions to get a faith-
ful teleportation with unit probability. Therefore, if Al-
ice and Bob shareRE(|Φres〉) pairs of non-maximally
entangled state they can successfully teleport an arbi-
trary state using local operation and 2R bits of classi-
cal communication. We also notice that as the degree
of entanglement increases, the number of required rep-
etitions decreases and becomes one for maximally en-
tangled states as expected. It becomes infinite for the
untangled resource state. Thus when no prior shared
entanglement exist howsoever many times one tries, it
will be impossible to teleport an unknown state with
unit fidelity.
Our approach is similar to the filtering approach, how-
ever, there is one important difference. In the filtering
approach one cannot proceed with the protocol if the
filtering does not succeed. In principle, the unknown
qubit can be put into memory until the next entangled
pair is sent, and so on until a successful filtering event
happens. Then one can proceed with the standard tele-
portation protocol. Such an option is not available in
our protocol as it is not till the actual measurement
of the qubit has taken place that success or failure is
known, and by that time the unknown qubit has been

destroyed. Therefore, we also needR copies of the un-
known state in order to get faithful (unit fidelity and
unit probability) teleportation. Since the state is pro-
vided by a third party (say Victor), who knows the
state, there is no ‘cost’ involved as he can make one
copy or several of them.
There are also four different choices of parameters
when only one out of four results of the measurement
would lead to reliable teleportation. This choice of pa-
rameter values is given by�= 1

n∗ , or�= n, orp = n∗,
or p = 1

n
. In this case the total probability of faithful

teleportation will be|n|2/(1+ |n|2)2. This is half of
the scenario given above. We note that unlike in the
case of standard teleportation (where only Alice has
to know), in probabilistic teleportation both Alice and
Bob have to know the shared resource state. Only then,
Bob will know what basis Alice has used for making
the measurement after he receives classical communi-
cation.

(iii) No teleportation. If the values ofp and� are
not related with that ofn, then teleportation is not
possible with unit fidelity. This brings out an inter-
esting point: in order that an arbitrary quantum entan-
gled channel is useful for teleportationwe must use an
entangled measurement containing the same amount
of entanglement as the shared resource state.Even
though shared entanglement is regarded as a resource
and local entanglement is not (as Alice can create or
destroy entanglement), still the above point is worth
observing.

Before ending this section it may be noted that
present experiments have reported teleportation of
qubit with certain success probability less than unity,
in spite of the sharing of maximally entanglement [2].
This limitation is a practical limitation on Bell-state
detection [17]. Though our protocol behaves in a sim-
ilar way to the experiments in the sense that telepor-
tation is only successful for a limited subset of the
possible measurement results, fundamentally they are
different.

3. Entanglement swapping with non-maximally
entangled states

Another important prediction of quantum theory is
that conditional upon suitable joint measurement, two
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particles can be found in an entangled state that have
never interacted in the past. If there are two maximally
entangled pairs then making a Bell measurement on
two halves makes other two halves maximally entan-
gled. This is known as entanglement swapping [18,
19]. In this section we will discuss how to generate
entanglement between two independent particles us-
ing non-maximally entangled states as the starting re-
source and non-maximal measurements. Let us con-
sider two pairs of qubits ‘ab’ and ‘12’. Let them be in
non-maximally entangled states|ϕ〉ab and|ψ〉12. Here

|ϕ〉ab =M
(|00〉 +m|11〉)

ab
,

(13)|ψ〉12 =N
(|01〉 + n|10〉)12.

If an observer, Alice, makes a measurement on the
qubit pair ‘a1’, then we wish to analyze the state of
the particle ‘b’ at Bob’s location and the particle ‘2’
at Charlie’s location. For this, we consider the state of
the combined system:

|ϕ〉ab|ψ〉12

=MN
(|00〉 +m|11〉)

ab

(|01〉 + n|10〉)12

=MN
[
LP ′(∣∣ϕ+

�

〉
a1 + �

∣∣ϕ−
�

〉
a1

)

× (∣∣ψ+
p′

〉
b2 + p′∣∣ψ−

p′
〉
b2

)

+mnLP ′(�∗∣∣ϕ+
�

〉
a1 − ∣∣ϕ−

�

〉
a1

)

× (
p′ ∗∣∣ψ+

p′
〉
b2 − ∣∣ψ−

p′
〉
b2

)

+ nPL′(∣∣ψ+
p

〉
a1 + p

∣∣ψ−
p

〉
a1

)

× (∣∣ϕ+
�′

〉
b2 + �′

∣∣ϕ−
�′

〉
b2

)

+mPL′(p∗∣∣ψ+
p

〉
a1 − ∣∣ψ−

p

〉
a1

)

× (
�′ ∗

∣∣ϕ+
�′

〉
b2 − ∣∣ϕ−

�′
〉
b2

)]

(14)

=MN
[
LP ′∣∣ϕ+

�

〉
a1

{∣∣ψ+
p′

〉
b2

(
1+mnp′ ∗�∗

)

+ ∣∣ψ−
p′

〉
b2

(
p′ −mn�∗

)}

+LP ′∣∣ϕ−
�

〉
a1

{∣∣ψ+
p′

〉
b2

(
�−mnp′ ∗)

+ ∣∣ψ−
p′

〉
b2

(
p′�+mn

)}

+ PL′∣∣ψ+
p

〉
a1

{∣∣ϕ+
�′

〉
b2

(
n+mp∗�′ ∗

)

+ ∣∣ϕ−
�′

〉
b2

(
n�′ −mp∗)}

+ PL′∣∣ψ−
p

〉
a1

{∣∣ϕ+
�′

〉
b2

(
np−m�′ ∗

)

+ ∣∣ϕ−
�′

〉
b2

(
np�′ +m

)}]
.

HereN = 1√
1+|n|2 , M = 1√

1+|m|2 , L = 1√
1+|�|2 ,

P = 1√
1+|p|2 , L′ = 1√

1+|�′|2 , andP ′ = 1√
1+|p′|2 are

real numbers. We are given the parametersm andn,
and we can choose�, �′,p andp′. In rewriting the four
particle state above, we use the basis{|ϕ±

� 〉, |ψ±
p 〉} for

pair ‘a1’, while for the pair ‘b2’ the basis{|ϕ±
�′ 〉, |ψ±

p′ 〉}
is used.

For faithful entanglement swapping parameters
�,p, �′, andp′ must satisfy a set of conditions. As an
illustration, we choose the following set of conditions:
(1) p′ =mn�∗ and�=mnp′ ∗ for p′ and�; (2) n�′ =
mp∗ andnp = m�′ ∗ for �′ andp. A different set of
conditions should lead to similar conclusions. We now
consider following situations.

(i) Standard entanglement swapping. First, we
state the conditions under which standard entangle-
ment swapping is possible. If we choose� = 1

�∗ =
p∗ = 1

p
= �′ = 1

�′ ∗ = p′ = 1
p′ ∗ = m = n, then in this

case faithful swapping is possible with unit probabil-
ity. And all parameters are pure phases and all the
considered entangled states are maximally entangled.
However, we note that onlym and n need be pure
phases, i.e., two initial pairs must be maximally en-
tangled. Measurement basis need not be Bell basis.
It can be non-maximally entangled basis with the re-
quirement:|�| = |p′| and|p| = |�′|. The resulting state
at Bob and Charlie’s location will be non-maximally
entangled. Note that if the observer for the pair ‘a1’
and the pair ‘b2’ use the same basis, then this means
� = p, and all basis vectors have same degree of en-
tanglement.

(ii) Probabilistic entanglement swapping. Two
conditions (1) and (2) given above cannot be satisfied
simultaneously if the two initial states are not maxi-
mally entangled, i.e., whenm orn are not pure phases.
In such a case two out of four measurements will lead
to reliable entanglement swapping. There are many
possible choices for the values of the parameters that
would lead to the reliable swapping but with probabil-
ity less than unity. One such choice is�= 1

n∗ , p′ =m,
p = 1

m∗ , and�′ = 1
n
. In this case successful swapping

probability will be given by

(15)

Psucc=M4N4[|n|2(1+ |m|2)2 + |m|2(1+ |n|2)2]
.
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This reduces to one-half, when the two initial states are
maximally entangled (and other half will come from
the two other outcomes).
There is an interesting possibility if the entanglement
of the two initial states is not maximal, but identical.
This happens when|m| = 1

|n| or |m| = |n|. In this
case three out of four possible measurement results
would lead to reliable entanglement swapping and the
swapping probability will be

(16)P ′
succ= 3|n|2N8(1+ |n|2)2

.

For lesser constraints on the parameter values, as
in the case of a qubit state teleportation, only one
out of four possible measurement results will lead to
faithful entanglement swapping. An example of these
parameter values is�= 1

n∗ , p′ =m. And there are no
constraints on other parameter values.

(iii) No swapping. In this most general case when
the parameters values are not related to original
resource, entanglement swapping is not possible.
Thus the scheme presented here tries to capture proba-
bilistic and deterministic entanglement swapping pro-
tocols for qubits. Since entanglement swapping can be
understood as a teleportation of an entangled state, we
have generalized to such scenarios as well.

4. Conclusions

In conclusion, we have shown that it is possible to
teleport an unknown state with unit fidelity but less
than unit probability using non-maximally entangled
states. The difference between the present protocol
and the existing ones is that neither we use local fil-
tering nor entanglement concentration and then fol-
low the standard teleportation protocol. It is asingle
shot teleportation protocolfor non-maximally entan-
gled resource without first converting to a maximally
entangled pair. The key to this generalization is if one
uses non-maximally entangled state as a resource use
non-maximally entangled-state measurement contain-
ing same amount of entanglement as that of the shared

resource instead of the Bell measurement. This also
points, perhaps, to a link between global and local
entanglement. In some sense ours is a generalized
quantum teleportation protocol that encompasses in a
simple way probabilistic as well as deterministic (stan-
dard) teleportation protocols. In addition we have pre-

sented a scheme how to perform entanglement swap-
ping using these resources. In future it will be interest-
ing to extend these probabilistic teleportation schemes
for higher dimensional Hilbert space and continuous
variable systems. We hope that with the existing tech-
nology it may be possible to implement the probabilis-
tic quantum teleportation protocol with ease.

References

[1] C. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres,
W.K. Wooters, Phys. Rev. Lett. 70 (1993) 1895.

[2] D. Bouwmeester, J.W. Pan, K. Mattle, M. Eibl, H. Weinfurter,
A. Zeilinger, Nature 390 (1997) 575.

[3] D. Boschi, S. Branca, F. De Martini, L. Hardy, S. Popescu,
Phys. Rev. Lett. 80 (1998) 1121.

[4] A. Furusawa, J.L. Sorensen, S.L. Braunstein, C.A. Fuchs,
H.J. Kimble, E.S. Polzik, Science 282 (1998) 706.

[5] L. Vaidman, Phys. Rev. A 49 (1994) 1473.
[6] S.L. Braunstein, H.J. Kimble, Phys. Rev. Lett. 80 (1998) 869.
[7] G. Brassard, S.L. Braunstein, R. Cleve, Physica D 120 (1998)

43.
[8] D. Gottesman, I.L. Chuang, Nature 402 (1999) 390.
[9] C.H. Bennett, H.J. Bernstein, S. Popescu, B. Schumacher,

Phys. Rev. A 53 (1996) 2046.
[10] N. Gisin, Phys. Lett. A 210 (1996) 151.
[11] T. Mor, quant-ph/9608005, Presented in a Workshop on Foun-

dations of Quantum Theory, A Golden Jubilee Event of TIFR,
September 1996, Bombay, India;
Also see: T. Mor, P. Horodecki, quant-ph/9906039.

[12] S. Bandyopadhyay, Phys. Rev. A 62 (2000) 012308.
[13] S.J. van Enk, O. Hirota, Phys. Rev. A 64 (2001) 022313.
[14] A. Ekert, P. Knight, Am. J. Phys. 63 (1995) 415.
[15] A.K. Pati, Phys. Lett. A 278 (2000) 118.
[16] S. Popescu, D. Rohrlich, Phys. Rev. A 56 (1997) R3319.
[17] N. Lütkenhaus, J. Calsamiglia, K.A. Suominen, Phys. Rev.

A 59 (1999) 3295.
[18] M. Zukowski, A. Zeilinger, M.A. Horne, E. Ekert, Phys. Rev.

Lett. A 71 (1993) 4278.
[19] S. Bose, V. Vedral, P. Knight, Phys. Rev. A 57 (1998) 822.


	Probabilistic quantum teleportation
	Introduction
	Teleportation with non-maximally entangled state
	Entanglement swapping with non-maximally entangled states
	Conclusions
	References


