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Preliminaries
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Preliminaries

n-mode boson Fock space
I(CH=CoC' oC®g...aC¥a....

C" = n-dimensional complex Hilbert space of all column vectors

ZZ(Z17Z27'”7ZVZ)T7 Zje(c
Exponential vectors
u®? u®r
eu)=10ud—=&---&—=60--
(1) V2! V!

(e(u)le(v)) = exp (ulv).

Coherent states
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W(u) [ (v)) = "™ g (u +v))




W(u) [ (v)) = "™ g (u +v))




Preliminaries

Weyl Displacement operators
W) [¢(v)) = e ™) [ +v)) J

i) Wu)W() = e ™M) W(u 4 v) (Weyl commutation relation).
(i) W(u) = eaw)—a ), a(u), a' (u) are annihilation, creation (operator)
fields with
[a(u),a(v)] =0,
la(w),a' ()] = (ul)
u — a(u) is antilinear

u — a'(u) is linear

(Canonical commutation relations)
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{L | L real 2n x 2n matrix, L, LT = Jz,,} .




Preliminaries

The symplectic group Sp(2n,R)

0 I,
=] 8] |

{L | L real 21 x 2n matrix, LJ,, LT = Jzn} . J

I'(L) unitary operator in I'(C"), unique upto a scalar multiplication of
modulus unity satisfying

D(L)W@)T(L)™' = W(Lu), Vau.
F(L])F(Lz) == J(L],Lz)F(L]Lz), O’(L],Lz) = =1
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Preliminaries

The symplectic group Sp(2n,R)

Jo I,
{L | L real 2n x 2n matrix, LI, LT = J2,1} . J

I'(L) unitary operator in I'(C"), unique upto a scalar multiplication of
modulus unity satisfying

D(L)W@)T(L) ™' = W(Lu), Vu.
F(L])F(Lz) == U(L],Lz)F(L]Lz), O’(Ll,Lz) = =1

(u,L) — W(u)I'(L)

Projective unitary representation of G = C" x Sp(2n, R) (semidirect product)

describing all symmetries of Gaussian states!
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pis a state in I'(C"). J




pis a state in I'(C"). J

p(u) =Tr pW(u),u € C". J




States and their Fourier — Wigner transformation

Characteristic functions

p is a state in T'(C"). )
p(u) =Tr pW(u),u € C". ]
(i) p(0) =1, pisabounded continuous function.
(i) For any z1,22,: - ,Zm, m = 1,2, .- - the matrix inequality
||z = z)e ™8] | > 0 (1)
holds.
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States and their Fourier — Wigner transformation

Theorem (Quantum Bochner’s theorem: M. D. Srinivas)

if (z) is continuous, $(0) = 1 and inequality (1) is fulfilled with p replaced
by ¢, then there exists a unique state p such that ¢ = p.
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States and their Fourier — Wigner transformation

Theorem (Quantum Bochner’s theorem: M. D. Srinivas)

if (z) is continuous, $(0) = 1 and inequality (1) is fulfilled with p replaced
by ¢, then there exists a unique state p such that ¢ = p.

Theorem (Inversion theorem)

1 A n
p = = | W) ]] dy dy
1

e R2n

_ p(2)W(z) H dx; dy;
1

ar? R2n

for any state p.
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States and their Fourier — Wigner transformation

Theorem

Let By(I'(C")) be the Hilbert space of Hilbert Schmidt operations on I'(C").

There is a Hilbert space isomorphism

F : B,(T(C") —>L2< de dyj>

such that for any state p, F(p) = p. In particular, for any py, p> € By(T'(C"))

Tr p}p2 = (F(p1)|F(p2))
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n-mode Gaussian states

A state p satisfying
plz) = TrpW(z)

= exp |-0v2("x —mTy) — (;)TS (;) . )

forallz=x 41y € C", x = Rez, y = Imz, where I,m € R", and S is a
symmetric 2n X 2n real matrix, is called n-mode Gaussian state.
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n-mode Gaussian states

A state p satisfying
plz) = TrpW(z)

= exp |-0v2("x —mTy) — <§) TS (?) . )

forallz=x 41y € C", x = Rez, y = Imz, where I,m € R", and S is a
symmetric 2n X 2n real matrix, is called n-mode Gaussian state.

Theorem 2.1

There exists a state p such that p satisfies (2) if and only if the matrix S
satisfies the matrix inequality S + %Jzn > 0. In such a case

Il =Trpp, m = Tr pq and S = covariance matrix of

(p17p27 5Py =41, =42, 0, _qﬂ)‘

Here %(aT(Z) —a(z)) = S (xip; — y,q;), pj, ¢; being momentum and position observables
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n-mode Gaussian states

Corollary 2.2

In a Gaussian state any real linear combinations of the momentum and
position observables has a normal distribution.

Remark
In (2), I is the mean momentum, m is the mean position and S is the

covariance matrix of (p1,- - ,pn, —q1, -+ , —qn) and the corresponding
2n(2n+1)

Gaussian state is completely determined by n +n + =—5— = 2n? + 3n real

parameters. We denote the corresponding Gaussian state satisfying (2) by

pg(lvm; S)
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n-mode Gaussian states

Theorem 2.2
Marginals and products of Gaussian states are Gaussian. If p is Gaussian, so is

W (u)D(L)pD (L)W (u)T.

Conversely, if U is a unitary operator and UpU" is Gaussian whenever p is,
then there exists u € C", L € Sp(2n,R) and scalar A of modulus unity such
that U = AW (u)L.

Theorem 2.3

Tr pg(lhml% S)Pgaza my; T)

1 1 -1 1" _ L —1
\/det(S + T) P [_2 [—(Hil —inz)] (s+1)7 [_(nil —zlnz)H '

Proof: By evaluation of Gaussian integrals. O
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n-mode Gaussian states

Corollary 2.4
Choosel; =1, my=m, $; =S, S, =T,
D 0
- o s
. L (1+e 5\ |
D = diag {2 <1 —etf> =12, ,n}
so that .
pe(0,0,7) = [J(1 — e t)e X ta] a
j=1

where a; = a(e;), (product of thermal states)
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n-mode Gaussian states

n X —i- .
Tr pg(1,m; S)e™ S tala)

or 3] (5 3) "))
[0 —e‘ff')%iet )

= x;j, 1 <j < n, RHS is the joint probability generating function
of the distribution of number of particles in different modes in Gaussian state
Pg (17 m; S) .

Putting e~
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n-mode Gaussian states

Corollary 2.5
LetN =71 a}aj (total number of particles). In the state p, (I, m; S),

(N) = ;{Tr (S— ;) +lTl+me}
o o o) (5().

Proof: Compute from probability generating function of N. DJ
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n-mode Gaussian states

Theorem 2.6

In the state p,(I,m;S)
@ (Wx+w)INW(x+w)) — (N) = |x|* + ly|* + V20" + x"m)
Q

<I‘(L)TNI‘(L)> — (V)

1 —il =i AN —1p -7 !
- - Trs (L7'L —Izn)+<_m) (L7~ b) (—m)

Proof: It follows from Corollary 2.5 and the transformation property of a
Gaussian state under conjugation by W(u) and I'(L), u € C", L € Sp(2n,R).

Remark: Theorem 2.6 tells us that the parameters I, m, S can be estimated from measurements
of the total number observable after applying the gates W(u) and T'(L) for suitably chosen ..
elements u € C" and L € Sp(2n,R). This can be expressed in the language of circuits in a :
quantum computer.
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pe(l,m;S) —m= Estimate (N) = 2 {Tr (S— 1) + "l + m"m}




pg(l,m;S) —m= Estimate (N) = 2 {Tr (S— 1) + "l + m"m}

pe(l,m;S) ]_ Gy % — Estimate (N) + § +;




n-mode Gaussian states

pg(l,m; S) L Estimate (N) = 3 {Tr (S— 1) + "1+ m"m}

pe(l,m;S) ; 3 /% —— Estimate (N) + 1 +

pe(l,m;S) j % —— Estimate (N) + 5 +m;

S
N—1
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n-mode Gaussian states

pg(l,m;S)  —— L Estimate (N) = 3 {Tr (S— 1) + "1+ m"m}
SV ? .
- | N

pe(l,m;S) j /% —— Estimate (N) + 1 +

6= (

Si
N—

pe(l,m;S) j % —— Estimate (N) + 5 +m;

— 2
G, =W (%)
2n + Imeasurements in all. 2 displacement gates Gp,, G, used.
2n + 1 parameters [j, m;, TrS, j = 1,2, .- , nestimated.
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n-mode Gaussian states

Writing the covariance matrix S in the form S = [[S;;]] with 2 x 2 block

matrices where S;; is the 2 X 2 covariance matrix of the i-th mode and applying
1-mode gates of the form I'(7(L)), 7(L) = (L=")7 in the i-th mode and using
the estimated values of [, mone obtains the estimation of blocks S;; for each i.
Then using the suitable L € Sp(4, R) with different L it is possible to estimate
the off diagonal blocks S;. Pictorially

i % — classical output

i :
s X — Classical output
j N
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n-mode Gaussian states

Using 3 one mode symplectic gates G, and circuit in n — 1 modes and only
two of them in n-th mode

; S Gy /ZK —— Estimate (2) in Theorem 2.6

Gy, € Sp(2,R)

Get an estimate of all diagonal blocks S;;, 1 <i<n
# measurements 2(n — 1) +2 =3n—1

Up to this stage # measurements = 3n — 1 +2n+ 1 = 5n.
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n-mode Gaussian states

Then we use 4 two mode symplectic gates which are suitably chosen and the

earlier estimations of I, m, S;;, i =1,2,---

diagonal blocks S;;

— Estimate

,n and obtain estimates of the off

# measurements 4n(1 +2 +---+n—1) =2n> —2n

K. R. Parthasarathy (ISID)
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n-mode Gaussian states

Then we use 4 two mode symplectic gates which are suitably chosen and the
earlier estimations of I, m, S;;, i = 1,2,--- ,n and obtain estimates of the off
diagonal blocks S;;

; :
: @A — Estimate
j ;:‘ ‘:i N

# measurements 4n(1 +2+ - +n—1) =2n> — 2n J

Resources used

@ Two one mode displacement gates.
@ Three one mode symplectic gates.
@ Four two mode symplectic gates.

Total number of measurements — 2> + 3n.
Total number of parameters = 2n~ + 3n.
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Tomography of Gaussian channels

Tomography of Gaussian channels

A Gaussian channel (A, B) is described by a pair of real 2n x 2n matrices
A, B where B is positive and the matrix inequality

B+ 1(AT 1A — Jp,) >0
holds.

Input pg (1, m; S) K(A,B) — Output py(I',m’; S') J
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Tomography of Gaussian channels

Tomography of Gaussian channels

A Gaussian channel (A, B) is described by a pair of real 2n x 2n matrices
A, B where B is positive and the matrix inequality

B+ 1(AT 1A — Jp,) >0
holds.

Input pg (1, m; S) K(A,B) — Output py(I',m’; S') J

Where
r )
] = 4]
m m

1
s = ATSA+§B
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Tomography of Gaussian channels

Tomography of Gaussian channels

A Gaussian channel (A, B) is described by a pair of real 2n x 2n matrices
A, B where B is positive and the matrix inequality

B+ 1(AT 1A — Jp,) >0
holds.

Input pg (1, m; S) K(A,B) — Output py(I',m’; S') J

Where
r )
] = 4]
m m

1
s = ATSA+5B

Problem

Using Gaussian state tomography on output states for a few Gaussian input
states, estimate A and B.
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# parameters involved = (2r)% + w =6n’ +n. J




Tomography of Gaussian channels

# parameters involved = (2n)? + w = 6n> +n. J

A coherent state is |¢)(u))(¢)(u)], u = x + 2y is also

1
Pe (\/iy, V2x; EIZn) :

The output is
1
Pg (y,7x/; E(ATA + B)) ’

-]

where
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Tomography of Gaussian channels

Use input states

o () o (G0} 3= 12

()Mo G 5120
Then the corresponding output states are

Pe (lj’.,mj’.; L(ATA +B)) i=1.2,-.n

where

() =27 (3) () =)

Perform full Gaussian tomography with 22> 4 3n measurements on the firs-
output with j = 1 and determine the first row of A and the matrix ATA + B.

K. R. Parthasarathy (ISID) Gaussian tomography December 8, 2015 21/22



Tomography of Gaussian channels

On the next 2n — 1 outputs perform the tomography only for momentum
position means with only 2n + 1 measurements each so that (2n — 1)(2n + 1)
measurements are used. Then we get all the remaining 2n — 1 rows of A. This
determines A. Subtract A”A from ATA + B to get B. Thus

20 +3n+ (2n—1)(2n+1) = 60> +3n — 1

measurements yield all the 6n% + n parameters of the channel.
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