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I ——
MOTIVATION...

o Steering is one of the characteristic features of bipartite
quantum system

o Measurement incompatibility is another non-classical feature of
quantum theory

o Recently it has been shown that these two distinct non-classical
features have connections [Phys. Rev. Lett. 113, 160402 (2014);
Phys. Rev. Lett. 113, 160403 (2014)]

e The concept of steering has been generalized for more general
abstract tensor product theories

o The notion of measurement incompatibility can be extended for
general probability theories

o The connection between steering and measurement
incompatibility holds in a border class of tensor product theories
rather than just quantum theory.

IMSc, Chennai 7 — 13 December, 2015 2 /13



I ——
PLAN OF THIS TALK...

o CONVEX OPERATIONAL THEORIES

o State space

» Observable

» State space for composite system
o Marginal and conditional states

o CONCEPT OF STEERING

o CONCEPT OF JOINT MEASUREMENT

o CONNECTION BETWEEN MEASUREMENT
INCOMPATIBILITY AND STEERING
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I ——
CONVEX OPERATIONAL THEORIES

& The framework was initially introduced in the 1960s. Due to the
emphasis on the convex structure of the set of states and the use of
operations to model state transformations it gets the name.
o State Space
» State space for a system S is denoted by Qs C Vs
o Qs is convex, i.e., V wi,wy € Qg
Qs 2 Coyup = {pw1+ (1 —pw2 [ 0<p <1}
o The extremal points of 25 = pure states
others are called mixed states
o If the number of extremal points is finite = polytopes
simplex = mixed states have unique decomposition
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CONVEX ..... (continued)

e Observable

« Set of affine functionals on Q = A(Q)
» A(Q2) is a ordered linear space, ordering given point-wise, i.e.
AQ)>f >0, if flw)>0VweN
o The unit functional = v | u(w) =1V weQ
o The set of effects on Q = £(Q) C A(Q)
E)={ec A(Q) | 0<e(w) <1, YweQ}
o An observable O is function from an outcome set K into
£(Q) satisfying normalization, i.e.
O:K—=EQ)| Y =u
o An operational theory must assign a rule to calculate the
outcome probability
plek|w) = ek(w) : Q2 x A(R) = [0,1]
» Convex combination of effects are again a valid effect, i.e.
£(Q) is an convex set in V*
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CONVEX ..... (continued)

o State space for composite system

» Suppose systems A and B have state spaces 24 and Qg
» The joint system AB will have its own state space, 4z,
which is convex by definition
o Assumptions:
» a joint state defines a joint probability for each pair of
effects (e, eB)
o these joint probabilities respect the no-signaling principle
o if the joint probabilities for all pairs of effects (e?, ef) are
specified, then the joint state is specified (local
tomography)
o Qup is a convex set in Vg = Va4 ® Vg
o Furthermore, it must lie between two extremes, the maximal
tensor products Q4 ®max 25 and the minimal tensor products
QA X min QB
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CONVEX ..... (continued)

e Marginal and conditional states
o Consider the effects ef\ and e,’3 on the state wag € Qap. The
marginal probability
ples. eglwas) = 3, p(es, eplwas) = 3 lef @ egl(was)

= e4 @ > lepl(was) = [e4 ® up(was) = ef(wi?)

= w,® € Q4 is the marginal state of the system A, given the
composite state Q4p
» The conditional probability is given by

k)4l p(ek.eflwas) [eh®eL](was)
eL,le w == — 0]
Plealesswas) = Zi ) eh(wih)

~“-IB el
_ .k wa _ ok B
=€ = w
A e/B(L‘J“‘;,A) A( A )

1
= wf\s is the (normalized) conditional state of Alice given the
effect e; of Bob

Manik Banik (PDF) IMSc, Chennai 7 — 13 December, 2015 7/13



I ——
CONCEPT OF STEERING

o Let Alice and Bob share a bipartite state wag € Q45.

o Alice’s measurements = {e®},; x — measurement choices, k, —
measurement outcomes

o Bob’s sub normalized states {d)eg’x} | o = [e ® ug](waB);
k
0<up(@F) < 1; 3, 0% =wih =3, %%

o The Assemblages {@egx} is unsteerable if
B = 3, T(N)P(kIA, ), ¥ ke S, T(N) = 1,5, w = w

o Definition: A state wpp is called (strongly ) steerable for its B
marginal if (all possible decompositions) there exists at least one
steerable decomposition of that marginal which Alice can remotely
prepare by performing local measurement on her particle.
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I ——
CONCEPT OF JOINT MEASUREMENT

o A set of observables is said to be jointly measurable if all of
them can be evaluated in a single measurement.

o Consider a set of m observables O; = {e% | Y, el = u, V j}

o jointly measurable = if there exists a measurement {e*} with
outcome k = [kj—1, kj—2, ..., ki—m|, where k; gives the outcome of
jt" measurement, i.e.
k>0, Yrek=uy; EE\kj ek=eh, v j

o If m observables are jointly measurable, then any subset of these
m observables is also jointly measurable.

o However, the converse is not true in general, i.e., joint
measurability of all possible proper subsets of these m

observables does not necessarily imply that they are jointly
measurable in all together.
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I ——
MEASUREMENT INCOMPATIBILITY AND STEERING

o Theorem: The assemblages {(I)egx}, with &% = [e* ® ug](waB),
are un-steerable for any state wag € Q45 if and only if the set of
effects {e"} C £(Q4) is jointly measurable.

o Proof

o “if part
Let {ek} is jointly measurable, i.e.
ek >0; Zke = u; Zk\ke =eki Vv
Define Alice’s local variable to be A = k, distributed as
r(A) = e(wg")
Alice sends the local state wk = [e’: ® up)(was)/T (k)
When asked by Bob to perform measurement x, Alice announces
an outcome k according to p(k|x, k) = Ok ky
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PROOF....... (Continued)

e Proof:
o “only if part”
Consider an arbitrary state wag € Qa5. The assemblage resulting
from a set of observables {e*} on state wap is given by
(De = [ek ® uB](wAB) Let {w “} unsteerable, i.e.
= >0\ FT(V)p(klx, A
Let e be the effect on Alice's side such that
wt =08 et — [t ®uB](wAB)
define the effect ek as following
= 2 TN L plkslx, A)

ek produces {e*} as marginals.
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I ——
CONCLUSION

e The concept of measurement incompatibility and the concept of
steering can be extended in more general class of probability
theories with quantum theory, a special example.

o we show that the connection between measurement
incompatibility and steering as established in [Phys. Rev. Lett.
113, 160402 (2014)] and [Phys. Rev. Lett. 113, 160403 (2014)]
also holds in a broader class of theories allowing strongly
steerable state.
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