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 Complementarity
* Violation of Complementarity in two-level systems
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Complementarity

Two observable are complementary If certainty in the
measurement of one of them precludes certainty In the
measurement of a complementary one.

All possible measurement results of the
second observable are equiprobable.

Dual wave-particle behavior.




Bohr (1927):

Niels Bohr (1949). "Discussions with Einstein on Epistemological Problems in Atomic Physics". In P. Schilpp. Albert
Einstein: Philosopher-Scientist. Open Court.



Bohr (1927):

Heisenberg (1927):

Bohr has brought to my attention [that] the uncertainty in our
observation does not arise exclusively from the occurrence of
discontinuities, but is tied directly to the demand that we ascribe
equal validity to the quite different experiments which show up in the
[particulate] theory on one hand, and in the wave theory on the other
hand.

Niels Bohr (1949). "Discussions with Einstein on Epistemological Problems in Atomic Physics". In P. Schilpp. Albert
Einstein: Philosopher-Scientist. Open Court.



Bohr (1927):

observation does not arise exclusively from the occurrence of
discontinuities, but is tied directly to the demand that we ascribe

equal validity to the quite different experiments which show up in the i
[particulate] theory on one hand, and in the wave theory on the other Wj
hand.

Niels Bohr (1949). "Discussions with Einstein on Epistemological Problems in Atomic Physics". In P. Schilpp. Albert
Einstein: Philosopher-Scientist. Open Court.



Examples

 Position and momentum of a particle
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Englert—-Greenberger duality relation

b e ] V : visibility
D : distinguishability
(predictability)

D. M. Greenberger, A. Yassin, Phys. Lett. A 128, 391 (1988);
G. Jaeger, A Shimony, L. Vaidman, Phys. Rev. A 51, 54 (1995);
B.-G. Englert Phys. Rev. Lett. 77, 2154 (1996).
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Distinguishability:
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Two-level systems
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Measurements: {+1.-1}
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Complementarity for a 2-
level system

r = |||,




Complementarity for a 2-
level system

r = |||,







Operational Theory

Mathematically models a physical experiment in terms of
primitive notions: preparations, measurements,
outcomes and systems.

{P, M, KK, p(k|P, M)}

P :  set of mutuallly exclusive preparations
M :  set of mutually exclusive measurements
IC:  set of mutually exclusive (and exhaustive) outcomes

EX: QM is an OT: {p, O, pr. = T"“{E;];Ekp}}



Extension of Q. theory
Projector: II; := (1/2)({ +1-0)

g+ 114 =1 o-n=115 —1II_4

p(xl|r,on) = Tr|llLap(r)]

Principle of Complementarity is equivalent to
Imposing the postulate of positive operators

PC violation abdication of this postulate and a legitimate
use of non-positive operators to represent
preparations.

nonlocal boxes, toy models of g. theory
and boxworld"

similar extensions:









Non-Local Boxes creation

Two observers measure dichotomic observables

A; As  (first observer)

B, B, (second observer)

b= AlBl - A1B2 Sl A2B1 0 AQBQ

Clauser-Horne-Shimony-Holt (CHSH): |(B)| < 2

Maximal violation attainable by quantum states: ‘< BH — 2\/§
(Tsirelson’s bound) )

Popescu and Rohrlich non-signalling
probability distributions: [(B)| <4



For a two-level system, any preparation violating the
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A preparation violates CP iff r > 1
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Does not violate non-signaling




For a two-level system, any preparation violating the
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Cloning

Theorem:

[wo preparations with Bloch vectors r and r’ are

jointly-clonable only if r -r' = +1




Let two preparations with Bloch vectors r and r’ be joint-
clonable.

There exists an unitary U such that

U(p ® leo)(eo)UT = p® p
U(p' ® leo)(ea)UT = p' ® p

We then have

Tr((p® p)(p’ @ p')] = Tr[U(p® leo){eo)UTU (0’ @ |eo){eo])U"]

= Tr(pp") = [Tr(pp)]?
Since Tr(A® B) =Tr(A)Tr(B)



Let two preparations with Bloch vectors r and r’ be joint-
clonable.
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U(p' ® leo)(ea)UT = p' ® p

We then have

Tr((p® p)(p’ @ p')] = Tr[U(p® leo){eo)UTU (0’ @ |eo){eo])U"]

= Tr(pp’) = [Tr(pp)]’
Tr(pp’) =0 or Tr(pp) =1 B — L




Let two preparations with Bloch vectors r and r’ be joint-
clonable.

There exists an unitary U such that

U(p ® leo)(eo)UT = p® p
U(p' ® leo)(ea)UT = p' ® p

We then have

Tr((p® p)(p’ @ p')] = Tr[U(p® leo){eo)UTU (0’ @ |eo){eo])U"]

= Tr(pp’) = [Tr(pp)]’
Tr(pp’) =0 or Tr(pp) =1 v L




Conclusions

« simple and operational formulation of the principle of
complementarity in terms of the empirical unpredictability of fully
iIncompatible measurements.

For two-level systems violation of complementarity is equivalent to:
() Creation of nonlocal preparations that violate Tsirelson's bound
without violating non-signalling, with deterministic operations;

(i) Distinguishability and cloning of a plethora of states via
deterministic protocols.

« Extension for higher-dimensional systems

« Complementarity is a major physical principle and we believe it is,
If not the main reason, one strong argument ruling out
superguantum phenomema in nature.















Non-classicality
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Non-classicality
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NONZERO
CLASSICAL DISCORD

Vlad Gheorghiu, Marcos C. de Oliveira, and Barry C. Sanders, PRL 115, 030403 (2015)

& Quantum Information Science
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OUTLINE

Mutual information
Quantum discord
Imperfect measurement

Classical discord
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MUTUAL INFORMATION
(CLASSICAL)
H(X,Y)

H(X|Y)

S oc ) H(Y) H(Y|X)= H(X.Y) - H(X)

BI(X) = — ) plz))logyp(z;) H(Y)=- Zp(yk) log, p(yx)

5

H(X,Y)=-) p at;,,yk)logzp(wg,yk)
71,k
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POST AND PRE-SELECTED
STATES

0 0 )

Measurement on B with outcome k
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(QUANTUM) MUTUAL
INFORMATION

S(A:B)=54— S(A|B)
Jag = S(pa) — ijs(ﬂix)

TIB{H?,OABH?}

- lrap {HfPABHf} L=

i

Classical Correlation

L. Henderson and V. Vedral, J. Phys. A 34, 6899 (2001)



LOCAL ACCESSIBLE AND
INACCESSIBLE INFORMATION

0up = Iap — Jap (Quantum Discord)

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001)
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FIG. 2. Value of the discord for Werner states lszl +

z|Y) (|, with |¢) = (J00) + |11))/+/2. Discord does not

depend on the basis of measurement in this case because both
1 and |¢) are invariant under local rotations.

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001)
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IMPERFECT (CLASSICAL)
MEASUREMENTS

» Accessing X through a noisy channel

XM |x Y

e M(X.E) = =M1(X,X)

» Back-action: Probability that a measurement on X
causes a transition from X = 2’ to X = x: Tz(z|z’)

e >0 ZT@(ZC‘LB’) =



NOISE+ BACK-ACTION

Mz (z|z") = Tz (z]2")p(Z|2")

D7



NOISE+ BACK-ACTION

Mz (z|z") = Tz (z]2")p(Z|2")

D7



NOISE+ BACK-ACTION

Mz (z|x") = Tz (x|x)p(Z|z")

Bayes
p (x|Z) = ) posterior
state

37



NOISE+ BACK-ACTION

Mz(z|x") = Tz (x|x)p(Z|z")

Bayes
posterior
state

37



NOISE+ BACK-ACTION

Mz(z|x") = Tz (x|x)p(Z|z")

Bayes
posterior
state

;k _ Trp{Ilkpaplly} \
& Pi )

Post—seéected state




CLASSICAL DISCORD

H;(Y|X) = Zp (Y|z)

Hi(Y|z) == p'(ylz)logp' (ylz)

Yy

H(Y|X)=H(X,Y) - H(X).
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CLASSICAL DISCORD

H;(Y|X) = Zp (Y|z)

Hi(Y|z) == p'(ylz)logp' (ylz)

Yy

H(Y|X)=H(X,Y) - H(X).
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CONCLUSIONS

Discord manifests when there 1s some stochasticity
affecting the acquisition of information

Quantum discord: natural stochasticity due to non-
orthogonal basis

Discord can be understood classically as a
stochastic information figure of merit

(except when entanglement 1s present)
State merging, thermodynamical aspects...

Relevance for inference...
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