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What iIs an entropy power inequality ?

Inequalities between entropic quantities play a fundamental
role in classical & quantum information theory

Shannon’s entropy power inequality is one such inequality
(EPI) [1948]

It has wide-ranging applications in:

information theory, probability theory, mathematical physics

It deals with independent, continuous random variables.
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X : random variable (r.v.) on R% with p.d.f. fx

X takes values X = (2171, Loy, LL‘d) c R4
fx(x)dx =1
Rd

If X’ Y independent r.v.s on Rd with p.d.f.s fX, fy,
then X +Y isarv. with p.d.f. fx+y — fX * fY

fx ||y fy fx+y convolution

additionrule: (X, Y) — X +Y
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For a continuous random variable (r.v) X on R4
with p.d.f. fx

V(X)) = e?H(X)/d

entropy power

H(X) = — y fx(x)log fx(x)dx

differential entropy

(2H(X)/d

Note: usually entropy power is defined as v(X) :=

but here we ignore the denominator. 2me
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P CAMBRIDGE Entropy Power Inequality (EPI)

Proposed by Shannon (1948): for )(7 Y Independent r.v.s

on R withp.dfs [x, [y :
(X +Y)>v(X)+ oY)

= iff X,Y are Gaussian r.v.s

v(X) = 2HX)/d

2H(X+Y)/d ~ (2H(X)/d | 2H(Y)/d,
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&0 CAMBRIDGE  Lieb (1978): EPI equivalently expressible as

an inequality between differential entropies

For X, Y independent r.v.s on R,V a € [0, 1] :
HG/aX +vV1—aY)>aH(X)+ (1 —a)H(Y)

faxiyizay = fyax * fyi—ay

This motivates the definition of a “scaled’ addition rule:

XH,Y =vaX ++v1—aY

H(XB,Y)>aH(X)+ (1 —a)H(Y)

(“concavity” of the differential entropy under )


http://www.cam.ac.uk/
http://www.cam.ac.uk/

EE UNIVERSITY OF
¥ CAMBRIDGE

Scaling property of entropy power v(X) = p2H(X)/d

v(vaX)=oav(X) YVa>0
This follows from the scaling property of p.d.f.s:

If f.x :p.d.f.ofarv. cX on Rd
1
fex(x) = c—de(X/C)
— | H(cX)=H(X)+dlnc|....

Set ¢ = \/5 and substitute (2) In
(\/7X) 2H (VaX)/d _ €2H(X)/d:()5’U(X)
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XH,Y :=aX +V1—-aY
For X, Yindependent r.v.s on Rd,

o(X Byp Y) > Jo(X) + Lo(Y)

Proof: since a = 1/2,

o(X By pY) =0 (%X+ %Y)
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For X.,Y i

‘scaled’ addi

Summary : Classical EPI

ndependent r.v.son IRY |V a € 0, 1]
tionruler LY = aX + V1—aY

X if a=1
X H,Y — I (EH,, : interpolating map)

H(XB,Y)>aH(X)+ (1 —a)H(Y)
V(X HypY) > 50(X)+ 5(Y)
e2H (XM, 2Y)/d %GQH(X)/d n %QQH(Y)/d
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o(X B3 Y) = Jo(X) + 3(V)

..(CEPI1)
H(XHB,Y)>aH(X)+ (1 —a)H(Y)| (cEPI2)

e 1948 Shannon: proposed (cEPI1)

e 1959 Stam: proof of (cEPI1) « Fisher info

e de Bruijn’s identity
e 1965 Blachmann: simplied proof of (cEPI1)

* 1978 Lieb: proof of (CEPI2); (CEPI1) = (CEPI2)
e 1991 Dembo, Cover & Thomas: common proof of EPI &

the Brunn-Minkowski inequality of convex geometry

e« 2006 Verdu & Guo alternative proof of EPI

...... various other proofs, generalizations & applications
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Applications & generalizations of the EPI

= EPI proposed by Shannon as a means to bound the capacity
of an additive noise channel:

| X4+Y
X |
My

= EPI has been used to find bounds on the capacity of
Gaussian broadcast channel:

input output 1
- broadcast
—

channel

output 2

VAR
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e Central Limit Theorem: convergence in relative entropy

X]_,XQ’...ji.i.d. V.S, -{:(X’L) p— /‘Lﬂ Vaer — 0_2
im1 Xi—np
Z?’L - _\I/EO' . pdf fn

D(f,ll¢) = 0 as n— oo| @: p.d.f. V(0, 1)

 Many generalizations of EPI: e.g. monotonicity property
[Artstein et. AL.]: X, Xo, ..., i.i.d. continuous r.v.s;

121 X14+Xo+...4+X, > [ X1+ Xo+...+ X1
Vvn — n—1
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&) CAMBRIDGE Quantum Setting  [Koenig & Smith 2012]

Analogues of EPIs for continuous variable (CV) quantum systems
(arising e.g. In quantum optics)
Classical Quantum

d quantum states describing
X, Y on R PX, Py  bosonic modes of e.m. radiation

(e.g.1-mode bosonic fields)

(differential entropy) (von Neumann entropy)
H(X) H(px):=—Tr(px log px)
What is the analogue of ‘scaled” addition rule H 7

 Can be applied to pairs of uncorrelated quantum states
(px, py) = px Ha py
« Given by a linear CPTP map: (quantum channel) 5@ .

Ealpx ® py) = px BHa py
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Since the g-m analogue of additive Gaussian noise is modelled
by the mixing of 2 bosonic modes at a beamsplitter;

a € [0,1] : transmissivity of a beamsplitter

PX,PY - states corresponding to its input modes
B

(bin =Tr»)

/\/
pX/ / } PX Mg PY

U, A

unitary operator

Ea(px @ py) = Tr2[Us(px ® py)U]]
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Consider (bin =Trs)

single mode input states; /\/
PX / PX Mg PY

a1, @.r)  Us  Dpy (Q, P)
&25(Q2a Ps)

@; : annihilation ops.
(Qi, P;) : corrs. pos. & mom. ops. in Heisenberg picture;

Qi = (a; +a)/V2; P=i(a; —al)/Vv2

Q=vaQi+V1—aQs; P=/aP, ++1—aPs;
Mimics the classical scaled addition rulel

XH,Y =aX +vVI—aY
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Koenig & Smith; For 72-mode bosonic states, ¥V a € [0, 1]

H(px Ha py) =2 aH(px) + (1 —a)H(py) - (aD)

GH(IOX 1/210Y)/n Z %BH(IOX)/” —+ %BH(JOY)({I:’)

De Palmaet. al; V g € M entropy power for n -mode

bosonic state

eH (PxBapy)/m > dH(px)/m (1 — q)eHlev)/m

Analogues - not generalizations!

For X,Y indep. r.v.s on R H(XHB,Y)>aH(X)+(1—a)H(Y)
...(cl)

G@H(XEE]UQY)/CZ > Le2H(X)/d | L 2H(Y)/d

en..(C2)

D |—
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finite-dimensional quantum systems (qudits)

Classical Finite-dl Quantum
X,Y on RY p,o € D(CY)
(differential entropy) (von Neumann entropy)
H(X) H(p) := —Tr(plog p)
o (scaled addition rule) . (qudit addition rule)

e Given by a linear CPTP map (or quantum channel) &,

pBeo=CE(p® o)

« Mimics the behaviour of a beamsplitter
e Based on a continuous version of the swap operation


http://www.cam.ac.uk/
http://www.cam.ac.uk/

EE UNIVERSITY OF I ;
G5 CVERSITY OF To see how we obtain .

Let us look at a simple example of a beamsplitter

” ) _,, (@
/ b2 “\d2)
A " scattering matrix
a

1 / by e.g

U, h va o iv1l—a
(o U, := :

ivl—a +a
U, =+al+ivV1—ao, . (0 1>: %<a1):(a2>

1 0 Qs a4

U =1. Uy=io, :swaps the 2 input modes (upto a phase)

Va € (0,1),U, partially swaps the 2 input modes

This intuition mmm) partial swap operator for 2 qudits mmp [,
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G0 CAMBRIDGE Obtaining a qudit addition rule

p,o € D(CY): {|i) d . orthonormal basisofaéd
swap operator
=0 Gle il §=5h52=1
Vlij) = |i) ® |j) € C* @ C?, Slij) = |ji)
U, = Val +iy1—ao,]

Unitary operator [/ .— val+iv1—aS

U =1, Uy = 1S : swaps the qudits under conjugation

U1(p®a)Uf:p®a; Uo(p @ 0)Uy =0 @ p

For a€(0,1), U, partially swaps the 2 qudits

) partial swap channel £, & hence

Qa
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G5 INIVERSITY OF Partial swap channel £, Qudit addition rule
E, : D(C?» CY) — D(CY)

s D(C?» C?

p12 € D(C* @ C%)

-
}

Ealp12) := Tro(Uyp12U]) ;

U, :=+al+iy1—aS

In particular, if

P12 = PO 0, p,0E D(Cd))

Ep®R0)=pH, 0 =TraU,(p® 0)U] ;
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Calculations U, . =+al+iy1—aS
Ep®o)=pHyo=TroUy(p®o)UJ ;
= Try [(vVal +iv1—aS)(p®o)(yal —iv1—aS)]

=aTra(p®o)+ (1 —a)Tra(c®p) [Spoo)S=0c@/)
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Calculations U, . =+al+iy1—aS
Ep®o)=pHyo=TroUy(p®o)UJ ;
= Try [(vVal +iv1—aS)(p®o)(yal —iv1—aS)]

=aTra(p®o)+ (1 —a)Try(oc® p)
—iva(l —a)Trz [(p®0)S — S(p@ o)

=ap+ (1 —a)o —i\/a(l —a)Tra[(p® 0)S — S(p® o))
= po —op

Ealp@ o) =ap+ (1 —a)o—iy/a(l—a)lp,o]
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ElpR0)=pHB,0=TraU,(p®0)UT;

Partial swap channel Vael01]

EalpRo)=ap+ (1 —a)o — i\/a,(l —a)lp, o]

combines the 2 qudit states in a
P o - oS
non-trivial manner, which mimics
(a — 1) (a, — O) the action of a beamsplitter
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Vp,0 € D(CY,Vac]0,1]

-
)

o H(pH,o0)>aH(p)+ (1 —a)H(o) n(qdl)
® eH(pHHCLO')/d Z aeH(p)/d + (1 _ a)eH(a)(/;iz)

I.e. analogues of EPIs for 7.-mode bosonic states

H(px W, py) > aH(px) + (1 —a)H(py)

oH(pxHBapy)/n > aeH(px)/n (1 — Q)GH(DY)/’”»

®¢ and much more!

To state our full result, recall the definition of majorization
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7 § € R¢
Fm (rurarerd)  F= (51520
T¢Zr%2...2r§ ; S%ZSJQ'Z...ng
<8 : T ismajorized by S

it S < s (V1<K <d)

1

d | d |
& D TP =D i1 S

To state our full result, we define the following class of functions
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Class of functions: F :— {f : D(Cd) — R}

1. Concave : For p,o € D(C%), Va € [0, 1]:

flap+ (1 —a)o) > af(p)+ (1 —a)f(o).

2.Symmetric :f(p) depends only on the eigenvalues of O

and Is symmetric in them.

e.g. of a function [ € F :

f(p) =H(p):=—Tr(plogp) vonNeumann entropy
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Class of functions: F :— {f : D(Cd) — R}

1. Concave : For p,0 € D(C%), Va €0, 1]

flap+ (1 —a)o) > af(p)+ (1 —a)f(o).

2.Symmetric :f(p) depends only on the eigenvalues of O

and Is symmetric in them.

1 & 2 imply that: f(p) is Schur-concave:

Let A(p) = (71,72,...,74q) vectors of eigenvalues of
/\(0)2(81,82,...,863) P, 0

Schur Concavity | A(p) < A(o) — f(p) = f(o)
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Theorem 1: V f € F, a € [0, 1],

flpBa o) >af(p)+(1—-a)f(o)

» Since the von Neumann entropy H (p) € F,

Theorem 1 — H (p B, o) > aH (p) + (1 — a) H(o)

 What other functions belong to the class F ?

e.g. Renyi entropy:
H.(p) = ﬁTrpa; a>0;a#l.
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For an n-mode bosonic state P :

. entropy power: ef1(p)/n

In analogy, for a qudit p € D(C?) define

Entropy power for a qudit : Ve>0, pe ID(CC“Z)j
Ec(p) — QCH(P)
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Result: EC(P) c F,

VO < c<1/(logd)?

Note: functionsin J/,

1. concave
2. symmetric v

E.(p) = et (P) : depends only on H (p)

Theorem 2:

E.(p) isconcave V0 < c < 1/(logd)?

Theorem 1:V f € F, f(p

a0) 2 af(p)+(1—a)f(o)

Theorem 1

— E(pHe o) > aE.(p)+ (1 —a)E.(0)

VO <c<1/(logd)?
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Theorem 1:V f € F, f(p

a0) 2> af(p)+(1—a)f(o)

Key ingredient of

the proof of Theorem 1

Theorem3: Vp,o € D(C?), Va € [0,1]
ApBa o) < aX(p) + (1 —a)A(o)

-
}

Proof of Theorem 1, given Theorem 3:

Define diagonal matrices p

= diag(\(p)); & := diag(A(0))

with their entries arranged in non-increasing order.

Theorem 3 — )\(p

L 0) < a\(p) + (1 — a)A(5)
= Aap) + A((1 —a)o)
= Map+ (1 —a)5)
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Theorem 1:V f € F, f(p

a0) 2> af(p)+(1—a)f(o)

Key ingredient of

the proof of Theorem 1

Theorem 3: V p, 0 € D(C%), Va € [0, 1]
ApH, o) < XMap+ (1 —a)d)

-
}

Proof of Theorem 1, given Theorem 3:

Define diagonal matrices p

= diag(\(p)); & := diag(A(0))

with their entries arranged in non-increasing order.

Theorem 3 — )\(p

L 0) < a\(p) + (1 — a)A(5)
= Aap) + A((1 —a)o)
= Map+ (1 —a)5)
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Theorem 1:V f € F, f(p

a0) 2> af(p)+(1—a)f(o)

Key ingredient of the proof of Theorem 1

Theorem 3: V p, 0 € D(C%), Va € [0, 1]
ApH, o) < Xap+ (1 —a)d)

-
}

Proof of Theorem 1, given Theorem 3:

Theorem 3 —

VieF, f(pH,o0)> flap+ (1 —a)d)  schur-concavity
>af(p)+ (1 —a)f(d) concavity
=af(p)+ (1 —a)f(o) symmetric
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Partial swap channel: £,(p ® o) = p

a O

Ealp@o)=ap+ (1 —a)o — i\/a(l —a)lp, o]

Now consider O to be fixed V p € D((Cd)

m) Additive noise channel: gaja(p) = E.(p® o)

Ea,o (p)
P a a (family of) quantum channels
‘ o) which depends on the
parameter (I & the state 0
SCLjO'
e.q.If o =1/d _
= / p, 1/d] =0

ga,a(p) = ap + (1 — a’)I/d

depolarizing channel


http://www.cam.ac.uk/
http://www.cam.ac.uk/

2 UNIVERSITY OF  Sending classical info through the quantum channel

¥ CAMBRIDGE

A=Ey

~ - > A@n >
classical
info 7 indept. uses

(n) A@n( (n)) .
Px Pz X

: 1 AD™ —
Input channel @

encoding output  decoding

If 2/ # x then error.

IF inputs are restricted to be product states, i.e.

Y =p1®pa @@ py

Then, product-state classical capacity:

Crrod(N) :

max. number of bits that can be sent per use of the
channel s.t. pgf?q (0 as n— o0
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Cproda(A) <logd —min H(A(p))

CAMBRIDGE |t follows from the HSW Theorem that

(A=Euo)

H(A(p)) = H(Ea0(p)) = H(pHa o)

EPl: | H(pHB,0) >aH(p)+ (1 —a)H (o)

Cproda(A) <logd — a (1 —a)H (o)

= ()

Crorod(N) <logd— (1 —a)H(o)

upper bound on the product-state classical capacity!
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e another generalization of the classical EPI to the CV quantum setting

Thermal state of a bosonic mode with annihilation op. &;
Pth = Z@:O (N+1)i+1 |Z> <Z|

average photon number — AT
of the state Pth N :="Ir (/Oth a a)

Its von Neumann entropy :

H(pw) = g(N),  g(x) = (1 +x)log(l +z) — zlog .

N =g~ (H(ptn))
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e another generalization of the classical EPI to the CV quantum setting

Thermal state of a bosonic mode with annihilation op. &,;
A N N"
Pth — Zn:O (N+1)n+1 ‘n> <n‘

average photon number — AT
of the state Pth N :="Ir (pth a CL)

Its von Neumann entropy :

H(pw) = g(N),  g(x) = (1 +x)log(l +z) — zlog .

For an n-mode 1 ]
bosonic state: N =g (H(pwm)/n,

Conjecture: [Guha et al.] N(pH, o) >aN(p)+ (1 —a)N (o)

* has important implications
« proved only for Gaussian states.
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Entropy photon number for qudits

v p€D(CY), N(p) =g "(H(p)/d)
where g(x) = —xlogx + (1 + ) log(1 + x)

Entropy photon number inequality for qudits

N(pHqa o) = aN(p) + (1 —a)N(o)
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* Analogues of EPIs for qudits under a qudit addition rule

pH, 0= Clp@o)=ap+ (1 —a)o—iya(l—a)lp,a]

(partial swap channel)

Theorem 1: V f € F, a € |0, 1],
flpBao) = af(p)+(1—-a)f(o)

H(pH,0) > aH(p)+ (1 —a)H(o)
e (PHa0)/d > qeH(p)/d 1 (1 — g)eH(o)/d
N(pHBy o) = aN(p)+ (1 —a)N(o)

Theorem 2: VY p o € D(Cd)j Vae|0,1],
ApHa o) < aA(p) + (1 —a)A(o)



http://www.cam.ac.uk/
http://www.cam.ac.uk/

EIE] UNIVERSITY OF -
¥ CAMBRIDGE Open Questions

e Can our proof of the qudit analogue of the entropy photon
number inequality (EPnl) be generalized to establish EPnl for
the bosonic case ?

* Is the partial swap channel £ (& hence the o, that we
define) the unique channel resulting in an interpolation
between the input states & resulting in a non-trivial EPI?

o~

Mixing: &, (p® o) EpBﬂaa =ap+ (1 —a)o
H(pBao) = al(p) + (1 —a)H (o)
> a

H(ap+ (1 —a)o) > aH(p) + (1 — a)H(o) concavity

* Is it possible to generalize (& for combining more than two
states ? Multi-mode generalization of our EPI?

e EPI for conditional entropies ?
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Thank you!
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