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Bell’s Inequality

John Bell

Predictions of quantum mechanics cannot be squared with the belief, called
local realism that physical systems have realistic properties whose pre-existing
values are revealed by measurements. The predictions of quantum mechanics
for spatially separated systems are at odds with any version of local realism
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Bell-CHSH Correlation Inequality:
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(A1 Bi) + (A1 Bo) + {4y By) - {4y By [ < 2

Quantum mechanical violation:

(AL By) + (A1 By) + {4y Bu) = {4y B B = 202

.

Quantum Tsirelson Bound

Algebraic Maximum of CHSH: 4 - Generalized Probability Theory (beyond quantum theory
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Non-local steering

(E. Schrodinger, Proc. Camb. Phil. Soc. 31, 555563 (1935))
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Non-local EPR Steering

( N. Brunner, News and views, nature physics, 6, 842 (2010))

Alice < < %K — 0> Bob
e —O
- ™,
Trusted devices -- Bell-CHSH scenario
Alice ) X ” &
=N Bob
™,
Bob cannot trust Alice! Verifies if a ‘Steering Inequality’ is violated ;
:' ‘-‘;.'-‘:sﬁ
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Non-local steering

(E. Schrodinger, Proc. Camb. Phil. Soc. 31, 555563 (1935))

e Suppose Alice prepares a bipartite quantum state p45 and sends
a subsystem to Bob.

e If the state is entangled, and Alice chooses suitable local mea-
surements, on her part of the state, she can affect Bob’s quantum

state remotely.

¢ How would Bob convince himself that his state is indeed steered
by Alice’s local measurements? ;
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EPR Steering

e It could be that Alice is not honest; she does not prepare a
composite state pyp at all; but she chooses the states p, with
probability g(A) from a chosen ensemble and sends it to Bob.

e Bob asks Alice to perform local measurements of the observables
X = Zak ar 11;, (ar), on her part of the state and communicate
the outcomes a, in each experimental trial.

e Alice might merely communicate a fake outcome a; to have oc-
curred with the probability p(ai|k) = >, g(N\) plar|k, N),

> a, Plarlk, A) = 1.

Assemblage:

Paylk = Trapap Ex(ag) @ I
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Contd...

e If Bob’s conditional reduced states (unnormalized)
Oy o = Trallly, (ar) ® 1 pas]

admit a Local Hidden State (LHS) decomposition viz.,

Qak|:17k — Z p()\)p(ak|xkv)\) pf
A

where

0<pN) <1, > p(\)=1
A

and
0 < plarlzr, A) <1, > plarlzr, A) =1

A

( (pxr, p?) denote Bob’s LHS ensemble)

then Bob can declare that Alice is not able to steer his state
through local measurements at her end.

e Incompatibility of Alice’s local measurements too plays a crumal
role in revealing steerability.
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Steering and Joint Measurability
are synonymous

/# N\
i e

Steering implies both entanglement and
incompatible measurements at Bob’s end

M. T. Quintino, T. Vértesi, and N. Brunner, Phys. Rev. Lett. 113,
160402 (2014)

R. Uola, T. Moroder, and O. Giihne, Phys. Rev. Lett. 113, 160403
(2014)

But Bell non-locality and joint measurability not synonymous
(except in the CHSH case).
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Measurement incompatibility
(Non-joint measurability) |
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e Heisenberg’s uncertainty relation points towards in-
compatibility of non-commuting physical observables.
The measurements are called tncompatible because they
are not jowntly measurable.

e It has been realized that incompatible measurements
are necessary to witness the violation of a Bell inequal-
ity /EPR steering inequality /non-contextual inequality
and so on.

PHYSICAL REVIEW A 91, 012115 (2015)

Joint measurability, steering, and entropic uncertainty

H. S. Karthik.'-™ A. R. Usha Devi.>”" and A. K. Rajagopal™*3-%
! Raman Research Institute, Bangalore 560 080, India
2 Department of Phvsics, Bangalore University, Bangalore-560 056, India
FInspire Institure Inc., Alexandria. Virginia, 22303, USA
Hnstiture of Mathematical Sciences, CIT Campus, Taramani, Chennai, 601 13, India
SHarish-Chandra Research Institure, Chhatnag Road. Jhunsi, Allahabad 211 019, India
(Received 10 October 2014: published 22 January 2015)

There has been a surge of research activity recently on the role of joint measurability of unsharp observables
in nonlocal features, wviz., violattion of Bell ineguality and EPR steering. Here. we investigate the entropic
uncertainty relation for a pair of noncommuting observables (of Alice’s system) when an entangled gquantum
memory of Bob is restricted to record outcomes of jointly measurable positive operator valued measures. We
show that with this imposed constraint of joint measurability at Bob’s end. the entropic uncertainties associated
with Alice’s measurement outcomes—conditioned by the results registered at Bob’s end—obey an entropic
steering ineguality. Thus, Bob's nonsteerability is intrinsically linked to his inability to predict the outcomes of
Alice’s pair of noncommuting observables with better precision. even when they share an entangled state. As a
further consequence, we prove that in the joint measurability regime. the quantum advantage envisaged for the
construction of security proofs in guantum key distribution is lost.
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e In the classical world physical observables commute with each
other and they can all be jointly measured. But in the quantum
scenario, measurement of observables, which do not commute
are usually declared to be incompatible in the quantum scenario.
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e In the classical world physical observables commute with each
other and they can all be jointly measured. But in the quantum
scenario, measurement of observables, which do not commute
are usually declared to be incompatible in the quantum scenario.

¢ Commuting observables can be measured jointly using projective
valued (PV) measurements and their statistical outcomes can be
discerned classically.
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e In the classical world physical observables commute with each
other and they can all be jointly measured. But in the quantum
scenario, measurement of observables, which do not commute
are usually declared to be incompatible in the quantum scenario.

¢ Commuting observables can be measured jointly using projective
valued (PV) measurements and their statistical outcomes can be
discerned classically.

e A joint measurement of commuting observables = by performing
one measurement, we can produce the results for each of the two
observables.

compatibility

PV measurements of a pair of commuting observables @*"‘f“@
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In the classical world physical observables commute with each
other and they can all be jointly measured. But in the quantum
scenario, measurement of observables, which do not commute
are usually declared to be incompatible in the quantum scenario.

Commuting observables can be measured jointly using projective
valued (PV) measurements and their statistical outcomes can be
discerned classically.

A joint measurement of commuting observables = by performing
one measurement, we can produce the results for each of the two
observables.

But quantum mechanics places restrictions on how sharply two
noncommuting observables can be measured jointly.
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Are joint unsharp measurements possible?
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Extended framework: Joint measurements of
Positive Operator Valued (POV) observables

¢ The orthodox notion of sharp projective valued (PV) measure-
ments of self adjoint observables gets broadened to include un-

sharp measurements of POV observables.

EEEEEEEEEEEEEEEEEEEEE
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Extended framework: Joint measurements of
Positive Operator Valued (POV) observables

1. P. Busch, Phys. Rev. D 33, 2253 (1986).
2. T. Heinosaari, D. Reitzner, and P. Stano, Found. Phys. 38, 1133 (2008).

3. P. Busch, P. Lahti, and P. Mittelstaedt, The Quantum Theory of Mea-
surement, No. v. 2 in Environmental Engineering, Springer, 1996.

4. M. M. Wolf, D. Perez-Garcia, and C. Fernandez, Phys. Rev. Lett. 103,
230402 (2009).

5. N. Stevens and P. Busch, Phys. Rev. A 89, 022123 (2014)

6. M. T. Quintino, T. Vertesi, and N. Brunner, Phys. Rev. Lett. 113,
160402 (2014)

7. R. Uola, T. Moroder, and O. Guhne, Phys. Rev. Lett. 113, 160403
(2014).
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Positive Operator Valued (POV) observables
and unsharp measurements

Def: POV observable E is a collection {F(x)} of positive self-adjoint
operators

0< FE(x)<1
called effects.

The effects satisfy the condition
Y E(x) =1

(1 is the identity operator)

When a quantum system is prepared in the state p, measurement of
the POV observable [E gives an outcome x with probability
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Joint Measurability: Global Positive Operator
Valued Measure (POVM)

Consider two POV observables

These two POVMs are jointly measurable if there exists a global
POVM

G={G(r1,2); 0SGW) <L, Y G =1, A={z,a2}}
A

such that the POV observables [£; can be realized as the marginals:

El(il?l) = Z G(.GCl,QS'Q), EQ(LEQ) = Z G(Scl,il?g)
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o In general, if the effects E;(z;) can be expressed as

Efr)= Y plai O ¥ i

where ), p(zili,A) = 1, the fuzzy observables E; are jointly mea-
surable.

EEEEEEEEEEEEEEEEEEEEE
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« Think of G as a common measurement device with
four LEDs (corresponding to four outcomes); two of
the LEDs correspond to the measurement outcome +1
for the binary POVMs E; and similarly for E,.
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Courtesy: Heinosari et al., J. Phys. A: Math. Theor. 49 (2016) 123001
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Fuzzy measurements of noisy qubit observables

Positive operator valued fuzzy spin observables:
Unsharp z-spin — {E,(+1), E,(—-1)}
Unsharp z-spin — {FE,(+1), E.(-1)}

1

E.(+1) = 5[1:': N 0]
1

E.(£1) = E[IL:I: no,)
0<n<l1

1 — sharpness parameter
e PV measurements — 1 =1 = sharp measurement %

EEEEEEEEEEEEEEEEEEEEE
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e Joint measurability of o,, 0, requires n < %

e Global POVM for pairwise joint measurabililty:

1
G(:L‘,z):Z ]l-l—%aw-l—%az , x,z = *+1.

e Joint measurability of three orthogonal spin components o, 0,0,

implies 1 < %

e Three orthogonal qubit orientations are pairwise measurable but
not tripplewise measurable iff % <n< %

n
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Number of Orientation Nopt

POVMs of Ny
Orthogonal axes
N =3 -ty =0, k#1=1,2,3 %
N =2 - ig =0 7
Trine axes

N =3 g -fy =—2;k#1=1,2,3 2
N =2 f1 o = —3 0.732

Table 1: Optimal value 7.t of the unsharpness parameter (evaluated using the
necessary and sufficient conditions, below which the joint measurability of the

qubit POVMs {E,, (ax) = 3(1 +naxd-nyg)} for different orientations ny are
compatible.
\%;&:;és
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Necessary condition for joint measurability of N dichotomic
POVMs with arbitrary qubit orientations n;, £k =1,2,... . N

1

T] é Nmax$13$27"':mN |m$1:$21"'7mN|

N
Mgy ,29,....xN — E Lk ﬁkz; Lk = +1
k=

Sufficient condition:
2N

< .

B Za ‘mal
See: Ravi Kunjwal and Sibasish Ghosh, Phys. Rev. A 89, 042118
(2014)

Y. C. Liang, R. W. Spekkens, and H. M. Wiseman, Phys. Rep. 506,
1 (2011).
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Joint measurability of equatorial qubit observables

e The POV Ms
1
{Fo, (ar = £1) = 5(1 +nap oo, )}

with

o9, = 0z cos(0r) + o, sin(Og)

O, =kn/N, k=1,2,..., N

correspond geometrically to the points on the circumference of
the circle in the equatorial half-plane of the Bloch sphere, sepa-
rated successively by an angle 6 = 7w/N.

e Joint measurability of {Fy, (ar)}

[5]
1
= Topt = 7 N + 2 E (N — 2k) cos (%)
k=1
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Number of Nopt
POVMs
3 0.6666
4 0.6532
5 0.6472
6 0.6439
10 0.6392
20 0.6372
50 0.6367
100 0.6366

e In the large N limit, the degree of incompatibility (i.e., the cut-off value
of the unsharpness parameter) approaches 7op; — 0.6366 and thus the
POVMs associated with the set of all qubit observables gy, 0 < 0 < 7
in the equatorial plane of the Bloch sphere are jointly measurable in the

range 0 < 7550 < 2 & 0.6366.

O



5th December 2018 QIPA2018

o Joint measurability of qubit POVMs corresponding to points on

the entire Bloch sphere = 1} = %
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o Existence of joint probabilities in turn implies that the set of all
Bell inequalities are satisfied (A. Fine, Phys. Rev. Lett. 48, 291

(1982))

o Legitimate joint probabilities result when measurements are
compatible,

EEEEEEEEEEEEEEEEEEEEE
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: %@ PHYSICAL REVIEW A 87, 052125 (2013)
;\l HITER:DUC*AYIO: i . . . .
T AT by NARC Degree of complementarity determines the nonlocality in quantum mechanics

Manik Banik,"” Md. Rajjak Gazi,"" Sibasish Ghosh,* and Guruprasad Kar'"
' Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B.T. Road, Kolkata-700108, India
YOptics and Quantum Information Group, The Institute of Mathematical Sciences, C. I. T. Campus, Taramani, Chennai 600113, India
(Received 9 July 2012; published 20 May 2013)

Bohr’s complementarity principle is one of the central concepts in quantum mechanics which restricts joint
measurement for certain observables. Of course, later development shows that joint measurement could be
nnegihle frar ench oheervahlee with the introduction of 9 certain deoree of nncharnnece or fmzzinece in the

PHYSICAL REVIEW A 89, 022123 (2014)

Steering, incompatibility, and Bell-inequality violations in a class of probabilistic theories

Neil Stevens” and Paul Busch’
Department of Mathematics, University of York, York YO10 5DD, United Kingdom
(Received 5 December 2013; published 24 February 2014)

We show that connections between a degree of incompatibility of pairs of observables and the strength of
violations of Bell’s inequality found in recent investigations can be extended to a general class of probabilistic
physical models. It turns out that the property of universal uniform steering is sufficient for the saturation
of a generalized Tsirelson bound, corresponding to maximal violations of Bell’s inequality. It is also found
that a limited form of steering is still available and sufficient for such saturation in some state spaces where
universal uniform steering is not given. The techniques developed here are applied to the class of regular polygon
state spaces, giving a strengthening of known results. However, we also find indications that the link between
incompatibility and Bell violation may be more complex than originally envisaged.

[(A1 B1) + (A1 B2) + (A2 B1) — (A2 Ba)| < 2 Nopt = 1 === classical

Topt 1 2
Tsirelson bound of 2+4/2 Topt = E == Juantum

(A1 B1) + (A1 B2) + (Azx B1) — (A2 Ba)| <
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4-term CHSH inequality and joint measurability

1 1 1

Fuzziness GPT QM Classical
scale

e Do classical features emerge in general, when one merely con-
fines to measurements of compatible unsharp POV Ms?

e Is it possible to classify physical theories based on the fuzziness
necessiated by joint measurability?

LEN
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Some pertinent observations

Recall that measurement of a single grand POV M leads to results
of the measurements of all compatible POV Ms. In other words,
joint measurability entails a joint probability distribution for all
compatible observables in the quantum framework. Also, there
is Fine’s result (A. Fine, Phys. Rev. Lett. 48, 291 (1982)):
Faxistence of joint probabilities in turn implies that the set of all
Bell imequalities are satisfied.

Bell non-locality is not revealed when only compatible measure-
ments are employed — even with an entangled state.

Wolf et. al., ( Phys. Rev. Lett. 103, 230402 (2009)) have shown
that incompatible measurements of a pair of POV Ms with di-
chotomic outcomes are necessary and sufficient for the violation
of Clauser-Horne-Shimony-Holt (CHSH) Bell inequality.

Equivalence between steering and joint measurability:

A set of POV Ms are not compatible if and only if they can be
employed for the task of non-local quantum steering.

M. T. Quintino, T. Vértesi, and NN. Brunner, Phys. Rev. Lett.
113, 160402 (2014)

R. Uola, T. Moroder, and O. Giithne, Phys. Rev. Lett. 113,
160403 (2014))
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Steering and Joint Measurability
are synonymous

/X N\
i

Steering implies both entanglement and
incompatible measurements at Bob’s end

M. T. Quintino, T. Vértesi, and N. Brunner, Phys. Rev. Lett. 113,
160402 (2014)

R. Uola, T. Moroder, and O. Giihne, Phys. Rev. Lett. 113, 160403
(2014)

But Bell non-locality and joint measurability not synonymous
(except in the CHSH case).
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N-term pairwise correlation inequalities

&

joint measurability?
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Classical Moment Problem

mmm) Addresses the issue of finding a probability distribution
given a set of moments.

This brings forth the fact mp

/A given sequence of real numbers qualifies to be moment sequence of a\

legitimate probability distribution if and only if the associated moment
matrix is positive.

Existence of joint probability distribution <>  Moment matrix is positive

J.A Sholat and J.D. Tamarkin, The problem of moments, AMS (1943)

N.J. Akhiezer, The Classical Moment Problem, Hofuer Publishing Co., (1965)
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H. S. Karthik, H. Katiyar, A. Shukla, T. S. Mahesh, A. R. Usha Devi and A. K. Rajagopal, Phys. Rev. A 87, 052118 (2013).
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Joint measurability of observables ensures joint probabilities

&

Moment matrix positivity implies existence of joint probabilities
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Joint measurability of observables ensures joint probabilities

&

Moment matrix positivity implies existence of joint probabilities

N-term pairwise correlation inequalities

&

joint measurability?

¢ We construct chained N term pairwise correlation inequalities
based on the positivity of a sequence of moment matrices.

® Question: Is moment matrix positivity necessary and sufficient
for joint measurability?
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Chained correlation inequality

e Consider N classical random variables X, with outcomes z; = +1.

o Construct 4 x 4 moment matrices M = (¢, 5}5) containing only
pairwise moments of a set of three random variables each.

(1)

L1 Tk
Lk Lk+1
L1 Tk+1

&k: 7k:2737"'N_1

and (-) denotes expectation value.
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Chained correlation inequality ...

The 4 x 4 moment matrix ), has the form:

[ 1 (X1 Xy (X Xep) (X1 XKipr)
(X1 X L N X) (X Xe)
KpXesr) (KiKpn) 1 X1 )

\ (X1 K1) (K Xppr) (X1 Xy L

M =

k=2.3,....,N-1= N-2 moment matrices
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Chained correlation inequality ...

The moment matrix is real, symmetric and positive semidefinite by
construction.
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Chained correlation inequality ...

("’);i =1,2,3,4 of the moment matrix:

e The eigenvalues y,

pi = 14 (X X)) — (Xg K1) — (X1 Xpeg1)
psy? = 1= (X1 Xp) + (Xp Xigr) — (X1 Xpeg1)
ps? = 1= (X1 Xk — (X Xagr) + (X7 Xigr)
Mflk) = 14+ (X7 X))+ (X Xig1) + (X1 Xgg1)

(k)

e Positivity of the moment matrix implies that the eigenvalues
are positive.
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Chained correlation inequality ...

For a set of N — 2 moment matrices My, Ms,..., My_o,

positivity condition Z ,uz(-k) > 0, for the sum of eigenvalues u(k),

2
k=2,3,...,.N—1
1 =1,2,3,4 leads to four chained inequalities for pairwise moments:

N—-1
(X Xiy1) + (Xa Xy) — (X5 Xp) <N -2
k=2
N-2 N-—1
2 (X1 X)) = ) (X Xp1) + (X1 Xn) — (X1 Xp) <N -2
k=1 k=2
N—-1
(X Xiy1) — (X1 Xny) <N -2
1=1
N-—1 N-=2
~ (Xp Xip1) =2 ) (X1 Xpy1) — (X1 Xn) + (X1 Xp) <N -2,
k=2 k=2
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S. Wehner, Tsirelsen bounds for generalized Clauser-Horne-Shimony-
Holt Ineaqualities. Phvs. Rev. A 73. 022110 (2006)

PHYSICAL REVIEW A 73, 022110 (2006)

Tsirelson bounds for generalized Clauser-Horne-Shimony-Holt inequalities

Stephanie Wehner®
I S CWI, Kruislaan 413, 1098 8T Amsterdam, The Netherlands
e e e . (Received 18 November 2005; published 14 February 2006; publisher error corrected 28 February 2006)

Accredited by NAAC

Quantum theory imposes a strict limit on the strength of nonlocal correlations. It only allows for a violation
of the Clauser, Horne, Shimony, and Holt (CHSH) inequality up to the value 2+/2, known as Tsirelson’s bound.
In this paper, we consider generalized CHSH inequalities based on many measurement settings with two
possible measurement outcomes each. We demonstrate how to prove Tsirelson bounds for any such generalized
CHSH inequality using semidefinite programming. As an example, we show that for any shared entangled state
and observables X,.....X, and ¥,.....¥, with eigenvalues =1 we have [{{X ¥ }+{X-¥ )+ (V) +{X ¥}
+ -+ {X, Y (X, Y.} =2n cos[@/(2n)]. It is well known that there exist observables such that equality can be
achieved. Howewver, we show that these are indeed optimal. Our approach can easily be generalized to other
inequalities for such observables.

2N-term CHSH-Bell inequality

N measurements each by Alice and Bob

n-1

Classical Bound: S XYY+ D (X, Y- (X,Y,) | <2m-2.
i=l

i=1

n n-1 P
Quantum Tsirelsen Bound: S Y+ D X Y- (X, Y)| = ,:DS(E) Semidefinite Programming
=1 I 1 n 2?]. (SDP)

i=1 i=1 )
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C. Budroni, T. Moroder, M. Kleinmann, O. Giinhe,

7

For auaL & exceLLence Bounding temporal quantum correlations,
EE xS
Phys. Rev. Lett. 111, 020403 (2014)
PRL 111, 020403 (2013) PHYSICAL REVIEW LETTERS 13 TOLY 2053

Bounding Temporal Quantum Correlations

Costantino Budroni, Tobias Moroder, Matthias Kleinmann, and Otfried Giihne
Naturwissenschaftlich-Technische Fakultét, Universitiit Siegen, Walter-Flex-Strafie 3, D-57068 Siegen, Germany
(Received 15 March 2013: published 10 July 2013)

Sequential measurements on a single particle play an important role in fundamental tests of quantum
mechanics. We provide a general method to analyze temporal quantum correlations, which allows us to
compute the maximal correlations for sequential measurements in quantum mechanics. As an application,

we present the full characterization of temporal correlations in the simplest Leggett-Garg scenario and in
the sequential measurement scenario associated with the most fundamental proof of the Kochen-Specker

theorem.
DOIL 101 103/PhysRevLett. 1 11020403 PACS numbers: 03.65Ud, 03.65.Ta
. N —1
Classical Bound: Sy = D> (XiXiy1) — (X1 Xn) = N — 2.
=1
Quantum Tsirelsen Bound: Sy = NC“S(J%-) Semidefinite Programming

(SDP)
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Chained correlation inequality ...

(S. Wehner, Phys. Rev. A 73, 022110 (2006); C. Budroni, T. Mo-
roder, M. Kleinmann, and O. Giihne, Phys. Rev. Lett. 111, 020403
(2013))

N—-1
Sn=) (XiXip1)— (X1 Xny)<N-2
1=1

e For N = 3, we have <X1 XQ) + <X2 X3> — <X1 X3> < 1
(3 term Leggett-Garg Inequality).

e For N =5, we have (X7 Xo)+ (Xo X3) + (X3 Xy4) (X4 X5) — (X1 X5) <3
(5 term LGI)
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Chained correlation inequality ...

e We replace the classical random wvariables by a set of N di-
chotomic qubit observables

X, =& fak=1,2,....N

and the classical probability distribution by an arbitrary single
qubit density matrix.

e The pairwise moments
(X1 X1) = ( Xk Xi)seq

are obtained from sequential measurements of the observables —
in the order in which they are written.

e We obtain the chained inequality

N—1

SN — Z <Xz X'i—|—1>seq — (Xl XN)Seq < N — 2.
=1
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Chained correlation inequality ...

C. Budroni, T. Moroder, M. Kleinmann, O. Giinhe,
Bounding temporal quantum correlations,
Phys. Rev. Lett. 111, 020403 (2014)

¢ The Tsirelson bound (quantum bound), N cos (%) can be reached,

when the system is prepared in a maximally mixed state p = I/2;
and sequential projective measurements of qubit observables
0 - Nk, with unit vectors ny equally separated by an angle 7/N in
a plane, one obtains pairwise correlations

|

==

(Xg Xp11) = Ng - Mgy = co8

(X1 Xj11) =Nq -y = —cos

[
and (

==

S——

leading to the the Tsirelsen bound N cos (%



5th December 2018 QIPA2018

Question: With optimal jointly measurable (unsharp) POVMs
do we recover Tsirelson bound for N term inequalities?

This happens If joint measurability is both necessary and
sufficient for violation of the N-term correlation inequality.

Measurement incompatibility < Sequential correlation inequality??
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Chained correlation inequality ...

e Consider fuzzy qubit POV Ms
1
{Ek(zck) = §(I+n$k5'ﬁk),k= 1,2,...N}

with successive unit vectors n; separated by 7/N in a plane.

e We obtain
(Xi Xiv1)povm = 1 {X; Xit1)sharp = 1 cos(m/N)

and
(Xl XN)POVM =N (Xl XN)sharp — -1 COS(W/N)
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Joint measurability of qubit POV Ms in the equatorial plane

e The POV Ms 1
{ Bk () = §(I+?733k5"ﬁk)

are all jointly measurable/compatible if the unsharpness param-
eter is less than the optimal value 0 < 7 < 75p¢.-

Number of Tlopt
POV Ms
3 0.6666
4 0.6532
5 0.6472
6 0.6439
10 0.6392
20 0.6372
50 0.6367
100 0.6366
N — oo 2/
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Joint measurability of qubit POV Ms in the equatorial plane

e The POV Ms 1
{ Bk () = §(I+W$k5'ﬁk)

are all jointly measurable/compatible if the unsharpness param-
eter is less than the optimal value 0 < 7 < 75p¢.-

No. of Classical Quantum Maximum
POV DMs bound bound achievable value
employed N-2 N cos (&) SJ% (Mopt )
3 1 1.5 1
4 2 2.83 1.85
5 3 4.05 2.62
6 4 5.20 3.35
10 8 9.51 6.08
20 18 19.75 12.59
50 48 49.90 31.77
100 98 99.95 63.62
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e Incompatible measurements are necessary, but are not sufficient
to violate the chained N term correlation inequality
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e Wolf et. al., ( Phys. Rev. Lett. 103, 230402 (2009)):
Incompatible measurements of a pair of POV Ms with dichotomic
outcomes are necessary and sufficient for the violation of stan-
dard 4 term Clauser-Horne-Shimony-Holt (CHSH) Bell inequal-
ity.

PHYSICAL REVIEW A 87, 052125 (2013)

Degree of complementarity determines the nonlocality in quantum mechanics

Manik Banik."” Md. Rajjak Gazi,""7 Sibasish Ghosh.>! and Guruprasad Kar'-
'Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B.T. Road, Kolkarta-700108, India
ZOprz'cs and Quantum Information Group, The Institute of Mathematical Sciences, C. I. T. Campus, Taramani, Chennai 600113, India
(Received 9 July 2012: published 20 May 2013)

Bohr’s complementarity principle is one of the central concepts in quantum mechanics which restricts joint
measurement for certain observables. Of course. later development shows that joint measurement could be
possible for such observables with the introduction of a certain degree of unsharpness or fuzziness in the
measurement. In this paper, we show that the optimal degree of unsharpness. which guarantees the joint
measurement of all possible pairs of dichotomic observables, determines the degree of nonlocality in quantum
mechanics as well as in more general no-signaling theories.

Nopt = % ” No violation of 4 term Bell-CHSH inequality

Only a Special Case of correlation inequality resulting
in Tsirelson Bound as a result of joint measurability
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Steering and Joint Measurability
are synonymous

/7 N\
e

M. T. Quintino, T. Vértesi, and NN. Brunner, Phys.
160402 (2014)

R. Uola, T. Moroder, and O. Giihne, Phys. Rev. Lett. 113, 160403
(2014)

Rev. Lett. 113,

N-term steering inequality & joint measurability

e Find a steering protocol such that incompatibility of equatorial
qubit measurements is both necessary and sufficient
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S. J. Jones and H. M. Wiseman, Phys. Rev. A. 84, 012110 (2011).

Linear steering inequality

e Expectation value of a qubit observable

1 v
Splane — ;/(} db ag o9, —lm':;:ﬂggl.
(where oy = o, cos(f) + 0, sin(f) — equatorial qubit observable)
is upper bounded by % ~ 0.6366.
e The Wiseman-Jones steering inequality:

1

(08 )as = > bop(bolag: 0)

bog==1

e Violation of the inequality in any bipartite quantum state psp
demonstrates non-local EPR steering phenomena.
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Linear steering inequality in the finite setting

With N evenly spaced equatorial measurements of oy, by Bob, con-
ditioned by dichotomic outcomes a; of Alice’s measurements ag; =

N
1
N E O-Qk O-Qk
k=1

VA

f(N)

[N/2]

FIN) = % sin( )‘ 22 sm[Zk—l N]

e f(N) is the maximum eigenvalue of the observable + Zszl 09, -

e Largest value of f(N) is f(2) = 0.7071 for N = 2.
Smallest value f(co) = 0.6366 when N — oo.

S. J. Jones and H. M. Wiseman, Phys. Rev. A. 84, 012110 (2011)
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Experimental proof of nonlocal wavefunction
collapse for a single particle using homodyne

measurements

Maria Fuwa', Shuntaro Takeda', Marcin Zwierz2->, Howard M. Wiseman® & Akira Furusawa

A single quantum particle can be described by a wavefunction that spreads over arbitrarily
large distances; however, it is never detected in two (or more) places. This strange
phenomenon is explained in the quantum theory by what Einstein repudiated as ‘spooky
action at a distance': the instantaneous nonlocal collapse of the wavefunction to wherever the
particle is detected. Here we demonstrate this single-particle spooky action, with no
efficiency loophole, by splitting a single photon between two laboratories and experimentally
testing whether the choice of measurement in one laboratory really causes a change in the
local quantum state in the other laboratory. To this end, we use homodyne measurements
with six different measurement settings and guantitatively verify Einstein’s spooky action by
violating an Einstein-Podolsky-Rosen-steering inequality by 0.042 £ 0.006. Our experiment

also verifies the entanglement of the split single photon even when one side is untrusted.

1

Exptl verification of violation of 6 term finite setting steering

inequality

FOR QUALITY & EXCELLENCE

IN HIGHER EDUCATION
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Blackbox to Bob in an EPR-steering test
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PHYSICAL REVIEW A 95, 052105 (2017)

N-term pairwise-correlation inequalities, steering, and joint measurability

H. S. Karthik," A. R. Usha Devi,>*" J. Prabhu Tej,” A. K. Rajagopal,’* Sudha,*® and A. Narayanan'
' Raman Research Institute, Bangalore 560 080, India
*Department of Physics, Bangalore University, Bangalore 560 036, India
*Inspire Institute Inc., Alexandria, Virginia 22303, USA
*Institute of Mathematical Sciences, CIT Campus, Taramani, Chennai 600 113, India

Harish-Chandra Research Institute, Chhatmag Road, Jhunsi, Allahabad 211 019, India

®Department of Physics, Kuvempu University, Shankaraghatta, Shimoga 577 431, India
(Received 18 November 2016; published 8 May 2017)

Chained inequalities involving pairwise correlations of qubit observables in the equatorial plane are constructed
based on the positivity of a sequence of moment matrices. When a jointly measurable set of positive-operator-
valued measures (POVMs) is employed in the first measurement of every pair of sequential measurements, the
chained pairwise correlations do not violate the classical bound imposed by the moment matrix positivity. We
find that incompatibility of the set of POVMs employed in first measurements 1s only necessary, but not sufficient,
in general, for the violation of the inequality. On the other hand. there exists a one-to-one equivalence between
the degree of incompatibility (which quantifies the joint measurability) of the equatorial qubit POVMs and the
optimal violation of a nonlocal steering inequality, proposed by Jones and Wiseman [5. J. Jones and H. M.
Wiseman, Phys. Rev. A 84, 012110 (2011)]. To this end, we construct a local analog of this steering inequality in
a single-qubit system and show that its violation is a mere reflection of measurement incompatibility of equatorial

L7

qubit POVMs, employed in first measurements in the sequential unsharp-sharp scheme. P
DO 10.1103/PhysRevA.95.052105 TERIbY
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Implications of joint measurability on the the finite setting N term
linear steering inequality:

Y K o<y K K

o A striking agreement between the degree of incompatibility 7,y

and f(N).

o This is another clear example of the intrinsic connection between
steering and measurement incompatibility.
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Connection between joint measurability and time-like steering in

single system is discussed in

« H.S. Karthik, J. Prabhu Tej, A. R. Usha Devi, and A. K. Rajagopal,
J. Opt. Soc. Am. B. 32, A34 (2015)

* M. Pusey, J. Opt. Soc. Am. B. 32, A56 (2015).
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