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Quantum computers can solve certain 

classes of computational problems 
exponentially faster than any known 

classical algorithm

What are the quantum resources that 
enable this exponential speedup in 

quantum computers? 



Proven results

For any quantum algorithm operating on pure states, we 
prove that the presence of multi-partite entanglement, 
with a number of parties that increases unboundedly with 
input size, is necessary if the quantum algorithm is to 
offer an exponential speed-up over classical 
computation... 

Our results do not apply to quantum algorithms operating 
on mixed states in general and we discuss the suggestion 
that an exponential computational speed-up might be 
possible with mixed states in the total absence of 
entanglement. 

Jozsa and Linden, Proc. Roy. Soc. 459, 2011 (2003)



Mixed state quantum computing

The role of entanglement (if any) in mixed state 
quantum computation is not known 

Even quantifying entanglement in mixed states is 
hard. 

Is there a more generic resource one can identify as 
the reason for exponential speedup in mixed state 
quantum computing? 



The DQC1 Model
The DQC 1 model of quantum information processing 
consists of a single pure qubit and a collection of qubits in 
the completely mixed state: 

The circuit can evaluate the normalized trace of the unitary 
efficiently provided the circuit can be implemented  
No known efficient classical algorithm. 
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Only a tiny bit of purity
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The computational overhead grows as 1/α2.
The top qubit always remains separable from the bottom 
ones 
If the top qubit is traced out the remaining state is fully 
mixed
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Bipartite Entanglement
Entanglement between the pure qubit and the rest is zero 
For other bipartite splits, entanglement as quantified by 
the Peres negativity can be computed and bounds placed 
on it 
The negativity bound saturates to a small constant even 
though it could potentially grow as 2n for n qubits. 
Asymptotically, the negativity is a vanishing fraction of 
the maximum possible negativity 
Multipartite entanglement may be present but no 
computable measure of such entanglement exists for the 
case of DQC1. 

A. Datta, S. Flammia, C. M. Caves, PRA, 72, 042316, (2005)



The negativity as a function of α

No detectable entanglement for α less than 1/2
A. Datta, S. Flammia, C. M. Caves, PRA, 72, 042316, (2005)
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For maximally entangled pure states ignorance about the 
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All correlations between quantum systems
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Measurements and Discord
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To “know” a quantum system one has to do measurements and we start 
by thinking of projective measurements.
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H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001) 
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Separability versus Discord
The notion of nonClassical correlation is fundamentally 
different from Werner’s notion of separability 
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An example
A separable state with nonzero discord:

� =
1
4
�
|+⇧⌅+|⇤| 0⇧⌅0| + |�⇧⌅�|⇤ |1⇧⌅1|

+|0⇧⌅0|⇤| +⇧⌅+| + |1⇧⌅1|⇤ |�⇧⌅�|
⇥

|±⇧ =
1⌥
2

�
|0⇧+ |1⇧

⇥

D(�) =
3
4

log2
4
3

= 0.311

For pure states discord reduces to a measure of entanglement
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Discord in DQC1
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States with no discord
Almost all states of a multipartite system - except for a 
set of measure zero - has non-zero discord. 
Quantum algorithms as shortcuts from input to output?
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the asymmetry of the measure could be vital to its veracity.
Recently, it has also been shown that almost all states possess non-zero quantum

discord66. This is unlike entanglement, where the measure of the set of separable
states is non-zero. In particular, there is a ball around the completely mixed state
inside which all states are separable70,71. This has generated inordinate amounts
of excitement, in its manifestation as the sudden death of entanglement. There is
no such phenomenon for quantum discord, and the set of states with zero quantum
discord is of measure zero. Consequently, one might wonder how so ubiquitous a
quantity as quantum discord might be a resource. To understand this, visualize
the space of all quantum states (See Fig. (4)). Suppose also that discord is not
a resource, implying that one can perform (mixed-state) quantum computations
during every stage of which the states involved have no discord. But then one is
restricted to move only on the subspace of such states, which is of measure zero. This
is likely to make the computation extremely slow, as we have a space of measure
zero to move in. Attempts are ongoing to formalize this simple intuition. It is to
be noted that this is more of a qualitative than a quantitative argument, and what
appears to be vital here is the boundary between classical and non-classical states
as characterized by quantum discord.

⇢
1

⇢
2

S E

Fig. 4. A schematic representation of the space of quantum states. The gray space S is the set of
separable states, the rest is the set of entangled states E. The larger ellipse is the set of all states.
The blue lines are the set of zero discord states, and they intersect at the completely mixed state.
If one is proceed from ⇢1 to ⇢2 touching down only on the blue lines, the computation would be
very slow.

There is however, a formal proof by Eastin72 that a conventionale quantum com-

eA conventional quantum computation consists of an input product state diagonal in the standard
basis, ⇢0 = ⌦k⇢0k, followed by a sequence of unitary gates {Gt}, and concluded by single-subsystem
measurements determining the outcome of the computation. Each ⇢0k and Gt (when restricted to



Partial results
Concordant quantum computations can be simulated 
efficiently on a classical computer (Eastin, and Cable et al) 

DQC1 with zero discord producing unitary: Can it be 
simulated classically as well?  

Is discord in the QC a requirement of leveraging the 
entanglement that the mixed state has with the rest of 
the universe for the computational task?  

Is there a connection between global entanglement and 
discord of subsystems.



Global entanglement and discord

Is discord in a multipartite mixed state a reflection 
of the the entanglement that the mixed subsystem 
has with the rest of the universe (purification)? 
We consider several multi-qubit systems in which 
global entanglement is present and compute the 
average subsystem discord in them
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Quantum kicked top
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V. Madhok et. al., “Signatures of chaos in the dynamics of quantum discord,” Phys. Rev. E 91, 032906 (2015) 

Consider it as a system of N=2j qubits initially in a spin coherent stateMADHOK, GUPTA, TROTTIER, AND GHOSE PHYSICAL REVIEW E 91, 032906 (2015)
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FIG. 4. (Color online) Side-by-side comparison showing dynam-
ically generated discord as a remarkable signature of classical chaos
in a mixed phase space (p = π/2,κ = 3, and j = 40). (a) Classical
phase space, Poincaré section. (b) Long-time average discord, D, as
a function of mean coordinate of the initial projected coherent state.
A weighted average of D according to the measure on phase space
gives the value of D̄ = 0.275 in the chaotic sea and D̄ = 0.143 in the
regular islands.

regular and chaotic structure of the classical phase space and
shows remarkably strong correlation between structures in the
classical mixed phase space and the time-averaged discord
plot. Chaotic initial conditions generally go to a higher average
value than regular initial conditions, with the smallest values of
discord generation near the classical fixed points. Additionally,
all initial conditions in the chaotic sea saturate to nearly the
same average discord.

Long-time average discord for states localized in the
chaotic sea is higher than those localized deep inside regular
islands. As one gradually approaches the border between a
regular island and the chaotic sea, the dynamically generated
discord for an initial condition inside a regular island becomes
comparable to that for an initial state located inside the chaotic
sea [Figs. 3(c) and 3(d)]. Thus, discord as a signature of
chaos effectively differentiates between the features of the
classical phase space and regular islands from the chaotic
sea, while leaving the border between the regular island and
the chaotic sea murky. Therefore, as discussed above and as
Figs. 3(c) and 3(d) show, one needs to be careful with the
initial states at the border [30] that has an average value of
discord comparable to the value inside the chaotic sea. This
is especially true for lower values of j such that the system
is far from the classical limit. While classical chaos leads to
infinitely intricate structures in the phase space, in quantum
mechanics, the Plank’s constant, !, limits the scale for such
structures. Our resolution of the phase space is determined by
the Plank’s constant. Therefore, quantum discord is a universal
signature of chaos if one considers it as a tool to demarcate
regular islands from the chaotic sea in a coarse-grained fashion.

In order to compare dynamically generated discord as a
function of chaos, we consider the same initial state while
increasing the chaos in the system gradually. Figure 5 shows
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FIG. 5. (Color online) Average discord, D, as a function of the
chaoticity parameter, κ , for the kicked top for j = 100. The average
is calculated over the first 350 kicks. The initial state is the same as
in Fig. 3(c), given by (θ = 2.25,φ = 1.05).

the average discord generated for the same initial state as
in Fig. 3(c), given by (θ = 2.25,φ = 1.05), as we gradually
increase the chaoticity parameter. We see a strong correlation
between the degree of chaos in the system and the average
value of discord generated. Therefore, for a fixed family of
maps and sufficiently large spin size, the generation of discord
is a function of chaos in the system.

For the mixed phase space (p = π/2,κ = 3), the value of
long-time discord is almost the same for all initial states in
the chaotic sea. To find the average discord of the chaotic and
regular regions, we take a grid of coherent states across the
phase space. Each point on the grid is classified as as “regular”
or “chaotic” by the Lyapunov exponent of the classical
dynamics. Weighting these values according to the measure on
phase space gives us an average discord of D̄ = 0.275 in the
chaotic sea and D̄ = 0.143 in the regular islands. Therefore,
using the average value of discord, one can distinguish regular
islands from the chaotic sea.

Our studies are similar to signatures of chaos observed
previously in time-averaged entanglement [11]. We also note
that the average value of discord for initial spin-coherent states
in different parts of the chaotic sea reaches roughly the same
value. To confirm this we took a slice of the graph and plotted
long-time average discord for constant θ = 2.25 and varying
φ (Fig. 6). We see that the fixed-point region has a significantly
lower value of discord compared to the chaotic region. There
is gradual change as we cross from the regular islands into
the chaotic sea. The time-averaged discord thus can be used to
identify the edge of chaos [12].

To understand the nature of measures of correlations such as
discord and entanglement and their relationship to each other,
we next compare the discord dynamics with the entanglement
dynamics. The two-qubit discord quantifies the correlation
of these two qubits among themselves, while the two-qubit
von Neumann entropy quantifies the entanglement of these
two qubits with the rest of the system. Figure 7 shows
discord dynamics compared to the von Neumann entropy and
concurrence dynamics. We find that discord dynamics mirror
the entropy dynamics very well and behaves opposite to that
of concurrence dynamics. When concurrence is high, discord

032906-4



Global entanglement

A. Sen(De) and U. Sen, Phys. Rev. A 81, 012308 (2010) 

We use the Generalized Geometric Measure of true multiparty 
entanglement to quantify the entanglement in the N qubit state
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Eigenvalues of all possible density matrices obtained by 
tracing out 1 to N − 1 qubits 



Quantum kicked top

Ardra K S - Final year project at IISER TVM (Manuscript being prepared)

Results- Evolution of average GGM for di↵erent initial
points

Ardra K S IMS13029 IISER-TVM November 28, 2017 21 / 32

Results- Evolution of average discord for di↵erent initial
points

Ardra K S IMS13029 IISER-TVM November 28, 2017 25 / 32



Quantum kicked top

Ardra K S - Final year project at IISER TVM

Results- Evolution of average GGM for di↵erent initial
points

Ardra K S IMS13029 IISER-TVM November 28, 2017 21 / 32

Results- Evolution of average concurrence for di↵erent
initial points

Ardra K S IMS13029 IISER-TVM November 28, 2017 19 / 32
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Cluster States 2.2 Non-classical Correlations in the Cluster States

between qubits those that are to be correlated to each other. The order in which these gates
are applied does not matter because the controlled phase gates commute with each other.
The geometry underlying the preparation procedure of the cluster states determines its
spatial structure which in turn decides whether the state is a computationally useful substrate
or not [11]. Figure 1 is the diagrammatic representation of a cluster state formed by 5 qubits
and each of the qubits are linked to all other qubits via controlled phase (C-phase) gates.
Thus one can construct cluster states and perform the required operations and systematically

Figure 1: Diagrammatical representation of a cluster state consisting of 5 qubits and linked
by controlled phase gates.

calculate the value of the entanglement measures such as GGM, concurrence, and discord.
The parameter that determines the strength of the correlation between the qubits can be
adjusted as it appears as the exponential term in the controlled phase operator.

2.2 Non-classical Correlations in the Cluster States

Cluster states have high entanglement which makes them useful as resourse for quantum
computation. Here we are focussing our interest on the global entanglement, which in-
volves all the qubits in the system. The global entanglement present in the cluster states is
measured by generalized geometric measure(GGM) [12]. GGM is a measure of genuine mul-
tipartite entanglement in a multiqubit system. For an N-qubit system, genuine multipartite
entanglement must include all the qubits of the system. We do not consider the N-1 qubit
entanglement here because of the monogamous property of entanglement [13]. monogamy
property suggests that if two qubits are maximally entangled with eachother, they cannot
involve in entanglement with a third qubit. The plot of GGM with respect to ✓ is shown in
the figure 2. GGM increases when the size of the state, that is the number of qubits in the
system increases.
For values of ✓ other than ⇡, the GGM value tends to reach the maximum value of GGM
(which is equal to 0.5 and occurs at ✓ = ⇡) for this system and this behaviour is more
prominent if we increase the number of qubits. Asymptotically for large n, GGM saturates
for any value of ✓.

3
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Stabilizer state

A stabilizer state is constructed out of a grid of 
qubits by the action of Clifford group (Hadamard, 
Z, CNOT etc) on them 
Gottesmann and Knill showed that while the 
stabilizer states have high entanglement, they are 
not useful for universal quantum computation.  
The discord of two qubit subsystem for a global 
stabilizer state is identically zero. 



Stabilizer state

Stabilizer States 3.1 Preparation of Stabilizer States

3.1 Preparation of Stabilizer States

An N-qubit stabilizer state | si can be obtained by applying a stabilizer circuit to the |0i⌦N

computational basis state. Depending on the number of qubits in the system, the number
of applications of the gates required to construct the stabilizer state will change. Hadamard
gate is applied first on the state, followed by applying phase gate and controlled-NOT gate.
As an example, a 2-qubit stabilizer state is given as

| si = (CNOT)P⌦2H⌦2|0i⌦2. (3.1)

Another way to prepare the stabilizer state is by the application of C-PHASE gate. At ✓ = ⇡
the C-phase becomes

C–phase =

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 �1

1

CCA

This phase gate can be written in terms of the Cli↵ord group.
C–phase= (I ⌦ P)(I ⌦ P).
The stabilizer states are made by linking the qubits via this gate.

3.2 Non-classical Correlations in the Stabilizer States

For stabilizer state, GGM is maximum (=0.5) and discord is zero. The value of GGM is
plotted against discord and is shown in the figure 6.

Figure 6: Discord for stabilizer states.

As we have seen above, the zero-discord point of cluster state occurs at ✓ = ⇡ because at
this point the state becomes a product state. But when all the links become ⇡, the state is
turning to be a stabilizer state which has a zero value for subsystem discord.
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Nonclassical correlations between parts 
of a system as well as those between the 
system, among its parts, to its immediate  
environment and with the rest of the  
universe. 

Delocalized information in open quantum dynamics

Linta Joseph and Anil Shaji, PRA 97, 032127 (2018) 



Conclusion
There is more to quantum information theory than 
entanglement 
NonClassical correlations present a more general resource 
which can be utilized in some situations. 
Can one prove a result like the Jozsa-Linden one for generic 
mixed state quantum computation and its effectiveness.  
What role does the rest of the universe have in determining 
and controlling quantum dynamics and whether this role 
can be put to good use?  
With advances in quantum technologies, many of these 
questions become experimentally accessible as well. 
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