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Superposition of unknown quantum states

@ There is a no-go theorem stating that there exists no protocol to
obtain a desired superposition of two unknown pure quantum
states, |¢1) and [i)2) to get!:

|W) = aly1) + ble2). (1)

o However, with partial prior knowledge, |{x|¥1)| and |(x|w2)|, one
can obtain superposed state of the form,

o N [ Xl¥e) {(xl¥1)
=5 ( |<x|w2>|w1>+b|<xlw1>||¢2>>’

where |x) is a known referential state.

@ Such a protocol is proposed recently by Oszmaniec et al (Phys.
Rev. Lett. 116, 110403 (2016)).

1Phys. Rev. Lett. 116, 110403 (2016).
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The problem

o Input states: |11) and |1)2). Let |x) be a reference state, whose
respective overlaps (x|¢1) and (x|i2) are known.

o We presented an experimentally feasible protocol to superpose n
pure states of a qudit and experimentally performed the
superposition of two pure single-qubit states on a two-qubit NMR

quantum information processor?.

e Calculated success probabilities for different prior information.

2g. Dogra, G. Thomas, S. Ghosh, and D. Suter, arXiv:1702.02418 [quant-ph]7(2017).
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Theoretical scheme

(A) Encoding

o Consider a system of two coupled spins 1/2 with the Hamiltonian

H = —QAAZ —Qx X7+ JAzXZ

[11)

j01) 110)
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Theoretical scheme
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Theoretical scheme

(A) Encoding
o Consider a system of two coupled spins 1/2 with the Hamiltonian

H = —QAAZ —Qx X7+ JAzXZ
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o Input states: 11 = coo|0) + co1]|1) and 2 = c10|0) + c11]1).

Superposition of two single-qubit states with partia.
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Theoretical scheme

(A) Encoding

o Consider a system of two coupled spins 1/2 with the Hamiltonian

H = —QAAZ —Qx X7+ JAzXZ
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o Input states: 11 = coo|0) + co1]|1) and 2 = c10|0) + c11]1).
State of two-qubit system,

n) = al0)er) +b[1)]eha), Va2 402 =1

@ Here first qubit is considered as ancilla, and second qubit is
considered as system-qubit.
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Theoretical scheme...

(B) Removing the impalpable global phases

o Assuming the global phases (e!?* and €*72) with states |¢)1) and
[th2) respectively,

') = e al0)[¢h1) + e[ 1)[eha).

) e (xla)
o e = ey and €7 = BT

e A phase gate, (71 — 72)! leads to,

Y1+72)

") = €= (al0) 1) + bl1)[92)).
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Theoretical scheme...

(B) Removing the impalpable global phases

o Assuming the global phases (e!?* and €*72) with states |¢)1) and
[th2) respectively,

') = e al0)[¢h1) + e[ 1)[eha).

) e (xla)
o e = ey and €7 = BT

e A phase gate, (71 — 72)! leads to,

Y1+72)

") = €= (al0) 1) + bl1)[92)).

(C) Superposition
o A Hadamard gate on the first qubit leads to,

") = 10) ® (alyr) + blipa)) + 1) @ (alyhr) — blaha)).

e First qubit measurement in basis {|0), |1)} gives the desired result,

Ny(althr) + blya)) oc [0).
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Experimental realization

o We use a system of two nuclear spins and NMR as a tool to
demonstrate the superposition of two single-qubit states.

o NMR quantum computer harnesses the intrinsic magnetic
properties of the nuclear spins, manipulated by specifically tailored
radio frequency pulses (quantum gates) to perform the desired
computational tasks.

@ The criteria for a quantum computer to work was put forward by
David P. DiVincenzo in 2000. This involves: a working medium,
ample coherence times, a set of implementable operations, ability
to initialize the system in a desired state, and the ability to read
the output.
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NMR Quantum Computation

'HT W
'H
e System ‘3‘0
o Quantum Gates Cl/(\n\ a l—-p |
o Initial state preparation 2 ) 2
e Final readout IQF\C=C)F D )
wp N 1 0) +3
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NMR Quantum Computation

e Hadamard (5)y

51 4)
@ System Vol -1

°® Quantum Gates o Controlled NOT (%)% o (%)Z_y

o Initial state preparation

e Final readout 1 0 0 O
01 0 O

CNOT2=1 ¢ o o 1

00 1 0
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NMR Quantum Computation

Pseudopure state |1))
P = 1;EIan + €|v) (¥

@ System
o Quantum Gates
e Initial state preparation Thermal equilibrium
[}
e Final readout BT
' oo
Eigenvalues in a two-qubit system: [01) [10)
|00): (w1 + w2 + 3J12) |20
|01): £ (w1 — w2 — 3J12) [00)
|10>: %(—(AH + wy — %J12) Pseudo-pure state
[11): (w1 — w2 + 3J12) 2
/N
Transitions: 9 ® 32
Qubit-1: wy £ 112 101)X, /o)
Qubit-2: wo + %Ju looooo
|00)
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NMR Quantum Computation

Tomography
aiq ajp +tbia a3z + b1z ajg +ibig
p=| @12 —tb12 a22 ag3 +tbog  azq + tbay
a1z —tbyz a3 — tbag a33 agq + tbzg
a1q — b1z agq —tbpg  agq —tbag aqq
Fidelity:
@ System
o Quantum Gates
o Initial state preparation "
. Tr
e Final readout F (Ptheory Pexpt)

\KTT (PIheoryptheory ) \ﬂTT (plxpt Pexpt))

where piheory and pexpt denote the
theoretical and experimental density
matrices respectively.
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Experimental system

o A two-qubit system:

e (A4), (C): Pseudopure state NMR spectra with a small detection
angle
(B), (D): Thermal equilibrium NMR spectra

1 13
() " ©) ©
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NMR pulse sequence

25' Encoding IAI 0'
| ‘BB
1H]| ! Bl R
Y16, 0061 0,/ 21y!
| [ |
13| I_I I 111 !Measurel
17 7 VI
| L 1 l6 1(17 1Jil I I
|

(u)(uz)(w)

lo = cos(3F + ¢o)& + sin(3F + o),
I = cos(g)d + sin(¢o)3,

Iy = cos(m + ¢1)& + sin(r + ¢1)§, and
I = cos(Z + ¢1)@ +sin(Z + ¢1)9.
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Experimental design

o Various different pairs of states are
encoded.

@ A two-qubit tomography at the end
of step (ii).

' «—— Encoding ——' ' !

@ A two-qubit tomography at the end 25: :A:g(]l
of step (iv). y I: :I:I:
. . . 46, 0061 g 217!
@ A single-qubit partial quantum I 1717
. o« . | [ |
state tomography mimicing the 136 |I “ I| |_1|Measure
. . 17 7 (72
single-qubit measurement. o ol Wy
| 57 57 o
e Single-qubit measurement: o 21 i)

subspace spanned by |00}, |01).

o Normalization: G.(%),
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Measurement

an a1z + tbia a1z +tb1z  aig + b1y
P a1y — thyo as a3 + thag sy + thoy
a13 — thiz  an3 — thas as3 a3y + thay
a14 — th1z  aoq — tbay azq — b3y Q44
(i) Direct readout, and (i) G.(%)2
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Example

261 IA90

] ] i U

o 1) = [0) | 11
L !700 9061 91'2'27'

1
I
| II Il [
I [
e a=2"b 130 : | : : Measure|
| [
I

(©) pl) F =0.996

Imaginary
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perimental outcomes

0o = o = 0" .
(o 01 = 45°, ¢, = 180° (P2) |
iy fo=go=0 .
€N g i g =g ()
o Input states:
1) = 10) ,
— 1 L) -
) = Z5(10) +e2[1)) 52
o |U) = aly1) + ble2)
@ a= b ) 0o = o = 0° 5
R
Y
T T T T T T
79 78 ppm 79 78 ppm
b2 Fe pen = [2) (Y] pexp + iﬂzxz Ftinal
0.73 0.3 0.77 0.28
Lo 0.993 ( 0.3 0.12 ( 0.28 _ 0.10 0996
0.73 0.21 —0.213 0.76 0.10 — 0.23¢
2 | § | 099 ( 0.21 4 0.21¢ 0.12 ) ( 0.19 4 0.23i 0.08 ) 0.995
0.73 0. —0.3¢ 0.76 0. —0.3:
3| 5 | 099 ( 0. +0.3i 0.12 ) ( 0. +0.3i 0.07 ) 0.997
073  —0.3 076 —0.29
i 0-994 ( —0.3  0.12 ) ( —0.29  0.08 ) 0.997

ingle-qubit states with partia




Experimental outcomes....different weights

(10) +v3[1))
(v/3[0) + 1))

1) = 5
2) = 5
Table : Here are the various experimental outcomes. |U) = al¢1) + blh2) . As
per column 4, values of 2§ = 90°, 53.13°, and 36.87° correspond to the
weights a = b, a = 2b and a = 3b respectively. F. is the fidelity with which
input states are encoded and and Fyina: is the fidelity of final superposed

state.
a:b |26 Fe pen = |9) (V] pexp + 5lax2 Final
v oo | (047 S0 | (300 040 | oo
2:1 | 53.13° | 0.988 ( 8:23 06.452 ) ( 8:2; 8:‘51; ) 0.999
3:1 | 36.87° | 0.984 ( 8:?; 8:2; ) ( 8:2; 00'?57 ) 0.999
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Experimental outcomes...with assumed global phases

o [¢1) = e (1]0) + 2|1)) and [¢2) = e72(32]0) + 1|1))

Y1 Y2 Fe Pth = |\Ij><\I/| Pexp + %HQXQ ]:fimzl
0.47 0.47 0.47 0.46
0 |0 0.993 ( 0.47 0.47 ) ( 0.46 0.51 ) 0.998
o 0.47 0.47 0.46 0.46
0 | 5 | 0991 ( 0.47 047 ) ( 0.46  0.46 ) 0-999
Ly1 LT Ly L2
o [¢1) = S5=(|0) + €T V3I1)), |1he) = S (V3]0) + 5 [1))
(o] = 0.47 0.12 — 0.363
Pth = —\ 0.12 +0.36i 0.31
Y1 Y2 Fe Pexp + iﬂ2><2 ]:final
0.44 0.21 — 0.33i
0 |0 0.988 (0_21 '+ 0.33 0.35 ) 0.974
o 0.46 0.18 —0.29
0 5 | 0989 ( 0.18 + 0.29i 0.29 ) 0.981
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Superposition of n-qudits

o d-dimensional states: |¥1)4, |P2)a, ... |Pn)a

ai, ag,...a, be the desired weights

o Consider d-dimensional referential state |x)q.
o Known overlaps, [(x|¥;)q|> = ¢;, where j € {1,2,...,n}
o We begin with the initial state,

1
~§ (@10 + a3 1)n + -+ agln —1)n) @[U1)a @ @ [Wn)g

N = " ad?and af = =t
=1 P VTG k= &
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Superposition of n-qudits

Q@ Controlled-swap operations®, CS; 3 CS;,...CS;,
/N (a1]0)n @ [¥1)a @ [P2)g @ [U3)g @ -+ @ [Py)g
Fay]1)n @ [Wa)q @ [U1)g @ [¥3)g @ -+ @ |¥y,)a

tapn—1), @ |¥,)a @ [Vs)g @ - @ [P1)q).
@ Projective measurements, I,,x, ® Ijxq ® ®Z:3(|X>d<X‘d)k

1 T (XY

Nz Qg H W k= 1)n|Wk)a ®|X
k=1 (§#k,j=1)

1 ‘

\v(a1|0>n|lp > +a2‘1>n‘75)2>d+"'+an‘n_ 1>n|@n>d)

© Fourier transformation

Ni\/ﬁ z_: <|j>n ®) (fj(kl)ak|‘1’k>d)>
j=0 k=1

_@ Projective measurement: [0),(0], ® Izxq

3Phys. Rev. Lett. 116, 110403 (2016).
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Superposition of n-qudits

Final state: |¥) = % D heq Ak (H?j#k’j:l) %) | W) a
Success probability?,

p_ N H?:lcj Nf\%

N2y n 2.,
N2n Y. jajc; n

4g. Dogra, G. Thomas, S. Ghosh, and D. Suter, arXiv:1702.02418 [quant-ph]7(2017).
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Thank you! ki
Cl/(\)l\c1 9 L—p
R
F\C=C/F »
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2
_l’_
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