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What is the problem?

Ensemble &; Ensemble &,
Ny, number of |0)s N|,, number of |+)s
and and
N,, number of [1)s N|.,number of |-)s
N‘0> + N‘1> =N, N‘+> + N‘f> =N,
N /N=1/2, Ny /N=1/2, N, /N=1/2, N,/N=1/2,
|0), |1) are eigenkets of o, . |£)=(0)£[1)) / V2.

We need to discriminate between £;and &,.



Individual v/s Collective control

Individual control _
\ Collective control




Collective control - Nonselective operations((non)U)
Cannot address and control each of the N qubits in the
ensemble separately:

£,=1/2]0)(0]+1/2[1){1]=1/2 £,=112+)(+]+1/2]){-|=1/2
|1> . |0> 1) - or Alice, |_> . |_>
|1>|1>|0>I1§ o) 19) thoA;’repares /| +->| >|_ >|+>|_> |
X he state:
e o) 1. e sat EYTENR

info=max, : .
|0> |O> |1> disorder=max |+> |+> |_>|_>

0)

E.g., by measuring O,
nonselectively on an ensemble
of N identical copies of |+) i.e.,

[0){0]+){+[0)0]

H0 )+ A= 172

NMR spin ensemble —

E.g., by measuring O,
nonselectively on an ensemble
of N identical copies of |0) i.e.,

[+)(+[0)(0]+)(+]
{0 o) (-[=172




Individual control - Selective operations((non)U)
Can address and control each of the N qubits in the ensemble
separately (= going to 2V-D Hilbert space)'

&1=(19)[0)1) - [ (DIHL--0)).-  Ex=(FH) L) (HD)=) ).
ORI B] 0] . W ]Hf-]9
|0> |1> |O> |0> who prepares | > |> |> |_>
VAR |0> the state: |+> |> |+> =)

. . . Missing .

: : : : info=0, : : :

0)] 10}/ [0) |1> disorder=0. |+> |—> |+> -)
E.g., by measuring O, E.g., by measuring O,
selectively on an ensemble of selectively on an ensemble of
N identical copies of |+ N identical copies of | 0).

detectors No interaction b/w qubits. Hence we call ensemble.

mirTor pathi /’/\ . Information loss: Individual to collective control.
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Discrimination via variance of sample mean
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Discrimination via variance of sample mean

> (02)y =T x (H1) +p~ x (=1),
(AUZ)|2¢) = <U§>|w) - <Uz>|2¢>-

» S=(TT=T7)/M,(S) = (02)|4) AS? = (Aaz)fw/M. As
M increases, AS? decreases, and hence S approaches
{02) )

» Hence we implicitly neglect variance AS?.

» We will show that, even though variances got via £&; and &
tends to zero, their ratio does not tend to one, due to
reduction of variance got via &;.

» Njo) does not converge to N/2 (but may diverge, we exploit
this), where as Njg,/N converges to 1/2 as N increases.



Hypothetical extreme case

! Tr =T! -I-/ E-I-/
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Shannon entropy H=0 M= H=1
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Time averaged COM
liesat 0 = (77, -1y =0)



Reduction in variance of sample mean (o)

B 1,21, Ty Ty 2Ty Ty <Ty 1Ty =Ty Ty =Ty /\
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Technical details: Notation and definition

S &y &g E1m,

0) | [B) | [B) |- --[[0) o,

0)| [2)] ]0) |0)

| 1)} [2) |0) R

|0}/ |0)| o) |1)| Central limit 31=(T1+—T1‘)/M
v, -n theorem?=——==S 5 ND:0,1/M

En €y Ep Eom,

) o

BIEIPE

RIS S N ﬂ

EIEE 5,=(T, -T;) /M

vy $=5,5, >ND:01/M

2S. Ross, A first course in probability (Pearson, 2012).



Technical details: Notation and definition

GZ
i =
X\ s (1)

7 ’ ) Sort of convolution

(6,0, >{pg. p5,....}

S ND:O,(l—(Acosﬁq); j/M

o oL | »
o) |10 o)

| 1) (1] |lo
o0 || (@
NN IEEEE]

S 19 12

| 12|+

1 19 [+




» Note that even though no change in mean upon applying
(6q)xs, variance has reduced.
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» Note that even though no change in mean upon applying
(6q)xs, variance has reduced.

» Measuring o selectively on |0g)s and |64, )s is equivalent
to tossing differently biased coins (i.e., independently
distributed (id) random variables).

» Applying central limit theorem to independently distributed
(id) random variables 3, we obtain effective mean

et = > _(Pq(o2)ig) + PaL(02)j0,.))
q

= Z(Pq — Pq)COS bg. (1)
q

where pg = Mq(Ti", ps)/M (PgL = My (T;, Pog)/ M),
Mg (M;]L) |s/the total number of |0g)s (|04.)s)-
> q(Mg+ Mgy, ) =M.

3S. Ross, A first course in probability (Pearson, 2012).



» Using Bayes rule

Pg = Py Poqs PqL = Py Pogy:

where p{" = T;°/M, and pg, = mq/M, mq is the total
number of times (64)x is applied, >, mq = M.



» Using Bayes rule
pq = prqu qu_ = p‘]_p9q7

where p{" = T;°/M, and py, = mq/M, mq is the total
number of times (64)x is applied, >, mq = M.

>
= peff = Sy(COS 9q>peq

where (€os 6g)p,, = >_q Po, COS b



» Using Bayes rule

Pg = Py Poqs PqL = Py Pogy: @)

where p{" = T;°/M, and pg, = mq/M, mq is the total
number of times (64)x is applied, >, mq = M.

= peff = Sy(COS 9q>p9q (3)

where (€os 6g)p,, = >_q Po, COS b

» S —>ND:0,1/M,
pf — ND:1/2,1/(4M)(. T{f — ND : M/2, M/4), and
po, — ND : pgq,o—%q/Mz(': mq — ND : p§ M, o%,) Where
a,%,q ~ M. Hence we need to take care of the variance
(however small) present in them.



» Applying central limit theorem to id random variables, we
obtain effective variance *

(Ao2)sy = Z(Pq(AUZ)\Zeq>+PqL(AUZ)|29qL>)
q

= Z(pq + PpgL)sin?0g =1 — (cos? 0q) pog(4)
q
where (AUZ)‘Z%> = <a§>|9q> — <UZ>|20q)’
(c08? 0g) py, = X g Pog COS® bg.

*S. Ross, A first course in probability (Pearson, 2012).



» Applying central limit theorem to id random variables, we
obtain effective variance *

(Boz)ey = Z(pQ(AGZ)\G ) +PqL(AUZ)qu))
q

= Z(pq + PpgL)sin?0g =1 — (cos? 0q) pog(4)
q
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(c08? 0g) py, = X g Pog COS® bg.
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» Applying central limit theorem to id random variables, we
obtain effective variance *

(Boz)ey = Z(pQ(AGZ)\G ) +PqL(AUZ)qu))
q

= Z(pq + PgL) sin? Og=1-— <0032 9q>p9q,(4)
q
where (AUZ)‘Z%> = <a§>|9q> — <UZ>|20q)’
(c08? 0g) py, = X g Pog COS® bg.
> (Aoz)2y # (o 2>p1 <02>pq where
0y = q(Palfe) (9ol + a0 (6. ), because in going
from 5’ to p1 , there is information loss.
> Accordlng to central limit theorem, in the large M limit,

probability distribution of effective sample mean S, for
given values of py,s and S; (i.e., for given values of mgs

and T1+ i.e., for a given 54j), tends to normal distribution*
i.e, 8§ — ND : pier, (Aaz)zef,/M.

*S. Ross, A first course in probability (Pearson, 2012).



» Resultant probability density of S} is given by

f(57) = [ TT{con(Ne(ps) : p5. 0%, /1))
il
><dS1 (Nd(S1) . 0, 1//\/’)

«(NA(S1) - S1(cos gl (1~ (005 Bl )/M ). (6)

where (Nd(x) : p, 0?) = \/Ta exp(—(x — p)?/(202)) (i.e.,
Normal probability density function with mean p and
variance ¢2), dx(Nd(x) : u, c?) is the probability of
obtaining value x of normally distributed random variable x.



» Resultant probability density of S} is given by

f(57) = [ TT{con(Ne(ps) : p5. 0%, /1))
il

><d81 (Nd(S1) : 0, 1//\/’)
«(NA(S1) - S1(cos gl (1~ (005 Bl )/M ). (6)

where (Nd(x) : p, 0?) = \/Ta exp(—(x — p)?/(202)) (i.e.,

Normal probability density function with mean p and

variance o2), dx(Nd(x) : i, 0?) is the probability of

obtaining value x of normally distributed random variable x.
» Integrating out S; we get

f(57) = [ TT{cou(Ne(ps) : p5. 0%, /M)
ii#l

x(Nd(S}) : 0.(1 — (Acos )3, )/M). (6)

where (A cos Hq)f,eq = (c0s? g)p,, — (COS bg)5



Resultant variance

S & & E1m, z 0
0} | 1) | [1) |- -+{|0) 1) -,
0| [ {19 |l0) ) o
(Bl ol L5 =
AN PlxT) )
] N S
HMess =<C059q>p9 S, «Swaying of center of Gaussian
s, =(T' =T, )/M
) V4
(coseq>p9 IM 0P (Ac,), IM

= (1—(Acos¢§’q);q j/ M



» Consider 64 = 6y, Vq (i.e., no randomness). Then Eq. (6)
reduces to f(S)) = (Nd(S]) : 0,(1 —0)/M) = g(S,), hence
no discrimination.
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» Consider 64 = 6y, Vq (i.e., no randomness). Then Eq. (6)
reduces to f(S)) = (Nd(S]) : 0,(1 —0)/M) = g(S,), hence
no discrimination.

» Consider the simplest case: {61,602} — {pg,, Pg, }-

>

P, +e
= H(S)) = /p !, (o =)
x(Nd(84) : 0,(1 — pg, (1 — ps,)(cos b1 — cOs 62)?) /M)

= (Nd(S}) : 0,(1 = (Acosg)g )/M),  (7)

where ¢ > 0 (".- no swaying of center of Gaussian in Eq.

(6))-



Summary so for....

ool e AL 2

0) [1)| 1|0 0

| (] Jloy| ) y

RN D xT T

o) [0y o) | S{—)ND:O,(l—(Acoséq);)/M
T :

] {2 ﬂ
|+> |_> |+ |_> S,—>ND:0,1/M




Nonlinearity in action

» We will show how nonlinearity is reducing the variance.
We have AS?Z = (1 — (A cosﬁq) )/M =

(1003 60)% + (S0 b))/ M (E. (7).



Nonlinearity in action

» We will show how nonlinearity is reducing the variance.
We have AS? = (1 — (Acos Hq)gg )/M =
q

((cos 9q>§gq + (sin? Oa)pg, )/ M (EQ. (7).
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Nonlinearity in action

» We will show how nonlinearity is reducing the variance.
We have AS?Z = (1 — (A cosﬁq) )/M =

(<0039q>pgq+<3'n Oq)pg )/M Eq 7))
> Let {01(=0),62(= 71’/2)}—>{P0, 7T/2}-
> = ASP = [(pgcos 0+ p? , cos(m/2))? + pgsin®0 +
P2, sin?(m/2)] /M = (pg? +P70)/M<1/M.



Smoothing out nonuniformities

&) To2Tu Ty TuTy T To =Ty &1 T =T To =Ty
o[ ] 1] lo) A o) [ ] ][0y
o/ 10| |l y{ofp (ol
| 5] [2) 0)(0), /(=),[|0) | [2) | |0) 1) e
M : Sl |: . : 1=
: : : . 1/1 : : : : 0/M
2 2
0} [0)] [0)]  |[1) 1] [0)] [2) 9]
M x M, =N M xM, =N
Toawy =T Togyy =T Q \
Fast rotation \ s
] = (0), /(m), @~ - Beha
Q" ./ ves'
l(variable) L 2°? acs(‘.;:ﬂ
COM lies at lies
L= Ty 2Ty, Tjoy <Tpyyr at0
Ty 2Ty, Ty <T)y)) Time averaged COM

liesat0, =0 = (T =T, T)oy =T"1)
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MATLAB simulation results

» MATLAB generates standard uniformly distributed Pseudo
Random Numbers (PRN) drawn from the open interval

(0,1).
» We want to simulate o, measurement on
|x) = cos(6/2)|0) + e®sin(6/2)[1).
» If we get a PRN in the interval (0, cos?(#/2)), then it is
equivalent to getting outcome +1. Else —1.
» We simulated the case
{01(=0),02(= m)} — {p§, (= 1/2), p5,(= 1/2)}.
» = AS2=0/M.



MATLAB simulation results

200 ‘ABefore applyinng)x’s —— After applying eq)x’s‘ M=10', M1:104, CombRecursive
Seed: 3x 11 to 4 x 16

>
k5 =10’ M.= Seed: 10+1 to 2 x 16
£ 1509 M0V My 10fo 2 1500
‘: CombRecursiv 2
£ 100 < 1000
kS 2
Qo =
S 500 () 2 509 )
& s
R p— 0 1 2 g OC - 2

1 0 1
Sample mean x 107 Sample mean $15°
2000  M=10", M=1¢", CombRecursive  _ 50gq M=10"M,=3x10%((@),(b),(c) clubbed)

2 Seed: 205 x th1t0 206 x 16 2
c < 400
kS 1501 g
300
2100 2
§ . § 200
g (© g 100G (d)
L
0 0
-2 -1 0 1 2 -2 -1 0 1 2
Sample mean x 103 Sample mean x10°

a)Ay = 0.6795 (theory 0.6826895). A; = 0.7445 (theory 1).
Al = 0.6795, and A, = 0.785.

(b)Ag = 0.6787, A; = 0.739, A, = 0.6793, A, = 0.777.

(c)Ag = 0.685, A; = 0.7492, A], = 0.6828, A, = 0.7855.
(d)Ag = 0.6811, Ay = 0.7442, A, = 0.6811, A, = 0.7824.



MATLAB simulation results

180‘*Before applying§),'s — After applying 6),’s M=10", M, =10, CombRecursive

Seed: 104 x 151
160 M=10°, M =10, |y Seed:104x1B1t0 to 204 x 14
CombRecursivell| 105x 10
140 120
> >
£120 =
2 2 100
S 100 S
£ £ 80
8 80 3
Qo Qo
<] o 60
o 60 o
40 40
20 20
(@ (b)
0 . 0 L
-0.02 -0.01 0 0.01 0.02 -0.02 -0.01 0 0.01 0.02
Sample mean Sample mean

(a) Ay = 0.6854, A; = 0.7833. (b)
Ag = 0.683967, A; = 0.77997, A, = 0.683286, A, = 0.780642.



MATLAB simulation results-True random numbers

a2 _ _ —b1
8000 M=l M=2x160 |3 () M=10%M=2x18 b2
6000 @ ._ True random number |__ ~._  True random number

01 015 02 |~*-b9

Sample mean -+-all Sample mean b10

400q (© M=15x10, M=ax10 " -alg (d) True random number |~~7b11]
DL True random number P~

T ——h1,i1,d1]

' h2,2,d2

. I 0.02 0.04 0.06 |~~-h3,3,d3

Sample mean -+-c5 Sample mean |---h4,{4,d4|

D is the difference in area under the Gaussians x10° i.e.,

(ZS,_ 5, 1(S7) - 23’1:7&[ 9(51))6S x 10° where §S is the
smallest element (step size) on x-axis (sample mean)
considered for plotting, and a; = j x 0S,j = 1,2, .... Theoretical
curve: (Dj)toery/10, ASP? — 0.12/M instead of 0/M.



MATLAB simulation results

M=10"M.=10" | - - 1e4+1 to 2e4 M=10",M,=3 x 1¢
x 1 ol ---3e4+lto ded 5x 10
CombRecursiv| —All 3in (a) clubbed
O 205e4+1 to 206e4 o ---Theory (C = 0.15)
_ 5 Theory (C = 0.15 ¥ Y :
E_z o Rt NN — - \."\.
-4 (a) ’ =-10 © _\-.\
0 2000 4000 6000 8000 10000 1 2 3
L r x1d
7 led+1 to 2e4
gk M=10, | seai to gea & 7 ¢
1 : 1 M=10", M =3 x 1
X 1Y CombRecursivi— >05e4+1 10 206e4| ¢ 1
Y e Theory (C = 0.15) | 0
~<-('—l ,f,\":\:\' Z—l
-2 (b) e -2
0 2000 4000 6000 8000 10000 0 1 2 3
r r x 1d"
r
_ I+ Ti— T+ T
h(r) = § (17 — Ty Ty — T40), (8)
i=1

wherer=1,2,..., M.



MATLAB simulation results

2x 10 M=10", M =1O4, Twister 200 M=10’, M1:104’ Twister

Sample mearf —1 2290
—1 — 20,8860
—20 ——271e4+1-272e4,5310
——271e4+1-272e4||— 40,2440
—40 ---60,20000
---60 ---273e4+1-274e4,1844
---273e4+1-274e4||- - -21671-31670,3240
---21671-31670 ||---41671-51670,7460
~% 2000 4000 6000 8000 1000( ~~41671-51670 80(M,=2e4),-4540
r -~ ~Theory(C=0.025)| . _ _55691T

266917 : (D)) thoery/100, AS?? — 0.12/M instead of 0/M.



MATLAB simulation results-True random numbers

M= 102 M -2 X 103 True random number
«’”\W,mw”v\ "
J

—-4000

—Theory (C=0.03

M=15 x 10,M =4 x 10,
True random number

500 1000, 1500 2000 0

x1¢ M=10°M,=2 x 1o°’,
True random num/bﬁr////,-

|[—Theory (C=0.06)]

1000 2000 , 3000 4000
16 M=15 x 1G,M =4x 1G,

True random number

|— Theory (C = 0.03)]

1000 1500

r

500

2000 0

2000 3000 4000

r

1000
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Conclusion

» We showed that, if we have individual control, then we can
discriminate between two ensembles via selective random
rotations, which otherwise (i.e., without individual control)
cannot be discriminated, as both are maximally mixed.

» Numerical simulation results support theoretical
predictions.

» However the origin of nonlinear effect (reduction in
variance) which leads to discrimination is not clear.

» |t is interesting to explore whether it is genuine nonlinear
effect perhaps due to projective measurement or it is just a
consequence of statistical data analysis technique.
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Single copy picture in 2V-D Hilbert space

There are two sets: Fy = {|0)®N_ |0)®N=1]1), ..., [1)®N}, and
Fo = {02V, 0N =), s )N

F; is a complete set of orthonormal basis states in 2N
dimensional (2V-D) Hilbert space, i = 1,2. E.g., for N = 2,
F1={10)10),10)[1),[1)|0),[1)[1)}, and

Fo = {4, [H)]=), [ ), =) )

Let |¢5) € Fi, i=1,2,j=1,2,...,2N. Even though |(¢1;|¢2«)|
tends to zero in the limit N — oo, |$4;) can never become
perfectly orthogonal to |¢2k), because the set F; is already
complete, i = 1,2. Hence Fy and F» together constitute a set
of nontrivial nonorthogonal states.

Alice gives Bob, a single copy of |¢;) chosen with probability
1/2N (i.e., all the states are equally likely to be chosen) from F;,
i=1or2.



Hence |¢1)) (|¢2))) is nothing but the renormalized post
measurement state of measuring o (ox) selectively (i.e.,
locally) on each of the N qubits in the state |[4+)®N (]0)2N),

0) = (|+) +[-))/V2.

Alice tells Bob the way she chose the state from one of F, 75,
but she do not tell him exactly from which set she chose the
state. Hence Bob is aware of Fy, F», and Alice’s state choosing
procedure.

Bob has a single copy of the unknown state |¢;), /i = 1 or 2. We
are going to show that, in the limit N — oo, even though Bob
cannot know the unknown state exactly, still he can know
deterministically whether it was chosen from F; or F» (and
hence it is deterministic but inexact nonorthogonal state
discrimination).



In density matrix formulation, Bob’s unknown state is given by:

N|¢I/ (i = N7i—10f2 9)
2 2

where 1, is n x nidentity matrix. Note that p; represents the
state of a single copy of one of [¢j)s, j =1,2,..., 2N which Bob
has got, taking into consideration the probability (1/2N) with
which he obtains it. p; represents the state of an ensemble with
individual control, but not collective control. Mixedness of p;
represents Bob’s ignorance about the single copy of the state
he has got. Hence it can be purified by selective projective
measurement unlike in nonselective ensemble measurement
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