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Albert Einstein Boris Podolsky Nathan Rosen

Phys. Rev. 47, 777 (1935)

COMPLETE THEORY?




Enter Schrodinger

Erwin Schrodinger

Schwrodnger couned. e
term ‘enfonglement for
the furst tume

‘Spooky action at 3 distance’
~A. Einstein



up to 1960’s ®

Can quantum correlations be created in well controlled

environments between distinct qguantum systems?

4

7 inconceivable question



Enter Bell

w |

J S Bell

Early attempt to quantify quantum correlations
was through Bell

“John Bell's questioning orthodox quantum mechanics was just his hobby,
and it is this hobby John Bell is most famous for.”
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Entanglement as resource

» Teleportation > Quantum state transfer

» Cryptography :> Secure communication

» Quantum dense coding =) Classical information
transfer via quantum state



Several quantum phenomena have been discovered in
which entanglement is absent

» Entanglement in quantum computation: Not clear

» “quantum nonlocality without entanglement” — locally
indistinguishable orthogonal product states

» Deterministic quantum computation with one quantum bit



Quantify quantum correlations independent of the
entanglement-separability paradigm




Quantify quantum correlations independent of the
entanglement-separability paradigm

Information-theoretic measures

» Quantum discord

L. Henderson and V. Vedral, J. Phys. A 34, 6899 (2001)
H. Ollivier and W.H. Zurek, Phys. Rev. Lett. 88, 017901 (2002)

» Quantum deficit

J. Oppenheim, M, P, R, Horodecki,Phys. Rev. Lett. 89, 180402 (2002)

M, P, R, Horodecki, J. Oppenheim, A, U, Sen, and B. Synak-Radtke,
Phys. Rev. A 71, 062307 (2005)

A.K.Rajagopal and R.W.Rendell, Phys. Rev. A 66,022104 (2002)
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What is quantum discord?



Classical

H({pi}) = —2_pilogy pi



What is quantum discord?

Classical

H(Y)




VWhat IS quantum discora:

Classical










Classical

HX,Y)



Classical

H(X:Y)

y
H(Y|X)/

HX,Y)

—— H(X)+ H(Y) - H(X,Y)

— H(X) - H(X|Y)



Classical

What is quantum discord?

X)+H(Y) -
H(X|Y)—

H(X,Y) ~

Equal

guantities
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What is quantum discord?

Classical

H(X)+ H(Y) - H(X,Y) <
H(X:Y){ O ) ( ) }1; Equal

H(X) - H(X|Y)— quantities

— Quantization
Quantum

Inequivalent quantitie
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CLASSICAL

One form:

HX:Y)=HX)+H(Y) - H(X,Y)

QUANTUM |

I(pap) = S(pa)+ S(pB) — S(paB)




CLASSICAL

One form:

Second form:

H(X¥) = H(X) + H(Y) ~ H(X,Y)|

HX:Y)=HX)-HX[Y)

QUANTUM |

[{pan) = S(pa) + 5(p5) ~ S(pap)




CLASSICAL

One form:

Second form:

HX:Y)=HX)+H(Y) - H(X,Y)

HX:Y)=HX)-HX[Y)

QUANTUM |

[(pan) = S(pa) + S(pn) ~ S(oap) |

Physical quantity that can be
negative for some
quantum states |

What next then?




Fixing second form:

Classical correlation: the difference between the von Neumann
entropies before and after a complete measurement on the
subsystem B

J(pap) = S(pa) — S(paB)



Fixing second form:

Classical correlation: the difference between the von Neumann
entropies before and after a complete measurement on the
subsystem B

J(pap) = S(pa) — S(paB)

where quantum conditional entropy

S(pajp) = min sz (paji)

™

minimization being over all projection-valued
measurements performed on subsystem B

paji = -trp(la @ 7 pls @ TI7)



What is quantum discord?

Classical

HX Y){ X)+HY)-H(X,Y) \S Equ.al.

quantities

Quantization
Quantum

I(pa) = S(pa) +S(pB) — S(paB)
J(paB) = S(pa) — S(paB)




What is quantum discord?

Classical

H(X)+ H(Y) - H(X,Y) <
H(X:Y){ O ) ( ) B.i Equal

H(X) - H(X|Y)— quantities

: Quantization
Quantum
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Monogamy of Entanglement

In a multipartite setting, sharing entanglement
between several parties is restricted by the
monogamy of entanglement

C.H. Bennett, et al., Phys. Rev. A 53, 2046 (1996)
V. Coffman, J. Kundu, and W.K. Wootters, Phys. Rev. A 61, 052306 (2000)



Monogamy of Entanglement




Monogamy of Entanglement




Monogamy of Entanglement




Monogamy of Entanglement

Ea.Bc



Monogamy of Entanglement

Eap+ Eac < Ea:Bc

PN




Monogamy of Entanglement

Example:

Ciag +Caic <Ca.ac

V. Coffman, J. Kundu, and W.K. Wootters, Phys. Rev. A 61, 052306 (2000)



Questions

** Does quantum discord satisfy monogamy relation?

** Does the sharing of quantum discord follow the same broad
guidelines that are followed by entanglement?



Monogamy of Discord

For tripartite state PABC

PN

D(paB) + D(PAC)/.E\P(PA:BO)




Monogamy of Discord

For tripartite state PABC

D(paB) + D(pac) < D(pa:sc)

o satisfied mmmm) Monogamous
|y violated mmmm) Polygamous

Monogamy relation

R. P, A.K. Pati, A. Sen(De), and U. Sen, arXiv:1108.5168



D(paB) + D(pac) < D(pa:Bc)

OR

o = D(paB)+D(pac)— D(pa:Bc)



D(paB) + D(pac) < D(pa:Bc)

OR

o = D(paB)+D(pac)— D(pa:Bc)

O <0 QC measure Monogamous

M >0 QC measure Polygamous



Interaction information

The difference between the information shared by the

subsystem AB when C is present, and
when Cis not present (traced out)




Interaction information

The difference between the information shared by the

subsystem AB when C is present, and
when Cis not present (traced out)

For tripartite state PABC

I(papc) = I(pa:.pjc) — I(paB)

S(pajc) —S(paBc)

(Conditional mutual information)



Interaction information

I(P_ABC_) = I(PA:B|C) — I(paB)

—_—
McGill W J (1954)

Han T S (1980) Useful in

R. W. Yeung (1991) — biophysics,
H. Matsuda (2000) medicine, etc.
A. Jakulin (2003)




Generalization of mutual info to 3 parties

Went out of favor as it can be
both positive and negative

But it naturally fits into
the discord monogamy scenario




Interaction information (2 types)

I(p_ABc_) = I(PA:B|C) — I(PAB)



Interaction information (2 types)

o)

HB HC HBC} HC‘ HBC} {HB}



Interaction information (2 types)

oy mpc}  {IIg,1mPcy {112}

(TEp

Interrogated interaction information



Interaction information (2 types)

I() —I(p,@)—f(

{I; e, 7y {12} {11, }

Interrogated interaction information

I(p_ABc_) = I(PA:B|C’) — I(paB)



Interaction information (2 types)

I(> —I(p,@) —I(

{I; e, 7y {12} {11, }

Interrogated interaction information

I(p_ABC_) = I(PA:B|C) — I(paB)

Unmeasured interaction information



Monogamy of Discord

Interaction information
Theorem:

I()S (pasc) ‘ﬁ} M@NGA@HF




Monogamy of Discord

Interaction information
Theorem:

- Polygamous

R. P, A.K. Pati, A. Sen(De), and U. Sen, arXiv:1108.5168
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Generalized GHZ states

Yerz)apc = cos |000) +sin ®[111)

5]\/[ <0 Monogamous




Generalized W states

[bw) ape = b|011) + ¢[101) + d|110)

here b = sin @ cos ¢
c = sinfsin ¢
T d = cosf

Polygamous

5M>O



Results for discord monogamy test

Discord
Monogamy
Deficit

Tripartite
states

Monogamy
test result

Gen GHZ <0 Satisfy

Gen W >0 Violate



GHZ class

v,
Wa) = cos §|000> + |b1)|2) |13)

where [Vi) = ;|0) + B;|1)
i=1,2.3

W. Dur, G. Vidal, and J.I. Cirac, Phys. Rev. A 62, 062314 (2000)

75%

25% > Polygamous

Monogamous




W class

[Yw) = |a1)|b1)|c1) + |az2)|PBC)

W. Dur, G. Vidal, and J.I. Cirac, Phys. Rev. A 62, 062314 (2000)

Numerical results confirm that these states always violate monogamy

100 % > Polygamous




Mixed state: Generalized GHZ states

pcraz = (1—p)/8+plveuz){(Verz|

Monogamous




0.15

0.10

0.05}

-0.05}

-0.10+

—-0.15"

Mixed state: Generalized W states

pw = (1 — p)I/8 + plYw)(Yw]

— 0M>0

Polygamous

— oM <0

Monogamous




** Does quantum discord satisfy monogamy relation?

** Does the sharing of quantum discord follow the same broad
guidelines that are followed by entanglement?

Rich !



Dichotomy of Quantum correlations

Entanglement ) Monogamous

Discord —) Polygamous

R. P, A.K. Pati, A. Sen(De), and U. Sen, arXiv:1108.5168
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Dichotomy of Quantum correlations

Statistical mechanical behaviors of the quantum correlations measures
from entanglement-separability paradigm and information-theoretic one
are opposite !



Ergodicity



Evolved state

X “‘»P’hwf
?“‘,‘q

‘ ‘ ‘ ‘ é Transverse
i Nonergodic

: : ie

; ‘ ’ ‘ and long

) evolution

Ergodic



1d XY MODEL IN THE TRANSVERSE FIELD

[H T30 [ )T + (1= S St ] -h(t) 3 S
Anisotropic XY model Transverse applied field

in transverse field

a, t<0
h(t)_{O, t >0

» This model iIs exactly solvable
» Jordan-Wigner transformation



Analytical results

at low fields (near @ = 0)

All quantum correlations are ergodic in any dimension

at high fields (near a — 00)

All quantum correlations are ergodic in infinite XY spin chain



Entanglement-

Separability
Paradigm

 —

Information-
theoretic
measure

For infinite XY spin choin

Ergodic

Ergodic

OBz s s g 5 e e R B Y 4 = 00

Ergodic

Ergodic




0.14 -
0.12 ¢
0.10
0.08 ¢
0.06
0.04 -
0.02 -
0.00 »
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Entanglement

@ —> Equilibrium
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For moderate fields

Entanglement

@ —> Equilibrium
H—>a = 0.2\l

Evolved
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Entanglement

@ —> Equilibrium
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]- Evolved
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Entanglement
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Entanglement

Ergodic
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A->q=12




0.14
0.12
0.10 -
0.08 -
0.06 -
0.04 -
0.02 -
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For moderate fields

Entanglement

Ergodic

0.04 -
0.03 |
0.02 |

0.01

0.00

@ —> Equilibrium

HB>a =02
&> a = 0.6 -Evolved
A->q=12

Discord




0.14
0.12 _
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For moderate fields

Entanglement

Ergodic

0.04 |
0.03 |
0.02 |

0.01

0.00

@ —> Equilibrium

B> =02

&> a = 0.6 -Evolved

A-—>q=12
nonergodic

Discord




For infinite XY spin chain:

Entanglement-
Separability
Paradigm

Ergodic

a — Ommlu'l‘iu-mWﬁ:}u&lmglugi!l‘tnﬂlni||||ImHn||||lnpng|nr[mlm%rrnulllllg‘rnuu’i!#gllmul’nlllirlrwllllljlrrirl%l|H|’l|!|Iillél]Hl’lllllillﬁlll|lll|wmpm ces a — (X)

Information-

theoretic Ergodic Nonergodic Ergodic
measure

R. P, A. Sen(De), and U. Sen, arXiv:1112.1856



Generic for 1D, Ladder & Two-dimension







Quantum correlation
measures

Entanglement- Information-

Separability theoretic
paradigm measures paradigm measures




Conclusion

Quantum correlation
measures

Entanglement-

Information-

theoretic
paradigm measures

Separability
paradigm measures

Dichotomy of
guantum correlations

Entanglement is monogamous but discord is not

Entanglement is ergodic but discord is not







