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Summary

Three problems in the theory of modular forms are considered in this thesis. The first
problem is about obtaining explicit formulas for the number of representations of positive
integers by certain types of positive definite integral quadratic forms of even number of
variables (< 28). The method of obtaining these formulas is to show that the generating
functions corresponding to these quadratic forms are modular forms and then uses explicit
bases for the spaces of modular forms.

In 1916, S. Ramanujan gave an explicit expression for the generating function for the
sum of 2k squares in terms of explicitly determined Eisenstein series and a linear combi-
nation of certain modular forms (given in terms of Dedekind eta-quotients). Later this was
proved by L. J. Mordell, now known as Ramanujan-Mordell theorem. The second part of
thesis generalizes this theorem to certain variant of above type of quadratic forms.

Shimura and Shintani correspondence play an important role in the theory of modular
forms of degree 1. In 1985, W. Kohnen gave explicit description of the Shintani correspon-
dence from forms of integral weight modular forms to forms of half-integral weight. These
correspondences behave nicely on new forms in the respective spaces. In 2017, S. Choi and
C. H. Kim constructed explicit Shimura and Shintani maps for the old class (characterized
by eigenspaces of Atkin-Lehner involutions) of level 4p. In the third problem, the above

work of Choi-Kim is extended for the level 4N, N odd and square free.
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CHAPTER

Introduction and Preliminaries

In this thesis, we consider three problems, two are related to theta series associated with
certain quadratic forms and the third one is about the construction of Shimura and Shin-
tani liftings. The first problem is about finding explicit formulas for the number of repre-
sentations of these quadratic forms, which extends various works done by many authors
([1, 2, 3, 5, 6, 7, 8, 40, 41]), the second one is about obtaining Ramanujan-Mordell type
formulas, which extends the works of Ramanujan [66], Mordell [50], Cooper et. al [22],
Ye [82]. The third problem is about the construction of explicit Shimura and Shintani
maps between certain subspaces of modular forms of half-integral and integral weights.
This work generalizes the result of Choi-Kim [18] for odd square-free levels. These three
problems are discussed in three different chapters, and each chapter’s introduction gives
a detailed account of the history of the problem and the results obtained in the respective

chapter.

In this chapter, we give some preliminary facts on modular forms of integral and half-

integral weights.
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1.1 Notation

Let N, Z, Q, R and C be the set of natural numbers, integers, rational numbers, real
numbers and complex numbers respectively. For a complex number z, Re(z) and Im(z)
denote the real and imaginary parts of z respectively. For a € Z and b € Z \ {0}, we write
alb when b is divisible by a and a(mod b) means that a varies over a complete set of residue
classes modulo b. Let H= {z € C : Im(z) > 0} be the complex upper half plane. Unless
stated otherwise we denote by g = ¢**2 i = \/—1 for z € H. For a commutative ring R, we
write the set of all n x n matrices with entries in R by M, (R). Next we mention few special

group of matrices. The general linear group over Q;

orr @ = |* 7| emy@) : ad—be>0
2 . d 2 .
C

Special linear group over Z (full modular group);

SLy(Z) := EMy(Z) : ad—bc=1

It is known that GL;r (Q) acts on the Poincaré upper half-plane H by the fractional linear

a b
transformation as follows. For any y = € GLy (Q) and z € H, we let
c d
az+b
= cH 1.1
Y= (1.1)

a b
Then for any integer k and y = € GL2+ (Q), the slash operator on functions f :
c d

H — C is defined by

(f e 7)(2) := (det )" (cz+d) ™ f ().




§1.1. Notation 7

For a positive integer N, the principal congruence subgroup of level N is denoted by I'(N)

and defined as

[(N) = €SLy(Z) | a=1(N),b=c=0(N) },

= Ker (SLy(Z) — SLy(Z/NZ)).

A subgroup I' of SL,(Z) is said to be a congruence subgroup of SLy(7Z) if it contains a
principal congruence sungroup of level N, for some N € Z,N > 0. The smallest such N is
called the level of I. Besides I'(N), the following two congruence subgroups are equally

important. We list them below;

rov) = 4 | esm@ |e=om V.
c d
( a b
I(N) = €SLy(Z) |a=d=1(N),c=0(N)
c d

The inclusion relation amongst these congruence subgroups is given by I'(N) C I'j(N) C
T'o(N) C SLy(Z). Unless stated otherwise, we always let k € Z and I denotes a congruence
subgroup of level N.

Cusps: Let P1(Q) = QU {eo}. We then extend the action of SL,(Z) on H=HU PL(Q),
a b

the extended upper half-plane as follows. For y = € SLy(Z) and z € ]ﬁl, define
c d
.
oo ifz=—d/c,
Y2 =9qa/c if z = oo,
(az+b)/(cz+d) otherwise.

\

A cusp of ' is a I'-equivalent class of elements in P!(Q) under the action of I". Note that
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the group SLy(Z) acts transitively on P! (Q), hence there is only one cusp of SL,(Z). Since
the index of every congruence subgroup I" of SL,(Z) is finite, it follows that there are only

finitely many cusps of I'.

Holomorphicity at the cusps: Assume that f : H — C is a holomorphic function which
satisfies the modular transformation property for | namely
flky=fforall y €T (such an f is said to be weakly holomorphic modular form of

weight k with respect to I'). Let D’ be the open unit disk in C with the origin removed.

. N
Then z — gn = ¢*™/N defines a map from H into D'. Since f |k = f, it follows
0 1

that f is periodic with period N and hence there exists a function F : D’ — C such that

F(gn) = f(z). If for all gy € D', we have the Laurent series expansion of the form

f(z)=F(qn) =Y a(n)qy, (1.2)

n>0

then f is said to be holomorphic at co. Moreover, if a(0) = 0, we say that f vanishes at co.
Eq. (1.2) is called the Fourier expansion of f at o or the g-expansion of f about oo, and
the numbers a(n) € C are called the Fourier coefficients of f. Since any cusp s € P'(Q)
can be written as s = Yoo, for some ¥y € SLy(Z) and therefore holomorphy at s is naturally
defined in terms of holomorphy at o via the slash operator. More precisely, f is said to be

holomorphic (or vanishes) at the cusp s if f | 1o is holomorphic (or vanishes) at oo.

1.2 Modular forms

1.2.1 Modular forms of integer weight

Definition 1.2.1 A holomorphic function f: H — C is said to be a modular form of
weight k for To(N) C SLy(Z) with a Dirichlet character ) modulo N, if f satisfies the

following conditions:
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a b
1. Forall €To(N) and z € H,

az+b

(cz+d)~ "f( —

) = @) = 2@,

2. f is holomorphic at all the cusps of To(N).

We denote the C-vector space of all such modular forms of weight k, level N with a
Dirichlet character )y modulo N by M (N, x). We denote the subspace of My (N, ) consist-
ing of all cusp forms by S (N, x). If the associated Dirichlet character } (mod N) is trivial,
then we denote these spaces simply by My (N) and Si(N) respectively. Further, in the case

of full modular group SL,(Z), we denote the respective spaces by My and Sy, respectively.

Hecke Operators: Let n be a positive integer. For (n,N) = 1, the n-th Hecke operator,

denoted by 7, is defined in terms of the Fourier coefficients as follows.

f|T Z Z x dk 1 d2 )eZJTlmZ.

m=0](m.n)

The family {7, : (n,N) =1} form a commuting family of Hecke operators on the space
My (N, ). For every positive integer n, we define the U(n) operator on formal sums as

follows:

n): Z a(m)e*™m: Z a(mn)e*™mz, (1.3)

m>0 m>0
For a prime p|N, U(p) denotes the p-th Hecke operator on My (N, ). It is a fact that
{T,,p JN:U(p),p|N} generate the Hecke algebra on My(N, ). Moreover, the operators
Ty,p IN, U(p),p|N preserve the space of cusp forms. Further, it is a fact that the Hecke

operators T, (n,N) = 1 satisfy the following commuting property on My (N, x):

TnTi= Y, x(d)d"'Tu.
d|ged(m,n) ¢
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Definition 1.2.2 (Petersson inner product) Let f,g € My (N, ) be such that at least one

of them is a cusp form. Write z = x + iy, then the Petersson inner product of f and g is

defined as:
. —— dxdy
(f,8) =iy / f(Z)g(Z)yky—z, (1.4)
Lo(N)\H
: odxdy . .
where T'o(N) \ H is a fundamental domain, —= is an invariant measure under the action
y

of SLy(Z) on H and iy denotes the index of To(N) in SLy(Z).

Remark 1.2.1 It is well-known that Si(N, x) is a finite-dimensional Hilbert space with
respect to the inner product defined by (1.4). The Hecke operators 7, for all primes p }N are
Hermitian with respect to the Petersson scalar product. Further, as they form a commuting
family of operators, it follows from linear algebra that the space Si(N, ) has a basis of
eigenforms with respect to all 7,,, p JN. However, by the theory of newforms developed
by Atkin and Lehner [10] and W. W. Li [42], there exists a subspace of Si(N, ), denoted
by Sp"(N, ), called the space of newforms which has an orthogonal basis of eigenforms
with respect to all 7j,, p /N, U(p), W, p|N. These basis elements, which are eigenforms
with respect to all the Hecke operators, are called Hecke eigenforms. In the above, the

Atkin-Lehner W-opreators W), for p|N are defined as follows. Let p|N, with p*||N (i.e.,

p*|IN, p**1 JN), then

where a, b, c,d are integers satisfying the properties, p?*ad —Nbc = p* andb=1 (mod N'),
N’ being the conductor of y. The operators W, are independent of the choice of the rep-
resentatives a,b,c,d and satisfy the property that sz = x(N/p%). In particular, Wg =

Identity, if y is the principal character.
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1.2.2 Modular forms of half-integral weight

For complex numbers z and x € C\ {0}, we let z¥ = %%, logz = log|z| +i arg(z), —7 <
arg(z) < m. let { be a fourth root of unity. Let G denote the four-sheeted covering of

GL; (Q), defined as the set of all ordered pairs (o, §(z)), where ¢(z) is a holomorphic

a b
function on H such that ¢2(z) = ¢ 2&% and o = € GLy (Q). Then G is a group
c d

with the multiplicative rule: (¢, ¢(z))(B,¥(z)) = (B, 9 (Bz)w(z)). Let k > 2 be a natural
number. For a function f : H — C defined on the upper half-plane H and an element

(a,9(z)) € G, define the stroke operator by

Flis1/2(0,0(2))(z) = 0(z) 2 f(az).

We omit the subscript k+ 1 /2 wherever there is no ambiguity. For the congruence subgroup

['o(4) and its subgroups, we take the lifting T'o(4) — G as the collection {(a, j(¢,z))},

a b
where o0 = €Ty(4), and

c d

jla,z) = (§> <_74)_1/2 (cz+d)'>.

~1/2

Here (&) denotes the generalized quadratic residue symbol and (=) is equal to either

1 or i according as d is 1 or 3 modulo 4.

Definition 1.2.3 Let M be a natural number. A holomorphic function f : H — C is called

a modular form of weight k+1/2 for To(4M) with character x(modulo 4M), if
. a b
Flis12(VJj(1,2)(2) = x(d) f(2),  forally= € I'o(4M),
c d
and f is holomorphic at all the cusps of To(4M). If further, f vanishes at all the cusps of

['o(4M), then it is called a cusp form.

The set of modular forms (resp. cusp forms) defined as above becomes a complex vector

space denoted by My, /,(4M, ) (resp. Siy1/2(4M, x)). If  is trivial character, then the
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space is denoted by M., /»(4M) (resp. Sy /2(4M)).

The Fourier expansion of a modular form f at the cusp infinity is usually written as

@)=Y as(n)q", q=e" .

n>0

For every positive integer n, the operator U (n) is defined as in (1.3). We define the

duplicating operator B(n), which is also defined on formal sums, by

B(n): Z a(m)q™ — Z a(m)g™.

m>0 m>0

For any f € My.1/2(4M, x) and a prime p { 2M, we define the Hecke operator T ( p?) by

1)
f1T(p) =Y, {af(”l?z) +x(p) (%) P ag(n) +x(p2)p2"_laf(n/p2)}q”,

n>0

using the recurrence relation and the commutation relations
T(p*" ) =T (p))T (p™) = p*'T(p*" V) (n>1)
and
T(n’m?) =T (n*)T(m?) (n,m) = (mn,2M) = 1,

one can extend the definition of T'(n?) for n € N, (n,2M) = 1. The operators T (n?) for
n€N, (n,2M) = 1 and U (n?) for n € N, n|2M are the Hecke operators on Micy1/2(4M, ).
Further, B(n) maps My /2(4M, %) into My 1 j(4Mn, X Xx), where , is the quadratic char-
acter (ﬁ) Finally for f,g € My 1/, (4M, x) with f or g is a cusp form, the Petersson inner

product is defined by

(f.8) = ig) /g_ F(2)2@V dudv,

where %4, is a fundamental domain for the action of I'g(4M) on H, igp is the index of
['o(4M) in SL,(Z) and z = u+ iv. For more details on the theory of modular forms of

half-integral weight, we refer to Koblitz’s book [35] and the work of Shimura [73].
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1.2.3 Examples of modular forms

Eisenstein series: Let k > 2 be an even integer. The normalized Eisenstein series Ey(z) of

weight k for SL;(Z) is defined as:

1
Ek(Z) == Z
2 (m,n)(GZz)\_{(IO,O)}

1

m. (1.5)

It is known that E} is a modular form of weight k for SL,(Z) for k > 4 and it has the Fourier

expansion
2k "
Ey(z) = 1= 2} o1(n)g", (1.6)
k n>1
where o,(n) = Y, d”, for any positive integer r and By’s are Bernoulli numbers defined by
dn
k
X X
-1 )3 Bkﬁ'

k>0

Because we use Eisenstein series in our work, we give the Fourier expansion of the first

few Eisenstein series:

Es(z) = 1+240Y o3(n)q", Eg(z) =1-504 ) os5(n)q",
n>1 n>1
Eg(z) = 1+480) o7(n)q", Eio(z) =1-264 ) o9(n)q",
n>1 n>1
65520
Ep(z) = 1+—— Z o11(n)q", Ei4(z)=1-24 Z o13(n)q".
691 n>1 n>1

When k =2, we have E»(z) =1 —24Y,>, 6(n)q" and it is the fundamental quasimod-

ular form of weight 2 for SL,(Z).

Generalized Eisenstein series: Suppose that ¥ and y are primitive Dirichlet characters

with conductors M and N respectively. For a positive integer k, let

By

S5 Om1+ ), Orpw(n) 4", (1.7)

n>1

Epyy(z) :==—
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where By y, denotes generalized Bernoulli number with respect to the character y and

O—15.y(n Z|:l,l/ x(n/d)d=".
dln

Then, Ey . (z) belongs to the space My (Lo(MN), x /), provided x(—1)y(—1) = (—1)*
and MN # 1. When y = y =1 (i.e., when M = N = 1) and k > 4, we have E} 5 y(z) =
—?—,’;Ek(z), where E} is the normalized Eisenstein series of weight k as defined before. For
more details we refer to the book of Miyake [49, Chapter 7] and the book of Stein [77,

Section 5.3].

Ramanujan Delta function: The Ramanujan delta function is defined as

Az) = ﬁ(&(ﬁ _E6(Z)2)

and it is the unique cusp form of weight 12 for SL,(7Z), with the Fourier expansion

=q[J(1-¢"* = Y t(n)q".

n>1 n>1

Here t(n) is the Ramanujan tau function.

The Dedekind eta function and eta quotients: The Dedekind eta function 1(z) is defined
by
=q"* 104", (1.8)

n>1
Note that 724(z) = A(z). An eta-quotient is a finite product of integer powers of 1(z) and
we denote it as

S
Hn"‘(dm) =di'dy -dy, (1.9)
1=

where d;’s are positive integers and r;’s are non-zero integers.

Poincaré series: Let k,n,N be positive integers. The n-th Poincaré series of weight k for
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['o(N) is defined by

Pk,N;I’l(Z) = Z (CZ_'_d)—kezﬂinYZ, (110)
YELL\Lo(N)
a b 1 ¢
where y = andI'. :=< + ‘ t € Z ;. Itis known that P y., € Sk(N) for
c d 01

k > 2 and it is characterized by the following property.

Lemma 1.2.4 Let f € Si(N) with Fourier expansion f(z) = Y. as(m)q"™, g = e*™=. Then
m>1

U Pova) = (garas (o).

The following familiar result tells about the growth of the Fourier coefficients of a modular
form in which the first statement can be easily obtained and the second is due to P. Deligne

[24].

Proposition 1.2.5 Let as(n) be the n-th Fourier coefficient of a modular form f € Mi(N).

Then for any € > 0, we have
ar(n) <g n*=172,
and when f € S} (N) is a (normalized) Hecke eigenform, then

k—1

af(n) <enz &
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CHAPTER

Representation formulas for certain

quadratic forms and some applications

In this chapter, we give a consolidated version of the results published in [61, 62, 63, 64,
65]. In these works, we have obtained explicit formulas for the number of representations
of a natural number by certain quadratic forms in 2k variables, k = 2,4,7,9,11,12, 14,
with certain integer coefficients. As applications to our formulas, we derive a new formula
for the Ramanujan tau function and also deduce certain convolution sum identities of the

divisor functions.

2.1 Introduction

One of the classical problems in number theory is to find explicit formulas for the number
of representations of a positive integer by positive definite integral quadratic forms. In this
connection the classical theta function defined by ©(z) =Y,c7 ¢", g =€ and z € H,
plays a key role. After the initial works of Gauss, Jacobi, Lagrange, Glaisher and others, it
was S. Ramanujan [66] who first gave a general formula for the number of representations

of an integer n > 1 as a sum of 2k squares. This number is denoted by rp;(n) and it is

17
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nothing but the n-th Fourier coefficient of ®%(z). There are numerous works on finding
formulas for the number of representations corresponding to various types of quadratic
forms by many authors and the methods vary from elementary to sophisticated tools. In
this chapter (for most part of the results), we use the theory of modular forms to get such
formulas. Here we consider different types of quadratic forms in 2k variables, where k =
2,4,7,9,11,12,14, which are specified below. In this direction, we have obtained such
results in five publications and in this chapter we summarize them and give a consolidated
presentation of these results. There are two main applications of our results. One of them
is a new formula for the Ramanujan tau function (which is the Fourier coefficient of the
unique cusp form of weight 12 for the group SL;(Z)) and the other one is finding certain
convolution sum identities of the divisor functions as a corollary to some of our results. A
few references which motivated us to undertake this investigation are [1, 2, 3, 5, 6, 7, 8, 40,
41] and related references in these works. The quadratic forms considered in our works
can be put into three types, which are given below. We present them seperately by giving a

brief history of earlier works and about the results that appear in this chapter.

r r+t
1. 2 : Zaixiz—i— Z bi(x3, | X0 Xoi X3, r+2t =2k, k=24,
i=1 i=r+1

7.9.11,12,14 and ¢; € o C {1,2,3,4,6,8},!7,- cBC {1,2,4,8}.

2.1)

When ¢t = 0, there are many works in finding formulas for the number of representations
of a natural number by sums of 2k squares. In this chapter we consider the case r = 8. The
same case with different set of coefficients were considered by many authors [5, 6, 7, 8, 40,
41]. When r = 0, general formulas were given by Lomadze [47], for k < 17. The caset =6
with b; = 1 was treated by Xia-Yao [80] and the cases t = 8,10, 12 with b; = 1 were done
by Ramakrishnan-Sahu [59, 60]. B. Kokliice [40] also considered similar quadratic forms
in 8 variables with certain integer coefficients. In his book [79], K. S. Williams considered

certain cases of all these three types of forms.
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In this chapter, using techniques from modular forms, we obtain explicit formulas for
the cases r+ 2t = 2k, withk =4,7,9,11, 12, 14 with the coefficients a; € o C {1,2,3,4,6,8},b; €
A C{1,2,4,8}. As a consequence to the formulas for the case r =0, t = 12, we deduce a
new formula for the Ramanujan tau function. This is explained in detail in the applications

section §2.3.1.

2. Qa,f : x%+x1x2+ax%—|—€(x§+x3x4—|—axi), (a7£) € {(175)7(272)7(273)7

(2,4),(3,2),(3,3),(4,2),(5,1),(5,2)}. (2.2)

The starting point of this problem is the work of Ramanujan [66], who gave a formula
for the number of representations of a positive integer by the quadratic form 2;; =
x% + x1x2 +x% +x§ + x3x4 —|—xﬁ. There have been many generalizations of this result. In
the table below we give the list of results obtained in this direction (including the results

obtained in our work [63] and presented as Theorem 2.2.2, in this chapter).

[Theorem 2.2.2] | Past works Author(s) References
(a,0) (a,1) (earlier works)
(1,5) (1,1) Huard et al., Lomadze [30, 47]

(2,2), (2,3), (2,4) 2,1 Ramanujan, Berndt, [66, 12]
Chan-Ong, Williams [17, 78]

(3,2), (3,3) (3,1 Chan-Cooper [16]
4,2) 4,1) Cooper-Ye [23]
(5,1), (5,2) - - -
- 6,1) Chan - Cooper [16]
- (7,1) Dongxi Ye [81]
3. 201y, £2a®j 21 1< j<A4 (2.3)

Formulas for the quadratic forms 2, ; were earlier obtained in [12, 17, 66, 78]. In this
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chapter we use the theory of modular forms to get formulas for the number of representa-
tions of a positive integer by quadratic forms 2, 1) ;;1 < j < 4. While using this method,
as an application, we derive certain convolution sums of the divisor functions (details ap-

pear in §2.3.2).

2.2 Statement of theorems

In the formulas presented in the theorems of this section, we denote by 7 y.;(n) and
Tk N,x.j (1), the n-th Fourier coefficient of j-th newform in the space S} (N) and S} (N, x)
respectively. If there is only one newform in the the respective spaces, we omit the sub-
script j and write them as 7; y(n) and 7 v 4 (1) respectively. Explicit descriptions of these
newforms are given in §2.4.3.

In the following theorem (which corresponds to the quadratic form 2, given by (2.1)),

we give a consolidated version of results obtained in [61, 62, 63].

Theorem 2.2.1 ([61, 62, 63]) Let Ny(<7;n), Ny(%#B;n) and Ni(<f : B;n), denote the num-
ber of representations of a natural number n by the quadratic form 2 witht =0, r =0

and r,t # 0 respectively. Then

Ni(#/sn) = Y, i Ari(n), (2.4)
1<i<l(k,o)

N(%;n) = Y PBriBi(n), (2.5)
1<i<t(k, )

N (o - Bin) = Z Yei Cri(n). (2.6)
1<i<l(k, ,B)

Where ((k,o/) = dimMy (N1, xn,), with Ny = lcm(4ay,4az,. .. ,4a,), a; € o,

U(k, %) = dimM; (N2, Xn,), with Ny = lem(3by,3ba,--- ,3b;), bi € B,

Uk, ,B) = dimMy(N3, xn,), with N3 = lem(4ay,4ay, . .. ,4a,,3b1,3ba,- -+ ,3b;),

aj€ A, b;c Band yy, = (M> is the quadratic Dirichlet character modulo N; (kronecker
symbol). Further, Ay ;(n),By ;(n) and Cy j(n) are the n-th Fourier coefficients of i-th basis

element of My (N1, Xn, ), Mx(Na, Xn,) and My (N3, Xn,) respectively. Explicit values of k and
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the sets o/ , % considered in this theorem are tabled below.

Formula 2k o B N; Ref.
Ne(sn) 8 {1,2,3,4,6} - Ny =48 | [6]1]
8 {1,2,4,8 - Ny =32 | [63]
8 - {1,2,4,8} | Ny =24 | [62]

Ne(B;n) | 14, 18, 22,
24, 28 - {1} Ny =3 | [64]

Ne( : Bin) 8 {1,2,3} | {1,2,4,8} | Ny=24 | [62]

In the case r =0 and # = {1}, we give explicit formulas for N, ({1};n) when k=7,9,11,12,14,

below. We also use the notation sy (n) for Ni({1};n).

n/d d 3 (d 216
d|n d|n
2187« (n/d\ § 27 o (d\ g 24x27x1728
= Iy (MAY 8L 2y (L) y ,
s18() 809 £ ( 3 ) +809;<3> + 300 ©3xs1()
24 x 1728
+ —gpg D332, (2.8)

729 (nd\ 40 3 d\ ., 81x748
s(n) = 1847dn( 3 >d 18472(3)d + 5035 ()

dn
729 x 748
el . .
9235 T3, 52(n), (2.9)
6552 240 x 1186848
0 7 3) b
$24(n) 73><691(G“(”)+ P01 (n/3)) + 5513 a‘;&o 03(a)%.3(b)
a+b=n
29824 504 x 261344
0 gy = 2 b 2.10
691 T(n) 50443 a_;NO 65(a>/r6,3( )7 ( )
a;kb:n
12 12448 x 504
- < 2187 3)
$28(7) 1093 (613(”) o13(1/3) )+ 505 a;NOGS )%8.3(b
a+b=n
107264 x 12 107264
R X L b)—3 py | 4+ L%
o | Zot@re)=3 T olaets) | + el

a+b=n 3a+b=n
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3016 x 480

1093 Y, oi(@)t5(b), (2.11)

a,bENO
a+b=n

where T(n) is the Ramanujan tau function and <%> is the Legendre symbol. Along with
explicit values of the Fourier coefficient Ty y(n), T N 5. (1), we give explicit bases for the
spaces Mi(N1, XN, ), Mi(Na, xn,) and My(N3, Xn,), in §2.4.2. The constants Oy ;, By; and
Yi,i appearing in the (2.5)-(2.6), are given in the tabular form in the Appendix (Table 5.1 —

Table 5.16).

In the following table, we list a few values of the Fourier coefficients corresponding

to the cusp forms (except for the Ramanujan tau function 7(n)) appearing in the above

formulas.
" 1 2 3 4 5 6 7 8 9 10
Coeff.
T6.3(n) 1| -6 9 4 6 -54 -40 168 81 36
73,3(n) 1 6 =27 -92 390 -162 -64 -1320 729 2340
73,0 4(1) 1 0 =27 64 0 0 -286 0 729 0
03,4 5:1(n) 0| 1 | -3 0 -10 45 0 8 270 0
T9 3,y 5:2(1) 1| -15 90 -248 150 837 -1750 -120 1593 5040
T3, 3:1(1) 1 | 240 | 2133 | 304 | -25440 | -12960 | 17234 | 318720 | -174231 | 76320
T3, 3:2(n) 1 0 -27 304 0 6480 17234 0 -57591 76320

In the next theorem, we consider the quadratic form 2, 4, given by (2.2), and present a

part of the result obtained in [63].

Theorem 2.2.2 ([63]) Let N, ((n), denote the number of representations of a natural num-
ber n by the quadratic form 2, where (a,l) € {(1,5),(2,2),(2,3), (2,4),(3,2), (3,3),
(4,2), (5,1), (5,2)}. Then

Nistn) = 20(n)+20(n/3) ~ 20(n/5) ~ = o(n/15)+ 27 15(n),
Nosln) = 30(0)+30(1/2)~ 2 0(n/T)~ X o(n/14)+ 273.14(0n)
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Nas(n) = 50(n) = 20(1/3) + 5 0(n/T) = S0 (n/21) + 521 (n)
Noaln) = 26(n)+20(n/2) +50(n/4) ~ 5 0(n/7) = 6(n/14)
_ 53—60(;1/28) 4 212,14(;1) 4 212714(;1/2),
Nsa(n) = 20(n)—46(n/2)+220(n/11) — 446 (n/22),
Nss(n) = Jo(m)+20(n/3) S oln/11)~ 2 6(n/33) + 1ot ()
b mn(n/3) +5m50)
Naa(n) = %G(n)+6(n/2)+%6(n/3)—%G(n/5)+36(n/6)—56(n/10)
— 26(1/15) ~ 156(1/30) + 5 2.15(n) + 2215(1/2) + 7 30(n),
Nsa(n) = %‘o(n)—73—66(,1/19)%12,19(,1),
Nsaln) = S0(0)— 20(n/2) + 15 0(n/19) ~ 222 6(n/38) + S o35 (n).

The explicit values of the Fourier coefficient T n(n), Tk N 5. (1) are given in §2.4.4.

Next, we present the result obtained in [65] corresponding to the quadratic forms
Lo, = 2210221 = (x% +Xx1X2 + Zx% —|—x% + x3x4 + in) + j(x% + X5x6 + Zx% —|—x% +

X738 +2x§) for 1 < j <4, as given by (2.3).

Theorem 2.2.3 ([65]) The number of representations of n € N by the quadratic form 3(2,1), ]

(1 < j <4), denoted by Nj(n) and is given by

24 1176 16
Ni(n) = ?Gg(n)—k?@(nﬂ)+?T477(n), (2.12)
24 96 1176 4704 48
Nz(l’l) = 563(1’1) + 563(11/2) + FG3(”/7) + 2—563(71/14) + ET477(I’Z)
192 28
= - ) 2.
+ == Ty7(n/2)+ 52 T,14;1(n), (2.13)
12 108 588 5292 32
N3(l’l) = EG},(”) + §G3(I’l/3) + 2—563(11/7) + 2—50-3(7’1/21) + 57477(7’1)
288 56
+ S T1(n/3)+ - Ta212(n), (2.14)

25 25
6 18 6 294 882

Ni(n) = A0s(n) + 52 05(1/2) + 5005(n/4) + e 03(n/T) + = 03(n/14)
1704 356 316 oig

—_— 28) — — - — 2
75 63(11/ 8) 1756‘1(11) 75 C2(I’L)+ C3(n)+ 175 C4
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1328 336 664 10432 10432

5% C5(I’l)—|—?C6(I/L)—§C7(Vl)+ 5% cg(n)+ 5% co(n). (2.15)

The explicit values of the Fourier coefficient Ty n(n), Tk y.j(n) are given in §2.4.5. Also
cj(n);l < j <9, are the n-th Fourier coefficients of eta-quotients fj(z);l < j <9, which

are defined at the end of §2.4.3.

In the following table, we list some values of the Fourier coefficients corresponding to

the cusp forms appearing in formulas given in previous Theorem.

2.3 Some applications to our formulas

2.3.1 A formula for the Ramanujan tau function 7(n).

For a positive integer k, let Fj, denote the quadratic form in 2k variables defined by

k

2 2
Fre(x1,x0,...,x0k) = szj—l +X2j1X2; + X3,
j=1

and the number of representations of a positive integer n by the quadratic form F; is denoted

by sox(n). Numerically it is defined by

s2x(n) :#{<x1ax27"' k) € Z2K 1 Fy(x,x0, -+ xo) = n}, (2.16)

We remark that Fj is nothing but k-copies of the quadratic form 21 = x% + x1x0 -l—x%. It

is known due to Liouville (ref. [79]) that
s4(n) = 120(n) —360(n/3).

Therefore one can use the duplicating techenique to get formulas for s4(n),k > 1 and
this method gives an expression for s4(n) in terms of the convolution sums of & (n),

namely Z o(l)o(m). So in principle one can get formulas for s;(n),4|k, using the

al+bm=n
1,meN
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above method and by evaluating convolution sums. We also remark that the evaluation of
convolution sum involves two different methods, one using certain combinatorial identities
and the other method use the theory of quasimodular forms. For 1 < k < 6, formulas for
4% (n) are known due to J. Liouville [44], J. G. Huard et. al. [30], O. X. M. Yao and E.
X. W. Xia [80], B. Ramakrishnan and B. Sahu [59]. Most of these works make use of the
convolution sums of the divisor functions to evaluate the formulas for sy (n).

In this section we use our formula for sy4(n) as given in Theorem 2.2.1 and the cor-
responding formulas given by G. A. Lomadze [47, p.12], to get a new expression for the
Ramanujan tau function 7(n).

In [47, p.12], Lomadze gave formulas for sy;(n), 2 < k < 17. For k = 12, Lomadze’s

formulas is given by

1 291096
—— (6552 729 3 L.
suln) = 52— (6552011 (n) + 729011 (n/3)) + S —Lizs(n)
+ 864L12;6(n)+36OL12;4(n)>, 2.17)
where Ly3.4(n),L2.6(n) and Ly;.g(n) are given by
Lipa(n) = Y 1215x} —2268nx$ + 1260n°x — 210n°x] + 50, (2.18)
X1 €Z
Fy(xq ,]..?xg):n
Lipg(n) = Y 135x} —54nxf + 217, (2.19)
X1 EZL
Fg(xl,,l..e‘XIG):n
Lipe(n) = Z 162x$ — 162nxT + 36n°x7 —n°. (2.20)

Comparing (2.17) with our formulas (2.10) (Theorem 2.2.1), we get the following relation

(after canceling a factor 50443 in the denominators),

29824 x 737(n) + 118684875 3(n)+261344753(n)+1186848 x 240 Y 03(a) 75 3(b)

a,beN
a+b=n
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291096
— 261344 x504 Y 05(a)Te3(b)= T Li2.8(n)+864L15.6(n)+360L12.4(n).
a,beN
a+b=n

(2.21)

In [59] and [80], the Fourier coefficients 73 3(n) and 7¢ 3(n) have been expressed as
sums of type that appears in Lomadze’s formulas. We give brief proof here (for details we

refer to [59, 80]). For k = 6 and 8, the formula in [47, p.12], are given as follows.

252 18

sip(n) = T (o5(n) —2705(n/3)) + BL6;2(n) (2.22)
240 16
s16(n) = H(67(n)+8167(n/3)>+HL8;4(H)’ (2.23)
where, Lgo(n) = Z 9x% — 9nx% +n? (2.24)
x1E€Z
Fz(xl.l.f)q)fn
and Lg4(n) = Y 45x7 —30nxi+2n°. (2.25)
X1E€EZ
Fy(xg ,lf,xg):n

The following are the formulas for sj(n) and sy6(n), obtained by Yao — Xia [80] and

Ramakrishnan—Sahu [59] respectively:

252 216

Slz(n) = E (0'5(1’1) — 2705 (n/3)) + F%ﬁ(n)’ (2.26)
240 1728

SlG(}’l) = H(G7(ﬂ)+81(77(n/3))+TT&_‘;(”) (227)

Comparision of these formulas (2.26) and (2.27) with (2.22) and (2.27), gives

1

76,3(’1) = EL@z(I’l), (228)
1

78,3(”) = @LSA(”L (2.29)

where Lg.»(n) and Lg.4(n) are defined by (2.24) & (2.25).

On substituting (2.28) and (2.29) in (2.21), we get the following formula for the Ra-

manujan tau function.
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Corollary 2.3.1 For an integer n > 1, we have

32668
12

1 [36387

1
_ Li». 108L». Z Lin) —
73%3728 | 35 L1zs(n)+108Lizg(n) + 3.24(n)

7(n)

Lep(n)

— 329680 ) o3(a)Lg.a(b)+1372056 ) Gs(a)L6;2(b)]a

a,beN a,beN
a+b=n a+b=n

where the sums Lj».g(n),Li2.6,Lg.4(n) and Le: (n) are given by the equations (2.19), (2.20),
(2.25) and (2.24) respectively. Note that both the sums Lg.4(n) and Lj3.4(n) involve the sum
depending on the quadratic form Fy(x,x»,x3,x4). So we combine them and denote it by

Zi(n), which is given as

164025x% — 306180nx5 4-45(3780n% — 4121)x}

S
I
g

—30(945n> — 4121)nx3 + 675n* — 8242n2> :

2.3.2 Evaluation of certain convolution sums

For positive integers a, b, n, define the convolution sum W, ,(n) by

Wap(n):= Y o(l)o(m), (2.30)

I,meN
al+bm=n

where o (n) is the divisor function. We note that W, | (n) = W 4(n), which is denoted by
W,(n). In the previous section, we observed that some of the formulas for s4(n) can be
derived using certain convolution sums of the divisor function o(n). In this section, we
demonstrate that a similar method can be adopted to get formulas for the number of repre-
sentations of a positive integer n by quadratic form of type 3, namely 2, 1 © j251,1 < j <
4. We demonstrate this method here and then compare these two sets of formulas (one by
this method and other one given by Theorem 2.2.3). We derive the following convolution

sums, presented as corollary to Theorem 2.2.3.
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Corollary 2.3.2 For a natural number n, we have

Wiln) = s+ o/ + (55— 56 ) ot + (555 ) o/
. %m( ), 2.31)
1 49 49 3

Waa(n) = o5 ()+ﬁ<’3(n/ )+@G3(n/7)+ﬁ03(n/ 4) = 35577
+ (5525 o2+ (55§ ) oM~ Seriatnr2)
+$T4 14,1 (n )+2L00T4 142(n), (2.32)
1 49 147

W3(n) = 002" )+m63( /3)+m03(”/7)+m63(”/21)

_%47() (2_14_%) o(n/3)+ <i—1n—2)6(ﬂ/7)

- 135 7(n /3)—11mf4212( )+ 632( T421:3(n) + Tap1:4(n))

+#168\/5_ (t4213(n) — T421:4(n)), (2.33)
War(n) = 520505(0) + 55 05(n/2) + 5 03(n/4) + 50031/ 7)

¥ a03(n/14) + - 03(1/28) + (i—%) o (n/4)

1 697 139
* (ﬁ B E) o/ + 1704001+ 224002
9 893 43 7
~ 3965~ 2704004 12003 ~ 396
241 881 178

+ T()()Cﬁ(n) — ﬁq;(n) — %CQ(H). (234)

The explicit values of the Fourier coefficient Ty n(n), T y.j(n) are given in §2.4.5. Also
cj(n);1 < j <9, are the n-th Fourier coefficients of eta-quotients fj(z);1 < j <9, as de-

fined at the end of §2.4.3.

For simplicity, we denote the quadratic form 2, | = x% +x1x + x% + x% + x3x4 + xi by £
and let R »(n) be the number of representations of a positive integer n by the quadratic form
2. In [78], K.S. Williams obtained a formula for R »(n) by using an elementary method,
which is given by

Ry(n) =40(n)—28c(n/7). (2.35)
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Let N;(n) be the number of representations of a positive integer n by the quadratic form

251® j221,1 < j <4 Then a formula for N;(n) for 1 < j <4, can be given as

Nim)p = ¥ ( x i X 1

a’b,ENO Q(X],"',X4):a Q(x57"'7x8):b
a+jb=n

= Ro()+Ro(n/)+ ¥, Rola)Ro(t)

— 40(n)—280(n/7)+40(n/j) —280(n/7)) + 16W;(n)

— 4 X 28W7;(n) — 4 x 28W; 7(n) +28*W;(n/7). (2.36)

We need the following convolution sums which are obtained earlier by E. Royer [69] and

A. Alaca, S. Alaca & Ntienjem [2]. For a natural number n, we have

Wi (n) = %63(71) + (% - g) o(n), (2.37)
Waln) = = o5(n) + %03(;1/2) 4 (% - g) o(n)+ (% - Z) o(n/2), (2.38)
Waln) = 5 05(n) + 3 05(n/3) + (i - %) o(n) + (21—4 - Z) o(n/3), (239
Waln) = 3 03(n) + 2 03(n/2) + 305(n/4) + (i - %) (n)

T (% - Z) o(n/4), (2.40)
Wisln) = 25503(n) + —505(n/2) + - 03(n/T) + <2 03(n/ 14

4 (i - 5”—6) o(n)+ (% - Z) o(n/14) — 3;—0r4,7(n)

—%m(n/z) _ 814%4;1(,1) _ ﬁu’m;z(n), (2.41)
Was(n) = 3305 05(n) + <1 03(1/2) + 1505 (n/4) + 5305 03(n/T) + - 3(n/14)

e oy(n/28) (% - 1%) o(n)+ <% - Z) o(n/28)

61712201061 (n) + 22234809062(”) N %803 (n) = 273;()9064(’1) N %05(”)
—%cé(n) + %m (n) — %%(n) _ %@(n). (2.42)

Before we proceed to prove Corollary 2.3.2, we need the convolution sum W5 (n) also,
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which we present in the following Lemma.

Lemma 2.3.1 For a natural number n, we have

Warln) = 5 0(n)+ %G(n/Zl) - %nc(n/Zl) - 8i4no(n) + ﬁ@(n)
+ %03(11/3) + %(9)063(71/7) + %03(11/21) — %74,701)
- %74,7(11/3) - ﬁm,zl;z(n) - % <T4,21;3 (n) + T4,21;4(n)>
- 1217—168 57 (ta213(n) — Ta214(m) ). (2.43)

The explicit values of the Fourier coefficient Ty y(n), T n.;(n) are given in §2.4.5.

Remark 2.3.1 The dimension of S} (21) is 4 and out of which two newforms have ra-
tional Fourier coefficients and the other two newforms do not have rational Fourier co-
efficients. In the latter case, the eigenvalues of the Hecke operators T (p) for p # 3,7
satisfy the quadratic polynomial x* 4 3x — 12, and therefore the eigenvalues (and hence
the Fourier coefficients) of these two newforms belong to the number field @(\/ﬁ) (57
is the discriminant of the quadratic polynomial). More precisely, the Fourier coefficients
T421:3(n) and t421.4(n) belong to the number field Q(v/57). However, the Fourier coeffi-
cients T421.3(n) + T421.4(n) and \/§<1'4721;3 (n) — 4214 (n)), appearing in above formula,

are indeed rational numbers.

Proof. The vector space M,(21) is 4 dimensional with a basis

{®13(2),P17(2),P121(2),A201(2) },

where the function &, ,(z) (for natural numbers a,b with a|b, a # b) is defined as:

1
q)a’b(z) - b—a

(bEz (bz) — aEz(az)> : (2.44)

Since E»(z)E»(21z) is a quasimodular form of weight 4, level 21 and depth 2, therefore we

can use the structure theorem for the space of quasimodular forms and the above basis for
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the space M;(21), to express E»(z)E>(21z) as follows,

1 9 49 441 576
Er(2)Ex(21z) = %EZ(Z) + %EALBZ) + %E4(7Z) + %E4(21Z) ——=M7(z
5184 144 40
EELLAYN — A “po “DE
73 4,7(3z) 5% 4212(2) + = D®121 (z) + 2(2)

66 30 66 30
+ [ —=V57— =) A4 — | == V57T+—= 3(2).
<133 . 7 ) +21:4(2) (133 . 7 ) As213(2)

Writing the n-th Fourier coefficients on both the sides of above equation, we have

12 108 588
5292 576 5184 144
+ 5 03(n/21) = =2 (n) — o=t (n/3) = S T212(n)

48 66 30
- — — 144 21)— | — e .
5 no(n) no(n/21) (133\/57+ 7 > T4.21:3(n)
66 30
+ (ﬁv 577> ”54721;4(n).

This equation gives the required formula for W, (n) as given by (2.43).

Proof of Corollary 2.3.2

We are now ready to prove the Corollary. Comparing the formulas for N;(n) obtained in

Theorem 2.2.3 and in (2.36), for each j = 1,2,3,4 , we get an expression for W; 7(n), which

involves the convolution sums W;(n) and W7;(n) for j = 1,2,3,4. Now making use of the

convolution sums W;(n),1 < j <4, Wi4(n),Wz1(n) and Wpg(n) (given by (2.37)-(2.43)),

we get the required formulas given in Corollary 2.3.2.

To illustrate the above method, we give details for the case j = 3 (other cases follows

in a similar way). From Theorem 2.2.3, we have

12 108 588 292 2
Na(n) = 5203(n)+ 52 05(n/3) + S5 03(n/7) + %63(11/21) + 2—514,7(,1)
288 56
+ T (n/3) + Sz Ta212 (n), (2.45)

25 25
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and from the equation (2.36), we have

N3(n) = 4o(n)+40(n/3)—28c(n/7)—28c(n/21)+ 16Ws(n) — 112W,; (n)

— 4% 28W;7(n) 4 282W3(n/7). (2.46)

On comparing these equations (2.45) , (2.46) and substituting the values of the convolution

sums Wi(n) and Wy (n) from (2.39) and (2.43), we get

Waa(n) — ﬁ@(n) + %63(11/3) + B /) + 2 i n)21) = 115 (n)

1200 400 175
1 n 1 n 9 1
+ (ﬁ - %> G(n/3) + (ﬁ - ﬁ) G(l’l/7) - ﬁ’b’477(l’l/3) — EM,ZI;Z(”)
5 11
+ ﬁ <T4’21;3 (n) + T4,21;4(n)> + 12768\/§<T4’21;3 (”) - 74,21;4(’1)).

This completes the proof.

2.3.3 Fourier coefficients of certain newforms

Recall that, for a positive integers k and n, sy, (n) denotes the number of representations of n
by the quadratic form Fj as defined in (2.16). In [59, 80], the authors obtained formulas for
the Fourier coefficients of certain newforms (as expressed in (2.28) and (2.29)). Using our
Theorem 2.2.1 (equations (2.47), (2.47) and (2.47)) and comparing the respective formulas
for k =7,9,11 as given in [47, p.12], we get expressions for 773 5 ,(n), 27793 5 ,.1(n) +
T93,0 3:2(n) and T113 5 5.1(n) + 97113 4 5:2(n). More precisely, from the equations (2.47),
(2.47) and (2.47) of Theorem 2.2.1, we have
sia(n) = 8712 <”éd> & ;Z (;l) o g sy (),

din d|n

797331*3;1 (n)

2187 d 27 d 24 x 27 x 1728
s15(n) <H/> o ( >ds+><x
d\n din

809 3 809 3 809
24 x 1728
+ -

809 T9~,377C73§2 (I’l),
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729 « (n/d\ 1o 3 d\ o 81x748
= Y (MR )a0 - oy (S a0+ T .
s22(n) 1847 d|n< 3 ) 1847 dn(s) T ogas raxs ()

n 729 x 7481 ( )
9235 11,3,3_3:2\11),

These formulas given by Lomadze in [47, p.12], are as follows:

d 3 (d 36
s14(n) = Z(’”) 72(3>d6+35 Y 15k —12mg 407,

dln F3(x1, X6)=n

2087« (n/d\ 5 27 «(d\ 5 1728
= — — | d°+ —= —1d°+ —= 63 36 2n?
s18(1) = %5 dm( 3 > T 309 o <3) 5663 Z xi =36 + 20

Fs(x1,+ x10)=n

729 o« (n/d\ 45 3 d\ o 748 A .
A S SCCA PFICT N o 4 il axt 24 .
s2(n) 1847d|n< 3 >d 18472(3>d Tigar L S4i-2nddn

dln F(x1, X14)=n

By comapring these two sets of formulas, we get the following corollary.

Corollary 2.3.3 The Fourier coefficients 773 5 ,(n), 27793 5 5:1(n) + 793 5 5:2(n) and
T 3,5 5:1(n) + 97113 4 42(n) of cusp forms of weight k =7,9,11, level 3 with character

X—3, are given respectively by

1
T30 5(N) = 0 Z 15)6‘]1 — 12nx% +n?,

F3(x1,+ x¢)=n

1
27193 5 41 (n)+ 93,7 32 (n) = 163 Z 63)6‘1l — 36nx% + 2112,
Fs(x1,+ x10)=n
5
a1 () F9Tays0(n) = o7 Y 5424+’

F7(.X] P ,.X]4):n

2.4 Proofs of Theorems 2.2.1, 2.2.2 and 2.2.3

We show that the generating functions for the quadratic forms corresponding to these theo-
rems are modular forms in the space My (N, x). The weight k is determined by the number
of variables in the respective quadratic form and N, ¥ are determined by the set of coef-
ficients appearing in the linear combinations of these quadratic forms. This is the main

ingredient in the proofs. First, we present some preliminary facts and results.
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2.4.1 Preliminary facts and results

The quadratic forms considered in this chapter are of the following two types:
(i) Sum of squares.

(ii) Linear combination of quadratic forms of the type x> +xy+ay*,a € N,a < 5.

The generating functions corresponding to these quadratic forms are given respectively

by
2
Ok = Y q",
nez
ga(z) _ Z qm2+mn+an2 q:eZﬂiz'
m,nez

It is known that ®(z) is a modular form of weight 1/2 on I'g(4) [35, Chap. 4] and the
generating function ¥,(z) € M, <4a —1,(z1) ) [71, Theorem 4].
Before proceeding to the proofs, we present below some basic facts about modular

forms.

Lemma 2.4.1 If fi € My, (N;, xi),k € N,i = 1,2 then fif> € My, +1,(N, X1X2), where
N = lem [N1,N;].

Proof. This is a basic fact on modular forms. For details, we refer to [35, Chap. 3].

Lemma 2.4.2 Let A be an integer or half-integer. If f € My (N, x) and d € N, then

My(Nd,y) if LeZ,
fldz) €
M)l,(Nda)CXd) if A€ %Z7

where Xg = (6—1) is the Kronecker symbol.

Proof. We refer to [35, Chap. 3, Proposition 17], for the case of integer weight modular

forms and [73, Prop. 1.3] for the case of half-integer weight modular forms.
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Lemma 2.4.3 For positive integers r and d, we have

(

Mr/2(4d7%d) if ris Odd,

©'(dz) € 4 M,5(4d,x—4) ifr=2 (mod 4),

M, )»(4d) ifr=0 (mod4),

and for positive integers dy,dy,ri,ry with 2 Jriry, we have

My ir) (4[611,612],%—411512) ri+r=2 (mod 4),
0" (d12)®"(drz) € 2

M@(“[a’l,dz],xdlczz) ri+r=0 (mod 4).

Proof. By Lemma 2.4.2, if f € Mi(N,x), then f(dz) belongs to My(dN,x'), where ' =
x if k is an integer and ' = xx,, if k is a half-integer. Next, if f; € My, (4N;, xi), i =
1,2 are two modular forms of weight k; (where k| and k; are integers or half-integers).
Then, it follows that the product f| f> is a modular form in My, 1, (4[N1,N2], ), where
v is a character modulo 4[N}, N;]. If both the weights k; and k; are integers, then the
resulting form is of weight kj + k (which is an integer) and so y(—1) = (—1)kitk =
x1(—=1)x2(—1), implying v = x1x2. If k1 + k» is half-integer (say) with k; integer and
ky half-integer, then x;(—1) = (—1)¥ and y;, is an even character modulo 4N,. Since the
resulting form is of half-integral weight, we must have y an even character. Therefore,
W = X1X2, 1f k1 is even and ¥ = Y1 X2X—4, if k1 1s odd. If both k; and k; are half-integers,
then the resulting form is of integer weight k| + ko. If k| + k3 is an odd integer then ¥ x>
is an even character and the character of the space should be ¥ x2x—4 instead of x;x». For

details we refer to [35, Chap. 4, Proposition 3] and [73, Proposition 1.3].

Lemma 2.4.4 The vector space My(I'|(N)) is decomposed into the space of modular forms
of Nebentypus as follows.

Mi(T'1(N)) = ©xMi(N, %),

where the direct sum varies over all Dirichlet characters modulo N if the weight k is a
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positive integer and varies over all even Dirichlet characters modulo N, 4|N, if the weight
k is half-integer. Further, if k is an integer;, one has My (N, x) = {0}, if x(—1) # (—1)k. We
also have the following decomposition of the space into subspaces of Eisenstein series and

cusp forms:

Mk<N7X) = gk<N7X) @Sk(N7%>7

where &(N, ) is the space generated by the Eisenstein series of weight k on To(N) with

character x and Si.(N, x) is the subspace of M(N, x) consisting of cusp forms.

Proof. For a proof, we refer to [35, Chap. 3].

Lemma 2.4.5 By the Atkin-Lehner theory of newforms, the space Si(N, ) can be decom-

posed into the space of newforms and oldforms:
Sk(N, ) = i (N, ) & S (N, ),

where the above is an orthogonal direct sum (with respect to the Petersson scalar product)

and

SN 2) = D S (nx)IB(d).

r|[N,r<N
rd|N

In the above, S7® (N, ) is the space of newforms and S{'*(N, %) is the space of oldforms

and the operator B(d) is given by f(z) — f(dz).

Proof. For a proof, we refer to the works of Atkin-Lehner and W.W. Li [10, 42].

For more details on the theory of modular forms of integral and half-integral weights,

we refer to [10, 35, 42, 49, 73].
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2.4.2 Proof of Theorem 2.2.1

First we use Lemmas 2.4.1 and 2.4.2 to show that the generating functions are modular

forms. Since ©(z) € M, »(4), by Lemma 2.4.2, we see that

H@(diZ) c Mr/z(Nth)v
i=1

where aj,az,--- ,a, belongs to o7 C {1,2,3,4,6,8} and Ny = lcm[4a;,4ay,...,4a,]. Also

X1 = (1&) is the quadratic Dirichlet character modulo Nj.

Next, we consider forms of type x> + xy +y?. We have already observed in §2.4.1 that
the generating function for the quadratic form x? +xy +y?, is given by ¢, (z) € M; (3, (g) ) .
So by Lemma 2.4.2,

G (biz) € My (3bi, (5) ) .

Now by Lemma 2.4.1, we have

1

Hgl (biZ) S MI(NZ,XZ),
i=1

where by,by,- -+ b, belongs to Z C {1,2,4,8} and N, = lem([3by,3by,- -+ ,3b,]. Also x» =

(g)t is the quadratic Dirichlet character modulo N,.

Finally, in the case of the mixed type, we have the following. Using the above modu-
lar properties of [T, ®(aiz), [T'_; % (biz) and Lemma 2.4.1, we see that the generating

function for 2 with r+ 2t = 2k, r,t # 0, is given by

ﬁ ﬁ ©(aiz)%(bjz) € Mk(N3, x3),

i=1j=1

where ay,ay, -+ ,a, belongs to o/ C {1,2,3,4,6,8} and by,by,---,b,; belongs to B C
{1,2,4,8). Also N3 = lem [4ay,...,4a,,3b1,--- ,3b,] and x3 = (’ﬁ) (5)" is the quadratic

Dirichlet character modulo N3.
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Case (i): The caset =0 and r = 8.

This is the first case of sums of squares with coefficients aj,as, - - ,ag belongs to o7 C
{1,2,3,4,6,8}. The generating function is [T, ®(a;z) € M4(N1, 1), as observed above.
Where (N, x1) € {(167?(8)7 (24,%0), (24, 28), (24, X12), (24, x24), (32, %0) (32, x3) . (48, %0),
(48, x3), (48, x12), (48, )(24)}. The list of modular form bases corresponding to these val-
ues of (Ny, x1) are given in the following table 1. Now, we express the generating function
corresponding to each case as a linear combination of basis elements in M4(N,x). By
comparing the n-th Fourier coefficients both the sides we get the required formula for
N4(a7;n). The constants 0y ; appearing in the linear combinations (2.5), are determined
using the known bounds (for example, Sturm bound) for the Fourier coefficients of mod-
ular forms and we used SAGE [70] for carrying out these computations. We present the
coefficients a4y ; (appearing in (2.5)), in the appendix at the end of the thesis (Table 5.1 —
Table 5.11).
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2.4.3 Description of some of the basis elements appearing in Table 1

The normalized Eisenstein series of weight k for SL,(7Z) is denoted as Ej(z) and the gen-
eralized eisenstein series of weight k for characters ) and y is denoted by Ej , y(z). Both

these Eisenstein series are defined in §1.2.3.

The unique newform in the space Si(N, ), is denoted by A v (z) and we write it’s

Fourier expansion as follows:

ANy (z) = Z Tk, N,y (n)q". (2.47)

n>1

In case if there are more newforms in the space Si(N, X ), we put an indexing in the suffix
and denote the j-th cusp form in S}”(N, x), by Ax v 4. (z). We denote Ty y 5. ;(n) to be the
n-th Fourier coefficient of Ay v 4.i(z). When character y is trivial, we drop the symbol x
from the notation and denote it just by A ,.;(z) and the respective Fourier coefficient by
T n.j(n). In particular 7y y(n) denotes the n-th Fourier coefficient of unique cusp form of

weight k and level N.

In some case, instead of newforms of weight k, level N and quadratic charater ¥ modulo
N, we give general cusp form in the space Sx(N, x) and we denote it by f; y ,(z) with the
corresponding fourier coefficients ay y 5 (n). If there are more than one such cusp forms,
we put an indexing in the notation and we write it as fi n 4.;(z) (in order to distinguish
the forms). The corresponding n-th Fourier coefficients is denoted by ay n 4.;(n). Also,
fx.n:j(2) denote (j-th) cusp form of weight k, level N with a trivial character . Moreover

fxn(2) denotes a cusp form of weight k, level N with trivial character x.

Following the notation [T_, n'i(d;z) := d{'dy*---ds* for the eta quotients, we define
all the cusp forms appearing in above tables. First we define fy n(z),N = 6,8,12,24 as

follows,

faslz) = 12223%6%,  finn(z) =171223%4%¢* 127" — 172237 147162123,
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fas(z) = 2%4%, fare(z) =274416874 fi04(z) = 174211374436 1273,

Now in the following list, we give expressions for remaining cusp forms fi n 4.i(z).

f47877(8§1(z) — 1—22114—382 , f4,8,x8;2(z) — 122—34118—2 ,
farzgm(z) = 2713%426%1272 fiiagn2(z) = 3*43%672123
far2gna(z) = 223%47 1674127, fai2ga(z) = 14471672127
fa24 e (z) = 122137441610821274 | fa2ay0(z) = 1123371416987 1241 |
fana ye3(z) = 1712431638112124 ! fa24 yea(z) = 1722442682121,
fapayy5(2) = 2137241612724, faayp6(z) = 1702146187212/
fanape1(z) = 3726783123243, fanamn(z) = 3247673872124,
fa24m3(2) = 324776180122, fanapua(z) = 3767383127241
fa24704:5(2) = 324767387 112724°, Ja24,00:6(2) = 3241618721272245,
fa24 a7(z) = 3241618721272248, fa24p48(2) = 1137161872121248,
fa243040(2) = 22304167382, fa24 paii0(z) = 3243671274242,

In order to define some modular forms in the space S4(48,x12), below we define three

eta-quotients as:

1727867787312°247° = Y asus4,:1(n)q",
n>1

2733%4%678 731222470 = Y asa85,2(n)q",
n>1

1722232428112224" = ¥ a4454,,3(n)q"
n>1

Using the Fourier coefficients of these three eta quotients, we define modular forms

f4.48.71,:j(2);1 < j < 6 as follows,

faas g ()= Y asasyni(N)d",  faasgn2(@) =Y asss ()",

n>1 n>1

n=1(mod4) n=3(mod4)
Ja48.1,3(2) = ; asag 2", faa8224(2) = ; a4.48 22 (n)q",
n> nz
n=1(mod4) n=3(modd4)
frasyns(R) = Y, asasyna(n)d”s fassygne(R)= Y, asasyna(n)d

n>1 n>1
n=1(mod4) n=3(mod4)
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We have also used the notation f ® x(z), for a function f with Fourier expansion f(z) =
Y..>1a(n)q" and a Dirichlet character y. We define the twisted function f ® x(z) as f ®
x(2) = L1 x(n)a(n)q".

Following the notation for the eta-quotient mentioned above, we define

fil) = P24 f(z) = P2PTI4 filz) = 16272772142,
fa(z) = 17220701472, f5(z) = 42144282, folz) = 204721472286,
frz) = 20472280, fy(z) = 1121711473288, fo(z) = 2'4'147328°.

For 1 < j <9, we denote cj(n) to be the n-th Fourier coefficient of the cusp form f;(z)

defined above.

Remark 2.4.1 In most of the cases, we have obtained a basis of Sg(N,x) in terms of
eta-quotients. One can also construct bases which are not necessarily eta-quotients. We
remark that one of the problems in the theory of modular forms is to find a basis for the
space of modular forms of weight &, level N which are holomorphic eta-quotients. In this
direction, we refer to a work of J. Rouse and J.J. Webb [68], in which they give an intrinsic
characterization of level N eta-quotients. They also show that in the case when the modular
form is having integer Fourier coefficients and non-vanishing in the upper half-plane, the

modular form is an integer multiple of an eta-quotient.

Sample formulas (r = 0)

Here we give some sample formula for Ny4(<7;n), for some choice of the set o/. i.e.
we shall give some sample formulas for the following tuples: {(12,23,4%), (15,32,41),

(14,2132 41, (11,21 41 8%) (11,21 31 42 63)}.

The tuple (12,23,43) is corresponding to the quadratic form x? +x3 + 2(x§ +x2 —l—x%) +
4(x2 +x3 +x2) and the associated theta series is ©2(z)®°(2z)@>(4z), which belongs to

My (16, x3). Using the basis given in Table 1, we get

8 2 2
0%(2)0°(22)0°(47) = 71 () 77 B gy (20) 7 s e (2)
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34 92 16
+ ﬁf4787?(8§2(n) + ﬁf47877cs;1 (22) + ﬁf478,7cs;2(22)'

0,0, 2,2, 34 %2 E] appear in the table given in appendix (row 6 in

(The constants |- T 10 110 110 11

11>

Table 5.1, page 93). We have used SAGE to get these constants.)

Now comparing the n-th Fourier coefficient on both the sides of the above identity, we

obtain

8 2 2 34
Dh(la23#p§”)::TIOEX&1004‘TTOELxJﬁ/z)*‘TI“¢8J$IUQ‘¥11 as8 ys2(n)
92 16
+ 11a48x81(n/2) 11“%8xm2(”/2)

The other sample formulas given below follows in similar way.

14 54 238 252 918
AM(15,32,41;n)::AE;ca( )= 5 03(n/3) = 5= 03(n/4) + - 03(n/8) + ——=03(n/12)
448 972 1728 7 4
- 16) — —= 24) + —— 4 . -z
5 03(n/16) = —==03(n/24) + ——05(n/48) + 5503 4 (n) = Zaa(n)
27 16 176 1408
+ 50 O3t-ax-a (1/3) + Faas(n/2) — ——aae(n/4) — ——ass(n/8) +ass(n/2)

5
1 27
+ 27a478 (n/6) +4a4712(n) + 20614712(11/4) + *Cl4,16(n) — Za4’16(n/3)

+9M%WU2<jZ) Zamd)<7f>4%muxm<:j>—imudw<:f>,

832

Na(1%,2,37,415m) = — 22 031, (1/2) 4 2 031 (1/6) + 7 O a ()
B T S SRR SO
+9j:?6a4,8,xg 1(n/6)+ %04,8,)@;2(”) - Zi(s)i2a4 8.xs2(n/2) — 1475218 ass zs2(n/3)
34455166!4 8,xs:2(1/6) + 64618 g4 35:1(1) — 23?8 ag 24,51 (n/2) + 3421?0614 24, y5:2(1)

- 1142108 as 4 2(n/2) — 2411604 24,x5:3(1) + 2?56&4 24,25:3(n/2) — 6i?004,24,x8;4(n)
2(116172614 24 y5:4(n/2) — %Cm,m,;{s;s (n)+ ?CM,M‘;@;S (n/2)+ %M,M,xg;ﬁ(n)
3568

BT Q424 ys: 6(”/2)

1 1 11
Ny(1',21 41 8%:n) = gio-3( )—»5503(n/2)—-1603(n/16)——25603(n/32) 55a48()
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1 3

3 5 11
+ 20478(’7/2) +2a48(n/4)+ §a4,16(n) + g 42l (n)+ 104732,2(71) - §a4732,3(n)7

1 1 9 9
Ny(1',21,31 42, 6%n) = g03(n) = 203(n/2) = 203(n/3) + £ 03(n/6) +205(n/8)

— 320'3 (n/16) — 1863 (n/24) + 28803 (n/48) — 4a4,6(n/4) — 32a4,6(n/8) — éa478(l’l)

— 20473(11/2) + 304,8 (n/3) — 27761478 (n/6) + §a4712(n) +2Cl4 12(7’[/2) +6Cl4712(l’l/4)

- %a4,16(n) - 304,16(’1/3) + 204,24(’1) <2> + %a4,z4(n/2) < /2> +ag6(n) <n>

+ %04,12(11) <_n4> - %04,24(”) (_n4> :

Case (ii): The case r =0 and r = 4.

This corresponds to the second type of generating function H?ZI 9 (biz) € M4 (24, x0),
for the coefficients by, by, b3 and by belongs to {1,2,4,8}. Explicit basis for My (24, ) are
already provided in above Table 1. We use these bases and proceed as in the first case to
get the corresponding formulas for N4(%;n). The constants B4 ; (appearing in (2.6)), are

given in the appendix at the end of the thesis (Table 5.12).

Sample formulas (r = 0)

Here we give some sample formula for Ny(%;n), for some choice of the set Z. i.e. we

shall give some sample formulas for the tuples (13,2), (13,4) and (1,2,4,8).

The tuple (13,2) is corresponding to the quadratic form x% +x1x3 + x% + x% + x3x4 +
x3 +x2 4+ xs5x6 +x2 +2(x3 +x7x5 +x3) and the associated theta series is 47 (z)% (2z) which

belongs to My (6). Using the basis for the space My (24, xo) given in Table 1, we get

3 | 27 9
G@%1(22) = 5Ea(e) — SEa(2) — J5Ea(32) + 5Ea(62). (2.48)

27.0,2,0,0,0,0,0,0,0,0,0,0,0] appear in the table given in ap-

(The constants [40, —, 70U 35,

pendix (row 1 in Table 5.12, page 123). We have used SAGE to get these constants.)
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Now comparing the n-th Fourier coefficient on both the sides of (2.49), we obtain
N4(13,2;n) = 1803(n) — 4803(n/2) — 16203(n/3) +43203(n/6).

The other sample formulas given below follows in similar way.

Na(13,4;n) = 35—663( )—gcg(n/Z)—l—35—463(71/3)4—%63(11/4)—9;—263(11/6)
2 6 0/12) 4 Zane(n) + *ans(n/2),

Na(1,2,4,8;n) = gcg(n) —303(n/2) + 2?763(11/3)— 1263(n/4) — 2763(n/6)

192 1728 9 27

+ ?63(11/8) —10803(n/12) + ?63(11/24) ECM 6(n)+ ?04,6(”/2)
72 9 81

+ ?0476(11/4) + 5(1473 (l’l) + 7614.,8(”/3)

Case (iii): The case r+ 2t = 8 and r,# # 0. As prooved earlier, the generating function in

this case is given by
-

t
[10(aiz)-7 (bjz) € Ma(N3, x3),
i=1j=1

where ai,az, - ay € {1,2,3}, b1, ba, -+ by € {1,2,4,8} and (N3, x3) € {(24,%0),

(24, x3), (24, x12), (24, 9524)}. Using the bases presented in Table 1, we express these gen-
erating functions as linear combination of basis elements of My (24, ) and compare the
n-th Fourier coefficients to get required formula for N4(o7 : %;n). The coefficients 74 ;

(appearing in (2.6)), are given in the appendix at the end of the thesis (Table 5.13 — Table
5.16).

Sample formulas (7,7 # 0)

Here we give a few explicit formulas for Ni(</ : B;n), where o7 C {1,2,3} and # C
{1,2,4,8}. We give five explicit formulas corresponding to the tuples (1*:1?), (13,2!: 12),
(13,3':1%), (13,3 :1,2) and (12,2!,3' : 1,2).
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The tuple (14 : 1?) is corresponding to the quadratic form x% +x% —|—x§ —Hc%1 +x§ +x5X6 +
X2 +x3 +x7xg + x4 and the associated theta series is ©*(z)%7(z) which belongs to My (12).

Using the basis for the space My (24, xo) given in Table 1, we get

7 7 9 28 27
O (2)92(2) = =—E4(z) — ——E4(22) — —E4(32) — ——E4(42) + ——E4(6
()97 (2) 75 E4(2) = 150 E4(22) = 55 Ea(32) — o Ea(d2) + {55 Ea(62)
36 288
+ gE4(122)——f46( n)——fas(n/2) +12f42(m).  (2:49)
(The constants [75, lgo,—%,—%g, 12070,(), 32,0 —F —& ,0,0,0,12,0,0] appear in the ta-

ble given in appendix (row 1 in Table 5.13, page 124). We have used SAGE to get these

constants.)

Now comparing the n-th Fourier coefficient on both the sides of (2.49), we obtain

N4(14 : 12;n) = 15263( )—%63@/2)—% o3(n /3)—?63(;1/4)
-1-35ﬁ 03(n/6) + 175263(71/12) 752a476( )‘?6146@/2)—%1261412( ).

The other sample formulas given below follows in similar way.

26 108 6656
27648 168 1 1448 2496
17280 24 936 144
— sy Wsa2(n/3)+ jraaza g (n) + Ha4,24,x3;2(ﬂ) + gy Gz (n)
384 4032 48
= Ga2a () daoa s (n) = s aana e (n),
1 288 32
Ny(17,3": 1%:n) = g@;l,xlz(”) + §G3;xlz-,l(”) =+ 503;9(-4,9(-3 (n)
9 84 720 336
+ 23O (1) + 530125000 () + S aa12.000(n) + 2 as12,003(n)
864
+ 504712%2;4(”)7
1 144 16
N4(1373 D 1,25m) = gG&l,Xlz (n) + §G3;X12,1(n) - g63;)(7477(73 (n)
9 156 48 168

- 563;7(—371—4 (n) + §a4=127112;1 (”) - ga‘hlzyllzﬂ(n) - §a4~,127112;3 (n)
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456

- 504712%12;4(”)7
1 128 128
N4(12721731 t 1,2n) = EGSQLXM (n) + 563;7(24,1(”) + ﬁG&X—&X—S (n)
208 32 284

+ 59 T3t axs (n) + g7 %424 2001 (n) — 7904,24,x24;2(n) ~ g7 H424.103 (n)

368 1048 6224 7100
) a44, 44 (n) + Ea4,24,x24;5(") - Wa4,24,m;6(”) - W%%mﬁ (n)

21248 8 500

57 as o4 p08(n) + 30424149 (n) + 87@4,247;524;10(")‘

Thecaser=0,Z={1}andr=k=7,9,11,12,14 : a proof of formulas for N;({1};n) :=
sox(n), for k=7,9,11,12, 14.

As mentioned in the statement, we use sy, (n) in place of Ni({1};n). Recalling from

§2.3.1, for a positive integer k, let Fj, denote the quadratic form in 2k variables defined by

k
2 2
Fre(x1,x0,...,x0k) = Zijfl +X2j-1%2j + X3,
J=1

and the number of representations of a positive integer n by the quadratic form F; is denoted

by sox(n). Numerically it is defined by

s2x(n) =#{(X1,X2,“' k) € Z2% 2 Fr(x,x0, -+ xo) = n}

We remark that the quadratic form F; is nothing but k-copies of the quadratic form x% +

X1X2 +x%. Therefore, the generating function corresponding to Fj is given by

Gt 2) =Y su(n)g". (2.50)

n>0

Using the facts from §2.4.1, it is clear that, in order to get the required formulas for sy (n),
k=17,9,11,12,14, we need to find explicit bases for the vector spaces My (3,x_3) for

k=17,9,11 and M;(3) for k = 12,14, which are presented in the following table.
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Table : bases for the spaces M (3,x_3) for k =7,9,11, M5(3) and M 4(3).

Space @(ak(N7%) Sk(N7X)
M(N,yx) |dim. Basis dim. Basis
Mi(3,x-3) | 2 | {E713,:().E140,1()} | 1 {A735 4(2)}

Mo(3,%x-3) | 2 | {Eoay:(2),Eoy,1(z)} | 2 {Ag3y ,:j(2);1<j<2}

Mi(3,2-3) | 2 | {Enigs(@),Eiig 1)} | 2 | {Ansg.@@i1<j<2}

Mi>(3) 2 {Ei2(z),E12(32)} 3 {A(z),E4(2)Ag3(2),
E6(2)A63(2) }
M4(3) 2 {E14(2),E14(32)} 3 | {Es(z)A63(2),Es(2)A83(2),

3(3E2(32) — E2(2))A(z) }

In the above table, the Eisenstein series Ei(z), Ey y,y(2) are defined in §1.2.3. A(z) is the
cusp form of weight 12 for SL,(Z) and the remaining cusp forms used in the above table,

are described below.

A735.4(2) = (Ea(z) —E4(32))1° (2)n > (32),
Aoz y 51(2) = 1 (2)n"(32), Aosy 42(z) =1"(2)n(32),

A113, 3:1(2) = E4(2)M735 4(2), A113,5 52(2) = E4(32)A73,5 4(2).

Here, the cusp forms Ag 3 5 ,.1(z) and Ag3 4 ;:2(z) forms a basis for the space So(3, x—3).
As explained in the proof of Theorem 2.2.1, we express each of the generating function as
a linear combination of the corresponding basis elements. Below we give explicit linear

combination (we have used SAGE [70] to carry out these computations).

81 3 216

%7(1) = 7E7,1,x_3(2)—7 7,x_3,1(2)+TA7,3,x,3(Z),
2187 27 1119744
Y() = 200 203 () + gogEox 31(2) + —g o037 5 (2)
41472
809 A9737X73;2(Z)7
729 3 60588
@l = ——F ———F A .
1 <Z) 1847 ]]717)(73(2) 1847 ]]7)(7371(2)_{— 9235 11737)(—3’1(2)
545292

9235 Al 1,3,2-3;2 (Z)?
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g2(;) = %Elz( )+%Eu@zH%A(ZH%E&(Z)AM(Z)
+ 2560ff34E6 (2)A6,3(2),

Gz) = —ﬁE 4(z )+%E14(3Z) ig;gES(Z)Aﬁﬁ(Z)
—112:9428E6(Z)A 3(z )+%(3E2(3Z) Ex(2))A(2).

Comparison of the n-th Fourier coefficients on both the sides of the above equations gives
the formulas for sy, (n),k = 7,9,11,12, 14 respectively, as given in Theorem 2.2.1. For
example, for the first identity, comparison of n-th Fourier coefficients gives the formula for

s14(n), as follows:

81 3 216
sia(n) = 7667177(-3(”)—766,)(-3,1(”)+TT7,3,X73(”)

(e R
_ _2(27( ) <néd>>d6+2;—617737x3(n). 2.51)

The other formulas for sy, (n);k =9, 11,12, 14, are obtained in a similar fashion.

2.4.4 Proof of Theorem 2.2.2

Let ¢, ¢(z) denote the theta series associated to the quadratic form 2, . Then
Got(2) = Yu(2)9(12), (2.52)

where %,(z) is the theta function associated to the quadratic form x? 4+ xy + ay?, which is

defined in §2.4.1.
= ) g’ (2.53)

X,yeZ
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We already observed in §2.4.1 that ¢,(z) is a modular form of weight 1 on I'g(4a — 1) with

character (7).

By Lamma 2.4.2, Yu(lz) €M, (6(461_ b, (4 ‘ 1)> ’
q—

and by Lamma 2.4.1, Gut(2) = Y(2)9%(lz) € My <£(4a — 1)) .

Therefore the theta series ¢, ¢(z) is a modular form of weight 2 on I'y (6 (4a — 1)) with
trivial character. As described in the proof of Theorem 2.2.1, we construct explicit basis
for the spaces M, (Z (4a— 1)) for the values of (a,¢) as given in Theorem 2.2.2. We express
each of these theta series as a linear combination of basis elements of the respective space
of modular forms . Using SAGE [70] we compute the explicit constants. Explicit bases for

all the cases appearing here, are given in the following table.

Bases for the spaces M,(N), for N = 14,15,19,21,22,28,30,33 and 38.

Space &(N) Si(N)
My(N) |dim. Basis dim. Basis
My(14) | 3 | {@12(2), P17(2), Pr1a(z)} | 1 {A214(2)}
My(15) | 3 | {®13(2),P15(2), Prus5(2)} | 1 {A215(2)}
M>(19) | 1 {®@1.10(2) } 1 {A2,10(2) }
My(21) | 3 | {@15(2),@17(2), Pr21(2)} | 1 {A221(2) }
M(22) | 3 | {®12(2),P111(2), P122(2)} | 2 {A211(2),M0.11(22) }
M>(28) | 5 {®4(2);1 < d|28} 2 {A214(z),M0,14(22) }
M,(30) | 7 {®14(2);1 < d|30} 3| {Ar15(2),M0,15(22), A2 30(2) }
My(33) | 3 | {@13(2),@111(2), P133(2) } | 3 | {A211(2),A2,11(32), A0 33(2) }
M>(38) | 3 | {®12(2),P1,10(z), P138(2) } | 3 {A2,19(2),A2,10(22),

A2 38:1(2),M38:2(2) }

Here the function ®, ,(z) is defined by

Dy p(2) = % (bEz(bz) ks (az)) , (2.54)
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where E;(z) is the Eisenstein series of weight 2. The newforms which appear in above

table are described below.

M 14(2) = NN (2N (T2)n(14z),

Ay 15(z) = n(2)n(32)n(52)n(152),

Ay 30(z) = n(32)n(52)n(62)1(10z) —n(2)n(22)n (152)1(30z),

Mane) = g s (SN 92) - G2 (T O 212
+ 30*(2)n*(92)1°(632) + T (2)n*(32)n (92)n*(212) +30°(2)n (72)n*(92)n (63z2)
~ 3N (G212 (632) ).

Mi(z) = g+~ —q" 24— +4¢" 384+ +0(¢")

Masi(z) = ¢ +@+q" ——q" —* 24" +0(¢")
Maso(z) = g+ —@+q"—4¢ —q°+3¢" +¢* —24° +0(¢"°),

Ario(z) = q{¥(42)0(38z) — ¢*¥(2)¥(19z2) + ¢°©(22)¥(762) }2 ;
where the Ramanujan theta functions ®(z) and W¥(z) are defined as:

®(Z) — 775(2Z) \P(Z) = q—1/8 n:]ii)z) )

Note that we could not find explicit expressions for the newforms A; 33(z), A2 38:1(z) and
A 33:2(z). Using these bases given in above table, one can express ¥, ¢(z) (for each (a,¢)

as given in Theorem 2.2.2) as follows.

1 1 7 9
“%5(z) = —§¢1,3 (2)+ Z‘h,s(z) + gcbl,lS(Z) + EAz,ls(Z), (2.55)
1 1 13 2
D2(2) = —1gP120@)+ 3P+ g Pra(d) + 38214(0) (2.56)
1 3 21 1
“%3(z) = §q>173 (z) — §q3177 (z) + R@Lzl (z) + §A2721(Z) (2.57)
1 1 1 13 3
“Shalz) = —ﬁfphz(z) — ECI)IA(Z) + 6‘1)1,7(2) + ﬁcbl,m(Z) + 1431,28 (z)
4 8
+ §A2,14(Z) + §A2_14(2z) (2.58)
1 5 7
Go(z) = Eq’l,z(z) - 8(1)1’“ (z) + ZCDLzz(Z) (2.59)
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1 1 4 16 16
- —_— —® s —A M3
%5(2) 20 1,3(Z)+4 1,11(Z)+5 1,33(Z)+15 211(2) + 5 2.11(32)
1
+§A2733(Z)
Gia(d) = —®1a(2) — By a(2) + =By 5(2) — =B g(2) + D110 (2)
42(2) = =2 ®12(2) = 7 P1a(2) + 5 Pis(2) — 2 Prelz) + 1Pz
7 29 1
+ﬁ¢1,15(Z) + @‘1’1,30 (z) + §A2,15(Z) +A15(22) + Az 30(2)
8
bs1(z) = ‘1’1719(Z)+§A2719(Z)
1 9 37 4
F52(2) = 55P12(2) = {5 PL19(2) + 55 P1s(2) + A2382(2)-

(2.60)

2.61)
(2.62)

(2.63)

Using the definition of function ®, ;(z) defined by (2.54), we get the following identities,

1 3 5 15 9
= ——F — —FE5»(3 —FE>(5 —FE>(15 —A
1 1 7 7 2
— CBy(2)— ~E2(20) + —Ea(T2) + ~E>(142) + A
% 1(2) 7S 2(2) 5 2 ( Z)—i—l8 2 ( Z)+9 2 ( Z)+3 2.14(2),
21 3 7 441 1
©. = ————F —FE>(3z) — —E»(7 —F5(21 —A
1 1 1 7 7
= ——FEy(2)— —E»(22) — —E»(42) + —E —E>(14
% 4(2) 36 2(2) 36 2(22) 9 2 ( Z)+36 2(7Z)+36 (147
4 8
+ §A2,14(Z) + §A2,14(21),
Gr(2) = —Er(2)+ LEr(22) — L Er(112) + LB (222)
32(2) = —5E2(0) + ¢ E2(22) — 5 Ea(112) + -~ E2(222),
1 3 11 33 16
= ——F ——F —FE5(11 —F —A
45(2) 0 2(2) 20 2(3Z)+4O 2( Z)+40 2(33Z)+15 2.11(2)
16 1
+ ?Al,ll (3Z) + §A2733 (Z),
Ga(2) = —Fa2) — ~Fa(22) — Ea(32) + < Ea(52) — 2Er(62)
420 T gt T PR T g PRI T g Fale) g B
5 5 5 1
—FE5(1 —FE5(1 —F —A A 2
+ > »(10z) + 6 2 ( 52)+8 2(30Z)+2 2.15(2) +A2,15(22)
+A2,30(Z)>
1 19 8
“. = ——F —FE5(19 —A
5.1(2) T z(z)+18 2 ( z)+3 2.19(2),
1 1 19 19 4
= ——F —FE>(2z7) — —E>(1 —F —Aj 33 .
Y5(2) 50 E2 (@) + 15 E2(22) = 55 E2(192) + 1 E2(382) + A2 382(2)

)+ gEz(ZSZ)

(2.64)
(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

Comparing of n-th Fourier coefiicients on both sides of above equations (2.64) - (2.72),

gives all the required formulas, as given in Theorem 2.2.2.
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2.4.5 Proof of Theorem 2.2.3

As described in the proof of Theorem 2.2.2, ¢, /(z) € Mp(¢(4a—1)). For a =20 =
1, we see that % 1(z) € M»2(7). Now the generating function for the quadratic forms
L01),j(2) = 2219 j221; 1 < j <4is nothing but 9, 1) ;(z) = %.1(2)%2,1(jz); 1 <
J <4 and by Lemma 2.4.1, it belongs to the space M4(7),1 < j < 4. We write its Fourier

expansion as,

Yo1),;(2) = Y Ni(n)q".
n=0
Therefore, in order to get formulas for N;(n), it is sufficient to obtain explicit bases for
the spaces of modular forms M4(7j);1 < j < 4. The required formulas will follow by
expressing each theta series as a linear combination of basis elements and comparing the

n-th Fourier coefficients. In the following table, we list all the basis elements, which will

be used in obtaining the required formulas of Theorem 2.2.3.

Bases for the spaces My(7j),1 < j <4

Space | Dimension Basis

My(7) 3 {E4(2), E4(72),M47(2) }

My(14) 8 {E4(az);a|14,A4 7(bz);0|2,A4 14:1(2),A4.142(2) }
My (21) 10 {E4(az);a|21,A4 7(b2);b]2,A421.(2); 1 < j < 4}
M4(28) 15 {E4(az),a|28; fi(2),1 <i<9}

Here the Eisenstein series Ey(z) are defined in §1.2.3, and the cusp forms A4 7(z), A4.14:1(2),
A414:2(2), A4 21:j(z);1 < j < 4} are defined below:
(M (2)n° (72) +41°(22)n°(142))n*(2)n*(72)

Auale) = 1@z (14 |

9 A
Mian(d) = —ohar(d) 98472 + 2 (240, 14(0) +14E(140) - Ex(2).

A 142(2) = Aa7(2) —4847(22) — 543 14(2),

1 1 7 7
As21:1(2) = A221(2) (—ﬁEz(z) - gE2(3z) - ﬁE2(7z) + gEz(zlz)) ,

A4212(2) = A221(2) (éEz(z) — %E2(3z) — 17—2E2(7z) + %E2(21z)> .
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Further the newform A; 14(z) appearing in above expressions, is defined by A; j4(z) =
N(z)1n(2z)n(7z)n(14z) and the functions f;(z) appearing in above table, are defined at the
end of §2.4.3.

The dimension of the space S;°¥(21) is 4 and out of which two newforms have ra-
tional Fourier coefficients and the other two newforms do not have rational Fourier co-
efficients. In the latter case, the eigenvalues of the Hecke operators 7' (p) for p # 3,7
satisfy the quadratic polynomial x> + 3x — 12, and therefore the eigenvalues (and hence
the Fourier coefficients) of these two newforms belong to the number field Q(\/ﬁ ) (57
is the discriminant of the quadratic polynomial). More precisely, the Fourier coefficients
T4.21:3(n) and 74 21.4(n) belong to the number field Q(+/57). However, we note that both
T401:3(n) + T421.4(n) and v/57(T421:3(n) — T421.4(n)) are rational numbers. The Fourier
coefficients of newforms A4 21.3(z) and A421.4(z) lie in the real quadratic field Q(V/57).
Using the L-function database [46], we give their first few Fourier coefficients, which we
use in our computations.

@3¢+ ¢+ (3 —-V51)¢ +
7, =87 +2 557

-3—-v57
2

—34+4/57
Baga(?) = g+ =5

17 -3+/57 -9+/57 4
2 2 1

¢ 4+9¢° —3(114+V57)g" + (=3+5V57)g" +---,
17+3v/57 94+/57
f z\ﬁ‘f”‘f

+ Tq

As214(z) = g+ 7 +3¢ + ' +(3+V57)g ~
87+5v/57
fqg +9¢° —=3(11 =V57)g"" = 3+5vV57)¢" +--- .

Using the bases given in above table, we get following expressions for generating func-

tions,

Yona(@) = g5Ea(o)+ s B+ 5 Aus(2), 2.73)
Yonald) = 5soBale) + agEa(20) + 2o Ea(T2) + eEa(142)
F M)+ oA (20) + 2 ien (), (.74
%EA;(Z) + %Ezt(&) + %E4(7Z) + %E4(211)

288

32 56
+ 55847 (z) + §A4,7(3Z) + gmm(z), (2.75)
1

3 2 49
—F. ——FE4(2 —FE,(4 ——FE4(7
000 4(2) + 1000 4(22) + s 4(42) + 1000 4(7z)

Gonsz) =

g(z,1),4(2) =
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147 98 356 316
+ WE4(14Z) + EE4(28Z) - ﬁfl (z) — ffz(z) +2f3(2)
1014 1328 336 664
+ 75 fa(z) + 25 fs(Z)Jr?fé(Z)—gﬁ(Z)
10432 10432
+—= fs(2) + 55 fo(2). (2.76)

The formulas in Theorem 2.2.3 follow from comparing the n-th Fourier coefficients from

both the sides of the above expressions.
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CHAPTER

Ramanujan—-Mordell type formulas

associated to quadratic forms

In this chapter, we establish Ramanujan—-Mordell type formulas associated to the quadratic
forms x} +x3 4+ +xi_ | +xp +m(xp, | +xp, 5+ +x3,_, +x3,) withm € {5,8}. This
is an extension of earlier works by Ramanujan [66] (m = 1), Cooper et. al [22] (m =
3,7,11,23) and Dongxi Ye [82] (m = 2,4). This chapter is an expanded version of results

obtained in [76].

3.1 Introduction and the main theorem

In the long history of number theory, one of the classical problems is to determine exact
formulas for the number of representations of a positive integer n as a sum of 2k squares,

that is, the number of integral solutions of

2, 2 2 2
X\ +X3+ Xy Xy =1,

57
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denoted usually by rp(n). However, in this chapter we denote it by % (n). Such a classical
but interesting problem has been explored and studied by many mathematicians since it
was introduced. As a result, formulas for % (n) for various cases have been found. For
example, for the sums of 2,4, 6 and 8 squares, (reformulated) formulas for % (n) are

originally due to Jacobi [32]:

Fy(n) =4Y (?),

dn

Fr(n)=8Y d—32) d,

din dlt
P3(n) = —4% (_74) d*+ 16;’1 (%) d2,

Za(n) =16Y > —32Y d*+256) " d&°,
dln d|3 d|j

where, here and throughout this chapter, (l—)) denotes the quadratic character for the dis-

criminant D. The result for kK = 5, i.e., sum of 10 squares, was due (without proof) in part
to Eisenstein [26], and fully described (without proof) by Liouville [45]. The results for

1 <k <9 were all proved by Glaisher [27]. Now if one sets
O(1):= Y ¢7, q=¢" 1cH, 3.1)
then one has the well known relation

M@:i%wﬂ

where the theta function on the left hand side is a modular form of weight k with character
(;4)]( for I'p(4) (see Chapter 2 for more datails). By such a nice relation and thanks to the
theory of classical modular forms, we know that the modular form ®%¢(7) has the following
interesting decomposition

0%*(1) = E} (1) + G (1), (3.2)
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where E; () is an Eisenstein series whose n-th Fourier coefficient is some divisor function
in n, and Cy(7) is a cusp form whose n-th Fourier coefficient is of order substantially lower
than that of E;(7). Then as a consequence, formulas for Z(n) follows from equating
the Fourier coefficients on both sides of (3.2). Such a modular form theoretic intrinsic of
©®%%(7) indirectly allows Ramanujan [66], [67, Egs. (145)-(147)] to “completely” solve
(without proof) the problem in 1916. Now we state Ramanujan’s fascinating results and
for that we need the Dedekind eta function 11(7) = ¢"/** [, (1 — ¢"), defined in Chapter
1. Here and throughout the remainder of this work, we write 1, for 1 (m7) for any positive

integer m.

Theorem 3.1.1 (Ramanujan [66]) Suppose k is a positive integer. Let O(T) be the classi-

cal theta function defined by (3.1). Then

O* (1) =F(t)+0%*(1) Y o/ (3.3)
1<j<

where cy ; are numerical rational constants that depend on j and k,

2424
_ning

x=x(1): 8
2

Y

and Fi(7) is an Eisenstein series defined by

Fi(t) = 14+4) ———
j; L+g%

I
1) Gy A 1= (—1yrigi K2 1)
( )P (= 1= (=1)q

4D & ()Fe (D)) !
En 1+q% 1 g%~

Fy(t) = 1-

Foriq (T) =14+

)7(1@1).

J=1

Here % and &), are the Bernoulli numbers and Euler numbers, respectively, defined by
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Formula (3.3) of Theorem 3.1.1 was first proved by Mordell [50], utilizing the theory
of modular forms, and thus it is called the Ramanujan—Mordell Theorem (also called as
the Ramanujan — Mordell formula). Inspired by the beauty of this formula, it is natural
to consider extensions of this kind of results for other types of 2k-ary quadratic forms.
Recently S. Cooper, B. Kane and D. Ye [22], extended the Ramanujan—Mordell formula to
the 2k-ary quadratic forms x% + - +x% +m ()CI%Jrl + - +x%k), for m € {3,7,11,23} (for
which the associated modular form is @ (7)®X(mt)) and analogously obtained a beautiful
unified polynomial representation (or called Ramanujan—Mordell type representation) for
the cusp form component Cy(7). In [82], Ye further, extended this result to the cases
m € {2,4}. In this chapter, we treat the uncharted cases, m = 5 and m = 8, whose associated
quadratic forms have discriminants 20¢ and 32*, respectively, and obtain the corresponding
Ramanujan—Mordell type formulas. We conclude this section by stating the main results

of this chapter and presenting some explicit examples.

The generalized Eisenstein series E 4 y(7) corresponding to the characters x and y
has been defined in Chapter 1 (§1.2.3). However, in this chapter we use a different normal-

ization and define it as
2k

Gryy(T) = B_Ek,x,w(f)-
ky
Then its Fourier expansion is given by
2k 2k &
Gryw(T) = ——Eyy(T) = 81— =— Y Gk—14.y(0)q". (3.4)
Bk"’/ Bkvw n=1

Now we state the main theorem of this chapter.

Theorem 3.1.2 (Theorem 1.2, [76]) For m € {5,8}, let x,, = x,,(7) be defined by

MNNST s

_ né‘ni‘o
JRho (3.5)
Ny NangN3, ifm—8

712377136
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where Ny, = 1(m7). Let Fy ,(T) be defined by

( (= 1) B (T)— (= 1) 2Ep(27)+(—4) Erg (47) +5 Epy (57) — 5125, (107) 420y (2017)
—(—1)f+(—4)f—5420¢

ifk=20 and m =5,
G411, 2(T) + (—20) Gar1 4 o1 (Tfk=20+1>3 and m =35,
G1717X720<T) l‘fk — 1 and m = 5,

(_1)€E21(T)_(_1)EEZ/EézlgiiEﬂ(l6T)+32£E24(32T) ifk=20andm=8,

ifk=20+1>3andm=38,

\%Gl,l,H(r)Jr%GLLH(M) ifk=1andm=S8.

Furthermore, let [(k,m) be defined by

(

-2 ifk=20andm=>5,
3+1 ifk=20+1andm=>5,
2k—1 ifk>2and m=23,

2 ifk=1and m=38.

\

Then there exist rational numbers cy , j depending on k, m and j such that

1(k,m)
0% (1)0"(m7) = Fi () + 0 ()0 (m7) Y cppm i, (7). (3.6)
=1

Examples: For k = 1 or 2, the general formula (3.6) gives the following explicit identities.

o (—20\ ¢" NiM2M10M20
OT)O5T)=1+ ( ) + , (3.7)
()8(57) ,lz’l n J1-q" N4Ms
2 -8\ ¢" -8\ ¢* 4NN
0(7)0(87) = 1+§r§,1 ((7) g 2 (7) T _q4n> T3 s
B %771277322

, 3.8
3 MMNie (3-8)
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Sn
2 ng" ng*" ng*" nq
)=1 2 4 1
®*(7)0*(57) +Z< it Bl pe i Ll
On 20n 6.,,6
120 ng' - 40 - +2—"§n;° : (3.9)
l—gq —q mn;nsmn2o

o0 n 2n 16n 32n
@2 T @2 ST — 1 nq _ nq 8 nq _SZL
( ) ( ) +’;<1_qn 1_q2n+ 1—q16” 1_q32n

MNis nm MmN,

+3—553
Ninamng ’732 774 n3 N4t

(3.10)

Deduction of identity (3.7) from Theorem 3.1.2
This identity (3.7) corresponds to the case k = 1 and m = 5. In this case [(k,m) = 1. Now

from (3.6), we have
O(7)0(57) = F15(1) + O(7)O(57)c1 5,1x5(7T). (3.11)

Following the proof of Theorem 3.1.2, we find that ¢; 51 = 1. Using this along with the
expressions for Fy5(7), x5(7) from Theorem 3.1.2 and using the eta representation for

5
O(7), given by O(1) = %, above equation (3.11) becomes:

M NiMmansnsg
2.2 X 25 X I
My MNs5My > Mo
MMaMionz0

N4ns

O(1)0(5T) = Gy (1) +

= G1717%720(T) +

Now the identity (3.7) follows from above equation. The other identities (3.8), (3.9) and

(3.9)follow in a similar fashion.

Note: The identity (3.7) was first given by Berkovich and Yesilyurt in [11], making use
of Ramanujan’s summation formula. To the best of our knowledge, identities (3.8)—(3.10)
have not appeared in any literature, though equivalent forms of (3.9) and (3.10) were given

in [3] and [1], respectively.

In the next section, we give preliminary results needed for the proof of Theorem 3.1.2

and the proof is given in the last section.
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3.2 Some preliminary results

In this section, we present some preliminary results that will be used in the proof of The-

0 —1
orem 3.1.2. The group generated by I'o(N) and the Fricke involution Hy =
N O

is denoted by T'o(N)*. Further, for p*||N, To(N)™P" denotes the group generated by
I'o(N) and the Atkin-Lehner operator W), corresponding to the prime p. The Atkin-Lehner
operator W), corresponding to the prime p, is defined in Remark 1.2.1 (given in Chapter 1).
We shall need the cusps of the group I'o(4m)™ for m = 5,8, which are obtained among the
inequivalent cusps of the group I'g(4m), which are also inequivalent under the Fricke invo-

lution Ha,,,. For more details about the cusps of I'g(4m), we refer to [25, Chapter 3, pp. 98].

The following lemma gives the transformation formulas for the concerned Eisenstein

series under the Fricke involution.

Lemma 3.2.1 Let Gy 5 y(7) be defined as in (3.4). Then for k = 1,

1 (207)
G112 (_20‘5> = iv/20 GkJchzo(T)’
1 87)k
Gk,l,x_g ( ) = ( ) Gk717x_3(r)7

—5 7
and for odd k > 3,
1 (207)*
Gk 1,x 20 (_20T> = l\/% GkJC—ZO,l(T)?
1 V207K
GkuX—2071 (_ 20T> = i k,1,% 20 (T> ’
1 (87)k
Gy s <‘§> = ﬁkafg,l(T),

Proof. 1tis well known that the Fricke involution permutes the Eisenstein series. Moreover,
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as k is odd, the eigenvalues of the Fricke involution Hy are +i. Therefore, it follows that

1 (207)k
G172 (_ﬁ) = WG/(,%,ZOJ(T),
1 (87)*
Giy ¢ (—g) = ﬁG,@HJ(r).

Changing 7 to 7 20r and o~ respectlvely, in above equation, we get the other identities. For
k =1, The corresponding space is one dimensional and so they follow easily. For more

details we refer to [49, Chapter 7].

Lemma 3.2.2 Under the transformation T — T+ %, the following identities hold. When k

Is even,

E; <T+ %) = —Ek(T) + (Zk +2)Ek(27) — 2kEk(4T), (3.12)

and when k is odd, we have

Grly <r+%) = —G1y 2(T) +2Gr1 5 2 (27), (3.13)
Gry s <r+%) = —Gpy 1(T) +25Gry ,01(27), (3.14)
Griy s (’L’—F%) = —Gp1y.5(T) +2Gr 14 4(27), (3.15)
Gry 1 (r+ 2) ~Giry51(T) +25Gry 1(27). (3.16)

Proof. First of all, from the definitions of E;(7) and Gy y (7), we have

4k &

Ex(t) = 1-— Bt ox-1(n)q", (3.17)
n=1
dk+2 &
Got1,1, (7)) = 1= Borrg o Y Oty (M) (3.18)
) 20 n:l
A +2
Goki1,7 21(T) = “Buis Z Ok 52011, (3.19)

To prove (3.12), we observe that o} (2n) = (1 +2K)oy(n) — 2*0x(n/2), where oy (n/2) is
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defined to be zero if n/2 is not a positive integer. Then

1
Eny <T+ 5) + Ex(7)

= 2(1—ﬁ262k 12n)g° >
- 2(1—;_5,( 1<(1+22k_1)02k—1(”)_22k_162’<—1<n/2)>q2n>

= 2((1 +2% (1 - ;—i ilczk—l (")q2"> — 2% <1 - ;—fk iGZk—l(n/z)qzn>>
n= o

= (24 22K Exy(27) — 2% Ex (47).

For the proof of (3.13), we observe that

1
Gokr1,1,55(T + 5) + Gokr 11,50 (7T)
4k+2 &
- 2( (14 (= 1)) o1 ) (3.20)
sz+17x " ; ) 7% 20( )q
and
M+2 &
2Gos1 1.4 5 (2T) = 2(1 e Z oty (1/2)q ) 3.21)
2k+1,x— 20 n

It is now easy to check that the n-th Fourier coefficients of both the equations (3.20) and

(3.21) match. This proves the identity given by (3.13).

The proofs of other cases (3.14)-(3.16), are similar. We also refer to similar proofs

given in [22].

Along with all the above mentioned results, the order of vanishing of a modular form
at the cusps plays a crucial role in the proof. Throughout this chapter, we write ord,(f) for
the order of vanishing of a complex function f at the point s. The preceding two lemmas
are now used to compute the order of vanishing of Fy ,(7) at the cusp % and yield the

following results.
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Lemma 3.2.3 Let Fy , = Fy.;,(T) be defined as in Theorem 3.1.2. Then

2 ifkeven and m =15,

if k odd and m =5,

B[ —

ordy o (Fim) =
1 ifk>2andm=3§,

0 ifk=1andm=8.

Proof. Since F ,,(7) is a linear combination of the Eisenstein series or the generalized
Eisenstein series, it follows that it is a modular form of weight k with character (im)k
for Tg(4m). Also, we note that 7 : X (Tp(4m)) — X (Tp(4m)™) is a degree 2 projective
morphism, and that the cusp % of the latter modular curve ramifies as two cusps in the
former modular curve, each of ramification index 1. Thus, the local coordinate of the cusp
% remains the same, which is of width m, and one can proceed with the standard way to
compute the order of vanishing of F ,, as a modular form for I'y(4m). We give the proof
to the case k > 3 odd and m = 5, and the other cases follow in a similar way. When

k=2¢+1 >3, we have

2t+1)*F <2 :1>

T T
=(2t+1)7* <sz+1,1,;¢ 2 <m> +(=20)'Gar1.2.01 <21+1>)
» -1 1 / -1 1
=(271+1) Ga041,1,5 2 4112 + B +(=20)"Gors1,4 01 AT+2 T 2

—1 —1
—Gorr1,1,0 5 (m) +2G2041,1,% 5 (m)

—1
— (=2 l - 22[-‘—1 -2 l o
( 0) GZE‘.‘]JC*ZO,I <4T+2> + ( 0) G2£+]7X720>1 2T+1

by Lemma 3.2.2
20241 /2741 2! 2T+1
—k

2025+1 2r+1 26+1 271+1
l\/_ Gort1,0 90,1 o0

=27t+1)"
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/20 4742
— (—ZO)ZT (47 + 2)2”1 Gt 1,1, (2—0)

50 27+ 1

by Lemma 3.2.1

for some nonzero constant C. Hence, the order of vanishing of Fy , for odd k > 3 and
m =5 at the cusp % is 1/2.
The next two lemmas are useful for computing the order of vanishing of ®(7)®(mt)

and x,,(7) at cusps.

Lemma 3.2.4 If f(7) =[lyn N, for some positive integer N with k = %ZdIN rq € Z, with

the additional properties that

Y dry=0 (mod 24)
d|N

and

N
Y —rs=0 (mod 24),
d|N d

then f(7) satisfies

£(5527) = x@eratse)

a b
for every € I'o(N), where the character Y is defined by Jacobi symbol x(d) =

c d
<(*‘11)k3)’ s = [Tgpd".

Proof. This is a well known theorem on the modular properties of an eta-quotient. For
more details, we refer to [28, 52, 53].
In the following lemma we present the results obtained by Ligozat [43], Biagioli [14]

and Martin [48] on the order of vanishing of an eta-quotient at the cusps.
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Lemma 3.2.5 Let a, ¢ and N be positive integers with c|N and ged(a,c) = 1. If f(1) =
[av n;" satisfies the conditions of Lemma 3.2.4 for N, then the order of vanishing ord, . (f)

of f(7) at the cusp a/c is
Z gcd(c,d)’ry
24 i ged(e,N/c)ed’

As described in the Chapter 2, the classical theta series is given by an eta-quotient :

O(7) = % and in our new notation, it is given by
772
Q(1) = , (3.22)
nng

and x,,,(7) is defined in Theorem 3.1.2 is also an eta-quotient. Here, we recall that To(N)*

—1
means the group generated by I'o(NV) and the Fricke involution Hy = . Also, for
N O

p*|IN, To(N)TP* denotes the group generated by I'o(N) and the Atkin-Lehner operator

W, corresponding to the prime p.

Now by using Lemma 3.2.4 and Lemma 3.2.5, we have the following Lemma giving
the order of vanishing of ®(7)®(mt) and x,,(7) at the cusps 0, 5 and 7, of the congruence
subgroup ['y(4m)™ for m € {5,8}. It is also to be noted that the theta series @(7)O(m7) is

automorphic with respect to To(4m) ™.

Lemma 3.2.6 Let O(7) and x,, = x,,(T) be defined as in (3.1) and (3.5), respectively. Then

(]

ifszOor%,andszor&

ords(®(7)0(mt)) = ifs = % and m =5,

[\S][98)

2 ifs:%andm:&
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and for m € {5,8},

1 ifs=0,
ords (xm) = ¢ —1 ifs = %,
o1
0 lfS—Z
\

3.3 Proof of Theorem 3.1.2

Proof of Theorem 3.1.2. Let Fy ,,(7) and I(k,m) be defined as in theorem. Since Fy ()

Fk,m (T)

O (1) () is a modular func-

and ©%(7)@*(mt) are modular forms of weight k, the ratio
tion for I'g(4m) (Since both these functions are modular forms of same weight.). Further,
using the action of Hy, on the Eisenstein series as obtained in Lemma 3.2.1 and using

the fact that @(—%) = %@(1), it follows that the ratio % is an eigenfunction

with respect to Hy,,. So, it is a modular function on Ty(4m)*. Using Lemma 3.2.3 and

Fk.m(r)

F(c) K (m7) is at the cusp %, of

Lemma 3.2.6, we find that the only pole of the function
order /(k,m). By Lemma 3.2.6, the modular function x,,(7) has a simple pole at + and has

simple zero at the cusp 0. This implies that the pole at the cusp % of order I(k,m) of the

function % cancels with the zero of x5 (1) at % (of order I(k,m)). Moreover it

is an eigenfunction under Hy,,. So, it is enough to make this function holomorphic at the

cusp 0. To do this, inductively we find the rational numbers by ,, ; such that

F 1(k,m) .
km(r)z(km) _ Z bk,m,jxr;](f)
O (1)@ (mt)xy (1) j=1

is holomorphic at the cusp 0 and thus it is holomorphic everywhere on the compact modular

curve X (T'g(4m)*). Therefore, it must be a constant (say C). Since x;,!(7) has a zero at

F . . o
"””(T),(k - 18 holomorphic and nonvanishing at the cusp %, we see
Ok (1)@ (mt)xy,y " (7)
1(k,m)

that the constant C is nonzero. Multiplying both sides by x,, *’ and rearranging the terms

the cusp %, while

on both sides, we get

1(k,m) .
Dkm (k) @ (T)O(mT) = Fi (1) + O (1)0 () Y cim i (7)
=1
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by setting cx.m,j = by m,i(km)—j AN Ct y 1(k,m) = —C. Taking T — ieo, using the definition of

Fim(T), we obtain by, j(x,m) = 1. This completes the proof. O




CHAPTER

Construction of Shimura and Shintani

maps for certain subspaces of cusp forms

In 1985, W. Kohnen [38] constructed explicit Shintani lifts from the space of cusp forms of

weight 2k on I'o(N), which are mapped into the plus space ;"

t11/2(4N), where N is an odd

integer. This lifting is adjoint to the (modified) Shimura map defined by him with respect to
the Petersson scalar product. Using this construction along with the theory of newforms on

S+

ol /2(F0(4N )) (where N is an odd square-free natural number) developed in [37], he de-

rived explicit Waldspurger theorem for the newforms belonging to the space S:H 2 (4N)).
Further, in this work, Kohnen considered the +1 eigen subspaces corresponding to the
Atkin-Lehner involution and showed that the intersection of this + spaces with the cor-
responding newform spaces are isomorphic under the Shimura correspondence. A natural
question is whether a similar result holds good in the case of intersecting this subspace with
the oldforms. In this direction, S. Choi and C.H. Kim [18] considered the case where N
is an odd prime p and constructed similar Shimura and Shintani maps between subspaces

of forms of half-integral and integral weights. The subspaces considered by Choi and Kim

are nothing but 41 eigenspace under the Fricke involution. In this chapter, we present our

71
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work [55] in which we generalize the results of Choi and Kim to the case where N is an

odd square-free natural number.

4.1 Introduction

Let I'g(N) denote the congruence subgroup of the full modular group SL,(Z). The work of
G. Shimura [73] in 1973 gave the foundation of the theory of modular forms of half-integral
weight and also a correspondence between the spaces of modular forms of half-integral
weight and integral weight. Later in 1975, T. Shintani [75] used theta kernel to construct a
modular form of half-integral weight from a given modular form of integral weight. These
are referred to in the literature as the Shimura and Shintani correspondences. In [36, 37],
W. Kohnen constructed a canonical subspace of Sy, /2(4N ) (the C-vector space of all cusp
forms of weight k+ 1/2 on I'y(4N)), when N is an odd positive integer. This subspace is

called the plus space, denoted by S;" ., (4N) is defined as follows.

k+1/2

S:+1/2(4N) = {f € Sir1/2(4N) ap(n) #0 = (=1)*2=0,1 (mod 4)},

where (1) =Y,,> as(n)e*™"*. Following Kohnen, we also denote the plus space S, ,, (4N)

k+1/2
simply by Si;.1/2(N). Since we shall be mainly discussing results in the Kohnen plus space,
throughout this chapter, N denotes an odd positive integer. Whenever necessary we shall be
further assuming that N is square-free. In [37], Kohnen defined a modified Shimura lift on
Sk+1/2(N), which is mapped into space Sy (N), the vector space of cusp forms of weight 2k
on ['(N). In that work he also developed an analogous theory of newforms on Sy, /»(N),
when N is odd and square-free and showed that the subspaces spanned by newforms in the

respective spaces Sy | 2(N) and S (N) are isomorphic under a linear combination of the

modified Shimura lifts.

Here we define the modified Shimura map constructed by Kohnen. Let D be a fun-

damental discriminant such that (—1)*D > 0. Then the D-th Shimura-Kohnen map on
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Sk+1/2(N) is defined as follows.

D .
75 N@=X | T (5)a tastiobsa) | & @)
n>1 d|n
(dN)=1

Then, he showed that .7 : S, /2(N) = S2(N). In another work [38], Kohnen defined
the D-th Shintani lifting, denoted by Yg *, which is adjoint to the D-th Shimura map by

constructing a kernel function. This has the following mapping property:
yg_* . SZk(N) — Sk+1/2(N).
We shall use this kernel function later in the chapter.

The W-operators (introduced by Atkin and Lehner in [10] in the case of integral weight
modular forms) play a crucial role in the study of the theory of newforms in the space of
modular forms (of integral and half-integral weights). In [37], Kohnen introduced analo-
gous W-operators in the space S; ;1 (N), which we define below. Let p be a prime dividing
N (since N is odd and square-free, p is an odd prime and p?> JN). Then the Atkin-Lehner

W -operator in the space Sy | »(N) is defined by
wp = p AU ()W (p), (4.2)

where U (p) is the usual U-operator as defined by (1.3), and W (p) is the operator defined in
a similar manner as the Atkin-Lehner W-operator in the case of integral weight. Explicitly,

it is defined as follows:

p a g\ k12
W(p) = (—) 2 VAN 4 )12 |
4N pb

where a and b are integers with p?b —4Na = p. It is a fact that W(p) maps S | /2(4N)

—k/2—1/4
t0 Siq1/2(4N, (@)) and (’Tf‘) W (p) acts as an unitary involution on the sum of
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these spaces. Since this W-operator doesn’t preserve the space Sy 1 /2 (N), Kohnen defined
the above w), operator, which is considered as the analogue of the Atkin-Lehner operator in
the case of half-integral weight. He showed that the operator w), is a hermitian involution
and further characterised its £1 eigenspaces in terms of certain properties of the Fourier
coefficients of the forms. In fact, for a prime p|N, the -1 subspace corresponding to the

W -operator w), is defined as

Seh oN) = { f € S )| flwy = 1. (43)

In [37], Kohnen showed that

+.p _ (=D
Sl p(N) =9 f € Si1ja(N)|ag(n) =0, if 5 =Fl (4.4)

and proved that S} /2(N ) and S77"(N) (respective subspaces generated by newforms) are
isomorphic under a linear combination of the modified Shimura lifts. Further, he proved
that the intersection of the newforms space with the above =+, p subspace is also isomorphic

via the (modified) Shimura correspondence to the subspace S5 (N) N Szik’l’ (N), where
S5 (N) = { F € Su(W) | FIW, = +F }.

Here W, is the Atkin-Lehner operator in the space Sy (N ) for primes p|N (see Remark 1.2.1).
A natural question is whether such a correspondence via the Shimura maps can be given

for the intersection of the W-operator eigenspace with the old class.

In 2017, S. Choi and C. H. Kim [18] considered this problem when N is an odd prime
and showed that one can use the kernel function constructed by Kohnen [38] to define a

new kernel function for the required mappings for the old class.

In this Chapter, we generalize the work of Choi and Kim to the case of odd and square-

free level N. More precisely, we construct Shimura and Shintani maps corresponding to the




§4.2. Preliminaries and statement of results 75

subspaces of Sy 1/2(N) and Sy, (N), consisting of cusp forms which are eigenforms (with
+1 eigenvalue) for the operator [],ywp and [, n W) respectively. We first decompose
this +1 eigen subspace into a direct sum of component subspaces and we shall be deriving
our mapping correspond to these component subspaces. We note that there is a difference
between the result announced in the synopsis and the actual statement of the theorem in
this chapter. The reason is that while proving the theorem, we realized that one should
consider another subspace (see the definition in (4.8)) in order to get the required mapping
property for our purpose. The main result is not affected, rather we introduce intermediate
steps to achieve our main result.

After presenting the necessary preliminary details we describe our main results in §4.2

and in §4.3, we give a proof of our results.

4.2 Preliminaries and statement of results

Throughout this chapter N > 1 denotes an odd square-free natural number and we assume
that N is a product of v prime divisors, i.e., V(N) = v.
As mentioned in the introduction, we use the notation Sy 1 (N) for the Kohnen plus

space S,:r] /2(F0(4N )). Let w, be the Atkin-Lehner W-operator defined by (4.2) (due to

Kohnen). The £1 eigen subspace (in Sy, | /2(N )) corresponding to each of the primes p di-

+,p

viding N is denoted as S, ) /2

(N) (equation (4.3)). We now define the following subspaces
of S41/2(N) and Sy (N), which are +1 eigen subspaces with respect to the product of the

W -operators:

S22 ) = {1 € St o) | AT wo =27}, (4.5)
p
SEN(N) = {F € Su(N) | F| I;[VWP - :I:F}. (4.6)
p

It is to be noted that in the case of integral weight, the Fricke involution Hy (which is

defined before Lemma 3.2.6) is equivalent to the product of all the W-operators. i.e., Hy =

Hp|NWP on Szk(N).
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The spaces Sy1/2(N) and Sy (N) are decomposed as orthogonal direct sums (with

respect to the Petersson scalar product) of these £ subspaces as follows:

Skr1/2(N) = S,—;ﬁ/z (N)& S,:+’]\1’/2(N),

S (N) =S5V (N) @ 85N (N).

4.7)

In this chapter we shall be constructing the required correspondences between the spaces

SN

K1/2 (N) and S;’,{’N(N ). In order to get our construction of the maps, we need to further

decompose these spaces as follows. As per our assumption, N is a product of v primes
and so we consider the (%, p) subspaces corresponding to each of the v primes and con-
sider their intersection. Totally there are 2" subspaces consisting of forms in Si, /2 (N)
which are eigenfunctions w.r.t all the w, operators, p|N with -1 eigenvalues. Let us as-
sume that f € S/, (N) is an eigenfunction with respect to w, with +1 eigenvalue for r
number of primes (say pp,p2,...,p,) and with —1 eigenvalue for s number of primes (say
41,92, - - -,4qs), With r+s =v. The notation to keep the primes as p; and g are only local and
we do not assume these in the general situation. i.e., when we have a partition r+s=v, r,s
are non-negative integers, we assume that the r primes are py, p2,..., p, and the s primes
are q1,...,qs. So, when we vary the numbers r, s in the partition of v, the number of primes
in each group will also vary corresponding to the partition. Then it is clear that such an f
belongs to S;FA{ /Z(N ) (resp. Sk_+]\1] ” (N)) only when s is even (resp. s is odd). Moreover,
the number of such subspaces is equal to (E) Let us denote the subspace as defined above

for a given partition (r,s) of v as strs)

k12 (N). To be precise, let r, s be non-negative integers

such that r +s = v. Then we define

SU) s = {1 € SN[ flwp = £, pINs =#{p: flwp =1t} @8)
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It follows that when s is a non-negative integer, then

STV (N) ifsis even
(r.5) k+1/2 ’
Sir12(N) C

Skfrl/z(N) if s is odd.

We denote by S1(< L 3 /2( ) (resp. ](;sl /2( ), the subspace S1(< L 3 /2(N ) with s even (resp. s
odd). From the construction of these spaces it is clear that the spaces Sk 112 (N) can be
decomposed as follows:
Sl:r+]\1l/2 @ @GSkH/z
ifﬁ's (4.9)
k+1/2 _ @dd Do Sk+1/2 )
rs=v

In the second direct sum, o runs over all the (?) choices of s with 2|s and ¢’ runs over
similar choices when s is odd. Correspondingly we also decompose the space Syt (N) in a

similar fashion as follows:

SENN) = @D @oSi ()

5=0,2]s

e (4.10)
_7N »Jo
SN = P @esy (),

s=1,s odd

r+s=vy

where Sgk °(N) (resp. Sék 5o ’(N)) is the subspace of Sy;(N) consisting of forms F' with the

property the F|W, = +F, p|N and r number of primes p with +1 eigenvalue and s number
of primes with —1 eigenvalue such the s is even (resp. odd) and r +s = v. In the above

direct sums, o and ¢’ have the same property as in (4.9).

Using the above decompositions, it is clear that in order to get the required correspon-

dences between S, i —|7—1 ” (N) and S;k’N(N ), it is enough to construct the mappings between
(r5)

el /2( ) and Sg(,s) (N) when s is even. For this reason, from now onwards we

the spaces S, |

shall be assuming the following:
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Assumption: Let r,s be non-negative integers such that r +s = v with 2|s.

Due to the above assumption that 2|s, we shall remove the subscript ‘e’ and write the

S(rvs)

k+1/2 (N), to simplify the notation.

subspace as

Kernel function constructed by Kohnen:
We first describe the kernel function introduced by Kohnen, which will be used for our

construction. Let & denote the set of all discriminants, i.e.,
9 = {deZ\dEO,l (mod 4)}

For d € 9, let us denote by 2, v, the set of all integral binary quadratic forms Q(x,y) =
ax? + bxy +cy? with N|a and b*> —4ac = d. Since N divides a, it is to be noted that 24N is
an empty set unless d = [J (4N). The meaning of this symbol is that d is a square modulo
4N. We make use of this symbol from now onwards. For an integer k > 2 and D,D' € 9

with DD > 0, define a function denoted by F; y(z;D,D") as follows.

FnzDD)= Y wD(Q)k, @.11)
05, & 1)

z € A, the upper half-plane. In the above definition, wp(Q) denotes the generalised genus

character whose value is equal to (2),if (a,b,c,D) = 1 and Q represents r with (r,D) = 1

and takes the value zero otherwise. The series converges absolutely and uniformly on

compact sets and it defines a cusp form of weight 2k on I'o(N). Moreover, it is non-zero
only when DD’ =[J (4N).

For D € 2 with (—1)kD > 0, let P, p|(T) denote the |D|-th Poincaré series in the

space Sy /2(N), characterised by

(> By} = e(ID)ay (1D]), (4.12)

where f € S /»(N) and
_ T(k—1/2)

c(|D]) :l4NWa

(4.13)
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where iy is the index of the subgroup I'g(N) in SL,(Z). The kernel function constructed
by Kohnen is defined as follows. For a fundamental discriminant D € & with (—1)fD > 0

and for z, T € 7, let

Qn(z,7;D) = L Y omt 5(2“ ( )k 'F, (tz;D,(—l)km)>e2mm, (4.14)

CkD m>1 I‘N
(— l)km 0 (4)

where

2k —2
Chp = (_1)[§J\D|—k+%n( )2—3’<+2. (4.15)

Since Fi y(z; D, (—1)*m) belongs to Sy (N), it follows that Q y(z,T; D) belongs to Sy (N)
with respect to the z variable (for a fixed T € J7°). In Theorem 1 of [38], Kohnen showed
that the omega function defined above can be expressed in terms of the Poincaré series in

Sk+1/2(N). We give below the theorem proved by Kohnen.

Theorem A. ([38, Theorem 1])

The function Qi n(z,T; D) defined by (4.14) has the Fourier development

D .
Qk’N(Z,T;D lNCk D5k Z nk ! ( Z (E) (l’l/d)kPkJ\,;nz|D‘/dz(”L’))ezmnZ (4.16)

n>1 dln
(dN)=1

with respect to z, where
(—1)E32m)*

O = (k—1)!

4.17)
In particular, for a fixed z € 7, Qi N(z,7T;D) is a cusp form in Sy />(N).

In the following, we make use of the above kernel function defined by Kohnen to con-

struct the required kernel function for our liftings. For D € 2 with (—1)kD > 0, set

on(zT) = Y Wi RND, (— 1) m)E, (4.18)

m>1
(~Dkm=0 (4)

As remarked earlier, the function Fj y(z; D, (—1)*m) is non-zero only when |D|m is a square
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modulo 4N. Therefore, we have

on(zT)= Y m IR (D, (~ 1) m)e T, (4.19)
\D\m2%1(4N)

Our first result is to show (using Theorem A) that the function ¢ 5(z,7) belongs to the

Kohnen plus space with respect to the 7 variable.

Proposition 4.2.1 For a fundamental discriminant D € 9 with (—1)*D > 0, the function

®rN(z,°) belongs to the space Sy >(N) for a fixed z € H .

Next, we use the following definition to choose the fundamental discriminants for the pur-
pose of Shimura and Shintani liftings.

Definition 1. For a fixed partition r + s = v with r,s non-negative integers, and for an
integer a, we say that a = O, (mod 4N), if a = 0(4) and the number of primes p|N
for which a is a quadratic residue mod p is equal to r and the number of primes p|N for
which a is a quadratic non-residue mod p is equal to s. In other words, a € & is such that

r=#{p|N: (%) =1}, s=#{p|N: (1%) =—1}andr+s=v.

Remark 4.2.1 Using the characterisation (4.4), obtained by Kohnen, we see that the space

S(”vs)

ki1/2 (N) can be defined in terms of the Fourier coefficients as follows.

Sy () = { £ € Ste1p(N)]ay(n) = 0 unless (—1)*n =0, (mod 4N)}. (4.20)

For a fixed pair (r,s) as chosen above with 2|s and r+ s = v, let D be a fundamental
discriminant with (—1)¥D > 0 satisfying the condition D = O, (mod 4N). The genus
character has the following property for the action of the Atkin-Lehner operators W;, ¢|N,

where W, = Hp|t W, (see [38, p.243)):

op(QoW;) = (?) on(0). (421)

Further, Oppy x is invariant under the action of the W-operators. Therefore, it follows that
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for D = O, (mod 4N), the function Fy y(z; D, (—1) m) belongs to the space Sg;s) (N).
Therefore, the function ¢ x(z,7) defined by (4.18) (which is equivalent to (4.19)), is in-
deed a function (with respect to the z variable) belonging to the space Sg(’s) (N). Hence,
for a fundamental discriminant D with (—1)*D > 0 and D = [J,; (mod 4N), we consider
the function ¢y y(z,7), defined by (4.19) which belongs to the space Sg{"s) (N) (due to our

choice of D) as our kernel function w.r.t the z variable.

By Proposition 4.2.1, ¢ n(z,T) belongs to Sy 2(N), and the space is decomposed as
follows:

Ser12(N) = 57, (N) &S} (V) (4.22)

where the above is an orthogonal direct sum w.r.t. the Petersson scalar product. So, for

a fixed z € /2, as a function of 7, we project the function ¢ y(z,7) onto the subspace

(

st (N) and write it as (pkr]’\s,) (z,7). So, we have

k+1/2

oin(z,T) = (p,g}j) (z,7) + (p,ff;\s,”(z, 7). (4.23)

(

To make it uniform, we denote our kernel function as (pkrl’\s,) (z,7) and as a function of z it is

nothing but (4.19). In fact, as a function of z, (p,g_rz’\i)L

(z,7) = 0. Using this kernel function,
we define the required Shimura and Shintani maps. Let D € & be a fundamental discrimi-
nant with (—1)¥D > 0 and assume that D = [J,; (mod 4N). Then the |D|-th Shimura map

D, (r,s) ON S,(:l) ” (N) and the |D|-th Shintani map on Sgc’s) (N) are defined as follows.

i rs (-
17, (@) = PN (2 ) (4.24)
k.D
FeS) H(N), and |
* l 7§ —
F|yD,(r,s)(T) = C}:V <F7 (pk,N('7 _T)>z; (425)
k,D

F e Sg’,‘c’s) (N), where the constant ¢}, , is defined by

cip=(—D)W22key p, (4.26)

)
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with ¢ p as in (4.15). In the above (-,-); and (-, ), denote the inner products with respect
to 7 and z respectively. The following mapping property follows from the fact that the

( (rs)

function (pkrjé) (z,7) belongs to 5,7} 1 (N) as a function of 7 and belongs to Sg{,s) (N) as a

function of z:

Inrs) S N) = S5 (N), .

‘yg,(r,s) : Sgés) (N> — Sl(cisl)/z(N>

In the following theorem we give the properties of the Shimura and Shintani maps as de-

fined above.

Theorem 4.2.2 Let r and s be non-negative integers such that r +s = v and 2|s. Assume
that D € 9 is a fundamental discriminant with (—1)*D >0 and D =0, (mod 4N). Then

the Shimura and Shintani maps defined by (4.24), (4.25) satisfy the following properties.

(a) We have the following explicit description of the Shimura and Shintani maps in terms

of the Fourier coefficients.

Ao =61] Y 'Y (g) (n/d)kay(n?|D|/d*)c(n?|D|/d%)) 2"

n>1 d|n,
(n,N)=1 (d,N)=1

D S Tintz
T hwsnn Lt (L (5) Wb o (00) |

tIN n>1 dn

t#1 (d,N/1)=1

(4.28)

where O is the constant defined by (4.17) and A4 n p is a constant depending only
onk,t,N,D and c(&) is defined by (4.13). (For the definition okar’jv;n(‘L'), we refer to
§3.3.)

(b) The Shimura and Shintani liftings defined above commute with the action of Hecke
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operators. Indeed, if ({,N) = 1, then for f € S](L’_Sl)/z(N) and F € Sg{,s) (N), we have

f|yD7(r7s)’T(£) = f|T(€2)|yD7(r7s)7

F|yg,(r,s)|T(£2> :F|T(£)|‘Sﬂl§,(r,s)

(4.29)

The next theorem is concerned about the nature of the intersection of the space S](:ff P (N)

with the old class. We show that exactly half of the oldforms (in terms of the dimension

of the space) belong to the space S,:;Al/ /2(N ). We prove this fact by producing explicit

generators for the old class with respect to the component spaces S,((TE /2(N ).
JN;old +,N .
Theorem 4.2.3 Let S/:rl/oz (N) = Sﬁﬂ/z (N)N S (N), where the space S]‘gfl/z (N) is

the orthogonal complement of the space of newforms S| 1 (N) in Siy1/2(N). Then the

dimension of the space S:J’r]\l];/ozld (N) is given by
. 1
. ,Nsold .
dimS; 175 (N) = 5 dim S ) (V). (4.30)

4.3 Proofs of theorems

4.3.1 Proof of Proposition 4.2.1

Using the kernel function Qy y(z, 7; D) defined in (4.14), it follows that the function ¢y y(z, T)

given by (4.19) can be expressed as follows.

oun(z,T) =iy cxp Qun(z, T3 D)

SY ) (9)#‘—‘ Y Btz Dy (1) m)e

t t m
tlz |DIm=0 Z(1n0d 4N) (431)
_ D\ ,
= lNlck,DQk,N(Z7 T,D) — Z,u(t) (7) tk l(Pk,N/t(tZ7 T).
tIN
t#1

Now we use induction on the number of prime factors of N. If N = p is a prime, then the

second part in the last line of the above equation has only one term (%) pk—1 ¢r.1(pz, 7).
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But ¢ 1 (z, 7) is nothing but (upto a constant) £ 1 (z, 7; D) which is an element of Sy 1 /»(1)
and & ,(z,7;D) € Sii1/2(p)- Therefore, @ (z,T) € St1/2(p). Now, we can show induc-
tively (induction on the number of prime factors of N) that ¢ ;(z,7) € Si44 /2(t) for each

t|N, t <N, from which we conclude that ¢ y(z, T) belongs to Sy ;1 /»(N).

4.3.2 Proof of Theorem 4.2.2(a)

To get the properties on the Fourier coefficients of the images under these mappings, we
need the following properties of the Poincaré series in Sy 1 /> (N). For a natural number
n with (—1)fn = [(4), we have the n-th Poincaré series Py y.,(7) in Sk+1/2(N). As per
the assumptions of the theorem, let us take the pair (r,s) where r and s are non-negative
integers such that 4 s = v and 2|s. We consider the projection of Py x.,(7) onto the space
SX:I) P (N) by Pkrfv , (7). Further, one also has the n-th Poincaré series in S,(m /2<N ), denoted

by P,*(t) (with the property (f,P;") = c(n)as(n), for f € SI(CT]) /2(N)). The following

proposition gives some properties of these Poincaré series.

Proposition 4.3.1 Let o € N,(—1)*a = [J(4). Then for fixed non-negative integers r,s

with r+s =v, 2|s, we have the following properties.
(i) If (~1)*a =0, (mod 4N), then P\, = Pg’. As (a,N) = 1, we also have P .o =
Pinar

(ii) If (—=1)*ot £ O, (mod 4N), then Pk’jjv;a =0.

Proof of Proposition 4.3.1. We write the Poincaré series P y.¢(7) as

1
Pk,N;Ot(T) = P[::}Y\]’a(l-) +P]::;V;a(f)7

rs L
where Pk7 N

(r.s)
Si1/2

(7) belongs to the orthogonal complement (with respect to the Petersson scalar

product) of (N) in Sgy1/2(N). Write the Fourier expansion of Py, (7) as

’ 2mil
Pey:a(T) = ) apes (£)e”™F.
>1,(-)ke=0(4), T
(—1k¢=0ys  (mod 4N)
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Then for each £ € N with (—1)¥¢ =0(4), (-1)*¢ =0, (mod 4N), we have

app(@)el@) = (PP Penia) = (P i) = Bl P) = e (0, (432)

14 k.N;a
where c(a) is defined by (4.13). This implies that

cl)———~
aps (0) = c((f)) apgr,s(oc) =0, unless (—1)*a =0, (mod 4N),

since P € 57) 12(N). This implies that if (—1)*a # Oy (mod 4N), then Py, =0,

which proves (ii). To prove (i), consider

aps()c(a) = (B P5") = (B P[) = c(D)aps (D). (4.33)

Combining (4.32) and (4.33), we get Pkr";\,; o = P&, which proves the first part of (i).
Since (—1)ot = 0,; (mod 4N) it follows that (o, N) = 1. For e, with (—1)*a =0,
(mod 4N) and (—1)8 =0, (mod 4N), we have

(Plvsa Povsp) = (P = Pi s P — PfY)
= c(B)ar,y.q(B) = (Penia: Pg") — (Po s Penip) + (P, Pg)
= c(B)ar v (B) — c(@)apy: (o) = c(B)agg: (B) +c(B)agy (B)
= c(B) (ana(B) ~app(B))  (using (433)

= c(B)ay: (B).

k,.N;a

This implies that

1 L 1
(PeN:ars Pkrzjv;ﬁ> - <P3s + PIQISV;OC’PIQJSV;M

=c(B) ap: (B)

k.N;a

7S (x
L ()

=c(a)a

=0 since (—1)*a =0, (mod 4N) by our assumption.




86 §4.3. Proofs of theorems

This shows that a,... (B) =0 for all B with (—1)*8 = 0,5 (mod 4N), i.e., whenever
k,N;a

(—=)*oe=0,; (mod 4N) and (&, N) = 1, the Poincaré series P y.o behaves like a Poincaré
series in the (r,s) space. This implies that P y.q = P’. This completes the proof of Propo-

sition 4.3.1.

Now we return to the proof of (a). Using inductive arguments, it follows from (4.31)

that the function ¢ x(z, ) can be expressed as follows.

PN (z,7) =iy ckp Un(z D)+ Y Aesnp lN/, ckp & nyi(tz,7:D), (4.34)
tIN
t#1

where At ; v p is a constant depending only on ¢,k,N,D, which can be given explicitly.
Now using Theorem A, we can express the omega functions in terms of the half-integral

weight Poincaré series. Explicitly, we have the following expression for ¢ y(z,7):

D .
OeN(z,7T) Z n*~ 1 Z (E) (”/d)kPk,N;n2|D\/d2(T))ezm

n>1 d|n,
(d.N)=1

D .
+ Zlk,nN,D Z nk1 ( Z (E) (n/d)kPk’N/t;n2‘D‘/d2(T)>e2mntz

tIN n>1 d|n,
t#1 (d.N/1)=1

(4.35)

As a function of the 7 variable, we project the above function onto the space S,(( +1) /2(N ) and

obtain the following expression.

D 7S in
‘PkN z,7) an ] (X (E) (n/d)kPkN 2|D\/dz(’f))€27r )

n>1 d|n,
(d.N)=1

(4.36)

D £ in
+ Zlk7l7N7D Z nk_l ( Z <E) (n/d)kPk N/l‘ nz‘D‘/dz(T))ezn 1z

tIN n>1 d|n,
1#1 (d,N/1)=1

Since D = [J,; (mod 4N), by Proposition 2, the first part of the above expression is non-
zero only when (n,N) = 1. Moreover, in this case the projected Poincaré series coincides

with the Poincaré series in the space (Proposition 2 (i)) and hence we get the following
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required expression for the Fourier expansion of the Shimura map.

_ D in

000 =8| X, 14 L (%) fdfasRlja)ctuiilja))
n>1 d|n,
(n,N)=1 (d.N)=1

D 1S Tintz
T hwann Lt CL (5) WM 00|

tIN n>1 dln
t#1 (d,N/t)=1

(4.37)

where O, Ak, n p and c(c) are the constants as defined before. This completes the proof

of Theorem 4.2.2 (a).

4.3.3 Proof of Theorem 4.2.2(b)

In this section, we prove the required commutative properties with respect to the Hecke
operators. For a positive integer £ > 1 with (¢,N) = 1, the Hecke operators 7'(¢?) and
T (¢) on the spaces S 1/2(N) and Sy (N) are hermitian with respect to the Petersson scalar

product. Further, the following are orthogonal direct sums (in their respective spaces):

Ser12(N) =S (N @ sV (W)

IS
k+1/2 +1/2

So(N) =SS (V) @ 859 ()

Therefore, the Hecke operators T (¢?) and T (¢) preserve the respective subspaces. Thus,

we have the following lemma.
Lemma 4.3.2 Let (¢,N) = 1. Then one has

(@unIT (%)™ = oy I T (),

and

(QenIT(0)™ = @i\ IT(0).
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In the following we shall be using the inner products in both the spaces of half-integral
and integral weights. To distinguish this, we use the notation (-, -) for the inner product in
Sk+1/2(N) and the notation (-, -), for the inner product in Sy (N). Also, we denote the D-th
Shimura map on Sy, | /»(N) defined by Kohnen [37] as <5”D+7 - For a positive integer 7|N, let

f S Sk+1/2(t). Then

(f, Qi (=25, mD)|T()e = (fIT(?),Q4(=7,7:D))s
= fT()p,
= f195,T(0)
= (/,Qus(=Z,7:D))<|T ()

= (f,Qu(=Z,7:D)|T(0))s.

In the above we used the fact that the Shimura map 5”5’ , commutes with Hecke operators.

Therefore, the above computation shows that for each ¢|N,
Oy, (—2,7;:D)|T (0*) = Q. (—Z,7;D) | T (£). (4.38)
In particular,

Oy n/i(—t2,7:D)|T (%) = @/ (—2,7;:D)|T (¢*)|B(t)
= Qv (=Z,T:D)|T(£)|B(1) (by (4.38))

= QN (—1Z,7;D)|T () (since (/,N) =1).

Now, proceeding as done in [18, p. 312], it is easy to see that the following commuting

rule holds.

f’yD,(r,s)|T(£) = f|T(£2)|yD,(r,s)v (4.39)
where f € st (N). In a similar way one can prove that for F € Sy(¢), t|N, one has

k+1/2

(F.Qus (-, ~T:D)|T(£)): = (F,Quy (-, ~T:D)|T (%)), (4.40)
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from which it follows that

F|5 )| T () = FIT ()5 (.. (4.41)

4.3.4 Proof of Theorem 4.2.3

The case N = p was already considered by Choi and Kim in [18]. So, we assume that N has
at least two prime factors. We first consider the case N = pp2, p1 # p2 and then discuss
about the general case of N as a product of v prime factors. When N = p p», the oldforms
in Si11/2(p1p2) consists of 3 eigenclasses, namely, Sy, /»(1), S,’Ziwl/z(pi), i =1,2. By the
theory of newforms developed by Kohnen, it is enough to determine forms belonging to

+,N

each eigenclass in the projected space S,

k12 (N). In this case the pairs (r,s) are given by

(2,0),(0,2) and (1,1), of which we need to consider the first two cases where s is even.
Note that the pair (1, 1) corresponds to the two subspaces (+,—), (—,+), the +1 subspaces
corresponding to the primes py, p,. First we assume that (r,s) = (2,0). i.e., the subspace
consisting of forms which are eigenfunctions w.r.t wy,, i = 1,2 with eigenvalue +1. The

old class generated by a Hecke eigenform in Sy /2(1) inSi1)2 (p1p2) is of the form

8= fi+ folwp, + f3[Wp, + falWp  pys fi € Spr12(1), 1 <i < 4,

where wy, ,, = Wp,wp,. We want the function g to satisfy the property that g|w,, = g,
i =1,2. Then one can check easily that in this case g takes the form g = f + f|w,, +
flwp, + flwp,p,. Similarly, for the case (r,s5) = (0,2), g takes the form g = f — flw,, —

fWp,+ f[Wp, p,- Therefore, the contribution from Sy, ; »(1) to the intersection S,::Y P (N)N

Szfl ” (N) is given by

<f+f|wp| +f’Wp2 +f|WP1Wp27f_f’Wp1 _f|wp2 +f‘wplwp2 : f € Sk+1/2<1)>'

This shows that the (dimension) contribution of the space Sy /(1) in the subspace S;:Y P (N)

is exactly 2dimS; ;1 /5(1). Next, we consider the contributions from S} /2( pi), i=1,2.
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An element in the old class will be of the form g = fi + f2|wy/p.» f1,./2 € Sk+1/2(p,) We
need the properties that glw,,, = g, i = 1,2. This will imply that f; = f> = f (say) and more-
over, as f;’s are newforms, we must have f|w,, = f, in other words, g = f—l—f|wN/pl.. The

above is for the case (2,0). Similar arguments imply that the contribution from S} "l /2( Di)

(for the case (0,2)) is given as g = f — flwy/p,, f € stopi). """ (N). Therefore, the contri-

k+1/2

bution from $7¢" _(p;) in S

rr1/2(P N) is given by

k+1/2(
(= fwn o f € SETR™ (N)).

In terms of dimension contribution of the space S7¢" ,(p;) in the subspace S

k+1/2 (N) is

ket 1 /2

exactly dim §7") ) (pi). Thus, we have

N .
dimsS;"] /Z(N)ﬂS,‘jlfl (N) = 2dim Sy (1 —|—Zd1m W api) = dlms;g{fl ().

Now we consider the general case. Let ¢|N be a positive divisor of N with r < N. We

determine the old class generated by the space S7¢" ,(¢) in SN

k+1/2 k412 (N). From the newform

theory, it is known that this old class has dimension equal to d(N/t) dim S| /2( ), where
d(n) is the number of divisors of n. Note that as N is square-free, d(N/t) = 2%, where o

is the number of prime factors of N /t. We require that an old form g in this class to be an

eigenform with respect to the W-operators w,, where p|N /. Note that as the base functions

SI’!@W

are newforms in kt1/2

(1), they are already eigenforms with respect to w,, for p|t. For each
prime p|N /¢, if we require the condition that g is an eigenfunction w.r.t w), then the number
of components in the old class reduces by a factor of 2. We shall be repeating this process
for each prime p|N/t and so we will be repeating & times. So, finally in order that g is
an eigenfunction under each W-operator for p|N/t, the number of components becomes
2%/2% = 1. That is, only one Hecke eigenform (newform) in Sy ” (¢) will be generating
the required old class. Since we have to consider the (r,s) case, we shall get into the precise

contribution of a newform in the required old class. If p;, 1 <i < r is one of the primes

dividing the level 7, then the newform f € S| /2(’) is an eigenfunction w.r.t w,,, for p;|¢




§4.3. Proofs of theorems 91

with eigenvalue +1. Similarly, if g; divides 7, then f |wqj = — f. For the rest of the primes
pi and g; not dividing 7, we need to assume the respective eigenvalue (+1 or -1) and finally

we will end up with only one linear combination generated by a newform in Sj'%" /z(t),

which is described below.

g==x"Y flw, (4.42)
[N/t

where w; =[], wp and the sign in the linear combination is — I, if the number of primes g,

1 < j <sthatdivide N/t is odd. Now, we compute the dimension of the space S:Jr[;’/ozld (N).

Case (i): Let f € S,:Ltl’/’ezw(t) This implies that #{q; : 1 < j <s,qj|N/t} is even. As the

number of prime divisors of N/t is &, the total contribution (in S,jfl];/ozld (N)) from S,::l';ezw (1)

is given by

S o : +,tnew
Y dimsS, ;5" (7). (4.43)
s=0,s even §

Case (ii): Let f € S,;:l';ezw(t) In this case, #{qg;: 1 < j <s,q;|N/t} is odd. The total

SJr,t;new(t) in S+,N;old

contribution of S, *; /2 k£1/2

(N) is then given by

& 104 . —.,t;new
) (S>dlmSk_"_1’/2 (). (4.44)

s=0,s odd

o o
) a a _ ..
Since z ( > = z ( ) =2¢ 1, combining these two cases, we see that the

s=0,s even s=0,s odd §
total contribution from 7% /2(t) in the old class SZFJ’FIY;/()Zld (N) is

2971 (dim 119" (1) + dim S, (r) ) =277 dim S5 (0).

Therefore we have,

: 1
. N:old 1 .
dims; AN = Y 2% dimSy () = 5 dimSP, 5 (N). (4.45)
t|Nt<N
Note that explicit description of the space S]:r[}’/ozld (N) follows from (4.42). This completes

the proof of Theorem 4.2.3. UJ
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Appendix

Table 5.1, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in
{1,2,4}. The tuple i jk represents quadratic form corresponding to tuple (17,27,4%), i+ j+k =8
The corresponding generating function belongs to the space M4(16, x3), with dimension 8.

ijk | Oay | Qua | Ou3 | Oug | Qs | Oue | Oa7 | OQug
e O A S R
e I I U O I O
431 0 32 - 0 5 8 | 16 | 16
o L | R o | |||
W | R o [ ]k
sl o | & Ao | A H R K
oo | g LR o | E R R
RN R RN
512 | 0 2 - 0 S| 2 |z | 12
as 0| [ Ao R R
413 | 0 1 - 0 ES 68 | 150 | los
w0 g LA o R H R
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ith dimension 30.
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Table 5.2, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in {1,2,3,4}. i jkl represents quadratic form corresponding to

tuple (1/,27,3% 4, i+ j+k+1 =8, whose generating functions belong to the space My (48, xo)
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Table 5.3, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in {1,2,3,4}. i jkl represents quadratic form corresponding to

ith dimension 28.
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tuple (1/,27,3% 4, i+ j+k+1 =8, whose generating function belongs to the space My (48, xg)
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Table 5.5, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in
{1,2,3,4}. ijki represents quadratic form corresponding to tuple (1/,2/,3F 4!), i+ j+k+1=8,
whose generating function belongs to M4(48, x24), with dimension 20.

ijkl 04,1 042 %43 044 045 %6 047 48 049 %10
1 4 3234 16192
0512 0 261 261 0 kil 0 0 b T6r 261
1 — 8 1 —3788 —17648
0332 0 267 261 0 pic 0 0 i 361 261
1 2 6 -3 3800 16192
0314 0 261 %61 0 b 0 0 i 261 261
1 16 16 -1 1960 28432
0152 0 261 261 0 57 0 0 7 361 1
| _ 4 ! 2416 —17648
0134 0 261 61 0 29 0 0 29 361 261
| ! 3 -3 3988 13060
0116 0 261 261 0 % 0 0 i 261 261
| 3 9% 3 9644 45424
st 0 26T %61 0 0 0 E 61 261
1 16 48 =3 7432 45424
4112 0 261 260 0 By 0 0 ko 261 ST
1 16 48 =3 5344 24544
3311 0 261 261 0 B 0 0 b 261 261
1 —32 32 1 —1580 —38528
3131 0 261 61 0 % 0 0 bl 261 261
1 8 24 -3 5282 34984
313 0 261 26T 0 b 0 0 b 361 261
1 8 24 -3 5804 24544
2312 0 261 261 0 b 0 0 i 26T 261
1 16 16 | —1312 38528
2132 0 261 261 0 % 0 0 29 261 261
1 4 12 =3 4468 24544
2114 0 261 261 0 2 0 0 i 261 261
1 8 24 3716 16192
1511 0 26T 26T 0 0 0 261 261
1 —16 16 1 —1312 —17648
1331 0 261 Tor 0 b 0 0 bl 21 “26r
1 4 12 -3 4990 20368
1313 0 261 261 0 kil 0 0 ko 261 261
1 32 32 -1 2876 28432
1151 0 261 360 0 57 0 0 w7 261 261
1 —8 8 1 —1178 —28088
1133 0 261 261 0 2 0 0 29 261 261
1 2 6 -3 4322 17236
115 0 267 261 0 i 0 0 £ 361 261
ijkl 04,11 04,12 0413 04,14 04,15 0416 04,17 04,18 04,19 0420
0512 1258 5224 —9470 —38912 —8264 —45728 —4844 —1184 57688 223456
87 87 261 261 87 87 87 87 261 261
0332 —11 —6752 7078 1208 10696 1808 2524 6880 —45608 —295952
= 87 261 261 87 87 261 261
0314 1151 5224 —8650 —38912 —10048 —45728 —3988 —1184 54944 223456
87 87 261 261 87 87 87 261 261
0152 1114 9304 —2750 —45296 —2008 —83296 —428 —34784 24280 470176
8 87 261 261 29 87 87 87 261 261
0134 —811 —6752 5366 1208 7088 1808 740 6880 —28024 —295952
87 87 261 9 87 3 87 261 261
0116 1228 5224 —8240 —34736 —11288 —39464 —3560 —2992 56704 200488
Ea 3T 261 =261 87 =57 7 =7 261 61
111 23 13576 12598 80672 23656 123680 8476 —42044 91928 624352
87 87 261 261 87 87 87 87 261 261
A2 1378 13576 —10214 —80672 —17048 | —123680 —5804 —42944 57448 624352
87 87 261 261 87 87 87 87 261 261
3311 1378 9400 —8126 —51440 —13568 —72176 —=3716 —13712 51184 377968
= 87 87 261 261 87 87 87 87 261 261
3131 —746 —10928 4822 2216 5896 3584 700 36112 —30008 —542336
87 87 261 9 87 3 87 87 261 261
3113 950 11488 —7978 —66056 —12004 —97928 —3424 —28328 37076 501160
~ 87 87 261 261 87 87 87 87 261 261
2312 1472 9400 —9022 —51440 —15136 —72176 —4468 —13712 61088 377968
87 87 261 261 87 87 87 87 261 261
2132 —634 —10928 4238 2216 4688 3584 —172 36112 —20224 —542336
87 87 261 9 87 3 87 87 261 261
2114 997 9400 —7382 —51440 —11048 —72176 —2756 —13712 38896 377968
87 37 o I 87 =57 7 =57 261 61
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1511 950 5224 —6934 —38912 —10264 —45728 —2380 —1184 4229 223456
87 87 261 261 87 87 87 87 261 261
1331 —634 —6752 4238 1208 4688 1808 -172 6880 —20024 ~295952
87 87 261 9 87 3 87 87 261 261
1313 1258 7312 —8426 —45176 —13484 —58952 —3800 —7448 56644 300712
87 87 261 261 87 87 87 87 261 261
1151 1010 9304 ~3934 ~45296 —2392 —83296 ~1900 —34784 25592 470176
87 7 261 261 29 87 87 87 261 261
1133 —578 —8840 3946 1712 4084 2696 —608 21496 —15332 —419144
E 7 37 % o s 3 7 =7 261 261
115 1151 7312 ~7606 —41000 —11788 —52688 —2044 -7 48680 277744
ST 87 201 261 87 §7 y 87 261 26T
ijkl 0421 0422 0423 0424 %45 04,26 4,27 %428
0512 26914 52480 14720 —52480 ~3536 —14600 —3562 —14656
g 261 261 261 261 261 o1 61 21
0332 ~21050 —45080 —20800 129536 3724 18160 3704 18176
33 261 261 261 261 o1 261 261 26T
0314 26246 52480 15712 —52480 —3856 — 14600 —3869 —14656
3 261 261 261 261 261 201 201 261
0152 ~3038 171184 25088 —265216 —2024 —28952 —2554 —28960
261 261 201 261 261 261 o1 261
0134 —14962 —45080 —27104 129536 2384 18160 2113 18176
3 261 261 261 261 261 261 261 261
0116 25912 35776 16208 —35776 —4984 —4016 —12512 —3892
261 261 261 261 261 261 261 261
5111 19562 252928 17536 252928 7930 39656 8138 43888
261 261 261 261 261 261 261 261
112 14218 252928 25472 —252928 ~5792 39656 —6418 43888
261 261 261 261 261 261 261 261
3311 14218 119296 25472 ~119296 —4226 —22952 —4330 ~2509
33 261 261 2T 261 261 261 261 o1
3131 —24170 —178712 —16384 263168 2890 39040 2810 36968
313 21 261 261 261 261 261 261 261
3113 11546 186112 29440 —186112 —3940 —31304 —4514 —34492
3 201 261 o1 201 261 261 261 261
2312 19898 119296 21088 —119296 —4984 —22952 —5036 —2509
261 261 201 261 261 261 261 201
2132 —16522 —178712 —24896 263168 2228 39040 1666 36968
3 261 261 261 261 261 261 261 261
2114 14386 119296 27248 ~119296 ~3536 —22952 -3823 ~25096
261 261 261 261 261 261 261 261
1511 19898 52480 21088 52480 3418 14600 3470 14656
261 261 261 61 261 261 261 261
1331 ~16522 —45080 24896 129536 1706 18160 1666 18176
261 261 261 261 61 261 61 26T
1313 22738 85888 18896 85888 —4580 —18776 4606 —19876
513 261 261 261 261 261 261 261 261
1151 3842 171184 16768 ~265216 —2482 —28952 —2498 —28960
261 261 261 261 61 261 o1 261
1133 —12698 —111896 —29152 196352 1636 28600 1094 21572
3 2601 261 261 261 61 261 261 26T
115 19982 69184 21976 —69184 —3856 —16688 —3869 —17788
261 261 261 261 261 261 261 261
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Table 5.6, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in
{1,2,3,4,6}. ijklm represents quadratic form corresponding to tuple (17,2/,3% 4! 6™),
i+ j+k+1+m =38, whose generating functions belong to M4 (48, xo), with dimension 30.

ijklm 041 040 043 44 045 046 047 048 049 04,10
00026 0 &0 0 500 w 0o 0 T T00 2
00062 0 200 0 5400 800 B 0 = T00 %
00044 0 6(17) 0 ﬁ 20 % = % _%3 u
00422 i P o 0 s 5 0 -4 2 2
00242 TR e o0 0 oo = 0 L] 2 u
00224 ﬁ ﬁ % 0 ﬁ ﬁ 0 %4 % %
0222 | oy | zws | s 0 | T 0 % w | #
w2 | o |G| o | @ | m | [ A | B |8
02042 0 200 0 T200 00 B 0 = o 3
02024 0 w0 0 e 2 = 2 5 3 3
01511 i B o 0 w3 o 0 2 S 2
03311 o T = 0 = &5 0 2 2 6
st | o S5 20 0 300 £ 0 % w %
013 | g | a0 | wo | O | W | w0 | O | & | m |
03113 | oy 930 = 0 = o4 0 22 el s
01133 | 3o 50 2% 0 . X 0 2 2 s
01115 G et . 0 s = 0 2 e 2
01331 1970 5% @ 0 0 o 0 # = ¢
03131 9500 9300 &0 0 0 5% 0 % W0 %
01151 | xitm | w540 | om0 0 - @ 0 2 2 1
11123 frean o @ 0 & & o 2 2 p
nidl | s | s S 0 s @ 0 2 2 1
11321 o0 o ™ 0 0 s 0 2 2 §
13121 s G ™0 0 0 2 0 2 = 1
o |y | | | 0 | A | | 0| # | @ | B
12212 | 1 T30 20 0 = = 0 3 2 P
14012 o e . 0 25 L 0 s = 30
004 | wo | | e | O | w | m | 0 | B | @ | B
10232 i P 0 0 o =5 0 % 573 %
20 | o | | e | O | e |k | 0| B | ® | B
10052 | pofgs | o300 5200 0 0 o 0 =2 o 3¢
10214 | oy | wwo | s 0 W | W 0 7| w | ®
12014 e i $0 0 o = 0 3 2 b
10016 oo T o 0 . 5 0 -4 = z
22022 0 7800 To00 0 o % 0 2 T 3¢
21311 0 5 = 0 % 5 0 %52 2 ¢
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23111 e e o 0 T w 0 % = 18
21113 o o = 0 = s 0 2 2 §
21131 5600 0 0 0 7200 % 0 % 00 8
20222 | g 0 0 0 o = 0 L] 2 u
20042 o o 0 0 T = 0 B = 3
204 | oy [ | B | 0 | e | W | o | A | % | #
321 | iy 0 1800 0 600 B 0 % 0 32
30212 &0 = 20 0 = =L 0 8 2 bl
w2 | oy |l | @ | 0 | e | | 0| R @ | ¥
w2 |y |k | e | 0 | we | k| 0 | R @ | ¥
30014 | g % P 0 = =5 0 L] 32 b
41111 % % % 0 % ETIS 0 % % %
40022 P 7% o 0 =0 = 0 B 2 3
ijklm 04,11 ay.12 413 Q414 04,15 04,16 .17 04,18 0419 | 0420
00026 0 0 0 & =6 B 0 3 0 9
00062 0 0 0 =16 -8 2 0 = 0 =8
00044 0 0 0 8 16 128 0 2 0 18
00422 0 0 4 F 16 =38 -1 s 3 15
00242 0 0 i 2 16 128 3 2 z 18
00224 0 0 7% 0 —l6 =R el 3 2 9
02222 0 0 2 4 16 128 1 2 3 8
04022 0 0 0 = 0 =128 0 -1 0 27
02042 0 0 0 =2 -8 =8 0 -1 0 27
02024 0 0 0 1 16 128 0 2 0 18
01511 0 0 2 H 16 89% 3 2 Y 8
03311 0 0 %‘ 3 12 32 =1 =1 ;} ;}3
05111 0 0 g 4 16 2%6 % % % 8,21
I O O O I R T T I O O+
03113 0 0 0 0 0 0 3+ 1 9 2
01133 0 0 =+ 33 6 -16 2 -1 = 9
01115 0 0 & 4 16 256 3 3 2 2
01331 0 0 % 2 -18 48 £ =5 =i =&
03131 0 0 3 7 10 176 2 3 15 27
01151 0 0 % 3 3 % % 7 %; %
11123 0 0 0 0 -4 32 %‘ %5 % 7727
11141 0 0 T 3 12 % 7 3 13 z
11321 0 0 S 3 -16 64 S 3 2 B
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13121 0 0 ¢ 4 12 % 7 3 8 z
10412 0 0 % 0 =6 =384 1 5 3 -15
12212 0 0 ¢ 4 16 128 1 2 9 18
14012 0 0 2 0 0 =128 1 -1 z 27
10034 0 0 i 2 16 128 b 2 3 18
10232 0 0 2 2 20 R 1 3 9 9
12032 0 0 i 2 -8 2 i -1 Z 27
10052 0 0 E 2 -8 2 T > -+ e
10214 0 0 2 4 0 =12 1 3 3 9
12014 0 0 2 4 16 128 1 2 3 18
10016 0 0 £ 4 =6 =12 3 3 7 9
22022 0 0 2 0 0 S 1 -1 z -27
21311 0 0 0 -8 -64 1 > 2 =B
23111 0 0 B 5 20 ¥ 3 3 z z
21113 0 0 1 3 4 32 1 > 3 %
21131 0 0 % 7 18 176 u 3 8 Z
20222 0 0 H 4 24 48 1 4 9 0
20042 0 0 ¢ 0 -8 =8 5 -1 2 27
20024 0 0 2 4 16 128 1 2 3 18
31121 0 0 i 5 24 26 3 3 Z Z
30212 0 0 8 8 24 48 1 4 9 0
32012 0 0 ¢ 4 16 =128 1 -1 z 27
30032 0 0 z 2 -8 8 0 0 0 0
30014 0 0 H 8 16 128 1 2 9 18
41111 0 0 ¢ 8 32 26 7 B i z
40022 0 0 ¢ 4 0 =768 1 1 7 27
50012 0 0 2 8 32 =18 3 1 8 27
ijkim 0421 04,22 0423 0424 0425 0426 0427 0428 0429 04 30
00026 0 4 2 0 0 0 1 0 0 0
00062 0 3 8 0 0 0 3 0 0 0
00044 0 2 -8 0 0 0 2 0 0 0
00422 i 2 12 -1 3 1 3 H 2 -1
00242 Z 2 -8 1 3 3 2 -1 0 i
T O T I A T A I I
02222 = 0 -8 1 3 > 2 -1 0 i
04022 0 4 4 0 0 0 3 0 0 0
02042 0 3 4 0 0 0 3 0 0 0
02024 0 0 -8 0 0 0 2 0 0 0
01511 0 3 =0 1 3 =+ e 3 2 i
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Table 5.7, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in
{1,2,3,4,6}. ijklm represents quadratic form corresponding to tuple (17,2/,3% 4! 6™),
i+ j+k+1+m =38, whose generating functions belong to M4 (48, xg), with dimension 28.

ijklm %1 %42 %3 %44 %5 2% 7% oy A9 o410
00323 0 = 0 B 2 0 g 0 a7 S
00143 0 = 0 X pu 0 1% 0 S 1l 544
00341 0 4%8] 0 f_% ; 52] 0 Z%} 0 SR 5992
w2 | o | | B s | o e o ||
00125 0 % 0 % % 0 % 0 2432575 3(7)23
00161 0 2 0 2 2 0 = 0 1188 =spd6
01412 0 = 0 s 2 0 1au 0 —gass2 365
03212 0 = 0 s p 0 =6 0 B2 =17960
05012 0 P 0 18 0 Loga 0 o1 0 o1
01034 0 = 0 A 0 320 0 2 0 16
01232 0 = 0 2 e 0 28 0 EL lzsss
03032 0 % 0 1 0 83 0 3456 0 S
01052 0 % 0 108 0 416 0 1728 0 Sl
o0 & 0 & st 0 it 0| HE0 |
03014 0 B 0 2 0 610 0 4508 0 Bl
01016 0 = 0 = 0 e 0 33716 0 46
02123 0 = 0 F 2 0 30 0 Sl s
02141 0 2 0 s 5 0 o8 0 211 s
02321 0 = 0 2 & 0 ey 0 =473 9
04121 0 % 0 % % 0 % 0 1os1 %
11222 0 = 0 e 50 0 =56 0 4562 ~1u6
11042 0 % 0 18 2 0 216 0 a3 =i
11024 0 p 0 2 e 0 28 0 o E2E
13022 0 % 0 18 log 0 2 0 =136 —in
o AN I T I O R I BRI -
12113 0 = 0 p & 0 Eed 0 S 544
10115 0 = 0 B 2 0 oL 0 %5990 3704
10133 0 %81 0 f_% % 0 % 0 =307 %
10511 0 &+ 0 B e 0 =249 0 26388

12311 0 = 0 X e 0 140 0 =519 399
14111 0 z 0 = P 0 & 0 2130 S
10331 0 = 0 2 o 0 0 0 =39709 79
12131 0 2 0 e 2 0 26 0 olso =540
10151 0 2 0 e 5 0 o8 0 5575 Bt
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28 54 224 —432 3934 —4736
2121 0 a1 0 st st 0 ST 0 BT 51
10 72 160 —1152 12940 —7136
21212 0 a1 0 1 51 0 i 0 1353 1353
—26 108 208 864 =3112 —1272
23012 0 T 0 a1 a1 0 51 0 Eun 51
—26 108 104 432 —4713 —1272
21032 0 BT 0 a1 st 0 a1 0 s 5T
10 72 80 =576 1856 2432
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20141 0 T 0 ST a1 0 Eo 0 902 351
—8 90 128 1440 —26630 9600
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—108 —96 —3120 —320 —=5616 —576 548 40
41012 1 = ar i i = i It a
40121 =192 =2016 80 —17216 —144 ~12096 136 2152
a1 a1 a1 a1 a1 a1 1 41
50111 354 =2016 3120 —17216 5616 ~12096 —384 2152
41 41 1 41 41 41 41 41

Table 5.8, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in
{1,2,3,4,6}. ijklm represents quadratic form corresponding to tuple (17,2/,3% 4/ ™),
i+ j+k+1+m =8, whose generating functions belong to M4 (48, x12), with dimension 30.
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00116 0 = = 0 0 0 0 0 5 0
02312 0 3 e 0 0 0 0 0 = 0
02132 0 5 & 0 0 0 0 0 % 0
04112 0 = = 0 0 0 0 0 % 0
02114 0 = = 0 0 0 0 0 P 0
03023 0 0 0 0 0 2% 3 0 P 0
01223 0 & = 0 0 0 0 0 = 0
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01241 0 % > 0 0 0 0 0 5 0
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01421 0 3 = 0 0 0 0 0 % 0
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10322 0 3 = 0 0 0 0 0 P 0
12122 0 = = 0 0 0 0 0 2 0
10142 0 % & 0 0 0 0 0 = 0
10124 0 & = 0 0 0 0 0 5 0
13013 0 = = 0 0 0 0 0 5 0
13211 0 = 7 0 0 0 0 0 = 0
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11213 0 3 £ ¢ 72 z 2 16 8 -8
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sion | B2 1 =206 | 2816 3 1 -1 3 -16 0
31031 | =S¥ B8 4976 17¢0 0 3 3 b -6 -18
40112 | =48 2 4000 2784 5 5 7 3 8 24
41021 | =2 | =% sle 2% 0 2 4 6 -8 24
siorn | =$72 =380 os1o 4% 0 2 4 6 -8 24

Table 5.9, corresponding to qudratic forms, consisting of sum of 8 squares with coefficients in
{1,2,3,4,6}. i jklm represents quadratic form corresponding to tuple (1?,2/, 3k 4l 6™),
i+ j+k+1+m=8, whose generating functions belong to M4 (48, 24), with dimension 28.

ijkim 04,1 L7%) 043 044 5 4.6 47 o438 049 4,10
00035 0 =t 0 2 0 32 0 & 0 =5
00071 0 =t 0 = 0 u 0 3 0 168
00053 0 P 0 6 0 16 0 o~ 0 =176
00017 0 =T 0 & 0 £ 0 o 0 48
00413 0 P &% 0 25 0 0 = 1504 s
00233 0 P = 0 & 0 0 & a4 =13400
00611 0 ﬁ 2 0 % 0 0 2%11 320(?18 %
00215 0 ﬁ % 0 % 0 z%ll % %
00431 0 =t % 0 2% 0 0 % % 132?6
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04013 0 st 0 25 0 o 0 e 0 2
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02015 0 o 0 s 0 4 0 & 0 1w
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20015 17 8 2008 4264 2504 1120 2152 6928 —5384 —15200
7 3 261 261 37 29 57 87 361 261
20231 68 9328 ~2308 —55184 —1432 ~73904 680 ~34736 —4072 441904
87 87 261 261 T 87 87 87 261 261
20051 1468 ~2300 —11132 2056 —14672 40960 ~1700 6736 73792 — 135968
87 §7 261 261 87 87 87 87 261 261
21122 -6 —5360 1858 992 1648 1712 436 19408 2416 ~270896
7 87 261 9 8 3 87 87 261 261
30023 —280 4456 2912 —25952 5180 —55808 2768 —30560 —21820 262336
3 %7 s 261 o1 T —37 |7 v 261 o1
30041 1631 —5432 —12346 18760 —17164 49312 —2878 23440 88076 —286304
3 87 =37 261 261 7 57 37 87 261 261
30221 1354 12112 —8792 —76064 —10868 —94784 316 —55616 47188 596416
87 87 261 261 37 57 87 37 261 261
32021 652 —5432 —2768 18760 —6836 49312 —2624 23440 45652 —286304
87 37 261 261 87 57 87 261 261
31112 410 —5360 3194 992 1904 1712 1916 19408 13184 —270896
3 7 57 261 g 87 3 8 57 21 261
40013 1528 4456 1648 -25952 —2864 55808 1360 ~30560 41968 262336
87 87 61 61 87 37 87 87 261 261
40211 3752 12112 16540 76064 25912 94784 1456 55616 140312 596416
87 87 261 61 7 87 87 87 261 261
4011 1304 —5432 ~1360 18760 —7408 49312 —1072 23440 68336 —286304
7 87 261 261 87 87 87 87 261 261
40031 652 —9608 —4856 43816 —9968 46528 —4712 48496 57136 —478400
- w7 7 261 261 7 v 37 %7 261 261
50021 —1306 —13784 12212 68872 7556 43744 —6202 73552 —16228 —670496
57 T 261 261 BT v 57 57 261 261
60011 —2612 —13784 32776 68872 27640 43744 —4232 73552 —78392 —670496
87 37 261 261 37 87 87 87 261 261
ijklm Q41 04,2 0403 044 0425 0426 0427 04,28
—9544 16384 332 328
00035 0 7 0 57 0 Ea 0 ka
2744 1792 —196 —196
00071 0 59 0 55 0 29 0 9
—1664 —12160 1336 1316
00053 0 57 0 3T 0 37 0 3
2912 —3584 —a48 ~336
00017 0 91 0 =358 0 4 0 £
1640 3760 — 132608 -512 ~16576 512 ~15536
00413 87 9 0 261 %7 261 87 61
00233 3404 75800 12512 99200 382 13396 386 13400
261 Z61 261 261 261 261 261 261
236 7504 ~266240 —1024 ~33280 —1024 ~32240
00611 7 9 0 261 87 61 7 261
820 1888 —65792 —256 —8224 —256 ~7184
00215 7 9 0 261 §7 261 $7 261
1640 3760 — 132608 —16576 —512 —15536
00431 87 0 261 261 37 61
00251 244 36064 20896 —78400 —958 —11792 —962 —11812
g 261 261 261 261 261 261 261
02213 —500 —42392 —8320 65792 280 8176 m 9224
261 261 261 261 261 261 %61 261
—1248 —3072 144 240
04013 0 59 0 39 0 39 0 59
4064 —44672 —28 —128
02033 0 261 0 261 0 261 0 261
00411 ~1000 ~71624 —16640 132608 560 16528 544 17576
261 261 261 261 21 261 21 261
04211 364 19360 16768 —61696 —1744 —11792 ~1760 ~10768
9 261 261 261 261 261 261 261
9992 21760 —4288 —3608
06011 0 261 0 261 0 261 0 261
—14872 32512 80 1096
02015 0 261 0 261 0 261 0 261
02231 380 52768 16736 —95104 —2438 —14924 —2446 — 14944
g 261 261 261 261 261 261 261
12544 -4 —s6
04031 0 2 0 12544 0 = 0 =
10664 28864 —1528 —1580
02051 0 261 0 261 0 261 0 261
01322 830 93928 12544 —131584 ~1012 —16424 ~1016 —16432
3 261 21 261 261 261 261 261 261
03122 —3478 ~34640 ~10400 62720 1340 9808 1330 9824
261 261 261 261 361 261 361 261
01142 —434 —34640 —13552 62720 670 9808 665 9824
261 261 261 261 261 261 261 61
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896
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—61696
261
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261
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261
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61
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261
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261
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261
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261
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261
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261
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261
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261
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261
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261
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261
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261
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19

261

872
261

—29560
261

—40000




119

0 0 4 v 1 4l 4 ¢ 0 0 s & 0 0 e 8| 1zer
I 0 I & < 0z € r “ 0 st $ A ® 0% 06 €0€T
0 0 4 v 1 4l 4 H 0 0 RS 0 0 = | we
0 0 z e £ a 13 B 0 0 5t B A ® ceL Gl | poee
- 4 € 4 1 v z ¥ 0 0 s | & 0 0 g6 o1 e
“ 1 13 € 1 8 4 3 0 0 5 0 0 B I e 4
ElE | w ke e e u] o g | ||
I- 4 € 4 H v 1 § 0 H 5t 0 0 Ot | og5L ] oz
I- z € z & v < o 0 B 5 7+ 0 0 orse O | pzoe
O T O O T I B B B B I BT B I
I 0 0 v 0 zl z < 0 0 5 £ 0 0 1 8% 1181
1 0 0 v ¢ 4 z ¥ 0 0 s & 0 0 e L
0 0 1 [/ < e z r 0 0 i = 0 0 Q%6 o 1€€1
< 0 < € 2 8 z 8 0 0 5t 0 0 el ol | erer
0 0 I [/ < v 1 i 0 0 st 0 0 geeL Gesl | zear
0 0 I [/ 2 v £ o 0 0 5 0 0 orse B AT
“ I < 0 < e I g 0 0 5 0 0 0ceL sl IS11
S I T I T R S T I AR I A O R I S It
e I T I A U R AR I - O R I N ITT
“ I ¢ 0 e 0 o4 0 5t £ Che | (8l e | zeor
S N H R A S R I o
& | o |2l o | m]o| |8 wo| e | s | e g
91'vp Sl'tp 148 7%) €l'tp Tl'vp |79 0l'vp 6o Stp Lo CA7%) Sto o o Tho I'to \V\,\w

"9 uoIsudWIp yIm ‘(0¥ ‘7€) Ppy 03 uo[aq suonouny SUNeIUSE dsoyM ‘g = w1+ Y+ +1(,8°yp 2’ 1) S1dm
01 Surpuodsai10o wioy oneipenb syuasaxdar py/1 {8y 7 1} Ul SHUAIOYF00 1M sarenbs g Jo wins jo Sunsisuod ‘surioy sneipnb 01 Surpuodsariod ‘OIS AqeL,




120

~ N - - ) ind — — o o « =) < < ) o) S S
=} =} o o — o =} o o =} o o =} =} <+ <+ L4 0
o o < < 3} < o o < < S < o o ™ ™ < <
~ ~ © © ~ © © © a s} Sl Q hal hal 59 154 = =
— o S Zlee It enlen enlen — o ] 3] ] 3] o i 3 o ~ieu o
<+ <+
) ) ) % % a a © ~ Q =)
] xR < <+ ° ~ ] K a a k3 = v} v} 3 I aQ Q
S = e ) [Pl < < ™ =N [v=) =N © © o =1 © = =
—~ = oke o — — — — cR ol e — — ~ ol — — a
- - S S S S o o = o T o - - =) =) - -
= o L = o o =) =) =Y = o o o o ) T o
e e e L e e L
M )| |~ |~ |~ o) |~ |~ )|
\\~ \\"’ \\— e e \\~ —kn \‘”‘ \‘~ \‘~ \“”
o =
o RO -R e =) =) =) o T% e T% o =) SR a2 =} o =R
- S e « - cle -
o R T‘i‘? B ° S S S —‘E -8 o o R R e S R
- = = e e e e — g e ~e —e -~ e —e  — .
[ =2 S T v S =] 3 ] = A - - B E B E - FE E TR
—ﬁ B & E 8 B -8 —E -8 = % 5 3 & ﬁ -] —B -3
53 3 = = =N <+ < > =3 I+ 3] 3 = I = = o
] = <+ ] o — ] — <+ I I - o - ~ — a -
S =) = &« = e = = =3 a =] a =] =) = = 1) =)
54 ] =) =] - — I « S =] = = Q @ =) = S =
(] (o} [3a) [3a] Lag] Lag] Lag] o s < < s < < wy wy o =}




121

9 z R 9 z o ¥ < 0 0 0 0 s s 0 0 €12e
N z z ok ¥ u 0 0 0 0 U 0 0 4314
b z ¢ i o S & 0 0 0 0 i 0 0 | ¥ie
u i 0 i ¥ 5 3 0 0 0 3 ¥ 0 0 150¢
u 0 [ u ¥ & T 0 0 0 T 7 0 0 | €0z
u “ dr 0 [ u S i < 0 0 0 < 4 0 0 10T
i O O T R I o [ o | ] e
u 3 i pas 0 H 0 0 0 i a 0 0 2051
b | b q AL z & 0 0 0 0 & 4 0 0 | 1
b I b « AL 4 & 0 0 0 0 4 0 0 | e
v Bole &l s le] oo ooy | & | wa
z I z z 4 4 < 0 0 0 0 4 4 0 0 Tl
¢ 1 i ¢ pad u 4 e 0 0 0 0 L 4 0 0 ezl
A T I O O I O O N BN B B B I
z | 0 u ia z ¥ 0 0 0 0 & ¢ 0 0o | wn
z | I a iu z (2 0 0 0 0 < 4 0 0 | vz
oo t Si I I z fad 0 w 0 0 w 0 0 | gorr
i i s 0 u i 0 & o i 0 0 1901

£ ] % & | w T F o w | ¢ T 0 | 0 | &0l

& 4 & a 2 I I I # 7 0 0 | seor
N I T I I O U U O BT N O
9'vp STtp ' €l'vp Tl'vp 188 7%) 0l'vp 6'tp 8o Ltp Ry} St L a79) (249} Thro (879 Pl

"9 UOISUSWIP YIM (8% ‘7€) Vpy 03 Suo[aq suonouny SUNeIuas asoym ‘g = wi+ 1 +y+1+1(,8°yp ,2*,1) d1dm
01 Surpuodsai10o wioy oneipenb syuasaxdar py/1 {8y 7 1} Ul SHUAIOYFA00 1M sarenbs g Jo wins jo Sunsisuod ‘surioy oneipnb 01 Surpuodsariod ‘T1°S dqeL,




122

cl

€

L

GEeE SR e o

az

oR

olF

o
]

|

aF

3
il

= =)

=

az

-
]

=]

1l

9T

L

=

<

ol

ol

o=

B L e =T

4= e —E aE st az s tE o2 eE 9

+=

az az

alz

L

= az az o

o

alz

=}

._“N
]

018

1208

£00S

ey

(4884

8304

£10¥

1ove

1cee

€0TE

wie

01€

1¥0€

£20¢

S00¢

18844




123

2 A AT A A O O A O I SN N BN B R I I R
o T I T o T A R A e e A R s
0 0 0 0 0 0 = = 0 % 0 o & v Qv 0r (Frvn)
0 I T O O I B wo | w I
2 T A I I A R O A I I I I B
0 0 z 0 0 0 0 0 0 0 « = & oL (v
Eoloe o [ m e e o o sl n e e e ] e
0 0 0 0 0 0 = & 0 5% 0 QWL < L oL oL (F'zen)
0 0 0 0 0 0 0 0 0 0 0 i 0 & X b (TT'T'n)
0 0 0 & ¢ e | ome | e | B | B OF | W FER®|E W
& e § = § 0 0 0 3 A R I o I I S e
0 0 0 0 0 0 5t Wm 0 € 0 e < 00 0z e
0 0 0 18 6 = o 2 5¢ < P st o o oz (8°T1°1)
0 0 6 0 0 0 0 0 0 3 0 = = & o+ ® (rzr)
0 0 0 0 0 0 0 5 0 0 0 i 0 & < & Tz
= 18 0 & e 0 0 0 £ i = s oL ol oL (81°1°1)
N R T A A O B S A S A S
0 0 0 0 0 0 0 0 0 0 0 ¢ 0 s = &

or'vg | st'vd | vi'vg | er'vd | Tivd | 1ivg | or'vd | 6'vd | 8w | Lwg | 9vd | svd | v'vd | €vd | Ted | 1w | (Bt

"9 UOISUAWIP
s ‘(0¥ ‘4g) vy 9oeds oty 03 Suofeq uonouny Sunerouad pajeroosse Yl pue dqe) ur APIIx USAIS are (€201 ‘1) sopdm oy, {8y ‘¢ 1} > o'W 1o
pue £ = © S 1o aroym Amk._. 8xLy 4+ wxv €+ @?_. 9Sx + wxv (SRS @x._. pex 4 m& 1o+ wa._. lx 4+ mé swiog oneipnb 01 Surpuodsariod ‘7T°S dqeL,




124

Ele | E B & | F | A | e F|E s e e elw | aw
6 9 6 18- ¢ o= | == | 5= 5¢ L | ge | S | Suw | o) Q0 0r (11'zeee)
0 0 0 0 0 0 & 0 = 0 & L e o 9 (pigetn)
0 0 € 0 0 0 0 0 0 5 0 & 8 e rz (yTieetn)
0 0 0 0 0 0 & P 0 © 0 & & s i+ o (ce'eetn)
0 0 0 0 0 0 o7 e 0 = 0 &= < s £ o (v1'gctn)
0 0 9 0 0 0 0 0 0 5 0 o m\m gl ® (crieetn)
0 0 0 0 0 0 o= £ 0 = 0 o S < L & (1r'getn)
0 0 < 0 0 = 9 £ 5¢ Wl = 008 e s ore ore (vv'zern)
o e R N O I T A A A A A I = I
0 4l 0 0 0 = - 5 5¢ i = e 00e e 009 9 (ze'zenn)
A T I B I I I o o e
Ele e | B | F | a | a | & E | E s e ee]e| e
6 9¢ 9 18- € Bi= 8 | o= | of e & o & ot ot (1r'zzrn)
0 0 € 0 0 0 A 0 s¢ 0 fres g | W r ot (p'1111)
0 0 € 0 0 0 5 0 & 0 fres 5 Wy Lor 00t (AN
0 0 0 0 0 0 = P 0 5¢ 0 0 = Wl 0 e (ze'rinn)
0 0 a 0 0 0 A 5= 0 5¢ 0 0 = W 0 e (Freenn
0 0 9 0 0 0 5 5 0 § 0 e A e I R (@)
0 0 a 0 0 0 w= | = 0 5¢ 0 o e & gL <L (e
OU'vA | Stph | vI'vh | ek | Tri'vh | Tivh | or'pd | ewd | 8k | v | o'k | vk | v | vk | T | 1 | (Gqlgtotolnln)

‘91 uoIsuswWIp yIm
(0% ‘47) Y 29eds 2y 03 Suofeq uonouny SuneIaud3 PAJRId0SSL A} pue Jqe) ur APIIdxa uaaIs are (Iq1q ‘votvinin) soldm oyy, {y‘c‘1} 2 s.’q {¢‘c‘1} >
s/puelq>1q S S WS I arym (34 8xlx + Lx)Tq 4 (91 + 9xSx + £x) 1q 4 Ixvp + Ex€p + Sxtv + lx1n swuioy oneipnb 0) Surpuodsariod ‘€1°g qeL,




125

o =) =) © XS Lol 1S} T o ) =) =) S S
aQ ° o & © ad o © o o o o o o o
S o o o ) =) S om o <+ a < o - —
o
=) o o * "“"‘N Ll D = =Y o o o ) ) o
- - - =] 7% i —_ (] Tb =) =} =} =} =) o
o
= %
%‘m Lo T‘m \o‘m S E - o Rpn S o o o S} S}
I <+ <+
T = = = r‘:‘m R
= = =] S o Sk e =} o Fhn =) e
BG = '] Fg e FR FR e FQ o S} S} o S} S}
RS o T T e e Tk T ;e 8l wp ®mm gl @i
L TR = R TR TR TR TR &k Sk TSI S S SIS
& e Bla e} e
e & qR el el ol e o ° o o o o
Y. B o 2 g S o — 2 EYSS
M B B Rk o8 TE B B TR SBE SR o <o B
~ —c =) — —2 =) —2 <+ <+hn <+
B o B O-E B OB -E B Tk o~k T Te e Tk
- = ) N N =)

< e S I \‘v "““3 \‘E "‘@ \‘m ~‘2 = e -5 g

- e — — e - — — —

ol ko

e g B e R B B B E BB o o B B

e R B B B - o B B B L B
s e e ks R B B g K B B B & -8
Y ¥ = @ ¥ 9@ 3T ¥ = @ T @ T =
(o] (o] < - - - (o] (o] <t - - - (o] (o] g
o o o [ae) [aa) [aa) o o o o [ae) [3e) [3a) [aa) o
(\l a a o« « « « @ o o e e o o e
o o o o o o o o o o [ae) o [aa) [aa) o
g g g g g 4 g g8 d o &8 o o o <o




126

1y 1 . Iy Isy Isy Isp ‘
921 oLs— 96— [ #4 - L= 88T L i vreecl
N 1r 1y Iy sy ar 153 1sp sy ‘
0 o1 (53 05— 0cer— 4 ST Seci— 554 06 veeecl
1 a1 153 Isp 158 st Iy Isy ‘e
081 - 0 0r9— 8001— 00L— 0r9 (72 i ceeecl
s It 15p Isp 158 153 193 It sy e
99— - 0 0r9— 8001— 09L— 00— 0r9 (72 i vieeel
1 1p 154 15t Isp Isp Ish 1cp sy v S
(2l 1403 [ 0798~ 95t 3 0RC1— eIt 201 06 8
1 1w sy Isp sy 15t 154 1Sy sy I'eszl
oohe— 08h— Z169 19— 88t TERSI— 95T 72 01
Isp Isp ish Isp Iy 1sp st It .
888E— 0880 I TS€C 798 80¢ 801 9 vy el
2 1y Isp iy sy isp Isy 1sp Isy st S
vLb 991 36c1— 9609 91T Bl 98- b 7 8z
1t 1sp ap Isp sy Isy 152 .
88¢C <l RIc— oT0r = ic 00T 5 801 9 [zl
. . I 1 _Isy_ Isp 1 153 1t sy Isy Ish ‘
1 9s LT Tiv I 6oL 1c 60— 9chE [45] 801 9 viaal
1w | 1 0 153 Isp 1oy 1sp 154 sy sy S —
0ch— 0% 5561 b Feoor— 95L— 8656 Sohe— 6L e £
| sy 1cp 1s Icp Ich 154 Ich Ist 'zt
099~ SeseT RSt 80L— e 8901~ [k ] 3078 FeseT 8zee 801 9
1y _Isr Isr 154 Isp 15t 1op Isy 1t U
9= [ 9 82LT BI- 82LT otF 801 9
1w i s ISt 1cp Ish Iy 16t 1op Isy sy YT
95— 06— - 98— Pel— 81— 59— SeL1— 968 e T
Isp Isp Isp Isp 1y st .
69— 0 ZL9¢ T6- Z16 7991 9 et
_Isy st sy st ISt sy 1§54 ¢
Z169— 0 [ Tl6— 169 90T 801 9 vicill
1 1t 1y I sy 158 153 Icy sy 212
T 01— 82LT 9T~ o 08t 60— 8cE e 82
1 1 1t Isp 154 sy Isp sy 152 i
A0 956 i 08cLI— S6h— SHPIT o1 9599 801 9
1A €1°ph 71k vk | o1'vh 6'vh 8ph L'vh 9'vh S'ph b ph cpd | Tvh | 1WA | ZqlgtotpToly

‘y1 UOISUSWIp 1M
‘(8% ‘47) Y 29eds 2y 03 Suofeq uonouny SuneIaud3 PAJRId0SSL A} pue Jqe) ur APIIdxa uaaIs are (Iqlq ‘votvinin) sojdm oyy, {y‘c‘1} 2 s./q {¢‘c‘1} >
s/puelq > 1q S S WS I arym (S 8xlx + Lx)Tq 4 (91 + 9xSx + £x) 1q 4 Ixvp + Ex€p + Sxty + x1p swuioy oneipnb 0) Surpuodsariod ‘p°g dqeL,




127

0 0 0 0 e = o= H 0 0 0 0 &® % % 5§ (vb'eeen)
0 0 0 0 &= £ & 5 0 0 0 0 T F g ¥ (2 ceet)
0 0 0 0 e 5« «© 0 0 0 0 = & i & (ce'eeet)
0 0 0 0 e oo 5 [ons 0 0 0 0 = & “ & (r1ggen)
0 0 0 0 = . & s 0 0 0 0 “ & i« & (c1iegen)
0 0 0 0 e e = & 0 0 0 0 = o s & (11°€gen)
B | o | | & | B | | E | EE o | o | F Lo | F|E 0| orem
Fo| & || 8| & | 8| 8| E|F oo | Flo|E|F || ovam
I I I 2 o I I O O I O O A BN OO
M| [ o AR | & | B | & | F oo | F o | E|E| 0| @m
e | e = = = = = “ 0 0 = 0 & = 0 (11'geen)
0 0 0 0 “ it & o 0 0 0 0 “ “ i« & (PpeIT1)
0 0 0 0 e i i = 0 0 0 0 = = 5 & (¥TeTtn)
0 0 0 0 e & & & 0 0 0 0 “ & « & (zeiernn)
0 0 0 0 =& . = =& 0 0 0 0 “ &« « & (préernn)
0 0 0 0 e e &= & 0 0 0 0 = &= = & (criernn)
0 0 0 0 = o & «© 0 0 0 0 “ £« = &« (rernn)
91 ‘ph S1pd PLpA | er'ph | T 1194 or'ph | 6vh | 8pd | LW | ovh | Svb | vk | € | T | 194 | (Yqlq‘toEnTnln)

‘91 uoIsuswip pim
{(TIX ‘yg) Yn 2oeds oy 01 Suofeq uonouny Juneroudd pAjeIoosse ) pue Jqe) ur APIIdxa uaaIs are (Iq1q ‘votpinin) sojdm oyy, {y‘c‘1} 2 s./q {¢‘c‘1} 2
s/puelq>1q S S WS I arym (34 8xlx+ Lx)Tq + (90 + 9xSx + £x) 1q 4 Ixvp + Ex€p + Sxtv + x1v swuioy oneipnb 0) Surpuodsariod ‘g1°g I[qeL




128

192 19¢ 19¢ 192 L8 6T 19¢ L8 192 L8 L8 19¢ PheeeT
9¢TI— 09¢L 0TS 89TTIT 808— oTIr— oric— 8TI 8801 1 91 91 1
19T 192 19¢ 19T 192 L8 L8 19¢ L8 192 L8 19¢ L8 19t bTEieeT
7881 8L8 8TSHI— 999T 808CT— 9L— 86T we YLT— 0r6— - [ € 1
19T 19¢ 19¢ 19T 19¢ L8 6C 19T L8 19T L8 192 L8 19T zTicest
91€9 00€S Tisce 89THT— T6STL— YOEL 8891 9€89 8TCI— 098S— T 9 9 1
192 192 19¢ 19T 192 L8 6C 19¢ L8 19T L8 19T L8 19¢ bIiEEeT
YIST— 0€ST— Tisce YLIOT— 89¢€1CT T60T— 896T— 9TIv— €€ 9¢€8¢ i 9 9 1
192 192 19T 19T 192 L8 L8 19T L8 19T 19C L8 19T z1'€e€T
8¥68— 9686— 9STH9— clesy 96T6C1 896%1— 0T6LT— Tty — Tlge SOITT 8TI— 8CI 1
192 192 19T 19T 192 L8 6C 19¢ L8 19T L8 19T L8 19T 11'ce€T
8€91 YorSIT [ 896€11— CIL6lT— 0960 8091 9180C 0cse— 09¢€l— I 9sT 9T 1
192 19 19T 19T 192 L8 L8 19T L8 19¢ 6T 192 6T 192 hieTTe
i244 ¥8C 8TeL— 88£9— 0r8¢s 9¢61— 0zsT 09— T ore— - = 8 I
19¢ 192 19¢ 19¢ 192 L8 L8 19¢ 192 6T 6T 19z yTisTee
98 8LS 880I1C 0€88— oIl 9SI1— 9¢6T 0LYT— 8PL— I 91 I
19T 19T 19¢ 192 192 L8 L8 L8 19¢ 6T 19¢ 6T 19z st
TLIT— TLoT— TLOYY— TsTee TL90S Y2001 — 88TCT 0011 T8 - e ¢ 1
19¢ 19¢ 19¢ 19¢ 192 L8 L8 19¢ L8 19¢ 6T 19¢ 6T 19¢ p1icTTe
6t oy TLOYY— 0€00T— 96¥rT— 879— 8881— 0L6Y 99— T8 - e € 1
19¢ 19¢ 19¢ 19T 19¢ L8 L8 192 L8 19T 6T 19T 6T 19T 1€
96 9L0T 0¥996 Y8TLY— Y7805 — 0zeTt 9696 — TLIL 0r9— 091— T 9 9 1
192 6 19¢ 19T 19T L8 L8 19T L8 19T 6T 19T 6T 19¢ 11'€2ee
YOLE— 91— 8¥0¥61— 8¥TT01 +996L Y8SET— T66T— 910ST— (754 08tS - 8TI— 8CI 1
L8 L8 L8 L8 L8 6C 6T L8 6T L8 6T 19T 6T 19¢ eIl
029 6T Y201— POvE— T669— wsi— 68 T 9LT— 91 - - 91 1
£ 8 8 8 8 6T 6z 8 62 18 6 19z 6 19z At
01— W~ 88TF 8LL— 9L6L 879— 96TT— 0L6— 81T 098 I [ 3 1
67 67 6T 6C 6T 67 6C 6T 6T 6T 6 197 62 19¢ el
01— Y0T— TLOE— 7881 90T 89¢I— 0891— 0ty — 09 +9C - 99— 9 I
6C 6T 6T 62 6T 6T 19¢ 6T PRYan!
TLOE— 00Ty — e~ 0081 osy 8~ 99— 9
L8 £ L8 L8 L8 6T 6C L8 6T L8 6T 19z 6C 19¢ [ARaN!
008 8 8¥CIT 001L— P9~ 8¥01 89¢— 8T~ [ 80T 1 8TI 8CI I
L8 L8 L8 _€ € 6T 6C L8 6T L8 6T 19¢ 6T 19¢ ezt
896— 9601— P861Y— Ly 9¢L vriv— 808¢— 9¢0T— 959 8081 - 9¢T— 96T 1
¥1'ph €1°ph AR 1A 01 ‘ph 6'vh 8 ph L'yh 9'ph S'ph 7' ph € ph Tk 1A Zqlq‘trtvnln

‘y1 UOISUSWIp 1M
“(YX ‘y¢) Yiw 2oeds oy 01 Suofeq uonouny Suneroudd pAJeIoosse Ay} pue Jqe) ur APIIdxa uaaIs are (Iq1q ‘votvinin) soldm oyy, {y‘z‘1} 2 s./q {¢‘c‘1} 2
s/puelq > 1q S S WS I arym (B4 8xlx + Lx)Tq 4 (91 + 9xSx + £x) 1q 4 Ixvp + Ex€p + Sxtv + x1p swuioy oneipnb 0) Surpuodsariod ‘91°g d|qe,




[1]

(2]

[3]

[4]

[5]

[6]

Bibliography

"Jacobi’s identity and representation of integers by certain quaternary quadratic
forms", A. Alaca, S. Alaca and M. F. Lemire, Int. J. Modern Math., 2007, 2,
143-176.

"The convolution sum Y itsbm=n O (l)o(m) for (a,b) =
(1,28),(4,7),(1,14),(2,7),(1,7)", A. Alaca, S. Alaca and E. Ntienjem,
arXiv:1607.06039v1 [math.NT].

"On the quaternary forms x” + y? 4 z% + 52, x> +y* + 572 4 5t and x> + 5y* +
5724 52", A. Alaca, S. Alaca and K. S. Williams, JP J. Algebra Number The-
ory Appl., 2007, 9 , 37-53.

"Seven octonary quadratic forms", A. Alaca, S. Alaca and K. S. Williams, Acta

Arith., 2008, 135, 339-350.

"Fourteen octonary quadratic forms", S. Alaca, Y. Kesicioglu, Int. J. Number

Theory, 2010, 6, 37-50.

"Representations by certain octonary quadratic forms whose coefficients are
1,2,3 and 6", S. Alaca and Y. Kesicioglu, Int. J. Number Theory, 2014, 10,
133-150.

129



130

Bibliography

[7] "Representations by certain octonary quadratic forms with coefficients are

1,2,3 and 6", S. Alaca and Y. Kesicioglu, Integers, 2015, 15, Paper No. AS,

9 pp.

[8] "The number of a positive integer by certain octonary quadratic forms", S.

Alaca and K. S. Williams, Funct. Approx., 2010, 43, 45-54.

[9] " Ramanujan’s Lost Notebook, Part 1", G.E. Andrews and B. C. Berndt,

Springer, New York, 2005.

[10] "Hecke operators on I'g(m)", A. O. L. Atkin and J. Lehner, Math. Ann., 1970,
185, 134-160.

[11] "Ramanujan’s identities and representation of integers by certain binary and
quaternary quadratic forms", A. Berkovich and H. Yesilyurt, Ramanujan J. ,

2009, 20, 375-408.
[12] "Ramanujan’s Notebooks, Part III", B. C. Berndt, Springer, New York, 1991.

[13] "Extrait d’une lettre de M. Besge 4 M. Liouville", M. Besge, J. Math. Pures
Appl., 1862, 7, 256.

[14] "The construction of modular forms as products of transforms of the Dedekind

eta function", A. J. F. Biagioli, Acta Arith., 1990, 54, 272-300.

[15] "The 1-2-3 of modular forms", J. H. Bruinier, G. van der Geer, G. Harder and

D. Zagier, Springer-Verlag, Berlin, 2008, 266 pp.

[16] "Powers of theta functions", H. H. Chan and S. Cooper, Pacific J. Math., 2008,
235, 1-14.

[17] "On Eisenstein series and Zz,n:_w q’"2+'”"+2”2”, H. H. Chan and Y. L. Ong,

Proc. Amer. Math. Soc., 1999, 127, 1735-1744.




Bibliography 131

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

"Shintani and Shimura lifts of cusp forms on certain arithmetic groups and their

applications", S. Choi and C. H. Kim, Open Math., 2017, 15, 304-316.

"Sums involving the values at negative integers of L-functions of quadratic

characters"”, H. Cohen, Math. Ann., 1975, 217, 271-285.

"On the discrete groups of moonshine", J. Conway, J. McKay and A. Sebbar,

Proc. Amer. Math. Soc., 2004, 132, 2233-2240.

"On sums of an even number of squares, and an even number of triangular num-
bers: an elementary approach based on Ramanujan’s | Y| summation formula",

S. Cooper, Contemp. Math., 2001, 291, 115-137.

"Analogues of the Ramanujan—-Mordell Theorem", S. Cooper, B. Kane and D.

Ye, J. Math. Anal. Appl., 2017, 446, 568-579.

"Level 14 and 15 analogues of Ramanujan’s elliptic functions to alternative
bases", S. Cooper and D. Ye, Trans. Amer. Math. Soc., 2016, 368, no. 11, 7883—
7910.

"La conjecture de Weil. I (French)", P. Deligne, Inst. Hautes Etudes Sci. Publ.
Math., 1974, 43, 273-307.

"A first course in modular forms, Graduate Texts in Mathematics", F. Diamond

and J. Shurman, Springer-Verlag, New York, 2005, 228.
"Mathematische Werke", G. F. Eisenstein, 2nd ed., Chelsea, New York, 1988.

"On the squares of the series in which the coefficients are the sums of the divisor

of the exponents", J. W. L. Glaisher, Mess. Math. , 1885, 15,1-20.

"Multiplicative properties of n—products II", B. Gordon and K. Hughes, Cont.
Math. of the Amer. Math. Soc., 1993, 143, 415-430.




132

Bibliography

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

"Heegner points and derivatives of L-series II", B. Gross, W. Kohnen and D.

Zagier, Math. Ann., 1987, 278, 497-562.

"Elementary evaluation of certain convolution sums involving divisor func-
tions", J. G. Huard, Z. M. Ou, B. K. Spearman and K. S. Williams, in Number

Theory for the Millennium, 11, 2002, pp. 229-274.

"Topics in classical automorphic forms, Graduate Studies in Mathematics", H.

Iwaniec, American Mathematical Society, Providence, RI, 1997, 17.

"Gesammelte Werke. Bénde 1,", C. G. J. Jacobi, Zweite Ausgabe, Chelsea, New
York, 1969.
"Fundamenta nova theoriae functionum ellipticarum", C. G. J. Jacobi, Gesam-

melte Werke, Erster Band (Chelsea Publishing Co., New York, 1969, pp. 49—
239.

"A generalized Jacobi theta function and quasimodular forms", M. Kaneko and

D. Zagier, Progr. Math., 1995, , 165-172.

"Introduction to elliptic curves and modular forms : Second Edition, Graduate

Texts in Mathematics", N. Koblitz, Springer, 1993, 97.

"Modular forms of half-integral weight on I'((4)", W. Kohnen, Math. Ann.,
1980, 248, 249-266.

"Newforms of half-integral weight", W. Kohnen, J. reine angew Math., 1982,
333, 32-72.
"Fourier coefficients of modular forms of half-integral weight", W. Kohnen,

Math. Ann. , 1985, 271, 237-268.

"Cusp forms and special value of certain Dirichlet series", W. Kohnen, Math.

Z.,1991, 207, 657-660.




Bibliography 133

[40] "The representation numbers of three octonary quadratic forms", B. Kokliice,

Int. J. Number Theory , 2013, 9, 505-516.

[41] "On the number of representation of positive integers by some octonary
quadratic forms", B. Kokliice, 2nd International Eurasian Conference on
Mathematical Sciences and Applications (IECMSA), Sarajevo, Bosnia and

Herzegovina, 2013.

[42] "Newforms and functional equations", W. -W. Li, Math. Ann., 1975, 212, 285—
315.

[43] "Courbes modulaires de genre 1", G. Ligozat, Bull. Soc. Math. France [Mem-
oire 43], 1972, 1-80.

[44] "Sur la formes x* 4+ xy + y* +z> 4zt + 2", J. Liouville, J. Math. Pures. Appl.,
1863, 8, 141-144.

[45] "Nombre des représentations d’un entier quelconque sous la forme d’une

comme de dix carrés", J. Liouville, J. Math. Pures Appl., 1966, 11, 1-8.

[46] "LMFDB, The database of L-functions, modular forms and related objects,

http://www.lfmdb.org/".

[47] "Representation of numbers by sums of the quadratic forms x% +x1x2 —|—x%", G.

A. Lomadze, Acta Arith., 1989, 54, 9-36.

[48] "Multiplicative n-quotients", Y. Martin, Trans. Amer. Math. Soc., 1996, 348,
4825-4856.

[49] " Modular forms", T. Miyake, Springer-Verlag, 1989.

[50] "On the representation of numbers as the sum of 2r squares”, L. J. Mordell,

Quart. J. Pure and Appl. Math., 1917, 48, 93—104.




134

Bibliography

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

"Problems in Analytic Number Theory", M. R. Murty, 2nd ed., Grad. Texts in

Math., vol. , Springer, New York, 2008, 206.

"Construction and application of a certain class of modular functions", M.

Newman, Proc. London Math. Soc., 1956, 7, 334-350.

"Construction and application of a certain class of modular functions I1,", M.

Newman, Proc. London Math. Soc., 1959, 9, 373-387.

"The Web of Modularity: Arithmetic of the Coefficients of Modular Forms
and g-Series", K. Ono, CBMS Regional Conference Series in Mathematics :

American Mathematical Society, 2004, 102.

"Shimura and Shintani liftings of certain cusp forms of half-integral and in-
tegral weights", Manish Kumar Pandey, B. Ramakrishnan and Anup Kumar

Singh, Communicated.

"Modular Forms with Integral and Half-integral Weights", D. Pei and X. Wang,

Springer, Science Press Beijing, 2012.

"Evaluation of the convolution sums Y, 5,—,0(/)o(m) and
Y3iism=n0(l)o(m) and an application", B. Ramakrishnan and Brunda-

ban Sahu, Int. J. Number Theory , 2013, 9, no. 3, 1-11.

"Evaluation of convolution sums and some remarks on cusp forms of weight 4
and level 12", B. Ramakrishnan and Brundaban Sahu, Math. J. Okayama Uniy.,

to appear.

"On the number of representations of an integer by certain quadratic forms
in sixteen variables", B. Ramakrishnan and Brundaban Sahu, Int. J. Number

Theory , 2014, 10, 1929-1937.




Bibliography 135

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

" On the number of representations of certain quadratic forms in 20 and 24
variables", B. Ramakrishnan and Brundaban Sahu, Functiones et Approxima-

tio, 2016, 54, no. 2, 151-161.

"On the number of representations by certain octonary quadratic forms with co-
efficients 1,2,3,4 and 6", B. Ramakrishnan, Brundaban Sahu and Anup Kumar
Singh, Int. J. Number Theory, 2018, 14, 751-812.

"On the number of representations of a positive integer by certain classes of
quadratic forms in eight variables", B. Ramakrishnan, Brundaban Sahu and

Anup Kumar Singh, Springer Proc. Math. Stat. , 2017, 221, 641-664.

"Representations of an integer by some quaternary and octonary quadratic
forms", B. Ramakrishnan, Brundaban Sahu and Anup Kumar Singh, Springer

Proceedings in Mathematics & Statistics, 2018, 251, 383—409.

"On the number of representations of certain quadratic forms and a formula for
the Ramanujan Tau function", B. Ramakrishnan, Brundaban Sahu and Anup

Kumar Singh, Funct. Approx. Comment. Math., 2018, 58, 233-244.

"On the number of representations of certain quadratic forms in 8 variables", B.
Ramakrishnan, Brundaban Sahu and Anup Kumar Singh, AMS Contemporary
Mathematics, 2019, 732, 215-224.

"On certain arithmetical functions", S. Ramanujan, Trans. Cambridge Philos.

Soc., 1916, 22, 159-184.

"Collected papers of Srinivasa Ramanujan", S. Ramanujan, AMS Chelsea,

Providence, RI, 2000.

"On spaces of modular forms spanned by eta-quotients", J. Rouse and J. J.

Webb, Adv. Math. , 2015, 272, 200-224.




136

Bibliography

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

"Evaluating convolution sums of the divisor functions by quasimodular forms",

E. Royer, Int. J. Number Theory , 2007, 3, 231-261.

"SAGE", Open-Source Mathematical Software System,

http://www.sagemath.org/.

"Elliptic Modular Functions: An Introduction”, B. Schoeneberg, Die
Grundlehren der Mathematischen Wissenschaften, Springer, New York, 1974,
203.

"On modular forms of half integral weight", G. Shimura, Ann. Math, 1973,
97(2), 440-481.

"Modular forms: Basics and Beyond", G. Shimura, Springer Monographs in

Mathematics, New York, 2012.

"The special values of the zeta functions associated with cusp forms", G.

Shimura, Comm. Pure Appl. Math., 1976, 29, no. 6, 783-804.

"On construction of holomorphic cusp forms of half integral weight", T. Shin-

tani, Nagoya Math. J., 1975, 58, 83—126.

"Ramanujan—Mordell type formulas associated to certain quadratic forms of

discriminant 20F and 32*", Anup Kumar Singh and D. Ye, submitted.

" Modular Forms, a Computational Approach, Graduate Texts in Mathematics",

W. Stein, American Mathematical Society, 2007, 79.

"On a double series of Chan and Ong", K. S. Williams, Georgian Math. J.,
2006, 13, 793-805.

"Number Theory in the spirit of Liouville", K. S. Williams, London Mathemat-

ical Student Texts, Cambridge Univ. Press, 2011, 76.




Bibliography 137

[80] "Evaluation of the convolution sum ¥, 3, 6(i)03(j) and Y34 j—, 6(7)03(J)",
0. X. M. Yao and E. X. W. Xia, Int. J. Number Theory, 2014, 10, no. 1, 115—
123.

[81] "On the quaternary form X2 +xy+ 7y2 + 24+ +7t2", D. Ye, Int. J. Number
Theory, 2016, 12, no. 7, 1791-1800.

[82] "Representations of integers by certain 2k-ary quadratic forms", D. Ye, J. Num.

Theory, 2017, 179, 50-64.




	Title-page-anup-thesis
	Thesis-DC-Recommendation
	blank page
	thesis-front-matter-page-5-10
	thesis_anup
	Summary
	List of Tables
	Introduction and Preliminaries
	Notation
	Modular forms
	Modular forms of integer weight
	Modular forms of half-integral weight
	Examples of modular forms


	Representation formulas for certain quadratic forms and some applications
	Introduction
	Statement of theorems
	Some applications to our formulas
	A formula for the Ramanujan tau function  (n).
	Evaluation of certain convolution sums
	Fourier coefficients of certain newforms

	Proofs of Theorems SepiaMahogany2.2.1, SepiaMahogany2.2.2 and SepiaMahogany2.2.3
	Preliminary facts and results
	Proof of Theorem SepiaMahogany2.2.1
	Description of some of the basis elements appearing in Table 1
	Proof of Theorem SepiaMahogany2.2.2
	Proof of Theorem SepiaMahogany2.2.3


	Ramanujan–Mordell type formulas associated to quadratic forms
	Introduction and the main theorem
	Some preliminary results
	Proof of Theorem SepiaMahogany3.1.2

	Construction of Shimura and Shintani maps for certain subspaces of cusp forms
	Introduction
	Preliminaries and statement of results
	Proofs of theorems
	Proof of Proposition SepiaMahogany4.2.1
	Proof of Theorem SepiaMahogany4.2.2(a)
	Proof of Theorem SepiaMahogany4.2.2(b)
	Proof of Theorem SepiaMahogany4.2.3


	Appendix
	Bibliography


