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Synopsis

0.1 Introduction

This thesis is about a study of some Lambert series. This works was done
during my stay at Harish-Chandra Research Institute as a research scholar. The
thesis can be divided into two main chapters. The theme of the first chapter is
modular-type relation associated to Rankin-Selberg L-function. Mainly, we will
obtain an asymptotic expansion of one interesting Lambert series. The summary
of this part is given in Section 0.2. In the second chapter we discuss secant zeta
function and its generalization as a Lambert series. The summary of this chapter

is given in Section 0.3. Now we begin with some basic definitions.

Definition 0.1.1 (Lambert series) A Lambert series is a series of the form

n

S(g) ==Y aln) - ot

n=1

where a(n) is any arithmetic function and ¢ € C with |¢| < 1.

Then expanding naturally we have

S(q) = _an)> ¢ => bn)g",

where b(n) = >_,, a(d). If we choose ¢ = exp(—z), where z is a positive real

il
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number, then the Lambert series will be of the form

S(z) = Z b(n)exp(—nz).

Various Lambert series have been studied by many mathematicians. In the fol-
lowing section we will discuss the asymptotic expansion of an interesting Lam-

bert series.

0.2 Modular-type relation associated to Rankin-

Selberg L-function

Let H denote the upper half plane. The Ramanujan cusp form is defined as
Ah):=q ][ =g)* => 7(n)q",
n=1 n=1

where ¢ = exp(27ih) with A € H. Ramanujan observed many interesting prop-
erties of Ramanujan tau function 7(n).

In 1981, Zagier [40] conjectured that the Lambert series Y - 72(n)exp(—nz)
should have an asymptotic expansion when z — 0T, and it can be expressed in
terms of the non-trivial zeros of ((s). Hafner and Stopple [17] verified this con-
jecture. More importantly, Zagier mentioned that the asymptotic expansion of
the above series can actually be used to evaluate the non-trivial zeros of ((s), us-
ing only the values of the Ramanujan tau function. Since 7(n) is the nth Fourier
coefficient of the Ramanujan cusp form of weight 12, one would naturally like

to ask the following question:

Question 0.2.1 Does the Lambert series y .- c*(n)exp(—nz) also have an
asymptotic expansion in terms of the non-trivial zeros of ((s) when z — 0T,

where c(n) is the nth Fourier coefficient of any cusp form f over I' = SL(2,7Z).

An affirmative answer to the above question has been obtained.

Let Si(I") denote the space of cusp forms of weight k for the full modular group

I. Let f € Sk(I') be a normalized Hecke eigenform with Fourier series expansion
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Z c(n)e*™imh, (1)

where h € H. Then the associated L-function has an Euler product,

n=1 peP

where o, and 3, are complex numbers satisfying a,+ 3, = ¢(p) and o, 8, = p*~1.

Definition 0.2.2 (Symmetric square L-function) Let f € Si(I") be a nor-
malized Hecke eigen form. Then the symmetric square L-function associated to
f is defined as follows:

D(s) := L(s,Sym®f, 1)
=] (1= w®ap™) " (1 = v@)apBer™) " (1 =)~ ",

peP

where 1 is a Dirichlet character.

Definition 0.2.3 (Rankin-Selberg L-function) The Rankin-Selberg L-function
associated to f € Si(I") is defined by the Dirichlet series

o0

s, ©f):

where ¢(n) is the nth Fourier coefficients of f.

Shimura [35] has studied symmetric square L-function and proved the impor-
tant relationship between symmetric square L-function and Rankin-Selberg L-
function. These two L-functions can be analytically continued to the whole
complex plane except for some poles. Moreover, they satisfy nice functional

equations.

Definition 0.2.4 (Confluent hypergeometric function) The following sec-
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ond order differential equation (Kummer’s equation)

d*w dw
2—+b—2)——aw=0
(b—2)—
has two linearly independent solutions M (a, b, z) and U(a, b, z). These solutions
are known as confluent hypergeometric functions of first and second kind re-
spectively. Confluent hypergeometric function of second kind has an integral

representation

1
['(a)

Ula,b,2) = / e e (14 1) g,
0

where z is a positive real number, a and b are complex variables.

We now state the main result.

Theorem 0.2.5 Let f € Sip(T) with f(h) = Y07 e(n)e*™ ™", Assume that all

n=1

the non-trivial zeros of ((s) are simple. Then for positive real z,

> e = ey ¢ P

- n 1 "
4 12k Zﬁne_%U (—5, k, ,u_) ,
z
n=1

where

T k- DD k- 1)
PO = T o e

with p = x + iy running over the non-trivial zeros of ((s). Moreover, the sum

p

over p inwvolves bracketing the terms so that the terms for which

Ay Ay
ly—y<exp|—— ) +exp |-
logy logy

holds are included in the same bracket, where A is a suitable positive constant

and i, = 4w*n, B, = %cz(n).

To prove Theorem 0.2.5, we have used the following two important results.

1. The functional equation of Rankin-Selberg L-functional due to Rankin
[29].
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2. The relation between Rankin-Selberg L-function and symmetric square

L-function given by Shimura [35].

The proof of Theorem 0.2.5 was obtained in [8]. This is a joint work with S.
Kanemitsu and K. Chakrabory. The first Chapter of the thesis contains details
of the proof of this theorem.

0.3 Cotangent and secant zeta function

Lerch [22] in 1904 introduced the cotangent zeta function for algebraic irrationals

z and odd positive integers s as follows:

E(s5) = Z COtE;WZ)'
n=1

In 1973, Berndt [4] considered the cotangent zeta function for s € C, where his
main motivation was to study the generalized Dedekind sums. He found many
interesting explicit formulas for £(z,s) for a quadratic irrational z and an odd

integer s > 3. Berndt’s work implies that

ViEWG 9)m € Q,

where j is any positive integer and s > 3 an odd integer.

Recently, Lalin et al. [21]| considered the secant zeta function

p(z )= Y 2T ©)

n=1

and found its special values at some particular quadratic irrational arguments.
They conjectured that, when j is any positive integer and s is an even positive
integer,

Y(\/5,8)m* € Q.

The main result of Lalin et al. [21] is

Theorem 0.3.1 (Lalin, Rodrigue, Rogers) |21, Theorem 3| For any alge-

braic irrational o and | € 2N, the difference between the following special values
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may be explicitly expressed:

(a+ 1)y ( “ l) — (—a+ 1)y ( a l)

a+1’ —a+1’

(3)

:(ﬂ;) Z:(Qm_l _ 1)BmEl—m (ﬂi) [(1 + a)m—l o (1 B O_/)m_l} 7

0

where B, and FE,, indicate the Bernoulli and Euler numbers respectively.

We will introduce a generalization of the secant zeta function as a Lambert
series. Using the theory of generalized Dedekind eta-funtion due to Lewittes
[23], Berndt [3] and Arakawa [1], we shall give a generalization of the Theorem
0.3.1.

0.3.1 Work of Lewittes, Berndt and Arakawa

Lewittes [23] defined a generalization of the Dedekind eta-function as a Lambert

series

A(z,8,11,19) i= Z Z k5 telkry + k(m +11)z], (4)

m>—ry k=1

where (r1,75) € R?, z € H and s € C. He introduced its associate as

H(z,s,1m1,12) := A(z,8,r1,12) + € E] Az, s,—r1, —r3). (5)
Berndt [3] has studied the modular transformation formula of H-function, which

will be discussed in the thesis. Arakawa [1| introduced a generalized eta-function

as follows

n(a, s,p,q) = Zns_l%[zcj)] with R(s) <0, (6)

where (p,q) € R? and « is an algebraic irrational number.

Using the celebrated Thue-Siegel-Roth theorem, Arakawa proved that the

series in (6) is absolutely convergent for R(s) < 0.
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0.3.2 Generalization of secant zeta function

We introduce two Lambert series corresponding to (6) and (4). Let a be any
algebraic irrational number and (p,q) a pair of real numbers. Then we define

the series n* by

n*(a, s,p,q) = Zn‘s_l%{;}j)] for R(s) < 0, (7)

n=1

and another infinite series A* by

A*(z,8,11,19) = Z (—H)™ Z k5~ telkry + k(m +11)2], (8)
m>—ry k=1

for a pair (r1,72) € R?, 2 € H and s € C.
Applying the Thue-Siegel-Roth theorem one can show that the series in (7)
is absolutely convergent, when %(s) < 0 and « is an algebraic irrational number.

In particular, if we consider (r1,72) = (1/2,0) we will get the secant zeta function

1 1 o= sec k2 1
A* — = — = — 1—s).
(2787 27()) 2 kl_s 2¢(27 S)

Definition 0.3.2 (Hurwitz zeta function) For a positive number a, the Hur-

witz zeta function is defined as follows

((s,a) := Z(n+a)_s, R(s) > 1. (9)

n=0

Let us fix the following matrices:

0 —1 10 ~1 0
Vo = V= Cand V=12Vt = 10
" (1 0) ' <1 1) R <1 —1) (10)

and consider the difference
* * 1 —8 A% 1 * 1
D (‘/;) =D <%72787§70> ::ﬁ A <‘/;Z,S,§,O> —A (278757()) (11)

for each V; from (10), where 5 = cz + d and (¢, d) is the second row of V;.

We prove the following result.
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Theorem 0.3.3 For a real algebraic irrational o and a complex variable s with

R(s) <0, we have

* —s A% —1 1 * 1
D*(Vp) =a°A (a’8’2’0> A (a,s,Q,O) (12)

exp(—(% + a)t)

__@mel—q] 1
- 1—ez] /I()\,oo)t (14 exp(—1))(1 — exp(—at)) «
—2s,_—s S 1 3
+ 271 % [_Z_l] [(s) (C (5, 4_1) —( (3, Z))
e € (ga+ 1)) (e[5nal +1)
—2 ; " 1 — e[nal
D CU i’ﬁ—ii] |
D*(Vi) = (a+1)°A" (ail,s,%,o — A (a,s,2,0) (13)
_ (@m)ce [—2] ., exp(—3t) exp(—3(a + 1)t)
N 1—e [%] /1()\700)1f (1 4+ exp(—t)) (1 —exp(—(a + 1)t)) d
Y
D*(Va) = (a — 1) A* (a _0‘1,3,%,0 A (a,s,Z,O) (14)
- (2m)~"%e [—ﬂ o1 exp(—%t) exp(—%(a —1)t)
o 1—el3] /I(A,oo)t (1 +exp(—t)) (1 — exp(—(a = 1)1)) «
- 1

where 1(\,00) (for any positive number \) denotes the integral path consisting
of the oriented line segment (+00, \), together with the positively-oriented circle

of radius A with center at the origin, and the oriented line segment (A, +00).

Adding (13) and (14) we get the main result of Lalin et al. Theorem 0.3.1.

We note it as a corollary.
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Corollary 0.3.4

5 A% —Q 1
s—O) (a—1)"°A (a—17s’270>

1’
[ / 1 1 " o 1—
— 5~ 2’" E, 27" -1)B

mO
{a—|—1 — "l}tnl
% n!

(a+1) sm(

»Jklm _|_

’—‘ lOICn

dt.

The following conjecture seems to be plausible:

b b
Conjecture 0.3.5 Let (p,q) € R% If V| = <a1 1) and Vs, = <a2 2) are

C1 dl
inverses of each other in PSLy(Z), then

(Cla + dl)_SA* (‘/1057 S, P, q) + (02& + d?)_SA* (‘/2057 s, D, q) )
can be expressible in terms of rational combination of special values of some

zeta functions and L-functions.

The proof of Theorem 0.3.3 is obtained in [19]. This is a joint work with S.
Kanemitsu and T. Kuzumaki. We shall see the detailed proof of these results in

the second chapter of the thesis.







CHAPTER

Basic Notation and definitions

0.1 Basic notation

In this chapter, we shall define various basic notations, definitions and some
important results, which will be used throughout the thesis. Let N,Z, Q, R, C
denote the set of natural numbers, integers, rational numbers, real and complex

numbers respectively. The set of prime numbers is denoted by P.

A complex number z is said to be an algebraic number if there a polynomial
f(z) € Q[z] such that f(z) = 0. A complex number z is said to be transcendental
if it is not an algebraic number. We let e be the Euler’s number and 7 be the ratio
of the circumference of a circle to its diameter. Both e and 7 are transcendental

numbers.

For z € R, let |z] denote the largest integer less than or equal to = and the
fractional part of z is defined by {z} := x — |z].

For s € C, real and imaginary part of s is denoted by R(s) and J(s) re-

spectively. The exponential function is defined on the whole complex plane as

exp(s) ==¢’ = i
n=0

To make the calculation simpler we use e[s| := exp(27is).

follows:

S| %

Definition 0.1.1 (Bernoulli polynomial) The generating function for Bernoulli

1
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polynomial B, (z) is defined as

For x = 0, B,(0) = B, is defined as the nth Bernoulli number. Bernoulli
numbers have many interesting properties and one can easily prove that B,, =0

for all odd integers n > 1.

Definition 0.1.2 (Euler polynomial) The generating function for Euler poly-

nomial F,(x) is defined as follows:

Corresponding to # = 1/2, the nth Euler number is defined as E,, := 2"E,(1/2).
Again, one can show that F,, = 0 for all odd integers n > 1.

0.2 Some arithmetic functions

Definition 0.2.1 (Arithmetic function) A complex valued function f de-
fined on N is called an arithmetic function. An arithmetic function f is said to
be additive if it satisfies

f(mn) = f(m) + f(n),

for m, n relatively prime. If this property holds for all m and n, then f is said
to be completely additive. For example, f(n) = logn is completely additive.

Similarly, an arithmetic function g is multiplicative if it satisfies

f(mn) = f(m)f(n),

for m, n relatively prime. If this property holds for all m and n, then f is said to
be completely multiplicative. For example, f(n) = n=* with s € C, is completely

multiplicative.

Let w(n) denotes the number of distinct prime divisors of n and d(n), known

as divisor function, denotes the number of positive divisors of n.
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We will write f(n) = O(g(n)), for two arithmetic functions f and g, if there
is a constant K such that |f(n)| < Kg(n) for all n € N. Sometimes we also
use the notation < and write f(n) < g(n) to indicate the same thing. The

following result is well known.

Theorem 0.2.2 For every e > 0, we have

One can find the proof of this theorem in [25, p. 9.

Definition 0.2.3 (M&bius function) The Mobius function is defined as fol-

lows:

(—1)¥™ | if n is square-free,
u(n) = ' (2)
0, otherwise.

We can check that this is a multiplicative function.

Definition 0.2.4 (Dirichlet characters) Let N € N. A Dirichlet character

X (mod N) is a homomorphism
x:(Z/NZ)" — C".
We extend the definition of y to all natural numbers by setting

X (n (mod N)), if  ged(n,N) =1,
x(n) =
0, otherwise.

If x(n) =1 for all n € N, then we call y as a trivial character. Dirichlet

characters are completely multiplicative function.

0.3 Properties of Riemann zeta function

Definition 0.3.1 (Riemann Zeta function) Let s € C. The Riemann Zeta

function is defined as follows:
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For R(s) > 1, this series is absolutely convergent and has the Euler product

() =] (1 - 1>1 . 3)

S
peP p

representation

We can easily see that

1 ¢pln)
C@)_§:7f'

n=1

Definition 0.3.2 (Dirichlet L-function) A Dirichlet L-series is a function of

the form

L(s,x) =) XSZ),

where x is a Dirichlet character and s € C with R(s) > 1.

If x is the trivial character, then the associated Dirichlet L-function is the Rie-
mann zeta function. Since Dirichlet characters are completely multiplicative,

L(s, x) will have an Euler product representation as follows:

L<5,X)_H(1—&f))_l, for R(s) > 1.

pEP p

Definition 0.3.3 (Gamma function) Let s € C with R(s) > 0. The classical

Gamma function is defined by

It satisfies the functional equation I'(s + 1) = sI'(s) and can be analytically
continued to a meromorphic function on the complex plane with poles at non-

positive integers.

Theorem 0.3.4 The Riemann Zeta function ((s) can be analytically continued
to the whole complex plane except for a simple pole at s = 1, and it satisfies the

functional equation
(s) =¢(1 —s), (4)

where
s(s—1)

£(s) :== TW_S/2F(S/2)C(5).
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One can find the proof of this celebrated result in [37]. The derivative of ((s)
will be ¢'(s) = 0%, =% for R(s) > 1. Tt can be easily seen that ((s) has

ns

trivial zeros at s = —2n for n € N, which arise due to the poles of I'(s/2). From

the Euler product of ((s) we can prove that

Theorem 0.3.5 The function ((s) has no zeros with R(s) > 1.

One of the most important conjectures in mathematics is Riemann Hypothesis,

which is about non-trivial zeros of ((s).

Conjecture 0.3.6 (Riemann Hypothesis (RH) ) All the non-trivial zeros
of ((s) lie on the line R(s) = 1/2.

The following conjecture will also be used in the results.

Conjecture 0.3.7 (Grand Simplicity Hypothesis (GSH) ) The (positive)
imaginary parts of non-trivial zeros of L(s, x) with x running over all primitive
Dirichlet characters are linearly independent over Q (see Rubinstien and Sarnak
[33]).

In particular, GSH implies that all the non-trivial zeros ((s) are simple.

0.4 Modular forms

In this section we recall some basic notions related to classical modular forms.
Let H denote the upper half plane. Let k be an even positive integer. Denote
SL(2,7Z) by the

SL(2,Z) = {(“ Z)

We know that SL(2,Z) acts on the upper half plane H by linear fractional

a,b,c,d e Z, ad—bc:l}.

transformation, as follows:

SL(2,Z) : H — H

a b\ ,  ah+b (5)
c d ' Ch‘l—d
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Definition 0.4.1 (Modular form) A complex-valued function f on H is said
to be a modular form of weight k for SL(2,Z) if it satisfies the following condi-

tions:

1. The function f is a holomorphic on H.

b
¢ d) € SL(2,Z).

C

2. For he H, f (‘;ZIS) = (ch+d)*f(h), Vvy= (
3. The function f must be holomorphic as h — ic0.
One can see that modular forms have a Fourier series expansion of the form
flh)y =2 en)q",
n=0

where ¢ = €™ and h € H. The coefficients c¢(n) are knowns as the Fourier
coefficients of f. This is an arithmetic function and it has many interesting

properties.

Definition 0.4.2 (Cusp form) A modular form f of weight k for SL(2,7Z), is
said to be a cusp form if it vanishes at the cusp ico i.e., if ¢(0) = 0. Then the

Fourier series expansion of f is

Fh) =3 eln)g™

Definition 0.4.3 (Ramanujan’s cusp form) Ramanujan’s delta function A(h)

is a cusp form of weight 12 and is defined by
Ah)==q[J@=gm* = r(n)q".
n=1 n=1

Here the arithmetic function 7(n) is known as Ramanujan tau function. In 1916,

Ramanujan |27] studied this function and stated the following conjectures:

1. 7(n) is a multiplicative function
2. 7(p") = 7(p)7(p") — P (")

3. [r(p) < p'2.




§0.4. Modular forms 7

The first two properties were proved by Mordell [24] in 1917 and the third
one was proved by Deligne [11] in 1974.

Definition 0.4.4 (Dedekind eta-function) It is defined by

o0

n(h) = A(h)V* = g TT(1 = q"). (6)

n=1

Definition 0.4.5 The L-function associated to a cusp form f of weight k for
SL(2,Z) is defined as follows:

n=1 n?
It is absolutely convergent for R(s) > % Hecke proved that the arithmetic

function ¢(n) is a multiplicative function. We denote Si(I") by the space of cusp
forms of weight & for the full modular group I' = SL(2,Z).

Theorem 0.4.6 (Hecke) Let f € Si(I'). The function L(s, f) can be analyti-

cally continued to an entire function and satisfies the functional equation
(2m)~*T(s)L(s, f) = i*(2m)"*"IT(k — s)L(k — 5, f). (7)
The proof of this result can be found in [26, Theorem 5.3.7, p. 66].

Theorem 0.4.7 |11, Deligne’s bound| Let ¢(n) be the nth Fourier coefficient
of the cusp form f € Si(SLa(Z)). Then

le(n)] < n=d(n), (8)
where d(n) is the divisor function.
Using Theorem 0.2.2, we get
le(n)] < n'T t¢, for any € > 0.

Now we shall state one important and useful theorem in Diophantine equa-

tions.
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Theorem 0.4.8 (Thue-Siegel-Roth) Let « be an algebraic irrational number.
For every e > 0,

P 1
‘Oz—g < q2+6

can have only finitely many solutions in co-prime integers p and q.

We can see the detail accounts of this theorem in [34].




CHAPTER 1

Modular-type relation associated

to Rankin-Selberg L-function

In this chapter, we discuss the asymptotic expansion of a particular Lambert
series. Hafner and Stopple proved a conjecture of Zagier, related to the asymp-
totic expansion of a Lambert series associated to Ramanujan tau function. We
generalize their result and prove a similar result for any cusp form for the full
modular group. We have mainly studied the Rankin-Selberg L-function and the
symmetric square L-function associated to a cusp form and their corresponding

functional equations.

1.1 Introduction and Motivation

Ramanujan’s work has influenced many areas of number theory. During his stay
at Cambridge, he showed the following identity to Hardy and Littlewood.

For any positive real number r,

S [y et ()

This formula was missing the contribution of non-trivial zeros of the Riemann
zeta function ((s). The corrected version of this formula was given by Hardy

and Littelwood and it is as follows:

Theorem 1.1.1 (Ramanujan, Hardy, Littlewood) [18, p. 156, Section 2.5

9
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Let o and [ be two positive real numbers such that aff = w. Assume that the

1—p
series Zp Fg, (QP))BP converges, where p runs through all non-trivial zeros of ((s),

and non-trivial zeros of ((s) are simple. Then

1

S AR TSy S

For more work related to this identity one can look into Berndt [6, p. 470]
and Titchmarsh [37, p. 219]. Dixit [12]| obtained a character analogue of the
Ramanujan-Hardy-Littlewoood identity. Dixit et al. [14] gave one variable gen-
eralization of the above identity and analogues of these identities to Hecke forms.
More importantly, in (1.2) one does not actually need to assume the convergence
of the infinite series on the right hand side. This series is convergent if the terms

p are in the same bracket for which

19(p) — S(6)| < exp (—A@) +exp (—Algf—%p)) ,

where A is a positive constant ( see [18, p. 158] and [37, p. 220] ). We still do
not know whether this series is convergent without the condition of bracketing
the terms but mathematicians believe that the series will converge in the usual
sense also.

Now we shall give few definitions.

Definition 1.1.2 (Lambert Series) A Lambert series is a series of the form

where a(n) is any arithmetic function and ¢ € C with |¢| < 1.

Then expanding naturally, we have

o0

S(g) = am)> ¢*=> bn)g",

n=1 k=1 n=1
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where b(n) = >_,, a(d). If we choose ¢ = exp(—z), where z is a positive real

number, then the Lambert series becomes

Zb n)exp(—nz).

Various Lambert series have been studied by many mathematicians. In this

chapter we will see the asymptotic expansion of one interesting Lambert series.

Definition 1.1.3 (Ramanujan’s delta function) The well known Ramanu-
jan delta function is a cusp form of weight 12 over the full modular group SL(2,7Z)

and is defined as follows

—qu—q ZT
n=1

where g = exp(2mih) with h € H.

In the introduction, we have seen three important conjectures of Ramanujan
related to tau function. Ramanujan also proved many interesting congruence
relations related to this tau function. Many mathematicians have intensively
studied this function.

In 1981, Zagier [40] conjectured that the Lambert series

Z 7°(n) exp(—nz)

should have an asymptotic expansion when 2 — 0" and this can be expressed
in terms of the non-trivial zeros of the Riemann zeta function ((s). Hafner and
Stopple [17] verified this conjecture. More importantly, Zagier mentioned that
the asymptotic expansion of the above series can actually be used to evaluate the
non-trivial zeros of ((s) using only the values of the Ramanujan tau function.
For us “Modular-type relation” of some L-function would mean some kind
of relation which can be obtained using the functional equation of the corre-
sponding L-function. In this thesis, we shall use the functional equation of the

Rankin-Selberg L-function to prove that the Lambert series

Z |c?(n)] exp(—nz)
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also admits an asymptotic expansion when z — 0%, which can be expressed in
terms of the non-trivial zeros of ((s), where ¢(n) is the nth Fourier coefficient

of any cusp form f over I' = SL(2, Z).

1.2 L-function associated to cusp form

Let Sk(I") denote the space of cusp forms of weight & for the full modular group

[. Let f € Sk(I') be a normalized Hecke eigenform with Fourier series expansion

o

F) = 3 cmpet,

n=1

where h € H. Then the associated L-function has an Euler product,

s )= Cf:j) ~1I (1 - %) h ( - %) T e R(s) > e

n=1 p

where a, and 3, are complex numbers satisfying o, + 3, = ¢(p) and a,3, = p*~1.

Shimura [35] has defined the symmetric square L-function as follows:

Definition 1.2.1 (Symmetric square L-function) Let f € Si(I") be a nor-

malized Hecke eigenform. Then the symmetric square L-function associated to

fis
D(s) := L(s, Sym?f, W)
=TT = v@a™) " (1= v@aybp) " (1 —v(p)3p) ",

p

where 1 is a primitive Dirichlet character.

Shimura gave the analytic continuation and functional equation of the symmetric

square L-function.

Theorem 1.2.2 (Shimura) [35, Theorem 1| Let

R(s) =n T (5)T (S?) r <S_ ’”22 - AO) D(s).
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where Ao is 0 or 1 according as (—1) =1 or —1. Then R(s) can be analytically
continued to a meromorphic function with possible simple poles at s = k and

s =k — 1. It satisfies the functional equation
R(s) = R(2k — s —1). (1.3)

One can actually show that R(s) is often an entire function. If ¢ is the trivial
character, then R(s) is an entire function. More general conditions under which
R(s) is holomorphic at s = k or s = k — 1 is given in Shimura |35, Theorem 2,
p. 94].

Definition 1.2.3 (Rankin-Selberg L-function) The Rankin-Selberg L-function

associated to f is defined as

3

s, f®f): (1.4)

The following results about Rankm—Selberg L-function were proved by Rankin:

Theorem 1.2.4 (Rankin) [29, Theorem 3| The Rankin-Selberg L-function L(s, f®
f) has the following properties:

1. It is absolutely convergent for R(s) > k.

2. It can be continued analytically to the whole complex plane with simple

poles at s =k, and at s =k — 1.

3. It satisfies the functional equation
R(s) = R*(2k —1—s), (1.5)
where
R*(s) = (2m) T(s)['(s — k4 1)¢(2s — 2k + 2)L(s, f @ f).  (L.6)

We follow a more general treatment of Shimura [35, Eqn. (0.4)] which relates

Rankin-Selberg L-function and symmetric square L-function by

L(s—k+1,x¢)D(s) = L(2(s — k+ 1), x*¢*) L(s, f @ f, ). (1.7)
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Now with y and 1 as trivial characters, we get

((s—k+1)

Ls.f® )= 2=k +1)

D(s). (1.8)

1.3 Some special functions

We recall the following special functions which will be used in the sequel.

Definition 1.3.1 (Meijer G-function) Meijer G-function is defined by the

following line integral

m.an ay, .., S) H;l 1F(1—aj+s)zs
G, ’ ds,
bl;-'a 27TZ H] m+1 b +5> H] =n+1 F<a3 - S)
where m,n,p, q are integers with 0 < m < ¢,0 <n <pand a; — b; ¢ N for
I<i<p,1<j<q

Definition 1.3.2 (Confluent hypergeometric function) The following sec-
ond order differential equation (KKummer’s equation)
d?w dw

Z— b—z)— —aw=0

gz P2
has two linearly independent solutions M (a, b, z) and U(a, b, z). These solutions
are known as confluent hypergeometric function of first and second kinds, re-
spectively. Confluent hypergeometric function of second kind has an integral

representation

1 o
Ula,b, z) = m/o e P (1 )P,

where z is a positive real number, a and b are complex variables.

We refer [20] for more information on these functions. These two functions have
many nice relations between them. We will make use of the following well-known
formula |20, p. 58| relating G and U functions:

2,0
GLZ (z

a

b, c

>:e—zsz(a—c,b—c+1,z). (1.9)
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We now state the main result.

1.4 Main Theorem

Theorem 1.4.1 Let f € Sp(T') with f(h) = >.°7, c(n)e*™™". Assume that the

n=1

non-trivial zeros of ((s) are simple. Then for positive real z,

o—dninz _ '(k)D(k

- . 1 n
+ Zl_2k § B’ne_%U (_57 k7 /'L_) ’
V4
n=1

(1.10)

where

' +k—1)§( )D(§ +k—1)
=2

4’/T Z) 2+k71
P

with p = x + iy running over the non-trivial zeros of ((s). Moreover, the sum

over p involves bracketing the terms so that the terms for which

[S(p) = S(P)] < exp (—AM) e (‘Am)

holds are included in the same bracket, where A is a suitable positive constant

and fi, = 471'2%, B = \/L;|62(n)|

As in equation (1.2), in the above theorem too the infinite series P(z) converges

under the condition of bracketing the terms.

1.5 Work of Roy, Zaharescu and Zaki

In a recent work Roy et al. [32] considered

L(s, x3) - g(n)
F = E 1.11
(87X17X27X3> L(S Xl) S XQ ns ( )

n=1

for 0 = R(s) > 1 and with x;’s (i = 1,2, 3) being primitive Dirichlet characters.
Restricting x; (i = 1,2) to be trivial and x3 = x a primitive character, the above
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series (1.11) reduces to

L(s,x) _ <~ 0(n)
F(s,x) = = :
0 =Ty = 2
where b(n) = (x * o * p)(n). Analogously we obtain b(n) = (Y * p * u)(n) while
considering F(s, ) (where x denotes the conjugate character of x and * denotes

convolution). Then F'(s,y) and F(s, x) satisfy the functional equation

P15 F6.0 = Ve ma T (3) £l - 5.0

where €, denotes the Gauss Sum with |e,| = /g
The authors [32] went further to obtain a modular-type relation with an infinite
sum of residues. As can be expected, the main result is the modular-type relation

between the two Lambert series, one of the form
o0

b(n) _s?
>o e

n=1

and the other with b and 3 replaced by b and « respectively, where o > 0 and
£ > 0 are related by a8 = qm. A remarkable feature is that they are related via

the infinite sum over the non-trivial zeros of ((s). Their result is:

Theorem 1.5.1 (Roy, Zaharescu and Zaki) [32, Theorem 1| Let x be an
even primitive character mod q. Assume that the zeros of ((s) are simple and
distinct from the zeros of L(s,x). Then

QO = b(n) o2 B = b(n) 62
\/eX;nen Znen

€
X p=1

1
T Z S,

where p = x + iy runs through the non-trivial zeros of ((s) and S, is given by

~BL(p, T (150) S "p) [ Lpx) 1 (1-p
A TP (l‘)gﬁ 7o) T o) 2‘”( 2 ))

where ¢ denotes the digamma function. The sum over p involves bracketing the




§1.6. Work of Hafner and Stopple 17

terms so that the terms for which

A Ay’
y—y| <exp(—L ) +exp L),
log y logy

where A is a suitable positive constant, are included in the same bracket.

The main step in their proof deals with estimating the following integral [32,
Equn (3.7)]:

1 //\—i-iT F(%) (qw>2sd 1 /c+iT F(%) (qﬂ)zsd
— —_—= | — §— — —= [ — s
2mi Jy_r F(2s,x) '\« 2mi Joir F(2s,x)"' \
= Z Res+1s + Is.
p

p—T<MpL<r

The convergence of the infinite sum is proved as a consequence of the convergence
(vanishing) of the two horizontal integrals I;(i = 2,3) and the convergence of
the vertical integrals. The authors needed a delicate analysis of the distribution

of zeros of ((s) for the proof of vanishing of the horizontal integrals.

1.6  Work of Hafner and Stopple

Hafner and Stopple [17] considered the L-function associated to the Ramanujan

delta function

= 1;[ (1 — app_s)_l(l — ﬁpp_s)_l for R(s) > g

The associated symmetric square L-function is

D(s) = L(s,Sym?A)

-1 R 1
H(l—af)p ) (1_%510?7 ) (1_5510 ) .
p
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The application of inverse Mellin transform would give

Even though a more general function g(z) is considered (which is differentiable

«

and of order x=*, a > 12) in [17], but the concrete example is given with

glx) = e
function containing infinitely many terms. They proved:

~¥%  which leads to the Bochner modular relation with the residual

Theorem 1.6.1 (Hafner, Stopple) [17, Corr. 2.3] Assume all the non-trivial

zeros of ((s) are simple. For z — 0T,

Z 7 (n)e” ™" = 12I'(11) 212
n=1

411174 Z J1/A=p/2p <g n 11) é((%p))D (g i 11> (1.13)

P
+ O(Z—ll+1/2)

with p running over the non-trivial zeros of ((s).

Clearly, if one assumes the Riemann hypothesis, then Zagier’s conjecture follows
from the above result |17, Remark|. Here we generalize their work to arbitrary

cusp forms.

1.7 Proof of Theorem 1.4.1

We begin with a few lemmas which will be useful in what follows.

Lemma 1.7.1 (Stirling’s formula for gamma function) Fors = o+iT in

a vertical strip a < o < (3,

ID(0 +4T)| = V2r|T |7 237! (1 +0 (%)) (1.14)

as |T| — oo

We can see the proof of this lemma in [26, p. 92].
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Lemma 1.7.2 Let T be a sequence with arbitrarily large absolute value such
that |T — ~| > exp(—A17y/log~) , for every ordinate v of a zero of ((s) where

Ay is some suitable positive constant. Then,

1 Ay
m <e T (]_]_5)

for some suitable constant As.

Proof. From [37, p. 218, Equation (9.7.3)], we have

log|C(p+iT)| > > log|T —~|+O(logT).

|T—~|<1

Now choose a sequence of positive numbers 7' tending to infinity such that
[T — 7] > exp(=Ai L) for every ordinate v of a zero of ((s), where A; is a

suitable positive constant. Then

log[¢(o +iT)[ > = fllk;y7 +O0(logT) > — AT

IT—|<1
where Ay < w/4 if A; is small enough. Hence the results follows.
Lemma 1.7.3 For s = o + T with |T| > 1, in a vertical strip o < o < 3,
|D(s)| < | T[4, (1.16)
for any € > 0, with A(o) being a constant dependent on o.

Proof. The proof involves utilizing the functional equation (1.3) of D(s) and the

Stirling formula for Gamma function.

Lemma 1.7.4 [37, p. 95| For all 0 > o¢ there exist a constant A(oy), such
that
(o +4T)| < T[4 (1.17)

as T — 0.

Proof. Tt readily follows from the functional equation (4) of Riemann zeta func-

tion.
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1.7.1 Proof of the main Theorem 1.4.1

Proof. The functional equation (1.5) of the Rankin-Selberg L-function associ-

ated to the cusp form f gives

(2m) T(s)L(s, f @ [)
_ (27T)—2(2k—1—s)r<2k —1—=9)I'(k — 5)¢(2(k — 5))
[(s—k+1)((2(s—k+1))

L2k —1—s,f® f).

This would imply that

U'(s)L(s, f ® [)

(472)°
L T@k—1-s)(k=s) CC2(k=s) .
VT (42) PR (21 ) C(2k — 1 — 25)

(1.18)

2k —1—s,f® f).

Let us assume

to make (1.18) more symmetric and denote

o(s) == %, and (s Zﬁn. (1.19)

n=1 Hn

Then with the above notations,

p(s) = (4%) "L(s, f @ f)

o 2\ —S C(S—k’"—l) .
= (47°) 26—kt 1))D(s), (using (1.8))

(1.20)

has a unique simple pole at s = k and infinitely many poles in the critical strip
k—1<o<k—1/2. In terms of ¢ and 9 the functional equation (1.18) is,

T2k —1—s)D(k—s) C(2(k—s))

I (2L —s) C(2k — 1 —2s)

L(s)p(s) = P2k —1—s). (1.21)
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The inverse Mellin transform for the I'-function is

1 [etice e if ¢ >0,
— [(s)x™°ds =
271 J eioo e*—1 if —1<c<0.

Now applying the inverse Mellin transform, we have (for pu > k)

- 1 = 2(n)
2 —2An —s
Zc (n)e = _27rz'/ [(s) Z e 2 ds
n=1 ) n=1 m (1.22)
1

= — L(s)e(s)z"*ds.
270 J gy

The contour C for the above integration is defined as follows:

C is determined by the line segments (for large real positive T') [ — iT, u +
iT), [+ TN+ 4T, [N+ T, A —iT| and [A\ —iT, pu — iT| where p > k and A\ =
k — 3/2. Then by applying the residue theorem we get,

QLm' [(s)p(s)z"°ds = E{EEF(S)gD(S)z_S + P(z2), (1.23)
c

where P(z) denotes the residual function consisting of infinitely many terms
contributed by the non-trivial zeros of ((2(s — k + 1)).

Firstly, we prove that the horizontal integrals

1 T
H = — r ~=d
1= 5 i (s)p(s)z""ds
and ,
Ly d
Hy — —s
2= o ) (8)o(s)z"%ds

vanish as T — oco. We have

1 / L(s)S(s =k + )D(s) -
27 Jyir G(2(s — b +1))(4m22)°

1 [*T(oc+iT){(0c —k+1+iT)D(c +iT)
Tomi ), ((2(0 —k+1+4iT))(dn2z)o T

H, =
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Thus

A , , :
\H1\<</ \F(U+ZT)|K(a—k—i—l—i—zTﬂ\D(a+zT)|dU. (1.24)
w

IC(2(c —k+1+41))|(4n%2)°

Now using (1.14), (1.15), (1.16) and (1.17) in (1.24) it is easily seen that,
A 1
|Hy| < |T|" exp | AT — §7T|T| :

Thus Hi — 0 as T — oo. Similarly one shows that H, — 0 as T — oo.
Therefore (1.23) gives,

Z A(n)e™™ = ResT'(s)p(s)z™* +P(2) + 1,

n=1 s=k
where
1 M2k —1—-9s)T'(k—3s) ((2(k—s)) L
1_% e T ) C(Zk_l_zs)w(%—l—s)z ds.
(1.25)
The first residual term is (by using (1.20))
Res ['(s)p(s)2~* = T'(k) (4°) kD(k;)z‘k. (1.26)
36

We concentrate on the residual function P(z). It can be written as

P( :ZRQSF(s+k—1)gp(s+k—1)

g (s >s+k—1)

B eSF(s +k—1)((s)D(s+ k —1)
- ZR (47T22)s+k—lg(25) ’

where p runs over all the non-trivial zeros of ((s). As we have assumed that
all the zeros of ((s) are simple (Grand simplicity hypothesis 0.3.7), the residue

becomes

o (s=p/9T(s+k—1)((s)D(s+ k —1)
Resy/2 = SEI;)I}Q (4dm2z)s+h=1((2s)
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_ Dp/2+k—1)¢(p/2)D(p/2+ k — 1)
(4m22)P/2HR=1¢ (p) '

Hence,

P(2) = 1 3 D6+ k— 1)g(§<)D(§ +k—1)

Sk—3/4 2571/4( (,0) 47T2)§+k—1

Now, if we assume Riemann hypothesis 0.3.6 i.e., p = 1/2 + it for some real ¢,

then
Lp/2-1/4 _ s

which is purely oscillatory. This corroborates with Hafner-Stopple’s result.

Let us now look at I in (1.25). It may be re-written as

_ o L T(w)l(w — k + 1) ¢(2w — 2k + 2) N
=s 2mi /(k+1/2) IF'(w+3—Fk) ¢(2w—2k+ 1)w(w) <z) (—dw),

(1.27)

where w =2k — 1 — s.

We look at the functional equation (1.21) once more. The second factor on
the right hand side of (1.21) can be expanded into a Dirichlet series which is
absolutely convergent for 0 = k — 3/2 < k — 1 and so we dwell on the first
gamma factors. Then the integral on the right of (1.27) is a Meijer G-function
Go(z]...).

Now we will make use of the relation (1.9) of G and U functions. The one
which is of our interest is

1] +—% L 1.1
—| 2 = Ul—=k =|. 1.28
(z 0,1—k> ‘ ( 2’ ’Z> (1-28)

Thus I becomes (using (1.28))

27
G

)

0
2

ol [ DNkl e (1)
211 (k+1/2) r (U) —+ 5 k‘) — pnt \ 2
(as % is bounded on the line R(w) = k + 1/2.)
Ly D(w)MNw —k+1 —w
= 2 e ()
2mi £~ ti12) D(w+1—k) 2
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1k

0,1—k
- . 1 n

=2y B HU (—§,k, “7) . (1.29)
n=1

This completes the proof of Theorem 1.4.1.

12]4:25” (Z

We further refine the result by using first approximation of the U function.

Corollary 1.7.5 Assume all the conditions of Theorem 1.4.1. Then for z —

0", we have

D o lE(n)e ™ = daF 4+ P(z +ZE + O(|2**™, (1.30)
where
,_ L(k)D(k)
(47r2)’“<(2)’

L= 2kzﬁn s l(_>1/2 i wnd

i(—1/2) (—1/2 -k + 1)

7l

Proof. The main term ¢’27* has already been calculated in (1.26). We use the
well-known asymptotic formula of U [16, p.278] to get the third term. The

approximation is

N
— 1
(a,e,2) =Y (— (@=cH Do mamn 4 (2= V1), (1.31)

n!
n=0

where N is any non-negative integer and —%7‘1’ <argz < %77 with 2z — oco. We

also use the symbol

ala+1)---(a+n-—1)
n! '

(a)n =
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We use (1.31) in (1.29) and get

o k 1/2—i 1/2—k—1
S (e () o ().
n=1 =0 o
where (“1/2),(-1/2 k+ 1)
(AN i\ —rt+ 1)
CZ:(—l) 1 .
7!
Let us split
k
I=Y E+E
i=0

with

1= 2k25n _un Z( >1/2 i
1219266;? < 1/2’61)‘

We want £ = O (]z|3/2_k> and for that we need to check the convergence of

Fn

_HEn
Yoy % For this purpose, we use Deligne’s well-known bound for the

growth of the Fourier coefficients of a cusp form, i.e.,
[e(n)] < n*=D72d(n),

where d(n) is the number of divisors of n and we know that d(n) = O(n°) for

any € > 0. Now

Bne™ *(n)
Z kt1/2 = Z nk+1/2
n=1

oo _
nk: 1+e

< -
— nk+1/2
n=1

=1
:ZEW'

The last series in the above sequel is convergent for any 0 < € < 1/2. We end

this section with a couple of useful remarks.
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Remark 1.7.6 One can easily show that, E; ~ k; 2'=% for each 0 < i < k,

where k;’s are some constants. We calculate Ey, and the estimation of the other

_ 1-2k S [Hn _pn
z ;ﬁn ~ e
1 1 1\ °°
— 1/2—2k _— T = - d
® 271 /(C) (s)v (8 2) (z) s

1 1\ °
o S1/2—2k T 22
2 e res (+-3) (2)

1-k

E;’s follow similarly.

~ ]{302

The constant ky is easily calculable and depends on the weight of the particular

cusp form in consideration.

ko = ljzezF (w + %) (w)

1 Pl — k4 3) ¢(2(w— K) 1 1)
:5££F<w+§>r(w FT ) @kl )>F(2k‘—1—w)gp(2k—1—w)

— ResC(2(w — k) + DU(k — DI(k + )Ttk - 1)

1. D(k—1)
3) T ()T

= 30(k — D)I(k +

Remark 1.7.7 We must choose ;% in place of z in (1.30), as our sequence is

1
A\, = 47%n, and with this choice

Thus (1.13) can be recovered up to the treatment of the sum of residues, which
is of the order 27%*1 (according to [17]). A closer analysis of a more general case
has been done in [32].

1.8 Conclusion

Hafner and Stopple [17] studied a general case of the function g with the concrete

example of the exponential function as is stated after (1.12). There are many
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other interesting cases of such modular-type relation, each of which will lead to
some intriguing results. In our case, this exhibits an interesting phenomenon
involving the G-function G?:g. In a particular degenerate case Gig |20, p.245]

can be written as,

Gig (z ¢ )
a,b,c (1.32)

— ,3(atd) {_ sin((c — b)m) Yo—p(2v/z ) + cos((c — b)) Jop (2\/2)}

involving J, and Y,, which are Bessel functions of the first and second kind

respectively.

Here we concentrated on studying the integral

1
— r ~ds.
7, TE)P()= 770

Instead, if we had
1 L(s) _
— ————(s)z % ds,

then we would have got

O R  © R
/(C) ﬁgo(s)z ds = R o(s)z7° + P(2)+

i s+p+1 s=k D(s+p+1)
1 / DEk—1-9l(k=s) C@M=s) o0 1 o g,
(k—3/2) I

27 (zg;l—s)F(s+p+1)C(2k—1—23)
(1.33)
The last integral on the right-hand side of (1.33) becomes
L1-2k
1 F(w)l(w—k+1) C(2w — 2k + 2) I
o T (w)[ =] dw
270 Sy T (w4 5 — k) T(2k + p — w) (2w + 2k + 1) z

and corresponds to (1.27). In terms of the G-function, this becomes

1
a0 2

g
2 : (1.34)
0,1—Fk,1—(2k+p)
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This corresponds to our previous relation (1.9). Interestingly, in the special case
p = —k + %, the G-function G?g(a) as in (1.34), can be explicitly calculated
by (1.32).

1.9 Future Work

Our ongoing work is to try to extend the results in the thesis to any cusp form
for congruence subgroup. In that case the asymptotic expansion of the Lambert
series .

Z |c*(n)| exp(—nz), z-—0T,

n=1
can be expressed in terms of non-trivial zeros of L(s, x), where ¢(n) is the nth
Fourier coefficient of a cusp form f for congruence subgroup.

It would also be interesting to study the problem for different classes of

modular forms.




‘CHAPTER 2

Limiting values of Lambert series

and the secant zeta function

In this chapter, we discuss the cotangent and secant zeta functions and their
generalizations. Recently, Lalin, Rodrigue and Rogers have studied the secant
zeta function and its convergence. They found many interesting values of the
secant zeta function at some particular quadratic irrational numbers. They also
gave modular transformation properties of the secant zeta function. We have
tried to generalize the secant zeta function as a Lambert series and proved a
generalized result for Lambert series, from which the main result of Lalin et
al. follows as a corollary, using the theory of generalized Dedekind eta-function,

developed by Lewittes, Berndt and Arakawa.

2.1 Introduction

The Dedekind eta-function and its limiting values have been considered by sev-
eral authors starting from Riemann’s posthumous fragment [31], Wintner [39]
and later by Reyna [30] and Wang [38]. There are many generalizations of
the Dedekind eta-function as a Lambert series including that of Lewittes |23],
Berndt [3] and Arakawa [1, 2]. In particular cases, they reduce to the cotangent
or the cosecant zeta function.

The values of ((s) at positive even integers is given by:

29
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Theorem 2.1.1 (Euler) For any positive integer k,

(_1)k+132k7T2k
2(2k)

C(2k) =
where By, 1s a Bernoulli number.

Thus ((2k) € 7%*Q, as By, is a rational number. But, unfortunately for (2n+1)
we do not have such a simple result. Still, {(2n+1) does satisfy some other nice

relations and it can be found in Ramanujan’s second notebook [5, pp. 275-276].

Immediately, after seeing the above theorem, one can ask

Question 2.1.2 Is it true that
C(2k 4 ) 2k+1©
for any positive integer k 7

This is an unsolved problem till now. It is even very difficult to show that a

particular value of ((2n + 1) is an irrational number.

2.2 Cotangent zeta function

Lerch [22] in 1904 introduced the cotangent zeta function for an algebraic irra-

tional number z and an odd positive integer s as

oo
Z cot mrz

n=1

He stated the following functional equation for the cotangent zeta function, but

without proof.

Theorem 2.2.1 (Lerch, [22]) For any algebraic irrational number z and suf-

ficiently large positive integer k = k(z), we have

£(z, 2k + 1) + 2%*¢ ( 2k + 1) = (2m)* (2, 2k + 1), (2.1)
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where
n+1

L BiBn-H—j j—1
Bz m) =) dn+1—j)°

where B; 1s the i-th Bernoulli number.

Berndt [4], in 1973, focused on the cotangent zeta function for general s € C,
and proved the Lerch’s functional equation for cotangent zeta function. He found
many interesting explicit formulas for £(z, s) when z is a quadratic irrational and

s > 3 an odd integer. One such pleasing formula is:

¢ 1++5 ) — 73
2 45V/5
In fact Berndt’s work implies that /j€(v/7,s)m—* € Q, where j is any positive

integer and s > 3 an odd integer. In 1988, Arakawa |2] also studied the analytic

continuation and a functional equation of the cotangent zeta function.

2.3 Secant zeta function

Recently, Lalin et al. [21] considered the secant zeta function

W(z,8) = Z Sec(n#z) (2.2)

n=1

and found its special values at some particular quadratic irrational arguments.

They proved the following results.

Theorem 2.3.1 (Lalin, Rodrigue, Rogers) |32, Theorem 1| The series (2.2)

18 absolutely convergent in the following cases:
1. When z = § a rational number with q odd and s > 1.
2. When z 1s an algebraic irrational number, and s > 2.

To prove this theorem, they have used the celebrated Thue-Siegel-Roth theorem.

Theorem 2.3.2 (Lalin, Rodrigue, Rogers) [32, Theorem 3| Let E,, de-

note the FEuler numbers, and let B, denote the Bernoulli numbers. Suppose that
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[ is an even positive integer. Then for appropriate values of «:

a0 ()~ a0t ()

= (ﬂ]'j!) 2(2”*1 — 1)B,Ey_n (i) (14 )™ — (1 —a)"1].

n=0

(2.3)

They found the values of the secant zeta function at some quadratic irrational

numbers. For j € Z,

2

X N . s
V(v2i(2) +1),2) = 3) + 1)
—— w2
— 7542 + 467 + 6
27(2 1),4) = —

After observing these values, they conjectured that

Conjecture 2.3.3 (Lalin, Rodrigue, Rogers) [21, Cojecture 1| If j is any

positive integer and s is an even positive integer, then

1[1(\/3,3)7r_5 e Q.

By a clever use of residue theorem, Berndt and Straub [7] proved the above

functional equation (2.3) and from it they derived

Y(Vr, syt e Q, (reQt,se?2N).

Furthermore, they connected the secant Dirichlet series with Eichler integrals of
Eisenstein series and checked uni-modularity of period polynomials. On the
other hand, Charollis and Greenberg [10] related the secant Dirichlet series
¥ (a, s) to the generalized eta-function which was studied by Arakawa [1]. They
proved that for s € 2N,

Y(a, s)m % € Q(a)

for all real quadratic irrationals o. They used Arakawa’s result to give an explicit

formula for ¢(«, s) for real quadratic irrational numbers a.
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In this chapter, we will introduce a generalization of the secant zeta function
as a Lambert series. Using the theory of generalized Dedekind eta-function due
to Lewittes [23]|, Berndt [3] and Arakawa [1], we shall give a generalization of
the Theorem 2.3.2.

We begin by briefly describing the theory of Generalized Dedekind eta-
function, developed by Lewittes |23], Berndt [3] and Arakawa|l|, which is a

main tool in our study.

2.4 Work of Lewittes and Berndt

Lewittes and Berndt treat the case of the upper half-plane H while Arakawa
treats the case of upper half plane limiting to an algebraic irrational number.

Hereafter we use the following notations:

elw] := exp(2miw), w € C,
(x) eR, 0<(z)=1, z— ()€,
{z} eR, 0=Z{z}<1l, =z—{z}elZ

Lewittes [23| defined the generalization of the Dedekind eta-function as a
Lambert series. For a pair (ry,r2) of real numbers, z € H and arbitrary s € C,

he considered the series

Az, s,7r1,19) 1= Z Z k*telkry + k(m + r1)2], (2.5)

m>—r; k=1
where the first summation is over all integers m with m > —ry. He also intro-
duced its associate as

H(z,8,1m1,19) := A(z,8,71,712) + € [g} Az, s, —11,—T3). (2.6)

Let s =7 =13 =0. Put A(2,0,0,0) = A(z), then H(2,0,0,0) = 2A(2). Using
the product definition (0.4.4) of n(z), it is easy to show that

_m'
12

log(n(2)) A(z).
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Let us see a couple of examples.

Example 2.4.1 For special choices of parameters r; and r9, the A and H-

functions reduce to the cosecant and cotangent zeta functions.

e (0 (30) =4 (39)

— m>21 i E*te [k; <m + %) z]

= s—1 € [lkz}

MR

k=1
i = cosec(mkz)
et
k=1

Also,

1

(L+el3])

H(z,s,(1,0)) = A(z,s,1,0)

= Z Zk‘s—le[k(m +1)z]

m>—1 k=1

_st ll—ekz
e

7 cotmkz 1
= — — —((1 — s).
2 LRI ¢ =)

Some more definitions will be required.

Definition 2.4.1 (Hurwitz zeta function) For a positive number a, the Hur-

witz zeta function

[e.9]

((s,a) =) (n+a)™, R(s)>1 (2.7)

n=0
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Definition 2.4.2 Let 2 denote the characteristic function of integers, i.e.

Qay =4 b Hack (2.8)
0, if a¢Z.

For any positive number A, let I(\, 00) denote the integration path consisting
of the oriented line segment (400, \), the positively-oriented circle of radius A
with center at the origin, and the oriented line segment (X, 4+00).

Let

exp(—zt)
(1 — exp(—wit))(1 — exp(—wat))

Go(z, (wr,wo); t) := (2.9)

for any pair (wy,ws) of positive numbers and for z,¢ € C.

Berndt [3] proved the following transformation formula.

b
Theorem 2.4.3 (Berndt) [3, Theorem 2 | Let V. = < ¢ J € SL(2,Z)
c

with ¢ > 0. For any pair (r1,7m2) of real numbers, set Ry = ria + rec, Ry =
r1b+ rod, p = {Ro}c — {R1}d. For z € H with cR(z) +d > 0 let f = cz + d.
Then for arbitrary s € C, we have

B H(Vz s,1m,19) — H(z, 8, R, R2)
= —Q(r)@m) e | 7] 87T s) (¢l ra) +e [ 5] s, (=)
+ QR (2m) e [=5] T(s) (Cls, (~Ra)) + e 5] <. (Ra))
+(2m) "% [—Z] L(z, s, Ry, Ry, c, d),

where

L(z,s, Ry, Ry, c,d) (2.10)

c 1exp(—(1 _ {(jd+g)} + (CZ+d)(jf{R1}))t)
B /M,w) (1~ exp(—0)) (1 — exp(—(ez + d)1))

2w
O<)\<27r,—).
(0<a <o

Here, logt is understood to be real-valued on the upper segment (+o00,\) of

I(\, ).

dt,
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2.5 Work of Arakawa

Arakawa studied certain Lambert series associated to a complex variable s and
an irrational real algebraic number a. Those Lambert series are defined as
limiting (boundary) values of the generalized Dedekind eta-functions studied
by Berndt [3]. Arakawa obtained transformation formulae under the action of
SL(2,Z) on those a.

For an irrational real algebraic number o and a pair (p, q) of real numbers,

Arakawa [1]| introduced a generalized eta-function defined as

(e, s,p,q) = Zns*lw, seC, (2.11)

e 1 — e[na]

and its associate by

Hias, (p.a)) == n(as. (p).a) + | 5] mlas, (=p) =) (212)

Example 2.5.1 Again, if we consider (p,q) = (1/2,0) and (p,q) = (1,0), then

also we will get the cosecant and cotangent zeta function.

()39

— i ksfl € [%k()é]
1 — e[ka]
k=1
i = cosec(mka)
=52
k=1
and
! H(a,s,(1,0)) =n(a,s, 1,0)
(1 + e [g}) ) ) ) ) ) )

i ~= cotkz 1
2 - kl-s 2
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where s € C with R(s) <0

Theorem 2.5.1 (Arakawa) [I, Lemma 1 and Theorem 2| Suppose a €
RNQ and o € Q. Then the infinite series n(a, s,p, q) is absolutely convergent
if R(s) < 0. If, in addition, [Q(a) : Q] = 2 and (p,q) € Q* then H(a,s,p,q)
has analytic continuation to C — {0}, and the singularity at s =0 is at worst a

simple pole.

Arakawa proved the absolute convergence of n(a, s, p, q) for R(s) < 0, by using
the Thue-Siegel-Roth theorem.

Consider the generalized eta-function

[n(pz + )]
n(z,s,p,q Zn 1—enz] , seC, (2.13)

corresponding to (2.11), for z € H and a pair (p,q) € R? with p > 0. Then one
can see that this series is absolutely convergent for arbitrary s € C. It can be

easily checked that there is a link between the infinite series A(z,s,r,72) and

n(z,8,71,T2).

Lemma 2.5.2 For any pair (r1,72) € R? and z € H, we have
A(z,s,r1,1m9) =1(z,8,(r1),m2), s¢€C.

Now from the definition of H-function (2.6), we have

H(z,s,11,19) = A(2,8,11,12) + € F} Az, s,—r1, —r3).

2

Hence using Lemma 2.5.2, we get

H(z,s,1m1,1m2) =n(z,8,(r1),rs) + e E} n(z,s,(—r1), —r2).

Similarity, we have

Lemma 2.5.3 For any algebraic irrational number o and a pair (p,q) € R?,

Ala, s,p,q) = nla,s, (p),q) with R(s) <0
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Again by the definition of H-function (2.12)(due to Arakawa), we have

Hia,s.p,q) = nles, (p).q) + ¢ | 5] nlass. (=p), 0).
Therefore, by the Lemma 2.5.3, we get
H(a,s,p,q) = Ala, s,p,q) + e E] Ao, s, —p,q).
Proposition 2.5.4 (Arakawa) |1, Proposition 1| Let V = Z Z €

SL(2,Z) and « be an irrational real algebraic number and (p,q) € R? with p > 0.
Let z = a+iy with y > 0. Set 2* =Vz and 8 = Va = (aa + b)(ca +d)~L. If
R(s) < —3, then

lim n(z*,s,p,q) = n(B,s,p.q)-

y—07t

Arakawa obtained the following transformation formulae for H(a, s, (p, q)),
by virtue of the Theorem 2.4.3 of Berndt and Proposition 2.5.4.

Theorem 2.5.5 (Arakawa) |1, Theorem 1| Let « be any real algebraic irra-

b
tional, and let V. = ¢ 4 € SL(2,Z) with ¢ > 0 such that := ca+d >
c

0. For any pair (p,q) of real numbers, set p' = pa + qc, ¢ = pb+ qd and
p={d}c—A{p'}d. Then for R(s) <0,

Di(V e, s,(p,q) =B H(Va,s,(p,q) — H(a,s, (p,q)V) (2.14)
( (a, s, (
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2w
0<A<2m,— ).
)

Berndt [3, p. 499] found the special values of L(«, s, (p', ¢'), ¢, d) at non-negative

integral arguments s = —m,
L(O./, —m, (p/7 q/)7 ¢, d)

R () () s (22) o

j=1 k=0

where B, (r) denotes the nth Bernoulli polynomial and B, (x) = B,({z}).

Lemma 2.5.6 (Arakawa) [1, Lemma 4| Let o be an irrational number in

a real quadratic field Q(A) and let (p,q) be a pair of rational numbers. Then
b
there exist a totally positive unit 5 of Q(A) and an element V = ( ¢ g ) of
c

SL(2,7Z) which satisfy the conditions:
i) e¢>0,
(i) (p.g)V = (p,q) mod1,

@ (1))

We choose such a f € Q(A) and V € SL(2,Z) i.e., which satisfy the condi-

tions of the Lemma 2.5.6. Then using condition (i), we have

H(a,s, (p,q)) = H(a,s, (p,q)V).

Since Va = « and ¢ > 0, we can see easily from Theorem 2.5.5 that,

H{a,s,(p,0)) == Qp)(27) e [ 3] T(s)C(s, (@) (2.16)

4
e e [-3] T(s)¢s, () L S

N (2m)~%e [—ﬂ

5_5_1 L(a787 (p’q)’cﬂd)'

Example 2.5.2 Let a, 8 and V as in Lemma 2.5.6, and with (p,¢) = (1,0) and
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(p,q) = (1/2,0). Then

H(a,s, (1,0)) =(21)"° <—e E] te [—ﬂ %) (s)¢(s)

N (QW)_:e [l L(a, s, (1,0), ¢,d),

2.5.1 Values at some particular matrices

We fix the following matrices

0 —1 10 -1 0
Vo = V= and Vo =V2V ! = ) 2.17
" (1 0) ' (1 1) oo <1 —1) (217)

Example 2.5.3 Theorem 2.5.5 gives the following:

DM@mam@ﬁwﬁHﬁg .0)) = Hlos, 00-)

m<>s[ja T(s) (s ) + e [5] <5 (—a))
Qq)2m) e [=3] T(s) (Cls: (1)) + e [ 3] s (1)
™)

+(2m)7e | =3 Laws, (0. -p),1.0)

(2.18)

+e

DilVhsas, () = (a+ 1)1 yamm)—ﬂms@+q@>

= —Qm)em) e | 7] (a+ 1)) (¢l (@) + e [5] Cls,(=a))
+Q(p+q)(2m) e |[=3] T(s) (¢(s: (a)) + e 5] ¢ls. )

+(2m) e [=3| Llavs, 0+ 4.0).1,1)

(2.19)
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and

Dy(Vas s, (pyq) = (a0 — 1)~ H (

— —Q(p)(2m) " [2] (0 = 1) T(s) (s, (@) + € [ 3] <5, (~a))

+ Q=p+)2m) e [=3] T() (¢(s. (o) +e |5 ¢l (=0))

+ (2m)"%e [—Z] L(a, s, (—p+4q,—q),1,—1) .

(2.20)

In particular, when (p,q) = (1,0), we have

Dy (Vo, a5, (1,0)) =(271)%¢ E] {e [—g} _ a—s} I'(s) (1 te ED ¢(s)

+(2m) % [—Z] L(a, s, (0, —1),1,0),

Dy (Vi,a,s,(1,0)) = (21) % ﬂ {e [—g} ~(a+ 1)’8}F(5) (1 +e ED ¢(s)
+(2m) % [—ﬂ L(a, s, (1,0),1,1),

Dy (Va,a,,(1,0)) = (21) %€ [ﬂ {e [—g} ~(a— 1)—8} T(s) (1 te ED ¢(s)
+(2m) "% [—ﬂ L(a,s,(~1,0),1,~1).

If we choose (p,q) = (1/2,0), we get

1 s -1 1 1
D, (Vb,a,s, (§,O)>:a H(?,s, (§,O>)—H a, s, (0—5))
s ([

~ Q
—— T

L

\'CIJ
A~
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s () -2 () (o (39)
= e 3] 2 (as (~50) 1))

Note that for non-negative integers m, we have the following explicit formulae
for V;, where j = 0,1, 2,

g2 (4 ) (3) s (5)

2.6 Generalization of the secant zeta function

We introduce two Lambert series corresponding to (2.11) and (2.5). These in-
clude the generalizations of secant and tangent zeta functions as will be shown
in Example 2.6.1 below. Let a be any algebraic irrational number and (p, q) a

pair of real numbers. Then we define the series n* by

n(a, s,p,q) = Zns‘l%ﬁj”, R(s) < 0, (2.21)

n=1

and another infinite series A* by

A*(z,8,11,19) 1= Z (-H)™ Z E*te[kry + k(m +r)2] (2.22)

m>—ri =

for a pair (r1,75) € R?, 2 € H and s € C.
Example 2.6.1 If we take (r1,r2) = (1,0) and (3, 0), then (2.22) becomes

A*(a,s,1,0) = n*(a, 5,1,0)

_ = s—1 e[k&]
B ; S + elka]
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elkal — 1
—— 81 S 1
Z (1+eka]+)

1
= %Zk51 tan mka + §C(1 — ),

and
A (a,s,20) = Lo (2.23)
047872, _77 ()é,S,2, .
1 & 1
_ ksfl
2 Z cos ko
k=1
L1 - )
= —-Y(a,1—s
2 )
respectively.

By virtue of the results of Lewittes, Berndt and Arakawa, we have the fol-

lowing results.

Lemma 2.6.1 Let o be an algebraic irrational number and (p,q) be a pair of

real numbers. The series n*(a, s,p,q) is absolutely convergent, if s € C with

R(s) < 0.

Proof. One can prove this result applying the Thue-Siegel-Roth theorem, in a
similar manner to Arakawa’s procedure for proving the absolute convergence of

the series n(a, s, p, q).

Lemma 2.6.2 If z € H and a pair (p,q) € R? with p > 0, then the series
n*(z,s,p,q) is absolutely convergent for any s € C.

Proof. Since z € H, assume z = x + iy with y > 0. We have

n'(z,s,p,q) = Zns_lw

1 + e[nz]

= Z n* 1Y (=1)"e[ng + n(m + p)z].
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Thus,
N (z5p.q)) <> Y 0 exp(—2mn(m + p)y)

o s—1 K'
= Z Z " (2mn(m + p)y)K

where C' is some constant and we can choose a large enough positive integer K
such that K > R(s) for given any s € C.

Lemma 2.6.3 Let z € H and o be an irrational algebraic number. Then for

any pair of real numbers (ry,rs), we have
A*(z,8,7m1, 1) = (—=1) (2 s, (1), ) for s e C,

and
A*(a,5,7m1,79) = (=1) 7 (a, s, (ry), ) for R(s) < 0.

Proof. 1If r € Z, then m > —ry implies m = —r; +7r for r =1,2,3,---. By the

definition of A*(z,s,ry,79), we know

A*(z,8,r1,19) = Z (-Hm Z k5~ telkry + k(m +11)z]

m>—ry k=1
= Z kot Z(—l)_””e[km + krz]

k=1 r=1
= (1) H Z k5 te[kry + k2] Z(—l)re[km}

k=1 r=0
3 2 e[kry + k2]

— _1 ri+1 ks 16[ 2

(=1) ; 1+ e[kz]

= (—1)7”+<”>77*(z,s, (r1),re), since (r;) =1.

Again, if r; € Z, then m > —r; implies m = —|r;| + 7 forr =0,1,2,---. So
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we will have

A*(z,8,11,13) = Z (=™ Z k5 telkry + k(m +r1)z]

m>—ri k=1
:st 12 ek, + k((r) +7)2)
r=0
- TlJZkS Le[kry 4+ k(r)z Z elkrz]
r=0

_ 7“1]2 kS~ 1€]€T2+k<T1> ]

1+ e[kz]

= (—1)_”+<”>7] (z,8,(r1),r).

Similarly we can see that

A (a,s,71,75) = (1) (s, (ry), ) for R(s) < 0.

Lemma 2.6.4 If z € H then A*(z,s,r1,m2) is absolutely convergent for any
s e C.

Proof. Using the Lemma 2.6.2 and Lemma 2.6.3, we can show that A*(z, s, ry, )

is absolutely convergent for s € C.

2.7 Main Results

Counsider the difference

1 1 1
D*(V):=D* (V, a, s, 5,0) = BT A* (Va,s, 5,0) — A" (a,s, 5,0) (2.24)

for each V' from (2.17). Now the second term in the above expression is the
secant zeta function in view of (2.23). This difference is quite natural in the

sense that it expresses the surplus after the modular transformation is applied.

We interpret the main result of Lalin et al. Theorem 2.3.2 in this setting as a
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special case of
_ 1 _ 1
(a+1)°A (Vloz,s, 5,0) +(a—1)°A" (VQQ, s, 5,0) (2.25)

for R(s) < 0 and locate it in a natural way as we will see in Corollary 2.7.2. Our

main theorem is the following.

Theorem 2.7.1 For a real algebraic irrational o and a complex variable s with
R(s) <0, we have

D*(Vp) = a A" (%1, s, %, 0) — A" <a, s, %, O> (2.26)
— 9l=2s s [_ﬂ (o + I(s)) + 2T,
Cene[-d] e (i o))
B 1—e %] /1(,\700) ! (1 + exp(—t))(1 — exp(—at)) dt

e g e (+4) ¢ ()

s et e ] e ] +1)

1 — e[na]
n=1
> e [§ . na}
22—5 9 s—1 2 )
* ;( n) 1 — e[2na]
D) = (a+1)a (= s L o) = ar (a8, 20 (2.27)
1) = (& a+175727 a78727 .

= o172 =5¢ [—Z] O, + 25,

(2m) " %e [—i]/ ps1 exp(—%t) exp(—%(a+1)t)
T3] Jiow! @+ exp(—0) (1 - exp(—(a + DO)

0 _1)n—1
2—5 s—1 ( ]
+ ; " cos %a

dt

Also,

D*(V3) = (@ — 1) A" (_—O‘ L 0) _a <a,5, %0) (2.28)

a_17s727

= 21725 =5¢ [—Z] O,y + 21750,
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dt

_ _(27r)—se [—i] / ts_l( exp(——t) exp(—(%(oz —1)t)
I(A\,00)

1 4 exp(—t)) (1 —exp(—(a —1)t))

) E ns—l 1
« cos %"oz’

where ®;, and Vi, k = 0,1,2 are defined later. They indicate the block of L-
wntegrals and the block of H-functions, corresponding to the matrixz Vy, respec-
tively. Also, Qo is defined in (2.48).

We recover the main result of Lalin et al. [21, Theorem 3| i.e., Theorem 2.3.2

by adding the equations (2.27) and (2.28). We note it as a corollary.

Corollary 2.7.2

SA*(

) +(a—1)0A0 ( —“ ,s,%,O) (2.29)

+1 a—1
[ ﬂ / 1 . 1 - 1—
= s e 2= Emn— (2 "= I)Bn
T S 2
l - n—114n—1
" {(a + 1) (a—1)" 1}t it
n!

The genesis of the transformation formula of Lalin et al. [21, Theorem 3] for
the secant zeta function is given by the sum of D*(V}) and D*(V5), which we
have seen in the above Corollary 2.7.2. We will see in the proof of corollary 2.7.2
that the term 2A* (a, s, ;, ()) on the left side and the secant zeta function on the
right hand side naturally cancel each other. As this occurs only in such a pairing,
this elucidates the hidden structure of the paired transformation formula from

a more general standpoint.

2.7.1 Deduction of the main theorem of Lalin et al.

Firstly we deduce Theorem 2.3.2 from Corollary 2.7.2. To do that, let [ = 2k be

an even positive integer and s = 1 — [. Then (2.29) amounts to

—Q

2k—1 px - _ 1 1\2k—1 g%
(a+1)" A (a+1, 2k+1,2,0)+(a 1) A(

(mpte [

1—6[ 2§+1]

1
—2k+1,-,0
Y + 727)

a—1
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n!

e tm > 1 n—1 -1 n—1 tnfl
% / t72k Z 27m71Em_' (21771 o 1>Bn {(Oé + ) + (O'/ ) } dt
I(\,00) 0 m

" n=0

22k:—1ﬂ.2k<_1)k

2mi
©  x thrnfl
X 2 2t — N)E, B {(a+1)" 4+ (a—1)""!} dt
/1(/\,00) mXZ:OnZ:% m!n!
— _22k—17_‘_2k<_1)k
2k 1
2—2k+n—1 21—n —1E _an 1 n—1 -1 n—1
D T D BBl 77 (o177
1 2 1
:_Zk_lk —Qn_l—lE_an 1n—1 _1n—1'
Y @ DB Bl 7 (a1

This proves Theorem 2.3.2.

The following conjecture seems to be plausible.

C1 1 Co 2
in PSLy(Z) which are inverses to each other. Then for a pair (p,q) € R?,

b b
Conjecture 2.7.3 Let W, = (a1 1) and Wy = <a2 2) be two matrices

(Cla + dl)isA* (Wlaa 5, P, Q) + <C2a + d2)*SA* (WQav S, P, Q) (230)

can be expressible in terms of special values of the zeta and L-functions as we

have seen for the sum of two explicit expressions for

(cra+dy)°A” (Vja,s, (%,0)) — A" (a,s, (%,O)) ,J=1,2.

2.8 A* in terms of A and H-functions

Before proving our main theorem we need to express A* in terms of A and H.
We know that given a sum S = ) a, with its even and odd parts S, and
S,, where the even part is over all even integer values and odd part over odd
integer values, the sum 25, — S is the alternating sum > (—1)"a,. Using this
observation, we have the following result.

Lemma 2.8.1 A*(z,s,ry,mp) =2A (22,5, %,7’2) — A(z,8,11,79).
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Proof. By the definition of A*(z,s,ry,rs), we have

A*(z,8,r1,19) = Z (-H)m Z k*~te[kry + k(m +11)2]
k=1

m>—ry
=2 Z Z k*~telkry + k(m +r1)z]
mieven "
= > > kT elkry + k(m + )2
m>—ry k=1
=2 Z Z E*te[kry + k(2m + 11)2]
2m>—r1 k=1
= > kT elkry + k(m + )2
m>—ry k=1

=2A (2;;, s, %,7’2> — A(z, 8,7“1,7’2).

There is a duplication formula for A(z,s,ry,rs) which is as follows:
Lemma 2.8.2 A(z,s,r1,r2) + A (z, S,71,79 + %) = 2°A(2z, 8,11, 2r9)

Proof. From the definition (2.5) of A(z, s,71,72), we have

1
Az, 8,1m1,12) + A (z, 8,T1,T9 + —)

2
= > )k lelkra+ k(m+ )2
m>—ry k=1
. 1
+ Z Z k*~te [k‘ <T2 + 5) + k(m + rl)z]
m>—ry k=1
= s—1 1
= Z Z/{: elkra +k(m+r))z] [ 1+e 5/{:
m>—ry k=1
=2 ) ) (2k)* e [2kry + 2k(m + 1) 2]
m>—ry k=1

=2" Y Y ke [k(2ra) + k(m + 11)(22)]

m>—ry k=1

= 2°A(2z,s,711,2r9).

Using the duplication formula i.e., Lemma 2.8.2 in Lemma 2.8.1, we get
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Lemma 2.8.3

1
A - 21*514( N 9) 215 4 LRSS 2.31
(27577177'2) Z, S, 27 9 + Z, 8, 27 9 +2 ( 3 )

— A(z,8,11,79).

On the other hand,

H(z,s,1m1,1m9) = A(2,8,11,12) + € [%} Az, s,—r1, —13),
and
H(Z73, —T1, —7"2) = A(ZaS, —T1, —7“2) +e [g} A(27377’1,7“2)-
Therefore,
A )= —— L ) —e[2] ) es)
2,8,71,T9) = ———— 2,8,71,T9) —e | = 2,8, —11, —T39) ¢ . )
39y 11,12 1—6[8] sy 9y 11,12 2 y 9y 1, 2

Substituting (2.32) in the Lemma 2.8.3, we deduce the following proposition.

Proposition 2.8.4 For a real algebraic irrational o, a pair (p,q) of real num-

bers with p > 0, and a complex variable s with R(s) < 0, we have

s =2 o () e [3)n ( (5-D)

e (i (o (344 2)) = 3] (o (2 4= 2))}

— (1 —e[shA(a, 5,p,9),

where
(1 = els) Al 5,p.a) = { H(as, (0.a) — ¢ [ 5| H(@.s,(=p. =)} . (2:33)
as in (2.32).

Example 2.8.1 If we consider (p,q) = (1,0) and (1/2,0), then we get

A*(a,s,1,0)
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— ﬁ {21‘8}[ (a,s, (% 0)) + ol (a,s, (% %)) — H(a,s, (1,0))}

For the last term, with s an even integer, we use either

(s (30)) - E s (0 (L) ) s

1 1 i 1 1
- H - = 2.
1 +ef5] (a, * (2’0)) 2 kz: k'=s sin mka (2.36)

=1

or

which follows from Example 2.4.1 and Example 2.5.2, respectively.

2.9 General Procedure

The general procedure is to transform
D*(V):=D*(V,a,s,p,q) :=0°A*Va,s,p,q) — A" (a, 8,p,q) . (2.37)
We recall the following notations

Di(Via,s,(p,q)) = B°H(Va,s,(p,q) — H(a, s, (p,q)V) (2.38)

Di(V,o,8,p,q) = B°A(Va,s,p,q) — Ala, s, p,q) (2.39)




52 §2.9. General Procedure

1 S

A(z,s,11,19) = 1——6[5] {H(z, $,T1,T9) — € [5} H(z,s,—1r, —7’2)} . (2.40)

Now using Proposition 2.8.4, we can write

D*(V,a,s,p,q) + Dy(V,, s,p,q)
21—5

- (o (e (B.8)) 1 (0. (3.0))

S e (v (<5-8)) - s (-5.-8))

g (o (vas (550 5)) - (e (55 +3)))
- (o (v (o4-3)) - (o (5-4-3))

For (p,q) = (1/2,0), we have

) - g (e () (o (3) )

(2.41)

(2.42)
We now transform (2.41) by using (2.38),
D*(V,a,s,p.q) + Dg(V, e, 8, p, q) 2.43)
21-s pq P q pq
= y Xy o\ 50 o H(a 7<_7_> >_H<7 7<_7_)>>
1—6[5}(D1<V0‘5(2 2))+ asi\gg)V G
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(o (3t-)9) (o (5-5-)
where
Di(V, e, 5,p,q) (2.44)
— 5 (D1 (Vius (pua)) + H (s (. a)V) = H (5. (.)
e [3]

1= els] (D1 (V,a, s, (=p,—q)) + H (a, 8, (=p, —q)V) — H (a, 5, (=, —q)))

in case of (2.39), while

D; (v a, s, - ,o) - ﬁ(m (V,a, s, (%0)) (2.45)

S
2

1
2
L 0 L 0
«, s, 2a a, s, 57
in case of (2.42). Hence

D*(V7 a? S7p7 q) + DS(V7 a? S7p7 Q)

(2.46)
- (e (59) - Tl (ves (5-3)
gt (Ve (55 05)) - e (Ve (55 -3)
e (s (V) a0 (50))

J
2efg
[

3
2 (1 (o (Gt V) - (o (5-9)) )
(e (e a)v) - (o (5543)) )

)

(\V]

where the last term is either (2.39) or (2.45).
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2.10 Proof of Theorem [2.7.1, (2.26)]

. We begin by

similar lines

ed on

prov

in Theorem 2.7.1 are

The three identities

nd (2.45).

using (2.43) a

/N
7 N
)1_2
\m/ _7
o = = N
N — — 1"2 .
- S./ S.; r—— - }
@« - S — " Lo —
(a\ &7 > )\I/D _ g
*A /I\( 07 1_4 N S./ 1_./n/~
_ — — | <t _ — < 5 S—
8 9 O &
T e R )
~ T ) 3 5 3
1_72 « | w | (Q\/W\(\ | /(H\
) —
1|3 + _ | | o
— N I X e e e
* —~ -~ " o o~ o~ —~ _
< o S HIa - — " TN
@ - - — | O i N — | <t o
_a I s~ <@ o i | —
N—" o — < = A N
I o o L S o o
\0} & &S S o o 5 &
SO N N N -
- — Q T —— ——
3 D D - ({{} .
~_— | 61_ SR _1_ 61_ 61_. v O | QL |
% SY IR IR _
D — — = — — - T =
I Il + _ + _ + _ _
S
o
*(\
Q

| S|
g o o T o
sS,Js\I\S
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o — - -
— | G = I e
ol — | <f /H\( ~
| I - S~ S
© . - - W -
1 + & “ o " e
A~ ——— 3 & (a\(\
7N — AN H ~——— H
— | <t -~ H
N T =3 |
N e _ |
o &\)) | )D
~— = 3)»)1_4
) | == D= 1"4 —_ =
g h_ =) _7 =) - _
o = | L o ~— 4
_ — . -~ - -~ -
— g 3 “ 3 2 3
< A T e T ——
ko] N o N b~ T | P [~ |
PlIT o|® o T T YT T o v|®
bl bl _
I - N -
11111 — | — o~
+ _ _ + _ + _

Let

< _
= o
a I
N\
— | <
1_m4
\) _
(e
SN
1 -
- %)
VR a./ -~
| (@)
- ~ ~
— | — 17
~— ®»n | —
o N — |
< s
— (@)
iy
—+ 1M 57
A~ — =
Oa gy SN—
— = ~
— | < o N
_ - —
a | —
o e A

(2.48)

(2.49)

O?

S? — [ —

- w | A ([Ka\]

a 1 |
~—— 6 L
T + _
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e B o (0-D) o ()}

Now we can express the difference D*(V}) as

D*(Vp) = 2121 [—ﬂ (@ + T(s)Q) + 21Ty, (2.50)

Using the integral representation (2.15) of L(a, s, (p/,¢'), ¢, d), we calculate ®y.

Therefore,
i — o1 0xp(= (4 + a)t) + exp(—(4 + Ja)t)
(1= elsh)®o /m,oo)t (1~ exp(—0)(1 — exp(—at))
s s 16xp(—(2 +a)t) +exp(—(3 + fa)t)
e [5] /m,oo)t (1 —exp(—t))(1 — exp(—at))

s—1 S s—1 ex (_<% a)t)
+2 (1-e[5]) /Moo)t (1_exp(p—t))(1+— extp(—at)) dt.

dt

dt

Combining the first two integrals, we have

(1 —e[s])®o

1 s 1 exp(—(5 + a)t)
= lot2 (1 — ¢ [5]) /[()\700)15 (1-— exp(p—t))(lt eti(—at)) dt,

where

_, —exp(—1t) (1 —exp (wis — 1t)) (exp(—at) + exp(—1iat))
[0 :/ ts dt
I(\,00)

(1 —exp(=t))(1 — exp(—at))

Now making the change of variable ¢ <+ 2¢, we get

dt.

I — 25/ o1~ exp(—%t) (1 — exp(mis —t)) (exp(—2at) + exp(—at))
o) (

1 4 exp(—t))(1 — exp(—t))(1 + exp(—at)(1 — exp(—at))

Hence after eliminating the common factor, we arrive at

(1—e[s])®y = 23/ w1 _eXD(=5t) (=1 + exp(ris — 1)) exp(—at)

1o (L exp(=1))(1 — exp(=1))(1 — exp(—at))
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+2 (1-e |2)) / g1 xp(~(; + a)Y) dt.
217 Jipeey (1 —exp(=1))(1 — exp(—at))
Therefore,
251 —(5+a)t
By = / o1 exp(—(3 +a)t) dt. (2.51)
l1—e [5] (A00) (1 4+ exp(—t))(1 — exp(—at))
Our next target is to calculate ¥y. Using (2.12), we have
U, = T Lo)+ L] (2.52)
0o="n\|aSs, 1, 4 n 0678747 n OZ,S72, 4 .

LY ] L
n a787472 77 a’87 72 n a’872’ *

Now using the definition of the n-function, we get
s— 16 [ s— 1 5 B zll)]
‘IIO_ZR 1—ena Zn 1—6 a]
_ ns~ 1 € |:411 = s—1 € Oé + )}
; 1 — e[na] Z " 1 — e[nal

5 sle[n<a+§>} s ¢ Lina]
_2; 1 — e[na] —1—2271 1 — e[na]
1€ — )l (efzna] +1)
;n 1—e[na]
N 2n (30 — 5)] (1 + efnal)
_22 (2n)? 1—6[2 al
=L e [dne] 1+ (-1)" = e[ 2nal (1+ efnal)
nz:l n 1— e[na +2 Z 1 — e[2na] '
N ati)](e [W}H)

Z 1 — e[na]

= Le |2 nal
+QZ 1—627105]
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To calculate €2y, we use 2°C (s, %) =( (s, i) +¢ (s, %), and we get

o (el e
o)D)

Finally, combining the expressions for ®,, ¥y, and €y we deduce Theorem [2.7.1,
(2.26)].

2.11 Proof of Theorem [2.7.1, (2.27)]

By using Proposition 2.8.4 and from (2.19), we have

D*(Vi) = D* (\/1,04,8,%,0) (2.54)
= (a+1)7"A (ai s, %,0) A (a,s, %,0)
- - 2_:8[3} (27)~*
x {e [—ﬂ L(a s (4 0) ,1,1) —e[ﬂ L(a,s, (— ,0) ,1,1)}
o1
T ](2@75

+f§[3 {H(w(ié))— (= (32)))
2% K
1—e

an_.
—

Let
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and

We now express (2.54) as

D*(V1) = 21 % 7se [—ﬂ O, + 2150,

Now utilizing the integral representation (2.15) of L(«, s, (p/,q'), ¢,d), we have

(1 —els])y

:—/‘ o1 PG+ Glat D)) +exp(= (G + 4o+ 1))
I(\) (1 — exp(—t))(1 — exp(—(a + 1

S}/ @ (3 f 0+ D)) Fexp(=(F + o+ 1))
I(X,00) (—(a+1

(1 —exp(=1))(1 —exp

-1 S s—1 exp(— ( ( +1))t)
+271 (1- 6{2})/1@,w>t T o) T (e T &

Again, we write the left hand side of the above equation as

(1—els])® =1, (2.57)
(1 o o=+ e+ )Y
+27 (1= |5]) /I(m)t 1= exp(—0)(1 = exp(—(a + 1))

where

I = / 5
I(\,00)

(— exp(—1t) + exp(mis — 2t)) (exp(—3(a + 1)t) + exp(—3(a + 1)t))
t

(1 — exp(—t))(1 — exp(—(a + 1)t)) dt.
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Now, by change of variable t <+ 2t followed by the elimination of the common
factor 1 4 exp(—(a + 1)t), we get

I — 25/ o1 exp(—%t) (=1 + exp(mis — t)) exp(—%(a + 1)t) &t
1= )
(A,00) (

1+ exp(—t))(1 — exp(=1))(1 — exp(—(a + 1)t))

Thus, substituting [; in (2.57), we see that

@1:—

251 - exp(—(3 + 3(a +1))t)
/l(m)t ( dt.  (2.58)

s 2
1—e [%] 1+ exp(—t))(1 —exp(—(a+ 1)t))
Using the definition of H-function, from (2.56), we have

_— 31 11
1=17 @78,4,2 n 06,5,4,2

_ ins_le [n(Gat3)] ins_le [ (Gat3)]

1 —e[na] 1 —e[na]

n=1

The nth summand is

caeln(Gats)](efsna] - 1)

1 — e[na]

n

from which we may eliminate the common factor e [%na] — 1. Therefore,

n—l 1 1 nfl

0o - (_ 6 TLOé 0o
—_ s—1 Z
U, = n§:1 n Toal 41 =2 § " T (2.59)

Now we substitute (2.58) and (2.59) in (2.54), and finally get

e gk « 1 . 1
(a+1)°A <a+1787270) A <a,s,2,0>

__@m7el—g] / o xp(=31)  exp(—3(a+ 1))
(t=el3]) I(A ) (T+exp(=1)) (1 —exp(—(a + 1))

+ 27 Zns 1

This completes the proof of Theorem [2.7.1, (2.27)].

dt (2,60

n—l
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2.12 Proof of Theorem [2.7.1,(2.28)]

ing (2.20),
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To simplify @, we make use of the integral representation (2.15) of L(a, s, (p', ¢'), ¢, d).

So we have

(1 —els))Py =1
2 (B [ e et

where

_[2 — / ts—l
I(\,00)

(— exp(—3t) + exp(mis — 2t)) (exp(—3(a — 1)t) + exp(—3(a — 1)1))

(1 —exp(—t))(1 — exp(—(a — 1)t)) dt.

As before, by eliminating the common factor 1 — exp(—t), we obtain

s o1 exp(—%t) exp(—%(a — 1)t)(—1 4+ exp(mis — t))
=2 /I()\ o) (T4 exp(—1))(1 —exp(—1))(1 — exp(—(a — 1)?) 4"
Whence it follows that
2t 1 exp(—(3 + 3(a—1))t)
b= o T e O —mp e T & 9

While handling (2.62), we decompose it as

3 1
‘112:77(0473,170) _77<04,3a170) .

In the series expression of Wy we factor out e [ na} as before and eliminate the

common factor ( [l } — 1) to obtain

2
Zn“ ] +1 —%Z (2.64)

Finally substituting the expressions for ®, and W,, we have

— 1 1
(v — 1) A" (a _al 85 0) — A* (a, 55 O) (2.65)

_M/ o1 OP(=51)  exp(—5(a — DY)
I—e [%} I(\,00) (1 4+ exp(—t)) (1 —exp(—(a — 1))

4

dt
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3]
—_9s § nsfl 1
COs
n=1

This finishes the proof of Theorem [2.7.1, (2.28)].

2.13  Proof of Corollary 2.7.2

We conclude this chapter by finally proving Corollary 2.7.2. We add (2.60) and
(2.65) and derive that

a
1) 5 A*
R

— 2A" (a,s,%,@)
]

@ o exp(—b) exp(=La+ 1))

T[] / oo Tt exp(—0) (1= exp(—(a + DB) ¢

@) re -] o ep(=k) exp(—i(a— 1))
1—e[] / (A oo)t (T exp(~0) <1 “ew(—(a— D) "

(2m) e [—2] / pso1 exp(—ét) exp(—%(oz + 1)t)
1—e|£] (Aoo) 1+exp(—t) | 1 —exp(—(a+ 1))

eo(3a =10 |y s

—op(—(a = 1))}dt 2.92° ZQ 2@.

Now in the above expression 2A* (a s, 2,0) on the left hand side and secant
zeta function on the right hand side will cancel each other, as they are the same
(from (2.23)). Therefore, we have

. s,%,O) +(a— 1)8A*( —a ,3,%,0) (2.66)
_ (@m) e[ w1 exp(—3t) | exp(—g(a+1)t)
_ [ ){

I(\,00) 1+ eXp(—t
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N 1—6[ ]()\7oo)t mZZ:OEm 2 Qm'

s
2

s {iBn %) {(a+1)"! +7§'a — 1)"1}15"1} 0

n=0

and thus the Corollary 2.7.2 follows.

2.14 Future work

Our ongoing project is to derive the general modular transformation formula for
A*(a, 8,p,q) for all (p,q) € R? and from which we would like to see the truth

of our conjecture.
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