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Synopsis

In quantum mechanics, a fundamental goal is how to influence a system and control its
evolution so as to achieve faster and controlled evolution. Quantum mechanics imposes a
fundamental limit to the speed of quantum evolution, conventionally known as the quan-
tum speed limit (QSL). With the advent of quantum information and communication
theory, it has been established as an important notion for developing the ultra-speed
quantum computer and communication channel, identification of precision bounds in
quantum metrology, the formulation of computational limits of physical systems and
the development of optimal control algorithms. The first major result in this direction
was put forward by Mandelstam and Tamm, whose sole motivation was to give a new

perspective to the energy-time uncertainty relation.

There have been rigorous attempts to achieve more and more tighter bounds and to
generalize them for mixed states. In the proposed thesis, we address three basic and
fundamental questions: (i) what is the ultimate limit of quantum speed? (ii) Can we
measure this speed of quantum evolution in the interferometry by measuring a physically
realizable quantity? And the third question we ask: (iii) Can we relate various properties
of states and evolution operators such as quantum correlations, quantum coherence,

dimension etc. with QSL?

To address the issues raised in the previous section, we proved a new quantum speed
limit for mixed states. Then, we showed that the QSL can be measured in the interfer-
ence experiment by measuring the visibility between the initial and the final states for
unitary evolutions as well as completely positive trace preserving evolutions. We also
showed that the bound based on the interference visibility is tighter than the most of
the existing bounds in the literature. To address the third issue, we showed an intrigu-
ing connection between the (QSL and the observable measure of quantum coherence for
unitary evolutions. An important implication of our results is that quantum coherence
plays an important role in setting the QSL and it can be used to control the speed of

quantum evolutions.
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Moreover, we also focus on the study of QSL in the bipartite scenario, where a part
of the system is considered to be the controller of the evolution of the other part. It
is well known that quantum correlations affects the evolutions of the total quantum
systems. On the other hand, how a part of the system affects the evolution speed limit
of the other part using the quantum correlation or non-locality is still an important
unanswered question. In this thesis, we show that non-locality plays an important role
in setting the QSL of a part of the system. In particular, we studied the effects of non-
locality on quantum coherence of a part of a bi-partite system. This, in turn, clarified
the role of quantum non-locality on QSL from the intriguing connection between QSL

and the quantum coherence.

It is well-known that quantum mechanical uncertainty relations play an important role
in setting the QSL for quantum systems. With the advent of quantum information
theory, uncertainty relations have been established as important tools for wide range
of applications. To name a few, uncertainty relations have been used in formulating
quantum mechanics (where we can justify the complex structure of the Hilbert space or
as a fundamental building block for quantum mechanics and quantum gravity). Further,
it has been used in entanglement detection, security analysis of quantum key distribution
in quantum cryptography, quantum metrology and quantum speed limit. In most of
these fields, particularly, in quantum entanglement detection and quantum metrology or
quantum speed limit, where a small fluctuation in an unknown parameter of the state of
the system is needed to detect, state-independent relations are not very useful. Again,
the existing certainty relations are all in terms of entropy and the bounds are always state
independent. Thus, a focus on the study of the state dependent and tighter uncertainty
and the reverse uncertainty relations based on the variance is a need of the hour. In the

proposed thesis, we address this issue.

Another striking feature of the most of the existing tighter uncertainty bounds is that
such bounds depend on arbitrary orthogonal state to the state of the system. It has been
shown that an optimization of over the orthogonal states, which maximizes the lower

bound, will saturate the inequality. For higher dimensional systems, finding such an
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orthonormal state, is difficult. Therefore, a focus on to derive a tighter yet optimization-
free uncertainty as well as reverse uncertainty relations is needed for the shake of further
technological developments and explorations. Here, we try to fulfil this aim and report
a few tighter as well as optimization independent uncertainty and reverse uncertainty

bounds both in the sum and the product form.

We highlight here the main results obtained in the proposed thesis.

> We derive a tighter yet experimentally measurable quantum speed limit for the
first time. We show that the QSL can be measured by measuring the visibility of

the interference pattern due to interference between the initial and the final state.

> We show for the first time that the speed of quantum evolution may be controlled
and manipulated by tuning the observable measure of quantum coherence or asym-

metry of the state with respect to the evolution operator.

> We investigate how to control and manipulate the quantum speed of evolution of a
part of a bipartite system by measuring the other part of the system using quantum

correlation.

> We derive a tighter yet optimization free state dependent uncertainty and reverse
uncertainty relations for product as well as sum of variances of two incompatible
observables. Our results may have the potential to set the stage for addressing
another important issue in quantum metrology, i.e., to set the upper bound of

error in measurement and the upper bound of the time of quantum evolutions.

The content of the proposed thesis is divided into three parts. First part contains two
chapters—Chapter 2 and Chapter 3. In the second chapter, we derive an experimentally
realisable quantum speed limit. We introduce a new metric for the non-degenerate den-
sity operator evolving along unitary orbit and show that this is experimentally realizable
operation dependent metric on the quantum state space. Using this metric, we obtain
the geometric uncertainty relation that leads to a new quantum speed limit. Further-
more, we argue that this gives a tighter bound for the evolution time compared to any
other bound. We also obtain a Margolus-Levitin and Chau bound for mixed states using

this metric.
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Here, we also propose how to measure this new distance and speed limit in quantum in-
terferometry. We show that the speed of quantum evolution can be inferred by measuring
the visibility and the phase shift of the interference pattern, when a density operator un-
dergoes unitary evolution. We also show that the bound is tighter than various existing
bounds available in the literature. Finally, we generalize the idea and derive a lower
bound to the time of quantum evolution for any completely positive trace preserving
map using this metric. The third chapter is dedicated to focus on how various properties
of states and evolution operators can control the evolution speed. We cast observable
measure of quantum coherence or asymmetry as a resource to control the quantum speed
limit (QSL) for unitary evolutions. For non-unitary evolutions, QSL depends on that of
the state of the system and the environment together. We show that the product of the
time bound and the coherence (asymmetry) or the quantum part of the uncertainty be-
haves in a geometric way under partial elimination and classical mixing of states. These
relations give a new insight to the quantum speed limit. We also show that our bound is

experimentally measurable and is tighter than various existing bounds in the literature.

In the second part of the thesis, we study the steerability of quantum state from the
perspective of quantum coherence and observable measure of quantum coherence, i.e.,
instead of considering uncertainty relations, we considered another property of quantum
states, quantum coherence, to study the condition for the single system description of
a part of a bipartite state. Here, we derive the complementarity relations between co-
herences measured on mutually unbiased bases using various coherence measures such
as the [1-norm, the relative entropy and the skew information. Using these relations, we
formulate steering inequalities to check whether one of its subsystems has a single system
description from the perspective of quantum coherence. Our results show that not all
steerable states are eligible to provide the non-local advantage on quantum coherence.
Thus, any arbitrary steerable state cannot provide non-local advantage on the quantum
speed limit of a subsystem of the bipartite system. Note that by the word non-local
advantage, we mean that the advantage, which cannot be achieved by a single system

and exclude advantage due to local operation and classical communication.

The third part contains the optimization free yet tighter state dependent uncertainty



Synopsis 5

and reverse uncertainty relations for the product as well as the sum of variances of two
incompatible observables. In the proposed thesis, we show that the uncertainty relation of
the product form is most of the times stronger than the Schrédinger uncertainty relation.
On the other hand, uncertainty relations for the sum of variances are also shown to be
tight enough considering the advantage that the bounds do not need an optimization.
Here we also report the reverse uncertainty relations. Both the entropic uncertainty and
the certainty relations are known to exist in the literature. These relations based on
entropy are state independent. Here, we derive the state-dependent reverse uncertainty
relations in terms of variances both in the sum form and the product form for the first

time.

It was an well established notion that quantum mechanics sets the lower limit to the
time of quantum evolutions. In contrast to that belief, it is now expected that our state
dependent certainty relations may be useful also in setting an upper limit to the time of

quantum evolutions (reverse bound to the QSL) and in quantum metrology.
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Chapter

Introduction

{
Quantum mechanics was, and continues to be, revolutionary, primarily because it de-

mands the introduction of radically new concepts to better describe the world. In addition
we have argued that conceptual quantum revolutions in turn enable technological quantum

)
revolutions. ——Alain Aspect

Overview

In recent years, various attempts are being made in the laboratory to implement quantum
gates, which are the basic building blocks of a quantum computer. Performance of a
quantum computer is determined by how fast these logic gates drive the initial state to a
final state. An efficient quantum gate should transform the input state into the desired
state as fast as possible. Thus, the natural question that arises is: can a quantum state
evolve arbitrarily fast? It turns out that quantum mechanics limits the evolution speed

of any quantum system, conventionally known as the quantum speed limit (QSL).

Extensive amount of work has already been done on the subject “minimum time required
to reach a target state" since the appearance of first major result by Mandelstam and
Tamm [1]. However, the notion of quantum speed or speed of transportation of quantum
state was first introduced by Anandan-Aharonov using the Fubini-Study metric [2] and
subsequently, the same notion was defined in Ref. [3] using the Riemannian metric

[4]. It was found that the speed of a quantum state on the projective Hilbert space is

13
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proportional to the fluctuation in the Hamiltonian of the system. Using the concept of
Fubini-Study metric on the projective Hilbert space, a geometric meaning is given to
the probabilities of a two-state system [5]. Furthermore, it was shown that the quantum
speed is directly related to the super current in the Josephson junction [6]. In the last
two decades, there have been various attempts made in understanding the geometric
aspects of quantum evolution for pure as well for mixed states [7-56]. The quantum
speed limit (QSL) for the driven [50] and the non-Markovian [56] quantum systems is
introduced using the notion of the Bures metric [57]. Very recently, QSL for physical
processes was defined by Taddei et al. in Ref. [47] using the Bures metric and in the case
of open quantum system, the same was introduced by Campo et al. in Ref. [48] using
the notion of relative purity [46]. In an interesting twist, it has been shown that QSL for

multipartite system is bounded by the generalized geometric measure of entanglement

8],

There have been rigorous attempts to achieve more and more tighter bounds and to
generalize them for mixed states. In this thesis, we address a few basic and fundamental
questions: (i) What is the ultimate limit of quantum speed? (ii) Can we measure the
speed of quantum evolutions in the interferometry by measuring a physically realizable
quantity? Suppose, there are two different quantum devices G and G2 performing the
same task, i.e., transform the initial state p to the same final or the desired state p’
(see Fig. (1.1)). Therefore, both the devices must correspond to the same CPTP map
with different Kraus representations. Now, we ask the question: (iii) Is it possible to
distinguish such devices? We observe that it is indeed possible. One way to distinguish
such devices is to measure experimentally various properties such as QSL and characterise

the dynamics of quantum evolutions performed by both of these gates.

With the advent of quantum information and communication theory, it has been es-
tablished as an important notion for developing the ultra-speed quantum computer and
communication channel, identification of precision bounds in quantum metrology, for-
mulation of computational limits of physical systems, development of quantum optimal
control algorithms. Still, most of the bounds in the literature are either not measurable

in the experiments or not tight enough. As a result, these bounds cannot be effectively
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FI1GURE 1.1: Two devices G; and G» represent, two different operations performing the
same task, i.e., transforming the same initial state p to the same desired state p’. It is
expected that they will take different time to perform the job.

used in the experiments on quantum metrology, quantum communication and specially
in the Unruh effect detection efc., where a small fluctuation in a parameter is needed
to detect. Therefore, a study to investigate the connection between the speed limit of
quantum evolutions and various experimentally measurable quantities is the need of the

hour.

In quantum thermodynamics, theoretical understanding is rapidly developing to infer
the role of various information theoretic resources in devising the most efficient quantum
thermodynamic engines. However, such engines may not always be the most time con-
suming. To perform a particular job, it may happen that the most efficient engine may
take infinite time. Therefore, such engines and thermodynamic tools are not desired. We
need the efficient and at the same time faster quantum thermodynamic engines. In this
regard, a proper theoretical understanding is necessary how to control and manipulate

the speed and efficiency of such engines by using various resources.

Another aspect of studying the QSL is to try to understand how to control and manipu-
late the speed of quantum evolutions. It will be much more interesting, if one can relate
various properties of the states or operations or resources of quantum information theory

such as coherence, asymmetry and quantum correlations, non-locality, for example, with
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the quantum speed limit. Although, these understandings may help us to control and
manipulate the speed of quantum communication, quantum algorithm, thermodynamic
engines, apart from the particular cases like the Josephson Junction [6] and multipar-
tite scenario [8, 58|, there has been little advancement in this direction. Therefore, the

question naturally arises: (iv) can we relate such quantities with QSL?

Recently, quantum coherence has taken the center stage in research, specially in quantum
biology [59-62] and quantum thermodynamics [63—67] in the last few years. In quantum
information theory, it is a general consensus or expectation that it can be projected as a
resource |68-71]. This has been the main motivation to quantify and measure coherence
[68, 69, T2]. Moreover, it is a crucial resource in the interference phenomenon. Various
quantities, such as the visibility and various phases in the interferometry are under
scanner and the investigation is on to probe various quantum properties or phenomena,
such as the Unruh effect [73-76], quantum speed limit [77], quantum correlation [78]
using such quantities in quantum interferometry [79-83]. A proper study of quantum
coherence may provide further insight to the development of new techniques to probe
such quantum processes in the interferometry and interestingly enough, we show in this

thesis that quantum coherence plays an important role in setting the QSL.

Moreover, we also focus on the study of QSL in the bipartite scenario, where a part of
the system is considered to be the controller of the evolution of the other part. It is well
known that quantum correlation affects the evolution of the total quantum system. In
particular, the role of entanglement in dynamical evolutions was studied by Maccone et
al. in Ref. [28, 29]. On the other hand, how a part of the system affects the evolution
speed of the other part using the quantum correlation or non-locality is still an important
unanswered question. In this thesis, we study the role of non-locality in gaining the
quantum speed limit beyond what could have been achieved by a single system only. In
particular, we studied the effects of non-locality on quantum coherence of a part of a
bi-partite system. This, in turn, clarified the role of quantum non-locality on QSL from

the intriguing connection between QSL and quantum coherence.

This work in the direction of quantum non-locality and QSL in the bi-partite scenario

should not be viewed as if it has the only purpose to serve is to show the effect of non-local
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nature of quantum correlation on QSL. It has fundamental implications from the resource
theoretic point of view. We have shown a direct connection between the steering kind of
non-locality and the quantum coherence. Both of the properties in quantum information

theory have separate resource theories [68-71, 84, 85].

Although, we have observed an advantage in QSL or quantum coherence due to the
non-local nature of quantum correlation, we are yet to uncover how to use it in practical
scenario. We expect it to have huge implications in understanding the nature apart from
technological applications in various developing fields of quantum information theory,
specially in quantum communications and quantum thermodynamics. In quantum ther-
modynamics, this may help us to understand how to control a thermodynamic engine
non-locally and use quantum correlations in our favour to construct a faster yet efficient

engine.

It has been clarified above that quantum mechanics sets the lower limit to the time of
quantum evolutions. This intrigues one to further ask, whether there exists any upper
bound to the time of quantum evolutions. The lower bound to the time of quantum evo-
lutions may be regarded as the energy-time uncertainty relations [1]. From the derivation
of the Mandelstam-Tamm bound, it is clear that the quantum speed bounds are nothing
but the new manifestations of the quantum uncertainty relations and these relations, in
particular, variance based state-dependent uncertainty relations play an important role
in the derivations of these limits |1, 77, 86, 87]. Naturally, it is expected that to set
an upper bound to the time of quantum evolutions, one needs to derive such reverse

uncertainty relations.

Quantum mechanics has many distinguishing features from the classical mechanics in the
microscopic world. One of those distinguished features is the existence of incompatible
observables. As a result of this incompatibility, we have the uncertainty principle and the
uncertainty relations. One might ask: To what extent, are the observables in quantum
mechanics incompatible? In other word, to what maximal extent is the joint sharp

preparation of the state in the eigenbases of incompatible observables impossible?

There have been numerous attempts to address the question by certainty relations. It is

noted that there exists entropic uncertainty and certainty relations (or in other words,
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reverse uncertainty relations) in the literature, which are state independent [88-93].
Therefore, we, here, try to derive state-dependent variance based reverse uncertainty

relations.

With the recent developments of quantum information theory, uncertainty relations have
also been established as important tools for a wide range of other applications. To
name a few, uncertainty relations have been used in formulating quantum mechanics [94]
(where we can justify the complex structure of the Hilbert space [95] or as a fundamental
building block for quantum mechanics and quantum gravity [96]). Further, it has been
used in entanglement detection [97, 98|, security analysis of quantum key distribution in
quantum cryptography (e.g. see [99]) and quantum metrology and quantum speed limit

(QSL) etc. In most of these fields, particularly, in quantum entanglement detection.

Owing to the seminal works by Heisenberg [100], Robertson [101] and Schrédinger [102],
lower bounds were shown to exist for the product of variances of two arbitrary ob-
servables. Recently, Maccone and Pati have shown stronger uncertainty relations for all
incompatible observables [103]. One striking feature of these stronger uncertainty bounds
is that they depend on arbitrary orthogonal state to the state of the system [103-107].
It has been shown that an optimization of over the orthogonal states, which maximizes
the lower bound, will saturate the inequality. For higher dimensional systems, finding
such an orthonormal state, is difficult. Therefore, a focus on to derive an uncertainty
relation independent of any optimization and yet tight is needed for the sake of further
technological developments and explorations, particularly in quantum metrology. Here,
we try to fulfil this aim and report a few tighter as well as optimization independent
uncertainty and reverse uncertainty bounds both in the sum and the product form. It
was an well established notion that quantum mechanics sets the lower limit to the time
of quantum evolutions. In contrast to that belief, it is now expected that our state de-
pendent certainty relations may be useful also in setting an upper limit to the time of

quantum evolutions (reverse bound to the QSL) and in quantum metrology.

Uncertainty relations in terms of variances of incompatible observables are generally
expressed in two forms—product form and sum form. Although, both of these kinds of

uncertainty relations express a limitation in the possible preparations of the system by
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giving a lower bound to the product or sum of the variances of two observables, product
form cannot capture the concept of incompatibility of observables properly because it
may become trivial even when observables do not commute. In this sense, uncertainty
relations in terms of the sum of variances capture the concept of incompatibility more
accurately. It may be noted that earlier uncertainty relations that provide a bound to
the sum of the variances comprise a lower bound in terms of the variance of the sum of
observables [103, 108], a lower bound based on the entropic uncertainty relations [88-93],
sum uncertainty relation for angular momentum observables [109], and also uncertainty

for non-Hermitian operators [110, 111].

Preliminary concepts

A complete description of main concepts and results of this thesis requires a brief de-
scription of a few preliminary concepts. In this thesis, we deal with the speed of quantum
evolutions, which is defined along the evolution path traversed by the state of the quan-
tum system. This distance is defined on the projective Hilbert space. Therefore, before
going to introduce the U(1) gauge invariant geodesic distance in the next chapter, here
we introduce the idea of projective Hilbert space, quantum state space and quantum

evolutions.

Projective Hilbert space

The idea of Hilbert space is generally introduced almost immediately with the introduc-
tion of quantum mechanics. It is nothing but a complete metric space of complex vectors
{|¥)}. One of the most fundamental tenets of quantum mechanics is that the state of
a physical system corresponds to a vector in a Hilbert space H, and that the Born rule

gives the probability for a system in state |¢)) to be in state |¢)

e
P 9) = Tl old) (L)
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This implies p(c, @) = p(1, cd) = p(¥, p) for any ¢ € C = C — {0}, where C is the
set of complex numbers. Therefore, one can observe that there is no physical way to
distinguish the states |1)) and c|¢)) due to the fact that p(i, cv)) = p(¢p,¢) = 1. This led
us to formally define the projective Hilbert space, which is nothing but a space of rays
formed by a set of vectors from equivalent classes, i.e., a ray is just a one-dimensional
subspace spanned by all the vectors describing the same state. For a state [¢), the

associated ray is defined by

Ry :={|¢) € H[3c € C: |) = c[¢)}. (1.2)

The equivalence relation on the Hilbert space is formed by identifying all the physically

indistinguishable vectors by Born rule, i.e.,

b~ ¢ P € Ry, (1.3)

Thus, the projective Hilbert space is defined as

P(H) = (H—{0})/ ~. (1.4)

One important thing to note here is that this is not even a vector space and thus, is
not a Hilbert space any more. One of the reasons for this is that there is no identity
element of addition, i.e., zero vector, which is a requirement for the space to be a vector
space. The nice thing about the space is that every element of the space represents a
distinct state or ray. In the next chapter, we define a U(1) gauge invariant metric, i.e.,
the Fubini-Study metric on this space [112]. This is an unique metric on this space but
in the following section, we will realise that this space does not cover the whole space
of quantum states. It is only a subset of the whole quantum state space and there is no

unique U(1) gauge invariant metric on the whole space of quantum states.

Quantum state space

Only the space of pure states form a Hilbert space or projective Hilbert space. One can

also define physically equally relevant states, i.e., mixed states by probabilistic mixture
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11)

FIGURE 1.2: A 2-dimensional block sphere has been represented by a sphere. All the

pure states reside on the boundary of the sphere and only pure states reside there, unlike

higher dimensional Bloch-sphere. An arbitrary pure state V) = cos £|0) + €% sin &|1)

is placed on the boundary of the sphere as shown above. All the mixed states reside
within the boundary.

of pure states. Mathematically, an n-dimensional quantum state can be represented by

a positive Hermitian n-dimensional matrix p known as density matrix such that

Trp = 1
Trp? = 1 for pure states
Trp® < 1 for mixed states. (1.5)

The space of density matrices form a convex set, whose pure points or pure states lie on
the boundary of the set. In the quantum state space, there is no unique way to express
the quantum mixed states as a probabilistic mixtures of pure states, Unlike the space of

states in classical mechanics.

Any density matrix of dimension n can be expressed by n? —1 number of real independent
parameters [112]. For pure states, 2n — 2 number of parameters are sufficient. The space
of density matrices S(H) is generally represented by Bloch-sphere. It is important to
note that Bloch-sphere in general is not equivalent to n-sphere. This is due to the fact
that only pure points reside on the surface of an n-sphere. On the other hand, for any

dimension n # 2, not only the pure states but also the mixed states with Det(p) = 0
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pS@pE I . ’}- USE(pS®pE) UTSE
Unitary evolution
add Partial trace
ancillary E over E
Ps =7ps) = tr,[Uy,(p,®p,)U,,]

FIGURE 1.3: A Schematic diagram showing the process of a general quantum evolution

of a system S with a state pg € Hg. Any general evolution may be conceived as a joint

unitary evolution of system plus environment together such that the system and the

environment are in a product state. The final state of the system is found by tracing
over the environmental degrees of freedom.

(definition of the boundary of the state space) reside on the boundary of the generalized
Bloch-sphere. For n = 2, Det(p) = 0 implies pure states. Therefore, any state, which
resides on the boundary of a 2-dimensional Bloch sphere are pure. Thus, 2-dimensional

Bloch sphere can equivalently be represented by a 2-sphere (1.2).

Quantum operations

Quantum mechanics dictates the evolution rules of quantum states. Since the state of
a quantum system is represented by a positive Hermitian density matrix, we expect
that after any allowed operation, the final state should also be a position true class
operator. Such evolutions are completely positive trace preserving evolutions and the
map, which connects the initial pg(0) and the final state pg(t) is known as completely
positive trace preserving map (CPTP) T : pg(0) — ps(t). In quantum mechanics, an
arbitrary evolution (or CPTP evolution) of a state in general is modelled by adding
an ancilla or environment (E) to the system (5) and then evolving them jointly by an
unitary evolution Ugg and tracing out the ancillary part (1.3). We consider a state
ps € S(Hs) of a system (5). Any arbitrary evolution of the system can in principle
be modelled by an arbitrary joint unitary operator Usp acting on the product state of
system (S) and environment (F) (1.3). We consider that the state of the environment
is |0) (0| and the joint state of the system and environment at time ¢t = 0 is pggp(0) =

ps ®10)(0] € S(Hs ® Hp). The final state of the system plus environment together after
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evolving them by a unitary operator Ugg is given by
psi(t) = Usp(ps @ |0)5(0] ) UL 5. (1.6)

The state of the system at time ¢ can be expressed by a operator-sum representation as

given below

ps(t) = Trppsp =Y (eilUspps ® [0)(0|Ufze:)

= D Kips(0)K], (17)

where K; = (e;|Usg|0) g such that

Y KK =1 (1.8)

This representation is also known as Kraus-representation [112, 113|. In the next few
chapters, we have used this representation to study the speed of arbitrary open quantum
evolutions. It is important to note that the Kraus representation is not unique for any
CPTP map 7. We enumerate below some examples of such quantum channels or maps

on the qubit state space to grasp the idea of general quantum evolutions.

a. Bit flip channel

As the name suggests, bit flip channel flips the state. It flips the state [0)s (|1)s) to |1)g
(]0)s) with probability p and keeps the state intact with probability (1 — p). Therefore,

one can mathematically express the action of the bit flip channel as

0)s0] = (1 =p)[0)s(0[ + p[1)s(1]
[1)s(0] = (1 =p)[1)s{0] + pl0)s(1]
0)s(1] = (1 =p)[0)s{1] + p[1)s(0]

sl = (1 =p)[1)s(1]+pl0)s(0]. (1.9)
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Poo Po1 )

In matrix representation, the bit flip transformation on a single-qubit state pg = ( Pl ot

is given as

L —=p)pgo +prpix (1 —p)piy + ppi
( )00 11 ( ) 01 10 . (1.10)

ps =T (ps) = <
(1 =p)pio+ oy (1 —p)pi1 + Prio

b. Bit-phase flip channel

The action of a bit-phase flip channel on the state of a qubit system can mathematically

be shown as

0)s(0] — (1 —p)[0)s{0] + p[1)s(1]
1)s(0] — (1 —p)I1)s{0] — pl0)s(1]
0)s(1] — (1 —p)[0)s(1] —p[1)s(0]

[Ds(1] — (1 —p)[1)s(l]+pl0)s(0]. (1.11)

Pio Po1 > as

In the matrix representation, it transforms an arbitrary qubit state pg = < i ol

L—p)pgo +rrir (1 —p)pds — ppi
<( )Poo P11 ( )P01 P10 ' (1.12)

(1 =p)pio —prty (1 —D)pi1 + Prio

c. Phase damping channel

Phase damping channels keep the diagonal elements of a density matrix unchanged but

transform its off-diagonal elements. Phase damping channels act on the qubit states as

0)510) e = V1= pl0)s|0)E + VPIO)s|1)E
11)s]0)E = /1= pl1)s|0)E + v/p[1)s]2) 2, (1.13)

where the state of the environment changes with probability p and remains intact with

probability (1 — p). One can easily show the Kraus representation of the channel as

2
o= (1—p)ps+ > KipsK], (1.14)
=1
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where Ko = /1 —pl, K1 = f(o 0) and Ky = f(g [1)) One can easily show that the
Kraus operators not only preserves the normalization condition given in Eq. (1.8) but

also satisfy the unital condition,

Y KKl =1, (1.15)
7

i.e., it always transforms a completely mixed state to a completely mixed state.

d. Amplitude damping channel

The amplitude damping channel is a model for decay of an excited two level atom due
to spontaneous emission of photons. An atom, initially in the ground state remains in
the ground state under the application of such channel and on the other hand, an atom,
initially in the ground state, decays to the ground state with probability p and remains in
the excited state with probability 1 — p. Thus, the unitary representation of the channel

is given as

0)s10)e = [0)s]0)s

1)sl0)r — /1-—pl1)s|0)g+ /p|0)s|1)E. (1.16)

The Kraus representation of the channel is given by

2
ps =y Kipsk], (117)

=1

where K7 = ((1] \/lofp> and Ky = (8 ?). Thus, the final state turns out to be

Poo + iy V1 —ppg
pls = < 00 11 o) (1.18)

VI=ppiy (1—p)pi;

Here, p can be considered as the decay rate of the atom. This gives the evolution map

of the Bloch vector 7= (ry,7y,7.) as

— (V1= pro, VT —pry,p+ (1= p)rz). (1.19)
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As shown above, it is important to note that unlike phase damping channels, amplitude
damping channels do not keep the diagonal terms of a density matrix unchanged. Not

only that it is not a unital channel as well unlike the phase damping channels.

In the next two chapters, we have studied the quantum speed limits and their tightness

for CPTP evolutions.

Outline of the thesis

The content of the thesis is divided into three parts. First part contains two chapters—
Chapter 2 and Chapter 3. In the second chapter, we derive an experimentally realisable
quantum speed limit. We introduce a new metric for non-degenerate density operator
evolving along unitary orbit and show that this is experimentally realizable operation
dependent (pseudo-) metric on the quantum state space. Using this metric, we obtain the
geometric uncertainty relation that leads to a new quantum speed limit. Furthermore,
we argue that this gives a tighter bound for the evolution time compared to any other
bound. We also obtain the Margolus-Levitin and the Chau bound for mixed states using

this metric.

Here, we also propose how to measure this new distance and speed limit in quantum
interferometry. We show that the speed of quantum evolution can be measured by
measuring the visibility and the phase shift of the interference pattern due to interference
between the initial and the final state. We also show that the bound is tighter than
various existing bounds available in the literature. Finally, we generalize the idea and
derive a lower bound to the time of quantum evolution for any completely positive trace

preserving map using this metric.

The third chapter is dedicated to focus on how various properties of states and evolution
operators can control the evolution speed. In particular, we cast the observable measure
of quantum coherence or asymmetry as a resource to control the quantum speed limit
(QSL) for unitary evolutions. For non-unitary evolutions, QSL depends on that of the
state of the system and environment together. We show that the product of the time

bound and the coherence (asymmetry) or the quantum part of the uncertainty behaves
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in a geometric way under partial elimination and classical mixing of states. These rela-
tions give a new insight to the quantum speed limit. We also show that our bound is

experimentally measurable and is tighter than various existing bounds in the literature.

In the second part of the thesis, we study the steerability of quantum state from the
perspective of quantum coherence and observable measure of quantum coherence, i.e.,
instead of considering uncertainty relations, we consider another property of quantum
states, quantum coherence, to study the condition for the single system description of
a part of a bipartite state. Here, we derive several complementarity relations between
coherences measured on mutually unbiased bases using various coherence measures such
as the [;-norm, the relative entropy and the skew information for a single system. Using
these relations, we formulate steering inequalities to check whether one of its subsystems
has a single system description from the perspective of quantum coherence. Our results
show that not all steerable states are eligible to provide the non-local advantage on
quantum coherence or observable measure of quantum coherence of a part of a bipartite
system. Thus, any arbitrary steerable state cannot achieve non-local advantage on the
quantum speed limit of a part of the bipartite system beyond what may have been

achieved by a single system.

The third part contains the optimization free yet tighter state dependent uncertainty
and reverse uncertainty relations for the product as well as the sum of variances of two
incompatible observables. Here, we show that the uncertainty relation of the product
form is most of the times stronger than the Schrédinger uncertainty relation. On the
other hand, uncertainty relations for the sum of variances are also shown to be tight
enough considering the advantage that the bounds do not need an optimization. Here
we also report reverse uncertainty relations. Both the entropic uncertainty and the
certainty relations are known to exist in the literature. These relations based on entropy
are state independent. Here, we derive the state-dependent reverse uncertainty relations

in terms of variances both in the sum form and the product form for the first time.

We highlight here the main results obtained in the thesis. First, we start with the
derivation of a tighter yet experimentally measurable quantum speed limit. We show

that the QSL can be measured by measuring the visibility of the interference pattern
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due to interference between the initial and the final state. Second, we show for the first
time that the speed of quantum evolution may be controlled and manipulated by tuning
the observable measure of quantum coherence or asymmetry of the state with respect
to the evolution operator. Third, we investigate how to control and manipulate the
quantum speed of evolution of a part of a bipartite system by measuring the other part
of the system using quantum correlation. And at last, we derive a tighter yet optimization
free state dependent uncertainty and reverse uncertainty relations for product as well as
sum of variances of two incompatible observables. Our results may have the potential to
set the stage for addressing another important issue in quantum metrology, i.e., to set
the upper bound of error in measurement and the upper bound of the time of quantum

evolutions.

We conclude the thesis with summary and future directions in the sixth chapter.



Part 1






Chapter

Quantum speed limit for mixed states using

experimentally realizable metric

144 )
Whether you can go back in time is held in the grip of the law of quantum gravity.

——Kip Thorne

Introduction

This chapter is dedicated to the formulation of a connection between the speed of quan-
tum evolutions and the visibility of the interference pattern formed due to the interfer-
ence between the initial state and the final state. Before going into the details, we briefly

discuss the main concepts and various existing results in the literature.

Main concepts and existing literature

Here, we discuss the main concepts behind the idea of quantum speed limit in the existing
literature. Although a chronological order would have been a nice choice, here, we have
appreciated the creative freedom for the presentation and development of the conceptual

framework necessary for the rest of the chapters.

We suppose, a system is evolving from an initial state to a final state. The minimum time

the system takes, has fundamental interests in various fields as stated earlier. The first

31
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fundamental bound on the time of quantum evolutions was proved by Mandelstam and
Tamm [1], whose sole motivation was to derive an alternative energy- time uncertainty
relation. Before going into the detail descriptions of QSL, We first discuss about the
metric-distance one can define on the projective Hilbert space space. Then we briefly

review existing bounds on the time of quantum evolutions.

Fubini-Study metric

Let us discuss about the metric distance defined between pure quantum states. The
infinitesimal distance between two pure quantum states is measured by the Fubini-Study
(FS) distance [2, 3, 112] which is nothing but a unique U(1) gauge invariant distance. We
consider a state of a system to be [1(#)). Due to an infinitesimal change in 6, the change

in the state is given by |dy(0)) = dGW. One can also define another differential form

dp) = |dip) W!dw, 2.1)

which does not distinguish two collinear vectors, i.e., |¢) and ¢*|+)) but |di) does. On
the other hand, we want a distance on the projective Hilbert space (1.2.1), where collinear

vectors are taken to be the same vector. Therefore, we need |di] ).

Now, the angular variation of |dv, ) is

) )
[ Wrosee) = oty ~ iola] oy 2

The FS metric [2, 3, 112] on the projective Hilbert space is given by
dS%S = dSQ = <d¢projec|dwprojec>- (2.3)

If one considers the state to be normalized, the F'S metric due to the infinitesimal change

in 6 turns out to be

ds® = (dip|dap) — |(1p|dap) . (2.4)

Now, suppose a state [¢)(0)) evolves under a unitary operation U(t) = ¢~ to the final

state | (t)) = U(t)|1(0)), where the Hamiltonian is time independent. The FS metric
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due to infinitesimal change in the parameter ¢ can easily be shown to be

AH?

ds® =
g 12

dt?. (2.5)

Omne can then easily define the total distance between the initial state [1(0)) and the
final state (7)) at time t =T as

T
s = / ds = A—HT (2.6)
0 h

Mandelstam-Tamm bound

We consider that a system with a state |¢(0)) is evolving to a state |¢(¢)) at time ¢ under
a unitary operator U(t) = e~"'% . Let us define an operator A = [¢(0)){x(0)|, whose
expectation value at time t is nothing but (4) = [((0)[1(¢))|? = cos? (say). Now,

using the Robertson uncertainty relation [101] one obtains
AHAA > — ‘([A H]>‘ (2.7)

Again, we know that ‘%‘ = h‘([A, H])’ and AA% = (A?) — (A)2 = cos?f — cos? ) =

%_ Thus, from the Eq. (2.7), we obtain

2
AH‘sm%‘ > Edcos 9‘

2 dt
= ‘511120ﬁ

2
T AH
Thus, / Elir=s > o), (2.8)
0

where SOQ(t) = 10(t)] = cos™! [{(1(0)[p(t))] is nothing but the Bures metric between the

initial state and the final state. This, in turn, provides the Mandelstam and Tamm

bound [1] for the evolution of a state [1/(0)) to the final state |¢(T)) at time T" as

cos™! \<¢(O)W(tm
T>h -~ : (2.9)
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where we assumed the Hamiltonian H to be time independent. Here, the inequality
2s > 59 in Eq. (2.8) states that the geodesic distance along the evolution parameter
from the initial state to the final state is no less than the minimum possible geodesic
distance between the states. This inequality is important and has been used several

times in this thesis.

Margolus-Levitin bound

Another time bound of quantum evolution was provided by Margolus and Levitin [25]. To
obtain the bound, we express the state of the system in the eigenbasis of the Hamiltonian
H as |¢(0)) = >, cn|En), where E, is the eigenvalue of the Hamiltonian in the eigenstate

|Ey,). Therefore, we have

iEnt

S(t) = (WO0)[p(1) =D leal’e . (2.10)

Thus, Re[S(t)] = >, |en|? cos ET;”S and Im[S(t)] = — >, |cn/|* sin % Using the trigono-
metric inequality

2
cosx > 1— —(x +sinx) for all = >0, (2.11)
T

we obtain the Margolus-Levitin bound as

ZRe[S(1)]]. (2.12)

— mfS(0)] - 3

For orthogonal final state, i.e., (1(0)|¢(t)) = 0, if the time it takes to evolve a state to

its orthogonal state is ¢, we obtain

(2.13)
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Chau Bound
Using the inequality |[Re(z)| < |z| and Eq. (2.10), one can easily write
IRe[S(t)]| = ‘Z\Cnﬁcos@ < IS(¢)]. (2.14)
n h B

Now, using a trigonometric inequality cosx > 1 — Alz|, where A =~ 0.725 as found in
[41, 49] by an extensive numerical search, one can easily obtain the Chau bound for pure

states. We have

= A<Hh>t < ]; e ? cos % < Is()], (2.15)
which implies the bound as
> (S 1D ;‘Z&?Dh (2.16)
This bound can further be improved to get a tighter bound as
RO} o

where Epp is the average absolute deviation from the median (AADM) of the energy
as defined by Chau, i.e., Egp =), lcn|?| By — M| with M being the median of the E!s

with the distribution p,,.

Interference visibility

The main theme of this chapter is to establish a connection between the speed of quantum
evolutions and the visibility of the interference pattern formed due to the interference
between the initial state and the final state after quantum evolutions. Therefore, it is
necessary to discuss briefly about the interference visibility. The purpose of this section is
thus to provide an operationally well defined notion of interference visibility for unitarily

evolving mixed quantum states in interferometry following [114].

We consider a Mach-Zehnder interferometer in which a beam of light with state pg is
shined on the beam splitter (B). The state of beams of the interferometer is spanned

by a two-dimensional Hilbert space # = {|0,),|1)}, which may be considered as wave



Chapter 2. Quantum speed limit for mived states 36

packets that move in two directions defined by the geometry of the interferometer. In

this basis, we may represent the mirrors, beam splitters and the U(1) phase shifters by

() sl
M_10 B_ﬂil

Ua) = C%0> (2.18)

unitary operators as

An input pure state of the interferometer 5 = |0)(0| (say) transforms into the output

state as

Pout = UBUM(NHﬁBﬁmU;U{fﬁLﬁL

_ ;(1—%0035 1sin& ) (2.19)

—isiné 1 —cosé

This shows the intensity along |0) as 1+ cos&. Let us now consider that the state of the

light beam is made to transform by the interferometer as
po — UipoU; (2.20)

with U;, which acts only on the internal degrees of freedom of the incident light. We
consider that the beam splitters and mirrors keep the state of light beam unaltered.
Therefore, we define U = ﬁB ® I; and Uy = f]M ® I;, where I; is the identity matrix

acting on the light beam. We define a unitary operator U as

00 e 0
U= Q@ U; + ® I, (2.21)
0 1 0 0

which corresponds to the application of U; along the |1) path and the U(1) phase &
similarly along |0). Let the incoming state of the beam p;,, = |0)(0|®pg be split coherently
by a beam splitter and recombined at the second beam splitter after being reflected by

two mirrors. A schematic diagram of an interferometer is shown in Fig. (2.1). If the
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FIGURE 2.1: Schematic diagram of an interferometer. Light beam passes through the
50% beam splitter. po part of the beam traverses through the upper arm and |0){0]
traverses through the lower arm.

unitary operator U is applied between the first beam splitter and the mirror, the final

state turns out to be

pout = UpUniUUppin ULUTUL, UL, (2.22)

Now, using Eq. (2.18), (2.19), (2.20), (2.21) and (2.22), we can easily get the output

intensity along |0) as

I Tr(UipoUiT + po + e %U; po + eiEpOU;r)

x 14+ |Tr(poU;)| cos[§ — Arg(Tr(poUs)))- (2.23)

Therefore, the interference visibility turns out to be V = |Tr(poU;)|. This idea was gen-
eralized also for CPTP evolutions [115] and a generalized notion of interference visibility

was put forward. We have used this notion of interference visibility later in this chapter.

Here, we start with the introduction of a new operation dependent metric, which can
be measured experimentally in the interference of mixed states. We show that using
this metric, it is possible to define a new lower limit for the evolution time of any
system described by mixed state undergoing unitary evolution. We derive the quantum
speed limit using the geometric uncertainty relation based on this new metric. We also
obtain a Levitin kind of bound and an improved Chau bound for mixed states using
our approach. We show that this bound for the evolution time of a quantum system
is tighter than any other existing bounds for unitary evolutions. Most importantly, we
propose an experiment to measure this new distance in the interference of mixed states.

We argue that the visibility in quantum interference is a direct measure of distance for
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mixed quantum states. Finally, we generalize the speed limit for the case of completely
positive trace preserving evolutions and get a new lower bound for the evolution time

using this metric.

The organization of the chapter is as follows. We use an experimentally measurable met-
ric on the quantum state space along the evolution trajectory (2.3) to obtain a new and
tighter quantum evolution time bounds for unitary evolutions in section (2.4), followed
by examples in section (2.5). In section (2.6), we show that bounds are experimentally
measurable. Section (2.8) contains generalization of the metric and the time bounds for
completely positive trace preserving(CPTP) maps followed by an example. Then, we

conclude in section (2.9).

Metric along unitary orbit

Let H denotes a finite-dimensional Hilbert space and £(#) is the set of linear operators on
H. A density operator p is a Hermitian, positive and trace class operator that satisfies p >
0 and Tr(p) = 1. Let p be a non-degenerate density operator with spectral decomposition
p = >, Ml|k)(Ek|, where Ay’s are the eigenvalues and {|k)}’s are the eigenstates. We
consider a system at time ¢; in a state p;. It evolves under a unitary evolution and at
time to, the state becomes py = U(ta, t1)p1UT(t2,t1). Any two density operators that are
connected by a unitary transformation will give a unitary orbit. If U (V) denotes the set
of N x N unitary matrices on H", then for a given density operator p, the unitary orbit
is defined by p/ = {UpUT : U € U(N)}. The most important notion that has resulted
from the study of interference of mixed quantum states is the concept of the relative
phase between p; and po and the notion of visibility in the interference pattern. The

relative phase is defined by [114]
q)(tg, tl) = AI‘gTI‘[plU(tQ, tl)] (224)
and the visibility is defined by

V = ’Tr[p1U<t2, tl)”. (2.25)
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Note that if p1 = [¢1)(¢1] is a pure state and [¢1) = [(t1)) — [¢2) = [¢(t2)) =
Ulta, t1)p(t1)), then |Tr(prUl(ta,t1))|> = |(1(t1)[p(t2))|?, which is nothing but the fi-
delity between two pure states. The quantity Tr[p1U(t2,t1)] represents the probability
amplitude between p; and ps, which are unitarily connected. Therefore, for the unitary

orbit |Tr(p1U (2, t1))|? represents the transition probability between p; and ps.

All the existing metrics on the quantum state space give rise to the distance between
two states independent of the operation. Here, we define a new distance between two
unitarily connected states of a quantum system. This distance not only depends on the
states but also depends on the operation under which the evolution occurs. Whether
a state of a system will evolve to another state depends on the Hamiltonian which in
turn fixes the unitary orbit. Let the mixed state traces out an open unitary curve
[ :t € [t1,ta] — p(t) in the space of density operators with “end points” p; and py. If the
unitary orbit connects the state p; at time t; to po2 at time to, then the distance between

them is defined by
Dyt 0)Tprs Tpo)? := 41 = [Te[pa U (2, 11)]]%), (2.26)

which also depends on the orbit, i.e., U(ta,t1). We will show that it is indeed a metric,

i.e., it satisfies all the axioms to be a metric.

We know that for any operator A and a unitary operator U, |Tr(AU)| < Tr|A| with
equality for U = VT, where A = |A|V is the polar decomposition of A [113]. Considering
A = p = |p|, we get |Tr[p1U(t2,t1)]| < 1. This proves the non-negativity, or separation
axiom. It can also be shown that Dy (I, ,T'y,) = 0 if and only if there is no evolution
along the unitary orbit, i.e., py = p2 and U = I . If there is no evolution along the
unitary orbit, then we have U(to,t1) = I, i.e., trivial or global cyclic evolution, i.e., py =
U(ta,t1)p1UT (ta,t1) = p1, which in turn implies Dy (I'p,,T,,) = 0. To see the converse,
i.e., if Dyrty,)(Tpy,Tpy) = 0, then we have no evolution, consider the purification. We
have Dy, 4)(Dprs Dpy) = 4(1 = [(Wap(t1)|Vap(t2))|?) where [Wap(ts)) = Ua(ta, t1) ®
I|¥ ap(t1)) such that Trp(|Vap(t1)) (Yap(t1)]) = p1 and Trp(|Vap(t2))(Vap(t2)|) =
pz2- In the extended Hilbert space, Dy, ¢,)(Lp;, T'p,) = 0 implies (WA (t)|Va(t2))|? =

1 and hence, W 2p(t1) and ¥4p5(t2) are same up to U(1) phases. To prove the symmetry
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axiom, we show that the quantity |Tr[p1U (t2,t1)]| is symmetric with respect to the initial

and the final states. In particular, we have
Tr[p1U(t2, t1)]] = [Tr[p2U (t1, t2)]| = [Tr[p2U (t2, t1)]l. (2.27)

To see that the new distance satisfies the triangle inequality, consider its purificaton. Let
pA(t1) and pa(te) are two unitarily connected mixed states of a quantum system A. If
we consider the purification of p(t1), then we have pa(t1) = Trp[|Yap(t1))(Vap(t1)|],
where |Wap(t1)) = (v/pa(t1)Va ® Vp)|a) € Ha ® Hp, Va, Vi are local unitary op-
erators and |a) = Z]iAiB>. The evolution of pa(t;) under Ua(ta,t1) is equivalent
to the evolution of tlhe pure state |Wap(t1)) under Ux(ts,t1) ® Ip in the extended
Hilbert space. Thus, in the extended Hilbert space, we have |W4p(t1)) — |Yap(t2)) =
Ua(ta,t1) ® Ip|Wap(t1)). So, the transition amplitude between two states is given by
(Uap(t1)|Yap(ta)) = Trlpa(t1)Ua(te,t1)]. This simply says that the expectation value
of a unitary operator Ux(ta,t1) in a mixed state is equivalent to the inner product be-
tween two pure states in the enlarged Hilbert space. Since, in the extended Hilbert space
the purified version of the metric satisfies the triangle inequality, hence the triangle in-
equality holds also for the mixed states. If p; and p2 are two pure states, which are
unitarily connected then our new metric is the Fubini-Study metric |2, 3, 112] on the

projective Hilbert space CP(H).

Now, imagine that two density operators differ from each other in time by an infinitesimal
amount, i.e., p(t1) = p(t) = 3, \|k) (k| and p(ta) = p(t +dt) = U(dt)p(t)UT(dt). Then,

the infinitesimal distance between them is given by

DG a1 (T p(t) Tp(ta)) = 41 = [Tx[p()U (d2)] ). (2.28)
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If we use the time independent Hamiltonian H for the unitary operator, then keeping
terms upto second order, the infinitesimal distance (we drop the subscript) becomes
4
aD? = [Te(p(t) 1) — [Te(p(t) H))as?
4
= ﬁ[z A (kI H k) = O A (k[ HK))?|dt>
k k

= %[Z e (IR — (3 M (i) e, (2.29)
k k

where in the last line we used the fact that zh!k> = H|k). Therefore, the total distance

travelled during an evolution along the unitary orbit is given by

2 [
Dy = 2 / (AH), dt, (2.30)
t

where (AH), is the uncertainty in the Hamiltonian of the system in the state p and is
defined as (AH)2 = [Tr(p(t)H?) — [Tr(p(t)H)]?]. Thus, it is necessary and sufficient to

have non-zero AH for quantum system to evolve in time.

Quantum speed limit with new metric

We consider a system A with mixed state p4(0) at time ¢ = 0, which evolves to pa(t2) =
pA(T) under a unitary operator U4 (7). We define the Bargmann angle in terms of the
purifications of the states p4(0) and pa(T) in the extended Hilbert space Ha ® Hp,
ie., (Uap(0)[Uap(T))| = cos?P, where [¥op(T)) = Ua(T,0) ® I|¥4p(0)). It has
already been shown in the previous section that |Tr[pa(0)Ua(T)]| = (¥ ap(0)|Cap(T))|.
Therefore, we can define the Bargmann angle between p4(0) and pa(T') as

[Trlpa(0)Ua(D)]] = cos 3, (2.31)

such that sg € [0, 7]. We know that for pure states

2

2 [ Ay bt = cos [an(O)lwan(T) (232
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as was derived in [1, 2]. The inequality in the extended Hilbert space now becomes a
property of the state space, i.e., % [ (AH), dt > sp as shown in Eq. (2.8). This says that
the total distance travelled by the density operator p(t) as measured by the metric (2.30)
is greater than or equal to the shortest distance between p(0) and p(7") defined by so.
Using the inequality and the fact that the system Hamiltonian H is time independent,
we get the time limit of the evolution as

T > & cos 1 [Tr[pa(0)UA(T)]). (2.33)

This is one of the central results of this chapter with the help of the new metric. This
same idea can be extended for the quantum system with time dependent Hamiltonian.

The speed limit in this case is given by

T> A’; cos ™ [Tr[pa(0)UA(T)]], (2.34)

where AH = (% fOT AHdt) is the time averaged energy uncertainty of the quantum
system. This may be considered as generalization of the Anandan-Aharonov geometric
uncertainty relation for the mixed states. This bound is better and tighter than the
bound given in [28, 50] and reduces to the time limit given by Anandan and Aharonov
[2] for pure states. There can be some states called intelligent states and some optimal
Hamiltonians for which the equality may hold. But in general, it is highly non-trivial to

find such intelligent states [24, 26].

To see that Eq. (2.33) indeed gives a tighter bound, consider the following. We suppose
that a system in a mixed state p4 evolves to p/, under Ua(t). Let S and S’ are the sets
of purificatons of p4 and p/; respectively. In [19, 28, 50], time bound was given in terms

of Bures metric [57], i.e., miny , y2cos (U ap|®ap)| [113], such that [¥4p) € S

|PaE
and |[®P4p) € S’. But in Eq. (2.33), the time bound is tighter than that given in
[19, 28, 50] in the sense that here the bound is in terms of s, i.e.,s0= 2 cos ! (Vg |Pag)|,
such that [Pap) = Ug ® Ig|V ) and hence, s is always greater than or equals to the
Bures angle [57] defined as 2cos™![Try/ piphpi]. However, if p is pure then the time

bound given using our metric and the Bures metric are the same.
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We have defined here the quantum speed limit depending on the evolution whereas
the speed limits that exist in literature are operation independent. Our result can be
experimentally measurable whereas the existing results [19, 28, 50| including the quantum
speed limit in [52] cannot be measured directly. This is because we do not know yet how

to measure the Bures metric and Uhlmann metric experimentally.

Furthermore, using our formalism, we can derive a Margolus and Levitin kind of time
bound [25] for the mixed state. Let us consider the system A with a mixed state p(0) at
time t=0. Let p(0) = >, A\x|k)(k| be the spectral decomposition of p(0) and it evolves

under a unitary operator U(T') to a final state p(T"). In this case, we have

TY@UDCK]U]::E:pnﬁmsﬁé?w+ish1EéT), (2.35)

where we have used |k)=)__ cglk)lz/zn% and [¢y,)’s are eigenstates of the Hamiltonian
H with Hl|n)= Epltbn), and p,=>) )\k]cgc)]Z with > p, = 1. Using the inequality

cosx >1— %(x + sinz) for x > 0, i.e., for positive semi-definite Hamiltonian, we get

Re(Tr{p(O)U (D)) 2 (1 2(0 4§ i BT (2.36)

Then, from Eq. (2.36), we have

D—R—%ﬂ, (2.37)

where R and I are real and imaginary parts of Tr[p(0)U(T")] and they can be positive as
well as negative. Note that when R and I are negative, this can give a tighter bound.
This new time bound for mixed states evolving under unitary evolution with non-negative

Hamiltonian reduces to % i.e., the Margolus and Levitin [25] bound in the case of

)

evolution from one pure state to its orthogonal state. Therefore, the time limit of the

evolution under unitary operation with Hamiltonian H becomes

max{%,%(l—%f—R) if H=>0 (2.38)

hso

AT otherwise
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We can also obtain an improved Chau [41, 49| bound for mixed states using our formalism.
Using the inequality |Re(z)| < |z| and a trigonometric inequality cosz > 1 — A|z|, where

A ~0.725 as found in [41], we get V = |Tr(pU)| > |32, pncos(Z2L)| > 1-4L 5" p, | E,|.

Therefore, the time bound is given by

oo (L=V)h

-_ 2.
T A<E>’ (2.39)

where < E > is the average energy. It can be further modified to get a tighter bound as
given by

1-V)
Epp

| st

T>T, : (2.40)

where Epp is the average absolute deviation from the median (AADM) of the energy as
defined by Chau, i.e., Epg =), pn|En — M| with M being the median of the E,’s with
the distribution p,. The above bound is more tighter time bound than that given in Eq.
(2.33) depending on the distribution formed by the eigenvalues of H for a sufficiently
small visibility (V') [41]. Moreover, this new bound is always tighter than the Chau
bound [41]. This is because of the fact that V' < Try/ p%p’p%.

In the following, we have taken an example in the two dimensional state space and shown

that the inequalities in Eq. (2.38) are indeed satisfied by the quantum system.

Example of speed limit for unitary evolution
We consider a general single qubit state
1 ==
p(0) = §(I+ 7.0), (2.41)
such that |r|?> < 1. The state evolves under a general unitary operator U as

p(0) = p(T) = U(T)p(0)U(T), (2.42)
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where U = ¢th (7-0+al)

, a = w.T and the Hamiltonian

H = w(h.d +al), (2.43)

where 6= (01, 09,03) are the Pauli matrices and 7 is a unit vector. This Hamiltonian

H becomes positive semi-definite for o > 1. Tt is easy to show, that for o =1,

s = 2cos \/[cos2 % — (A7) sin? %]2 + cos? % sin? %(1 + a7, (2.44)

where

AH = wy/1-(7a.7)?

R = [cos® — — (n.7)sin® 7],
I = cosﬁsin ﬁ(l—kﬁ.r_')
and (H) = w(l+7.n). (2.45)

B [cos2 % — (n.F) sin? g]2+
T>———  cos! = f(B,T), (2.46)
= /T — (572
w1 = (.7 cos? % sin? %(1 + 7.7)
where we define 5 as f = n.7. For « =1 =h =w and a = 7/2, we get that the initial

" = (2n1 (A7) — r1, 2n2(N.7) — ro, 2n3(N.7) — 13) (2.47)

COSs

T>max{ ———=, -} = (2.48)

This shows that the inequality is indeed tight (saturated). For simplicity, we consider

%,%,—%) and 7 = (0,0,%) as an example. Then

the state p(0) under the unitary evolution U(T') becomes p(T)=3(I + 17.3), such that

a state with parameters n = (
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FIGURE 2.2: Here, we plot the quantum evolution time bound f(8,T) as given in

Eq. (2.46) with 8 and time (T). From the figure, it is evident that for any qubit state

evolving unitarily under arbitrary time independent Hamiltonian (H), evolution time
(T) is lower bounded by the function f(3,T).

o= (—%, 1—52, —%). Therefore, the time bound given by Eq. (2.38) is approximately
max|1.09, 0.86], i.e., 1.09 in the units of h = w = 1. But a previous bound |28, 50| would

give approximately 0.31. This shows that our bound is indeed tighter to the earlier ones.

In the sequel, we discuss how the geometric uncertainty relation can be measured exper-

imentally. This is the most important implication of our new approach.

Experimental proposal to measure speed limit

Arguably, the most important phenomenon that lies at the heart of quantum theory is
the quantum interference. It has been shown that in the interference of mixed quantum
states, the visibility is given by V = |Tr(pU)| and the relative phase shift is given by
& = Arg[Tr(pU)] [114]. In quantum theory both of these play very important roles and
they can be measured in experiments [121, 122]. The notion of interference of mixed
states has been used to define interference of quantum channels [115]. For pure quantal
states, the magnitude of the visibility is the overlap of the states between the upper
and lower arms of the interferometer. Therefore, for mixed states one can imagine that

|Tr(pU)|? also represents the overlap between two unitarily connected quantum states.
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FIGURE 2.3: Mach-Zender interferometer. An incident state p is beamed on a 50%

beam splitter B1. The state in the upper arm is reflected through M and evolved by

a unitary evolution U and the state in the lower arm is evolved by an another unitary

evolution U’ and then reflected through M’. Beams are combined on an another 50%

beam splitter B2 and received by two detectors D and D’ to measure the visibility. By

appropriately choosing different unitaries, one can measure the quantum speed and the

time limit.

As defined in the previous sections, this visibility can be turned into a distance between p
and p' = UpUT. In Fig. (2.3), we pass a state p of a system through a 50% beam splitter
B1. The state in the upper arm is reflected by M and evolved by a unitary evolution
operator U and the state in the lower arm is evolved by U’ and then reflected through
M’. Both the beams in the upper and lower arms are combined on an another 50%
beam splitter B2. The beams will interfere with each other. Two detectors are placed
in the receiving ends and visibility of the interference pattern is measured by counting
the particle numbers received at each ends. To measure the Bargmann angle, we apply
U = U(T) in one arm and U’ = I in another arm of the interferometer. The visibility
|Tr[p(0)U(T)]| = cos P will give the Bargmann angle so. To measure the quantum
speed v = MTH, one can apply U = U(t) in one arm of the interferometer and one
applies U' = U(t + 1), where 7 is very small in another arm of the interferometer. Then,

the visibility will be |Tr[p(¢)U(7)]|. Hence, the quantum speed can be measured in terms

of this visibility between two infinitesimally unitarily evolved states using the expression

V2 = [Telp()U ()2 = 1 — %272. (2.49)
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One can choose 7 to be very short time scale with 7 < T". Once we know the visibility
(the value of sg) then we can verify the speed limit of the evolution for mixed states.
Thus, by appropriately changing different unitaries, we can measure the quantum speed
and hence the speed limit in quantum interferometry. One can also test Levitin kind
of bound using our interferometric set up. Note that R and I of Eq. (2.38) can be
calculated from the relative phase ® of quantum evolution together with the visibility
V. The relative phase ® of mixed state evolution can be measured by determining the
shift in the interference pattern in the interferometer [121, 122|. Therefore, with prior
knowledge of average of the Hamiltonian, one can test the Levitin bound for the mixed

states.

The notion of time bound can be generalized also for the completely positive trace
preserving (CPTP) maps. In the next section, we derive the quantum speed limit for

CPTP maps.

Speed limit under completely positive trace preserving maps

The metric defined here gives the distance between two states which are related by
unitary evolution. Now, consider a system A in a state p4(0) at time ¢ = 0, which
evolves under CPTP map & to pa(T) at time ¢ = T. The final state ps(T) can be

expressed in the following Kraus operator representation form as
(T) = E(pal0)) = > Ex(T)pa(0)EL(T) (2.50)
pA PA k PA k 9
k

where Ej(T)’s are the Kraus operators with ), EZ(T)Ek(T) = I. We know that this
CPTP evolution can always be represented as a unitary evolution in an extended Hilbert
space via the Stinespring dilation. Let us consider, without loss of generality, an initial
state pap(0) = p4(0) ® |v)p(v| at time ¢t = 0 in the extended Hilbert space. The com-
bined state evolves under Uap(T') to a state pap(T) such that pa(T) = Trp[pap(T)] =
E(pa(0)) and Eyp=p(k|Uap(T)|v)p [112]. Therefore, the time required to evolve the
state pa(0) to pa(T) under the CPTP evolution is the same as the time required for the

state pap(0) to evolve to the state pap(7T’) under the unitary evolution Uap(T) in the
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extended Hilbert space. Following the quantum speed limit for unitary case, we get the

time bound to evolve the quantum system from p4(0) to pa(T) as

T> hS() 7
~ 2AHup

(2.51)

where H sp is the time independent Hamiltonian in the extended Hilbert space and sg
is defined as

cos.%0 = |Tr[pa(0)Uap(T)]. (2.52)

Note that the energy uncertainty of the combined system in the extended Hilbert space
AH s p can be expressed in terms of speed v of evolution of the system and the Bargmann
angle sp can be expressed in terms of operators acting on the Hilbert space of quan-
tum system. To achieve that, we express probability amplitude Trap[Uag(T)(pa(0) ®
|v)B(v|)] in the extended Hilbert space in terms of linear operators acting on the Hilbert

space of quantum system as

Trap[Uas(T)(pa(0) @ |[v)p(v])] = Tralpa(0)E.(T)], (2.53)

where E,(T)=p(v|Uag(T)|v)p. Here, |Tra[pa(0)E,(T)]|? is the transition probability
between the initial state and the final state of the quantum system under CPTP map.
Therefore, we can define the Bragmann angle between p4(0) and p4(T") under the CPTP
map as

50

Tralpa(0)E,(D)]] = cos 2. (2.54)

Similarly, we can define the infinitesimal distance between pa4p(0) and pap(dt) connected

through unitary evolution Up(dt) with time independent Hamiltonian H4p as

dDy, pay = A~ [Trlpap()Uas(d))]?)
= A(1 —|Tr[pap(0)Uap(d)]?)

— 4(1 — [Tepa(0) B (dt)]2). (2.55)
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Now, keeping terms upto second order, we get the infinitesimal distance as

4 - N
AD? = 5 [Tx(pa(0) H2.) — [Tr(pa(0) FLo) e, (2.56)
where Ha—p(v|Hap|v)p and I‘jQA:B<I/|HiB|U>B. Therefore, the speed of the quantum

system is given by

vt = %[TT(PA(O)HQA) — [Tr(pa(0)HA)?]- (2.57)

. . .7 A = 2 o =
Note, that this is not a fluctuation in H4. This is because Hy™ # HE‘. Here, H4 can be
regarded as an effective Hamiltonian for the subsystem A. Note that the speed can be

expressed as
v? = (AH)? 4+ Tr(pa(0)H2) — Tr(pa(0)H?). (2.58)
Hence, the time bound for the CPTP evolution from Eq. (2.51) becomes

7> %cos_l ITra[pa(0)Ew(T)]], (2.59)

Here the interpretation of this limit is different from that of the unitary case. The
transition probability in unitary case is symmetric with respect to the initial and the
final states. Hence, the time limit can be regarded as the minimum time to evolve
the initial state to the final state as well as the final state to the initial state. But the
transition probability defined for positive map is not symmetric with respect to the initial
and final states of the quantum system. In this case, time limit can only be regarded as

the minimum time to evolve the initial state to the final state.

Since we have mapped the time bound to evolve an initial state p4(0) to the final state
pA(T) under CPTP evolution with the time bound of corresponding unitary representa-
tion pap(T) = Uap(T)pas(0) UI‘B(T) of the CPTP map in the extended Hilbert space,
this speed limit can be measured in the interference experiment by interfering the two

states pap(0) and pap(T) in the extended Hilbert space.



Chapter 2. Quantum speed limit for mived states ol

Example of Speed limit under completely positive trace pre-

serving maps

We provide here an example of a general single qubit state pa(0)=3 (I + 7.¢) at time
t=0, such that |r|?> < 1 evolving under CPTP map &. Tt evolves to pa(T) at time t=T
under completely positive trace preserving (CPTP) map &€ : pa(0) — E(pa(0))=pa(T)=
> Ex(T)pa(0) E,Z(T) This evolution is equivalent to a unitary evolution of pap(0) =

%(I +7.0) ®10)(0] = pap(T) as
paB(T) = Uap(T)pan(0)U} 5(T) (2.60)

in the extended Hilbert space. The unitary evolution is implemented by a Hamiltonian

H= Zuiai‘@ag. (2.61)

7

This is a canonical two qubit Hamiltonian up to local unitary operators. With the
unitary UAB(T):e%(Zi i74®75) we have the Kraus operators Eo(T)=p(0|Uap(T)|0)B
and E1(T)=p(1|Uap(T)|0)p and it is now easy to show from Eq. (2.59) that the time

bound for this CPTP evolution is given by

heos™ 1 K

T= 2,21 ,2 2 ’
Vg + i3+ p3(1—73) — 2upars

(2.62)
where

K = [(cos 61 cos 03 cos O3 + r3 sin 61 sin O3 cos 93)2 + (sin 6 sinfasinbs

+ r3cos b cosbsysin 93)2]% (2.63)

and 91:%, 02:% and 03:%. If we consider 01—, f3—m then this bound reduces

to
hbs

> .
Vit 42+ p3(1—1r3) — 2 p0rs

(2.64)

One can also check our speed bound for various CPTP maps and it is indeed respected.
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Conclusions

Quantum Interference plays a very important role in testing new ideas in quantum theory.
Motivated by interferometric set up for measuring the relative phase and the visibility
for the pure state, we have proposed a new and novel measure of distance for the mixed
states, which are connected by the unitary orbit. The new metric reduces to the Fubini-
Study metric for pure state. Using this metric, we have derived a geometric uncertainty
relation for mixed state, which sets a quantum speed limit for arbitrary unitary evolution.
In addition, a Levitin kind of bound and an improved Chau bound is derived using our
formalism. These new speed limits based on our formalism are tighter than any other
existing bounds. Since, the design of the target state is a daunting tusk in quantum
control, our formalism will help in deciding which operation can evolve the initial state
to the final state much faster. Then, we have proposed an experiment to measure this
new distance and quantum speed in the interference of mixed states. The visibility
in quantum interference is a direct measure of distance between two mixed states of
the quantum system along the unitary orbit. We have shown that by appropriately
choosing different unitaries in the upper and lower arm of the interferometer one can
measure the quantum speed and the Bargmann angle. This provides us a new way
to measure the quantum speed and quantum distance in quantum interferometry. We
furthermore, extended the idea of speed limit for the case of density operators undergoing
completely positive trace preserving maps. We hope that our proposed metric will lead
to direct test of quantum speed limit in quantum interferometry. Our formalism can have
implications in quantum metrology [123], precision measurement of the gravitational red
shift [124] and gravitationally induced decoherence [125] with mixed states and other

areas of quantum information science.
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Quantum coherence sets the quantum speed limit

for mixed states

144
In relativity, movement is continuous, causally determinate and well defined, while in
)
quantum mechanics it is discontinuous, not causally determinate and not well defined.
——David Bohm
Introduction

To build the route to develop the role of quantum coherence and non-locality (quan-
tum steering) in setting the limit to the speed of quantum evolutions, some familiarity
with the relevant ideas and notions is necessary. As this chapter is dedicated to estab-
lish a connection between quantum coherence and QSL only, in the next subsections,
we introduce various measures of quantum coherence and observable measure of quan-
tum coherence (as well as asymmetry) and leave quantum non-locality or in particular,

quantum steering for the next chapter.

Quantum coherence and asymmetry

As mentioned earlier, quantum coherence was an already well defined and well established
notion in quantum optics and its role in quantum interference was undeniable. It was

expected that it might play a crucial role in quantum information theory as well. This was

93
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the main motivation to define quantum coherence from the resource theoretic perspective
[68, 69, 72|. This eventually led to the development of the resource theory of quantum

coherence in quantum information theory [70, 71, 84, 126].

In [68], quantum coherence was viewed as a resource and was argued that like other
resources in quantum information theory, quantum coherence also should follow certain

properties:
@ Coherence of an incoherent state must be zero, i.e.,

C(p) =0, where p € Z, the set of all the incoherent states, (3.1)

® monotonicity under incoherent completely positive and trace preserving maps ¥yoprp,
ie.,

C(p) = C(®rcprr(p)), (3.2)

® monotonicity under selective measurement on average, i.e.,

C(p) = > pnC(pn) for all {K,} such that » KK, =1 and K,IK] €T,
! " (3.3)

® non-increasing under mixing of quantum states, i.e.,

anC(pn) > C(anpn) for any set of states {p,} with p, > 0 and an =1.

Various measures of quantum coherence like the [;—norm, the relative entropy of coher-
ence etc. were introduced, which satisfy all of these properties. For a state p € Hg, the

l1—norm measure of quantum coherence in a fixed basis {|i)} is given by

C"(p) = lpijl- (3.5)
i
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The relative entropy of coherence is defined as

CE(p) = S(Pdmg.) - S(P), (36)

where S(o) is the von-Neumann entropy of the state o and 044y, is defined as 0giqg. =
>_i piil i) ([, when o = Zz; pizli) (il-

Observable measure of quantum coherence on the other hand was introduced in Ref.
[69]. As evident from the above definitions of measures of quantum coherence, it is a
distance, with certain properties, between the state in its eigenbasis and in the basis,
in which the quantum state is written. D. Girolami in Ref. [69] defined a measure of
quantum coherence of a state with respect to the eigenbasis of an observable instead of

the eigenbasis of the state.

C5(0) = Qo H) = ~ S Tx[\/p. H] (3.7)

It was also interpreted as a measure of quantum asymmetry [118-120, 127].

Here, we consider a new notion of Fubini-Study metric for mixed states introduced in
[128]. For unitary evolutions, it is nothing but the Wigner-Yanase skew information [129],
which only accounts for the quantum part of the uncertainty [71] and a good measure
of quantum coherence [69, 116] or asymmetry [118-120, 127|, which classifies coherence
[130] as a resource. Using this metric, we derive a tighter and experimentally measurable
Mandelstam and Tamm kind of QSL for unitary evolutions and later generalize for more
general evolutions. This sets a new role for quantum coherence or asymmetry as a

resource to control and manipulate the evolution speed.

An important question in the study of quantum speed limit may be how it behaves under
classical mixing and partial elimination of states. This is due to the fact that this may
help us to properly choose a state or evolution operator to control the speed limit. In

this thesis, we try to address this question.

The organization of the chapter is as follows. We introduce the Fubini-Study metric for

mixed states along a unitary orbit for our convenience (3.2). Section (3.3) contains a
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derivation of QSL for unitary evolutions based on the metric defined here. In section
(3.4), we propose an experiment to measure our bound. We also study how QSL behaves
under classical mixing and partial elimination of states in section (3.5). Section (3.6)
deals with a procedure to generalize the QSL defined here. We compare various existing
bounds in the literature in section (3.7). In section (3.8), we analyze and compare various
existing QSLs with an example of a unitary evolution of a qubit. We also generalize the
QSL for general evolutions in section (3.9) and compare existing results with an example

for Markovian evolution (3.10). At last, we conclude in section (3.11).

Metric along unitary orbit

Let Ha denotes the Hilbert space of the system A. Suppose that the system A with

—iHt/h  One can define a

a state p(0) evolves to p(t) under a unitary operator U = e
U(1) gauge invariant distance between the initial and the final state along the evolution
parameter t. To derive such a distance along the unitary orbit, we consider the purifica-
tion of the state in the extended Hilbert space and define the Fubini-Study (FS) metric
for pure states. We know that this is the only gauge invariant metric for pure states.
We follow the procedure as in [128] to derive a gauge invariant metric for mixed states
from this F'S metric for pure states. If we consider a purification of the state p(0) in

the extended Hilbert space by adding an ancillary system B with Hilbert space Hp as

[UAp(0)) = (/p(0)V4 @ VB)|a) € Ha @ Hp, the state at time t, must be

Wap(t)) = (V/p(t)Va ® VB)|a) = (Uay/pULVa @ Vi)|a), (3.8)

where |a) = 3°.|i4iB) and V,4, Vg are unitary operators on the subsystems A and B

respectively. The F'S metric for a state |1) on the projective Hilbert space can be defined

as

dS%S = <dwprojec‘dwprojec>a (39)

where |dYprojec) = o) _ 1O |dip). This is nothing but the angular variation of
'projec \/<¢W> ) 3/2 g g

the perpendicular component of the differential form |di). The angular variation of the

perpendicular component of the differential form for the state |¥4p(¢)) in this case is
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given by
AV 4By, 0;.. (1)) = dt(Ap — By)|av), (3.10)

where A, = (0i\/p(t)Va ® VB), B, = |Yap(t))(¥Yanr(t)| Ay,. Therefore, the F'S metric

[128] is given by

ds%’S = <dglABp'rojec (t)|d\IlABpr0jec (t)>

= dt2[<a\(A;Ap - A;Bp — B;Ap + B;B,,)\aﬂ

= Trl(0e/p0) (0ev/Pe)] — I Te(V/pede/po) 2, (3.11)

where the second term on the last line becomes zero if monotonicity condition is imposed

[128].

—iHt/h and

Now, suppose that the state of the system is evolving unitarily under U = e
at time ¢, the state p = p(t) = Up(0)UT. We know that square-root of a positive density

matrix is unique. If we consider p(0) = >, \i|i)(i|, then p = >, \;U|i)(i|UT implies

VP =2 VAU GIUT = UVp(0)U! (3.12)

and uniqueness of the positive square-root implies the uniqueness of the relation. One
can show this in an another way by considering arbitrary non-hermitian square-root w

of the final state p and using the relation

p=ww =Up0)U" = U+\/p(0)/p(0)U" = U/p(0O)VTV+/p(0O)UT, (3.13)

where V' is arbitrary unitary operator. Thus, one gets the form of these arbitrary non-
hermitian square-roots as w = Um V1. Due to uniqueness of the positive square-root
of the positive density matrix, Hermiticity condition imposes uniqueness on the arbitrary
unitary operators above as V' = U. Thus, we get \/p = U \/m U', which in turn implies

op i
—E = [V H]. (3.14)
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Using this relation and the Eq. (3.11), we get (dropping the subscript F'S)

ds* = —d—tQ[Tr[\/ﬁ, H)?| = 2d—t2Q(p, H). (3.15)

h2 2
The quantity —[Tr[\/p, H]*] = 2Q(p, H) in Eq. (3.15) is nothing but the quantum part
of the uncertainty as defined in [71] and comes from the total energy uncertainty (AH)?
on the pure states |¥4p) in the extended Hilbert space H4 ® Hp. The quantity is also
related to the quantum coherence of the state [69]. By integrating the distance, we get

the total distance between the initial state | 45(0)) and the final state |V 4p(T)) as

T
1
s :/ ds = 7 —Tr[\/p1, H*T, (3.16)
0

where we have considered the Hamiltonian H to be time independent and p(0) = p;.
Here, we see that the distance between the two pure states on the extended Hilbert space
can completely be written in terms of the state p; and the Hamiltonian H € S(H4),
the space of all linear operators belongs to the subsystem A and can also be interpreted
as a distance between the initial state p; and the final state p(T') = p2. Again, we can
define the total distance in an another way by considering the Bargmann angle between

the initial state and the final state as

so = 2cos” [{Tap(0)|Vap(D))|

= 2cos ' Tr(y/p1y/p2)

= 2cos !t A(p1, p2), (3.17)

where the quantity A(pi1, p2) = Tr(y/p1y/p2) is also known as affinity [131] between the

states p; and po.

Quantum speed limits for unitary evolution

Mandelstam and Tamm in Ref. [1] showed that the total geodesic distance traversed
by the system between the pure initial and final states during the evolution is (3.16)

is greater than the minimum possible geodesic distance defined by the Bargmann angle
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between the two states as in (3.17), i.e., s > % as shown in Eq. (2.8). The inequality,

in particular, in this case becomes

hocos™ A(py,
[ cos™” Alpr pQ)—Tl(pl,H,pQ). (3.18)

"= VO, H)

This shows that the quantum speed is fundamentally bounded by the observable measure
of quantum coherence or asymmetry of the state detected by the evolution Hamiltonian.
If an initial state evolves to the same final state under two different evolution operators,
the operator, which detects less coherence or asymmetry in the state slows down the
evolution. As a result, it takes more time to evolve. We can clarify this fact with
a simple example. We consider a system with |+) state. If we evolve the system by
unitary operators U, = e #! and U, = e~ "' | the system will not evolve under U,
with time in the projective Hilbert space. This is due to the fact that the state of
the system is incoherent when measured with respect to the evolution operator o, i.e.,
[|+){+|, 0z] = 0. Therefore, quantum coherence or asymmetry of a state with respect to
the evolution operator may be considered as a resource to control and manipulate the
speed of quantum evolutions. Here it is important to mention that Brody in [54] had

also used WY skew information previously to modify the quantum Cramer-Rao bound.

The time bound in Eq. (3.18) can easily be generalized for time dependent Hamiltonian

H(t).

Corollary.— For a time dependent Hamiltonian H(t), the inequality in (3.18) becomes

T > i%, where SH(t)) = 1 T\/ﬁdt can be regarded as
2 oo i) VQr(p, H) = 7 [y VQ(p1, H(?)) g

the time average of the quantum coherence or quantum part of the energy uncertainty.

One can find other interesting results for time dependant Hamiltonians following other

methods given in Ref. [19, 50, 77].

Experimental proposal

Estimation of linear and non-linear functions of density matrices in the interferometry is

an important task in quantum information theory and quantum mechanics. D. K. L. Oi
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et al. in [132] gave the first proposal to measure various functions of density matrices in
the interferometry directly using the setup in Ref. [114]. Later, the method was used in
[133] to measure various overlaps. In [69], a lower bound of the quantum H-coherence,
1/ %/W was proposed to be measurable using the same procedure. But Here,
we show that the quantum H-coherence itself can be measured in the interferometry.
We also propose a method to measure the Affinity A = Tr(/p1,/pz2). For d-dimensional
density matrices, Tr(p}) can be measured for n = 1 to d by measuring the average of the
SWAP operator (V'), which in turn gives all the eigenvalues of the state [132] (see FIG.

VPL 77
Tr\/pTUT

with arbitrary and unknown unitary U. This is due to the fact that although we know

(3.1) also). Using these eigenvalues, we can prepare a state of the form o7 = U

the eigenvalues of the state p1, we don’t know its eigenbasis. Now, we put this state o
in one arm and p; in another arm of the interferometric set up as in Fig. (3.1). This
measurement in the interferometry gives the average of the two particle SWAP operator
on these two states, which in turn gives the overlap between the two states, i.e., Tr(p; ®

01V) = Tr(p1o1). This quantity we get in the measurement is nothing but Tr(p;01) =

~ Tt 3/2
%\/\/’%U)' We can calculate the quantity %E%; from the known eigenvalues of the
state p1. We can prepare the state Tr‘(/j%) from o1 by comparing the calculated and the

measured results and rotating the polarization axis of the prepared state o1 until both
the results match. At this point, the prepared state o1 and the given state p; becomes
diagonal on the same basis (see [134] for advantage over state tomography). We use this
state and similarly prepared another copy of the state to measure —Tr[oy, H]? and the

—th/h)

overlap Tr(c102) between oy and oo = Us Ut (U = ¢ using the method given

in [69, 132, 133]. The quantity measured in the experiment —Tr[oq, H]? is nothing but

—% and similarly the quantity Tr(o102) = Tr((TrL\/%)@. The denominator of each

of these quantities are known. Therefore, from these measured values, we can easily
calculate the quantum coherence Q(p1, H) and the affinity A(p1, p2). This formalism

can also be used to measure the Uhlmann fidelity in the experiment.
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FIGURE 3.1: This network is an experimental configuration to measure Tr(cj02) and
—Tr[oy, H]?. a) In both the two lower arms the state oy is fed. The state o; in the
lower arm goes through a unitary transformation U(7) so that the state changes to
o2. An ancilla state |v) is fed on the upper arm. First this ancilla state undergoes a
controlled Hadamard operation (/) followed by a controlled swap operation (17) on the
system states and on the ancilla. After that a second Hadamard operation takes place
on the ancilla state. The detector (D) measures the probability of getting the ancilla
in the same state |v). From this probability (P) we can calculate the overlap between
the two states by Tr(cy02) = 2P — 1. b) In the second case we measure —Tr[oy, H]?.
We use the same procedure as described above except here the state o; in the lower
arm goes under infinitesimal unitary transformation U(dr).

Speed limit under classical mixing and partial elimination of

states

We know that the quantum coherence of a state Q(p, H) = —% Trl\/p, H)? should not
increase under classical mixing of states. Therefore, a fundamental question would be to
know how the quantum speed limit behaves under classical mixing of states. To answer
this question, we consider a state p;, which evolves to ps under U = e tHt/h  The
minimum time required for this evolution will be 7;(p1, H, p2). If another state o1 evolves
to o9 under the same unitary, the minimum time required similarly be 7;(o1, H, 02). Now,
if a system with a state y1 = pp1 + (1 — p)o1 (0 < p < 1), which is nothing but a state
from classical mixing of p; and o1, evolves under the same operator, the final state (say
72) becomes o = Uy UT = ppy+ (1 —p)oe. The minimum time needed for this evolution
must be T;(y1, H,72). Now, we can show a nice relation between these time bounds and

quantum coherence as
H H H
u’Yl?Q < \/ﬁup1p2 + 1- pualo-2> (319)

where Z/{)Ig7 = Ti(x,n)/Q(x, H). To prove this inequality, we used a trigonometric in-

equality of the form, cos™!(pz + (1 — p)y) < /pcos ta +/T—pcos tyfor 0 <z <1
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and 0 <y < 1. Quantities of the form of Z/{,ﬁ’v2 here are nothing but the product of the
minimal time of quantum evolution and the quantum part of the uncertainty |71, 135] in
the evolution Hamiltonian H. We already know how quantum coherence behaves under

classical mixing. This new relation gives an insight to the quantum speed limit and

shows how it behaves under classical mixing.

This inequality naturally raises another fundamental question: How does the quantum
speed limit of a system behave under discarding part(s) of the system? To answer this
question we consider a situation that a system with a state py, evolves to o4 under the

Hamiltonian H,, such that
Hypy=H, 1)+ 1, ® Hy. (3.20)
Corresponding unitary operator Uy, is given by
Upy, = Uy @ Uy = e Hal @ ¢t (3.21)

Now, if we discard a part of the system b, then the initial state of the system becomes
pPa = Trppap. The final state of the system is then given by o, = Tryoe, = Uaan(I. The
quantum speed limit before discarding the party must be T;(pap, Hap, 0ap) and that after
discarding the party is given by T;(pa, Ha, 04)- 1t can easily be shown that

UHa < gHa (3.22)

PaCa — “"PabTab’

To prove it, we use the fact that A(pa,04) > A(pap, 0ap)- The inequality gives an insight
on how the product of the time bound of the evolution and the quantum part of the
uncertainty [71, 135] in energy or quantum coherence or asymmetry of the state with

respect to the evolution operator behaves if a part of the system is discarded.

Generalization

A more tighter and experimentally realizable time bound can be derived using this bound.

To do that let us consider a map ®, which maps a state to another state, such that
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d:p — %(: 01) is a quantum state. Suppose that the state p; evolves under a
time independent Hamiltonian H to a state ps after time 7. Then, if we consider the
final state under this map ® to be o9 = #ﬁ?) (considering the fact that Trp§ = Trp{),
the evolution for o1 to be o9 is governed by the same Hamiltonian H. Therefore, the

time bound for the state o1 to reach o9 under the Hamiltonian H can be written as
T > T(o1,H,02). (3.23)

Now, by mapping the states o1 and o2 back to the original states p; and py respectively,

we get
T > max Ti(%, H, p5), (3.24)
[0
where P
hiy/Trp§ cos™t \Tr(m?pg?)\

Ti(p?'s H, p3) = (3.25)

—Tr[p"?, H]?
This quantity for o = 2, gives not only a tighter bound (than (3.18) ) but can also be

measured in the interferometry [69, 132|. For a = 2, the expression reduces to
T > Ti(pi, H, p3). (3.26)

The denominator of the quantity 7;(p?, H, p3), is the lower bound of the H coherence,

— 5 Trlpow, HP? < /<[, H]? (3.27)

as proved in Ref. [69]. Therefore, the bound given by Eq. (3.26) may become tighter

i.e.,

than that given by Eq. (3.18) depending on the purity of the state Tr(p?) and most
importantly, can be measured in the experiment. This is due to the fact that the relative

purity [132, 133]| and the lower bound of the H-coherence [69] both can be measured.

Our results here can also be generalized for more general evolutions, such as dynamical

semi-group, quantum channel et cetera. (see sec. (3.9) for details).
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Comparison with existing bounds

Mandelstam and Tamm’s original bound was generalized for mixed states in various
ways. Our bound is tighter than that given by the generalization using Uhlmann’s
fidelity [47, 56, 136]. This is due to the fact that the standard deviation is always lower

bounded in the following way [135]

amy, > 5 [ (3.25)

and F(p1,p2) > Tr(\/p1/p2) (where F(p,0) = Tr\/\/po/p and Fq is the symmetric

logarithmic Fisher information as denoted by [47]). Here, it is important to mention that
Fq becomes time independent for unitary evolutions under time independent Hamilto-

nians. Therefore, we get

hcos ' F(p1, p2)
V2(AH),,

T > ﬁ(pl,HvPZ) >

V2cos™! F(pr, p2)

> .
Vae;

(3.29)

In [48], relative purity f(t) = T{%@f between two states p; and p; was considered as
1

a figure of merit to distinguish the two states and a quantum speed limit of evolution

under the action of quantum dynamical semi-group was derived. Let us now write the

bound given in Eq. (8) in [48], for unitary evolution case as
T>—— 3.30
(3.30)

where

Tr(p1p2)
W)PT (P%)

and D = +/=Tr[p, H]?. (3.31)

N = J[cos !
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Then the bound 7;(p?, H, p3) given in Eq. (3.24) for o = 2 becomes @. One can easily

show that
. v N . 2hv/ N . ARN

T
D D 2D

(3.32)

due to the fact that % < 1. Thus our bound in Eq. (3.24) is tighter than the bound

given in [48] for unitary evolutions (time independent Hamiltonians).

In Ref. [77|, quantum speed limits in terms of visibility and the phase shift in the
interferometry was derived and was shown to be tighter than the existing bounds then.
It is clear that this new bound in Eq. (3.18) or in Eq. (3.24), sometimes may even be
tighter than the Mandelstam and Tamm kind of bound for mixed states given in [77]

(see case II in sec. (3.8)).

Example of speed limit for unitary evolution

(I + 7.7), such that |r|> < 1. Let, it

We consider a general single qubit state p(0) = %

evolves under a general unitary operator U, i.e.,

p(0) = p(T) = U(T)p(0)U(T), (3.33)

2 (p.c+ad)

where U = ¢ il , a = w.T and the time independent Hamiltonian H = w(n.d +

al) (6= (01, 092,03) are the Pauli matrices and 7 is a unit vector). This Hamiltonian H

becomes positive semi-definite for o > 1. Therefore, after evolution the state is
p(T)=-(I+7.5), (3.34)

where 7 has the elements as given by

2
2%+ricos§ (i=1,2,3). (3.35)

r; = 2n;(h.7) sin
Using this information we get

Alp,p(T)) = [ (¢4) (1 = vim) + (1 + vim) (3.36)
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and quantum coherence is

Qlp, H) = w2(1 = Vm)|(7 x 2), (3.37)

= ~ = . .
%, # = . and m = 1 — |r|? is a good measure of mixedness of the state

where 7 = = =
BE

upto some factor. The Eq. (3.37) shows that the mazimally coherent states for a fized
mizedness lie on the equatorial plane perpendicular to the direction of the Hamiltonian,
under which the state is evolving and the more pure are these states the more coherent

they are [137]. Therefore, the time bound for the evolution considering h = 1 = w is

cos! (% [(F7) (1 —+y/m)+ (1+ \/ﬁ)]) .
20—l XAl

T> (3.38)

Case I: Consider the initial state p(0) is a maximum coherent state with respect to H
(such that m = 0 and |2 x 7#| = 1). Then the initial state will evolve to the final state
p(T) = (I + (#'.&)] with the quantum time bound of evolution
cos—1 ((1+CosZa)>

T > 2

> 7 ,

(3.39)

where 7.7 = cos 2a. For a = § the quantum time bound is given by 7' > 2”%
Case IL:Consider the initial state p(0) = 3[I + (7.5)], such that i x 7 = % = N.7).
Then the initial state will evolve to the final state p(T) = £[I + (7.5)] with the quantum

time bound of evolution

cos™! (3[(sin? & + cos 22)(1 — /m) + (1 + /m)])

T> . 3.40
wy/1—+m (3.40)
For a = %TW and m = 0, the quantum time bound is given by 7" > 0.72 considering

(h =1 = w), whereas the Mandelstam and Tamm kind of bound given in [77] would be

0.71. Thus our bound is tighter than that given in [77] in this case.

Case III: Consider the example with 7 = (0,0, %), n = (%,%,—%) and 7 =
4/3 V2 1

<—ﬁ, 15, —g) . For the above evolution under the Hamiltonian H we find the quantum

speed limit 7" > 0.9 from our bound (3.38). The Mandelstam-Tamm kind of bound
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derived in [77] would give 1.09. Thus, our bound in this case is slightly weaker than that
given in Ref. [77]

Now, the inequality in Eq. (3.19) can also be illustrated with this example. We consider
p1 = 5(I+7.5) and 01 = L(I + 7.7), such that |ri| = 1 = ||, 1.7 = % To.n = %5
and 71.79 = 0. The state ; is such that p = % Then, under the condition w = 1 = A,
U(p1,p2) = 0.43, U(o1,02) = 0.42 and U(v1,72) = 0.34, which implies the inequality is

satisfied.

Quantum speed limit for any general evolution

The effect of environmental noise is inevitable in any information processing device.
Hence the study of QSLs in the non-unitary realm is in ultimate demand. For the first
time, Taddei et al.[47] and Campo et al. [48] extended the MT bound for any physical
processes. Later in [77], QSL for arbitrary physical processes was shown to be related to
the visibility of the interference pattern. The result of [48] was further improved [138§]
by Zhang et al. to provide a QSL for open systems with an initially mixed state. Other
recent studies of QSLs for open quantum systems were made in [139] and [140|. Here, in
this section, we are also extending our result for any general CPTP evolutions and later,

compare our bound with various other QSLs for a Markovian system.

Consider a system with a state pg coupled to an environment with a state 47, such that
the total state of the system and environment together can be written as pUSE = pOS Q~E,
initially at time ¢t = 0. Suppose that the evolution of the total state is governed by a

—iHset/h  The dynamics of the system is given by a one-

global unitary operator Uy = e
parameter family of dynamical maps py — Vpg = eﬁtpg and can also be represented
by completely positive trace preserving map. The Fubini-Study distance under such

circumstances becomes

dt? dt2 N
dsts = — 25 Trly/ o © VAP, Hspl® = 255Q(pf Hs). (3.41)
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where Efg = Trp(H2,1° @ +F) and Hg = Tre(HspI® ® vF)[128]. Therefore, the speed

limit of the evolution becomes

s oot Alpip?)

2Q(p§, Hs)

(3.42)

If the typical time scale of the environment is much smaller (larger) than that of the sys-
tem, the system dynamics can be considered to be Markovian (non-Markovian). Marko-
vian evolutions form a dynamical semi-group V. We consider such a map with time
independent generator £, such that (From here onwards we drop the superscript S from
the state of the system.)

— = Lpy, (3.43)

where the Lindbland £ takes the form [141-143]

n2-1

ij=1

1 1
7[p7H} +5

£ pu—
P=% 2

Now, a fundamental question will be what is the time bound of quantum evolution in
such a situation. To answer this question, one should keep in mind that such an evolution
can be written as a reversible unitary evolution of a state in the extended Hilbert space
formed by considering an environment with the system. Therefore, The quantum speed
bound should not only depend on the coherence of the state of the system but also on the
coherence of the environment. In other words, the bound should depend on the coherence
dynamics of the system and environment together. One way to get the quantum speed
limit is to use the bound for unitary evolution as given in Eq. (3.18). Such a bound
will not give tight limit. To get a tighter bound one needs to consider the infinitesimal

distance along the parameter of the dynamical map ¢ as given in Eq. (3.11), where we

use the fact that d\d/ft = L,/p:. Because, given % = Lpy, d‘d/tpT = L/p¢ is always true
for positive square-root of the density matrix and this can be shown using the same lines

of approach as given for unitary evolution case.

We know that any CPTP evolution is equivalent to a unitary evolution in the extended

Hilbert space. Suppose a state p(0) is evolving under a CPTP evolution represented by
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a set of Kraus operators {4;}. Thus, we get

p=p(t) = 3 Ap(O)A] = Tra(Uanp(0) & 005 0ULg) Gay).  (345)

(2

where Uxp is a unitary operator such that
A; =p (i|lUag|0)p. (3.46)
Now, similarly as before, we may write,

p=wwl = TrpUapy/p(0) @ 0)p(0lU] ,Uanv/p(0) © [0) (01U )

= D AiVp(0)ALA;/p(0) AL, (3.47)

where we have used the trace preserving condition ), AIAi = I. Uniqueness of positive

square-root /p implies \/p = Aimzél;f. Thus, given p = >, Ai,o(O)A;-r, the evo-
lution of the positive square-root of the state must be \/p = >, A; \/;WAZ, although
the opposite is not true in general. Any other set of Kraus operators {B;}, such that
VP =D Bi\/p(io)B;r may give the same final state p from the initial state p(0) but
cannot give rise to the same kind of evolution of state as p =), Al-p(O)AZT-. Using this

equation, the quantum speed limit of the system under Markovian evolution reduces to

cos™* A(po, pr)
207

T >

7 (3.48)

g

where VQr = % [ \/Q(pr, L)dt and 2Q(p, £) = Te{(L/p)(Ly/p)'} — [Tr(\/pL /P

This bound will also hold for non-Markovian dynamics [56].

Example of speed limit for Markovian evolution

Here we study an example for a two level system in a squeezed vacuum channel [144, 145].
Non-unitary part of the Lindbladian in Eq. (3.44) consists of these following operators
A =0, Ay = ol and A3 = %, where ¢ and of are the raising and lowering operators

for qubit. These two operators describe the transitions between the two levels. With
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those, we choose c;; as

ﬁ(l Weq) T% 0
c= _T%, ﬁ(l + Weq) 0 ) (3.49)
1 1
0 0 e

where T7 = T, represent the decay rate of the atomic inversion into an equilibrium state

Weq. 15 and T3 are related to T;, and T, in the following was

TR
Tu B T2 T3
1 1 1
f, = (?2 - ?3), (3.50)

where T}, and T, are the decay rates of the atomic dipole. Here, the damping asymmetry
between the u and v components is due to the presence of T3. We describe the first part

of the Lindblad in Eq. (3.44) by the Hamiltonian

79)
H = 7(chraT), (3.51)

where €2 is the Rabi frequency of the oscillation. Therefore, here, £ describes a two level
atom in a laser field subjected to an irreversible de-coherence by its environment. Let
the initial state of the atom is given by py = 1(I+ 7 &), where ¥ = (r1,r2,73). We can

write it in the damping basis as

po=Y_ Tr{Lipo}Ri, (3.52)

where L; and R; are the left and right eigen-operator respectively with the eigenvalue

A;. The state after certain time ¢ can be written as
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where A;(t) = e**. The left eigen-operators for this system can be expressed as

1

L(] - EI,
1

Ll = E(UT+U)7
1

Ly = E(UT—U)
1

and Ly = —(—weql + 03). (3.54)

V2

Similarly the right eigen-operators can be written as

Ry = \}5(1 + Weq03),
Ry = \}i(UT +o0),
Ry — ;5(0 o)
and Ry = \203. (3.55)

One can easily derive the eigenvalues of these operators as

X = 0,
1 1 1

S Pt o 0

s = —éz—jfw. (3.56)

Let us denote £+ = 1++/m. The affinity between the initial and the final states for such

evolution is given by

Alpo, pr) = %[m — ryweq(As(t) — 1) + é‘; (rM @)+ r382(t) + As(0)r3) | (357)
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FIGURE 3.2: The bounds 7; given in Eq. (3.58) (Hue coloured, solid line) and in [4§]

(Orange coloured, dashed line) have been plotted for Ay = —0.9 with the actual time of

evolution 7. As seen from the plot, for larger time of interaction, our bound is better
than that given in [48].

and the quantum coherence at time t
1 2
2Q(pt, £) = AP [L (T%)\%A% + r%A%A%) + (\/ZT:% - wqu\/@)
1r4- A
XA3] - 1( [W (Mr3a2 + 2ar3a3) + as{ (TT}\S Vi+

\/ZH«Ueq(l - A3)>2 - (T3A3weq + £+w3q(1 o As)) }] ’27

where m = 1 — |r|2. For a simple example, we assume the Lindbladian to be such that
A3 = 0 and the initial state to be such that 7o = 0 = 73, 11 = 1 and AT = eM7T (say).

Therefore, the evolution time bound in this case is given by

T
2Tcos™! [%]

T T -
’[AlT\/i - A71sinh()\1T) + sinl(l\\/%) — (% + %)]‘

- 7, (3.58)

where the quantity in the denominator /2Qr = ‘%[A?\/ 1- % sinh()\lT)—l—sin_l(%)—

(3 4 27)]| is nothing but the time average quantum coherence of the state with respect

to the evolution operators. In Fig. (3.2), we have plotted bounds 7; given in Eq. (3.58)

and in [48] (see Eq. (9)). As the actual evolution time 7" increases, the bound given in

Eq. (3.58) becomes better and better.
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Conclusions

Both, the quantum speed limit and the coherence or asymmetry of a system have been
the subjects of great interests. Quantum mechanics limits the speed of evolution, which
has adverse effects on the speed of quantum computation and quantum communication
protocols. On the other hand, coherence or asymmetry has been projected as a resource
in quantum information theory. In this chapter, we define a new role for it as a resource

and show that it can be used to control and manipulate the speed of quantum evolution.

A fundamental question is to know how the quantum speed limit behaves under classical
mixing and partial elimination of state(s). Therefore, finally answer to this question may
help us to choose the state and the evolution operator intelligently for faster evolution.
Here, we tried to answer this question for the first time. Our bounds presented here can
also be generalized for CP'TP evolutions or Markovian processes as well as non-Markovian

processes [138, 146].

In a recent paper [69], a protocol was proposed to measure a lower bound of skew infor-
mation, given by —%Tr[p, H)?, experimentally and was argued for, why skew information
itself cannot be measured. Not only the skew-information but it was a general consen-
sus that the quantum affinity A(.,.) appears on the numerator of 7;(.,.,.) also cannot
be measured. Here, we show for the first time that both the quantities can indeed be
measured (and the formalism can also be used to measure Uhlmann fidelity) in the exper-
iment by recasting them to some other measurable quantities of another properly mapped
states. This provides us scopes to apply our theory in a wide range of issues in quan-
tum information theory including quantum metrology, Unruh effect detection, quantum
thermodynamics etc. Recently, a number of methods using geometric and Anandan-
Aharonov phases have been proposed to detect Unruh effects in analogue gravity models
[73-76]. The main issue in such experiments and in general in quantum metrology is to
detect a very small fluctuation in some quantity. A potential quantity must be sensitive
towards such fluctuation as well as experimentally measurable. By uncovering such a

potential quantity 7;(.,.,.), a formalism to measure Uhlmann fidelity and defining a new
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role for quantum coherence or asymmetry as a resource, we believe, the present work

opens up a wide range of scopes in these directions.

Note: After submitting this work, we noticed another work [147] recently on QSL based
on quantum Fisher information. Their work is based on [116] and one of their results
resembles our bound for unitary evolutions. For non-unitary evolutions, however, their
work is based on the generalization of Quantum Fisher information or Wigner-Yanase
skew information. Whereas, our bound is based on the generalization of the Fubini-Study
metric for mixed states motivated by [128]. Very recently, another preprint on the arXiv
[127], has also appeared on the issues of QSL, coherence and asymmetry. They claimed

that coherence is a subset of asymmetry. Their claim does not contradict our work.
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Chapter

Non-local advantage of quantum coherence

{
Quantum mechanics is certainly imposing. But an inner voice tells me that it is not

yet the real thing. The theory says a lot, but does not really bring us any closer to the
)
secret of the old one. I, at any rate, am convinced that He does not throw dice.

——Albert Einstein

Introduction

It is evident from the established bounds in the previous two chapters that the limit to
the time of quantum evolutions mainly depends on the distance between the initial and
the final states and the energy or the energy uncertainty in the system (see Chapter 2).
These relations can further be improved and modified and a direct connection between
the observable measure of quantum coherence [69, 116] or asymmetry [117-120] and the
QSL can be established (see Chapter 3). This is one of the main contributions of this
thesis, which leads us to establish the role of quantum non-locality (quantum steering)

in setting the speed of quantum evolutions of a part of the system.

In particular, here we address a very fundamental question: Is it possible to gain an
advantage in quantum coherence beyond what could have been achieved maximally by a
single system with or without non-local influences? We show here that it is indeed pos-

sible. This eventually leads us to observe the effects of quantum non-locality (quantum

7
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steering) on QSL following the connection between the QSL and the quantum coherence

established in the previous chapter.

Steering is a kind of non-local correlation introduced by Schrodinger [102| to reinterpret
the EPR-paradox [148]. According to Schrodinger, the presence of entanglement between
two subsystems in a bipartite state enables one to control the state of one subsystem by
its entangled counter part. Wiseman et al. [149| formulated the operational and math-
ematical definition of quantum steering and showed that steering lies between quantum
entanglement and Bell non-locality on the basis of their strength [150]. The notion of
the steerability of quantum states is also intimately connected [151] to the idea of remote

state preparation [152, 153].

As introduced in Ref. [149], let us consider a hypothetical game to explain the steerability
of quantum states. Suppose, Alice prepares two quantum systems, say, A and B in an
entangled state p4p and sends the system B to Bob. Bob does not trust Alice but agrees
with the fact that the system B is quantum. Therefore, Alice’s task is to convince Bob
that the prepared state is indeed entangled and they share non-local correlation. On
the other hand, Bob thinks that Alice may cheat by preparing the system B in a single
quantum system, on the basis of possible strategies [154, 155]. Bob agrees with Alice
that the prepared state is entangled and they share non-local correlation if and only if

the state of Bob cannot be written by local hidden state model (LHS) [149]
i = PN Pal4,N) pE(N), (4.1)
A

where {P(A),pg} is an ensemble of LHS prepared by Alice and P(a|A, \) is Alice’s
stochastic map to convince Bob. Here, we consider A to be a hidden variable with the
constraint ) 5, P(A) = 1 and pg()\) is a quantum state received by Bob. The joint proba-
bility distribution on such states, P(a 4, bs,) of obtaining outcome a for the measurement
of observables chosen from the set {A;} by Alice and outcome b for the measurement of

observables chosen from the set {B;} by Bob can be written as

P(G’Awb[ﬁ’i) - ZP(/\) P(a-Ai‘A) PQ<bi’/\)7 (4'2)
A
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where Pg(b;|\) is the quantum probability of the measurement outcome b; due to the
measurement of B; and P(a4,|)) is the probability of the outcome a for the measurement

of observables chosen from the set {4;} by Alice.

Several steering conditions have been derived on the basis of Eq. (4.2) and the existence
of single system description of a part of the bi-partite systems [154-156]. It has also
been quantified for two-qubit systems [157] In the last few years, several experiments
have been performed to demonstrate the steering effect with the increasing measurement
settings [154] and with loophole free arrangements [158]. For continuous variable systems,

the steerability has also been quantified [159].

Recently, quantum coherence has been established as an important notion, specially in
the areas of quantum information theory, quantum biology [59-62, 160] and quantum
thermodynamics [63—-67]. In quantum information theory, it is expected that it can be
used as a resource [69, 70, 161]. This has been the main motivation for recent studies to
quantify and develop a number of measures of quantum coherence [69, 72, 161, 162]. Most
importantly, operational interpretations of resource theory of quantum coherence have
also been put forward [84, 126]. An intriguing connection between quantum coherence
and quantum speed limit has been established [77, 130]. However, much work needs to
be done to really understand how to control and manipulate coherence so as to use it

properly as a resource, particularly, in multipartite scenario.

In this chapter, we, first, study the effects of non-locality on quantum coherence in bi-
partite scenario. We derive a set of inequalities for various quantum coherence measures.
Violation of any of these inequalities implies that the system has no single system descrip-
tion and it can achieve non-local advantage (the advantage, which cannot be achieved
by a single system and LOCC) of quantum coherence. We know that a state is said to
be steerable if it does not have a single quantum system description. Thus, the system
is steerable as well. Intuitively, for quantum systems, it may seem that all steerable
states can achieve the non-local advantage on quantum coherence. But here we show

that for mixed states, steerability captured by different steering criteria [154-156] based
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FIGURE 4.1: Coherence of Bob’s particle is being steered beyond what could have been
achieved by a single system, only by local projective measurements on Alice’s particle
and classical communications(LOCC).

on uncertainty relations are drastically different from the steerability captured by coher-
ence. In other words, we show that there are steerable states, which cannot achieve the

non-local advantage of quantum coherence.

One should note that we do not aim to derive a stronger steering criteria but aim to estab-
lish a connection between the steerability and the quantum coherence. This eventually

leads us to show the effects of quantum steering on the speed of quantum evolutions.

Complementarity relations

To quantify coherence, we consider the /1-norm and the relative entropy of coherence as a
measure of quantum coherence [161]. We also use the skew information [163], which is an
observable measure of quantum coherence [69] and also known as a measure of asymmetry
[118-120, 127]. The l;-norm of coherence of a state p is defined as C'1(p) = > i |pigl-
Now, if a qubit is prepared in either spin up or spin down state along Z—direth)éljl then
the qubit is incoherent, when we calculate the coherence in z-basis (i.e., Cit = 0) and is
fully coherent in x- and y-basis, i.e., Cil(y) = 1. The l;-norm of coherence of a general
single qubit p = £(I + 71.5) (where |ii| < 1 and & = (04,0, 02) are the Pauli matrices)

in the basis of Pauli matrix o; is given by

Cl(p) = \/n? + n, (4.3)

where k # i # j and 4, j,k € {x,y, z}.

Therefore, one may ask, what is the upper bound of Cj, = C%(p) + C’Zl/1 (p) + Cl(p) for

any general qubit state p. Using C4 Cél +Cchcoh + Cél Ch <C2?+ Cg +C? < 2, we find
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that the above quantity is upper bounded by

Y Clp) <V, (4.4)

1=x,Y,2

where the equality sign holds for a pure state, which is an equal superposition of all the

mutually orthonormal states spanning the state space, i.e.,

1 1
C
Pmax = 5 [I + E(UCE + oy + Uz) ) (45)

where I is 2 x 2 identity matrix. Hence, in the single system description, the quantity
C;, cannot be larger than /6 and the corresponding inequality (4.4) can be thought as

a coherence complementarity relation.

Another measure of coherence called the relative entropy of coherence is defined as [161]
CF(p) = S(pp) — S(p), where S(p) is the von-Neumann entropy of the state p and pp
is the diagonal matrix formed by the diagonal elements of p in a fixed basis, i.e., pp
is completely decohered state of p. This quantity has also been considered as ‘wavelike
information’ in Ref. [164], which satisfies a duality relation. In this case, the sum of
coherences of single qubit system in the three mutually unbiased bases for qubit systems

is bounded by

14 n; 1+ |7
E _ ? m
3 cto= X ou(h) s (P <ap (4.6
1=x,Y,% 1=2,Y,z
where H(z) = —zlogy(w) — (1 — z)logy(l — =) and || = ,/n2 +nZ +n2. Using the
symmetry, one can easily show that the maximum occurs at n, =n, =n, = 1/V3 (ie.,

for maximally coherent state given by Eq. (4.5)) and C§* = 2.23.

Recently, the skew-information [163] has also been considered as an observable measure
of coherence of a state [69]. The coherence of a state p, captured by an observable B,
i.e., the coherence of the state in the basis of eigenvectors of the spin observable o; is
given by
2 2 =
) (nj —|—nk) (1—\/1—|n|2)

1
S = —— ; =
Cy = 2Tr[\/ﬁ, il 2 ) (4.7)
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which is a measure of quantum part of the uncertainty for the measurement of the
observable ¢; and hence it does not increase under classical mixing of states [163]. The
sum of the coherences measured by skew information in the bases of 0., oy and o is

upper bounded by

> i =2(1-Vi-JaP) <2, (48)

i:I7y,Z
where the maximum occurs for maximally coherent state pC  given by Eq. (4.5). The
inequalities (4.4), (4.6) and (4.8) are complementarity relations for coherences of a state

measured in mutually unbiased bases.

Non-local advantage of quantum coherence

Let us now describe our steering protocol, which we use to observe the effects of steering
of the coherence of a part of a bi-partite system. We consider a general two-qubit state

of the form of

nap = %(IA®IB+F-UA®IB+IA®§-EB+ Y. tol @of), (49)
i,J=,y,%

where 7 = (r4,7y,72), § = (Sz,5y,52), with |r| < 1, |s| <1 and (¢;;) is the correlation
matrix. Alice may, in principle, perform measurements in arbitrarily chosen bases. For
simplicity, we derive the coherence steerability criteria for three measurement settings
in the eigenbases of {04, 0y,0.}. When Alice declares that she performs measurement
on the eigenbasis of o, and obtains outcome a € {0,1} with probability p(ng|m) =
Tr[(I1? ® Ig)nap|, Bob measures coherence randomly with respect to the eigenbasis of
(say) other two of the three Pauli matrices o, and o,. As Alice’s measurement in oy,
basis affects the coherence of Bob’s state, the coherence of the conditional state of B,

npme in the basis of o7 becomes

! o
Cit(npme) =\ — 7", (4.10)
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where a;;, = s; + (=1)%ji, vk, = 1+ (—1)%, and 4,5,k € {x,y,z}. Note that the
violation of any of the inequalities in Eq. (4.4), (4.6) and (4.8) by the conditional states
of Bob implies that the single system description of coherence of the system B does not
exist. Thus, the criterion for achieving the non-local advantage on quantum coherence

of Bob using the /1-norm comes out to be

1
3 ZP(UB\H?#)C?(UB\H‘;#) > V6, (4.11)
ij,a '
where p(nB‘H?) = %, i,j € {x,y,2z} and a € {0,1}. This inequality forms a volume in

2-qubit state space.

Let us now derive the same criterion following the relative entropy of coherence measure.

We can easily show that the eigenvalues of the conditional state of B, Np|me are given by

M1 V2

=3 . Therefore, the relative entropy of coherence, when Alice measures
la

in II¢, is given by

E
Clnpmg) = > A logy Ap — BY, log, BL (4.12)
p:+7_
where the diagonal element [3’5;{1 of the conditional state "B when expressed in the
afh basis is given by ,Bii = % + ;‘;ﬁ Thus, the criterion for achieving the non-local

advantage of quantum coherence becomes (4.6)
1
3 ZP(WB\H?#)CiE(an;?#) >y, (4.13)
27]7(1

where 4,j € {z,y,z} and a € {0,1}. Similarly, we obtain another inequality using the
skew information as the observable measure of quantum coherence. The coherence of the

conditional state B0t measured with respect to og; in this case is given by

(5 03,)(1 = /1- 278, = 1)?)
7, (2N, — 1)?

CF (npjme) = : (4.14)
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Thus, from Eq. (4.8) we get the coherence steering inequality using the skew-information

complementarity relation as

1
3 ZP(UB\H?#,L.)CE("?B\H?#) > 2, (4.15)

i?j7a
where 7,5 € {x,y,z} and a € {0,1}.

It is important to mention here that although the violation of the coherence comple-
mentarity relations in Eqs. (4.4), (4.6) and (4.8) implies the steerability of the quantum
state and the achievability of the non-local advantage of quantum coherence, its violation
highly dependent on the measurement settings (4.5). Therefore, the state of Bob (B)
can achieve the non-local advantage of quantum coherence by the help of Alice if at least
one of the inequalities in Eqs. (4.11), (4.13) and (4.15) is satisfied but it is not neces-
sary. A better choice of projective measurement bases by Alice may reveal steerability
of an apparently unsteerable state with respect to the above inequalities. On the other
hand, it is also necessary to show that separable states can never violate the coherence

complementarity relations using the present protocol.

Steerability and LHS model

To show that no state with LHS model can violate the coherence complementarity rela-
tions, we consider a two-qubit state pgp. Suppose, Alice performs a projective measure-

ment in an arbitrary basis II%, where a € {0, 1} corresponding to two outcomes of the

n
measurement and n € Z71 (set of positive integers), each measurement basis associated to
an integer. To compare with the coherence complementarity relations, Alice must choose
3Z7" number of measurement bases, making n to run upto 3k (say), where k € Z+. This
provides Bob 2F number of coherence measurement results on a particular Pauli basis.
This is due to the fact that for measurements on each basis, Bob can measure coherence

randomly only on two of the three mutually unbiased Pauli bases. Bob receives the state

ppjma, which has a LHS description, i.e., the conditional state of Bob can be expressed
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by a normalized state as given in Eq. (4.1),

S Sy PP N
Bl > A P(A)P(alIT¢, \)

(4.16)

If the proposed protocol is followed, one can show that the above state in Eq. (4.16) can

never violate the coherence complementarity relations. To show that, we start with

1,3k,1
> plesma)Clam(pems) < Y. PP, N i, (05(N)
a=0,n=1,m=0 a,n,m,\
3k,1
= > D PNClanlp(n),  (417)
A n=1m=0

where we denote n @ m = Mod(n +m,3) + 1 and g € {l1, E, S}, stands for various
measures of coherence. In the first inequality, we used the fact that coherence and the
observable measure of quantum coherence decreases under classical mixing of states.
Here, we also consider {C{,Cq,C{} = {CF,Cy,C?}. By taking the summation over n

and m, one can easily show from the last line of Eq. (4.17) that

> plonmg)Clemlppmg) < 20 PO)(CLAZN) + CLAZN) + CLAEN)
A

a,n,m

< 2PY P(N)el = 2k, (4.18)
A

where €? € {1/6,2.23,2} depending on ¢. This implies that the coherence complemen-
tarity relations can never be violated by any state, which has a LHS description. Math-

ematically, for any such states

1,3,1
Z P(pping ) Crem(PBmg) < € (4.19)

for three measurement settings scenario (k = 1). Violation to this inequality implies that

the state is steerable and Bob can achieve non-local advantage of quantum coherence by

Alice.
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FIGURE 4.2: Filtering operation F(f) = diagonal{1/ cos(6), 1/sin 0} is applied on the

Werner state p,,. The red coloured dashed line corresponds to the situation, when F'(6)

is applied on Alice and Green solid plot is when it is applied on Bob. The non-local

advantage of quantum coherence is not achievable by the resulting state for the ranges

of p under the curves. For example, The resulting state is steerable or the state can
achieve non-local advantage of quantum coherence from Alice to Bob for p > 0.845,

when F'(6 = 0.5) is applied on Bob. The horizontal thin dashed line denotes p = \/g

Example

Let us now illustrate the coherence steerability condition with an example, say, two qubit

Werner state defined by

pw = PlYap)(apl + (1;p)IA®IB, (4.20)

where [, 5) = %UOI) — |10)) and the mixing parameter p is chosen from the range
0 < p < 1. For this state, ¥ = 0, § = 0, and t;, = ty, = p, t.. = —p. The state p, is

steerable for p > %, entangled for p > % and Bell non-local for p > %

Here, the optimal strategy for Alice to maximize the violation of coherence complemen-
tary relation by Bob’s conditional state is similar to as stated earlier. With the help of
the inequalities (4.11), (4.13) and (4.15) it is easy to show that for the Werner state,
the coherence of the state of B is steerable for p > \/% when one uses the [;-norm as
a measure of coherence, p > 0.914 when one uses the relative entropy of coherence as
a measure and p > 2—‘3/5 for the choice of skew information as a measure of quantum

coherence.
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FIGURE 4.3: The state |1 )qb does not show violation of the coherence complementarity
relations if Alice performs projective measurements on the Pauli bases. Although, it
shows steerability if Alice chooses better measurement settings.

Hence, Alice controls the coherence of Bob’s system for p > \/g whereas Alice controls
Bob’s state for p > % This difference occurs due to participation of noise part (%) in
steering the state, whereas, coherence steerability criteria are never influenced by such
clagsical noise. This raises a natural question: Is it possible to increase the range of p to
control the coherence of Bob’s system using local filtering operations? It has been shown
that filtering operations can improve the steerablity [165]. From the Fig. (4.2), it is clear
that filtering operation on Bob can increase the range of p to some extent for certain
values of 6, for which the resulting state can achieve the non-local advantage of quantum

coherence from Alice to Bob. Moreover, any steerable Werner state can be turned into

an unsteerable state by local filtering operations [165] (see Fig. (4.2)).

We consider a pure entangled state |[¢5 ) = ﬁ(\/a\ + +) + V1 —«|00)). From
the Fig. (4.3), it is clearly visible that if Alice performs projective measurements in the
Pauli bases, the state of Bob (B) cannot achieve the non-local advantage of quantum
coherence. On the other hand, one can construct a set of arbitrary mutually unbiased
b Hns Dilng ~
bases as [n) = cos §|0) + e sin §|1), |nE) = % and |ng) = % If Alice

performs measurements on these bases, for certain values of § and ¢, as shown in Fig.

(4.4), the coherence complementarity relations are violated.

From the Fig. (4.4), it can also be seen that the states with very low amount of entan-
glement, cannot easily achieve non-local advantage of quantum coherence but a better

measurement settings may reveal its steerability.
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FIGURE 4.4: The state |t,)qa can be turned into a steerable state for « around %
by performing projective measurements using arbitrary mutually unbiased bases with 6
and ¢, which lie inside the volume. Entanglement of the state is given by linear entropy

S = ——U=®a _ and maximum 0.05 at o ~ 0.47
2( (1—a)a+1)

Non-local advantage of quantum speed limits

It is well known that quantum mechanics imposes a fundamental limit to the speed
of quantum evolution, conventionally known as quantum speed limit (QSL). Suppose,
a quantum system in a state p; evolves to ps under a unitary evolution operator U.
The minimum time it takes to evolve is of fundamental interest in quantum metrology,
quantum computation, quantum algorithm, quantum cryptography and quantum ther-
modynamics. Here, we apply our observations to understand the effects of steering kind
of non-locality on the quantum speed limits (QSL) [1, 77, 86]. Now, the development of
quantum technology is at par with the advent of quantum information and computation
theory. Various attempts are being made in the laboratory to implement quantum gates,
which are basic building blocks of a quantum computer. Performance of a quantum com-
puter is determined by how fast these logic gates drive the initial state to a final state.
An efficient quantum gate should transform the input state into the desired state as fast
as possible. This naturally presents an important issue, to address how to control and
manipulate the speed of quantum evolution so as to achieve faster and efficient quantum
gates. Such study may also be useful in quantum thermodynamics and other develop-
ing fields of quantum information theory. In quantum thermodynamics, this may help
us to understand how to control a thermodynamic engine non-locally and use quantum

correlations in our favour to construct faster yet efficient quantum engines.
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Therefore, we focus on the study of QSL in the bipartite scenario, where a part of the
system is considered to be the controller of the evolution of the other part. It is well
known that quantum correlations affects the evolutions of the total quantum systems.
On the other hand, how a part of the system affects the evolution speed limit of the other
part using the quantum correlation or non-locality is still an important unanswered issue.
Here, we show that non-locality plays an important role in setting the QSL of a part of
the system. In particular, we studied the effects of non-locality on quantum coherence
of a part of a bi-partite system. This, in turn, clarifies the role of quantum non-locality

on QSL and the intriguing connection between QSL and quantum coherence.

Let us consider a set of three non-commuting 2-dimensional observables, Ky, K9 and K3
for qubit. Then following our result in Eq.(8), one can easily derive a complementarity
relation for observable measure of quantum coherence for K;, Ko and K3 in qubit state

space. For any qubit state p, the relation takes a form

3
S G (o) < m, (4.21)
r=1

where m is any real number and depends only on the observables. Let us explain this

with an example. We consider an arbitrary observable K = ) r;.05. The skew

1=x,Y,2

information or the observable measure of quantum coherence of an arbitrary state p =

(I + > iy, Mi-0i), where 37, n? < 1 with respect to the observable K is given by

) ]2:(1— 1—|n|2)|ﬁ><ﬂ2

Ci(p) = —5Trlyv/p, K

-5 , (4.22)

where 7= (11, 72,73) and 7 = (n1,n2,n3). If we consider K; = %124—2%, Ky = 0, +20y

and K3 = I + 0y, it can be easily shown that the value of the quantity m = 10.

Now, we know that the evolution time bound for a state p; under a time independent
Hamiltonian H (Uy(t) = e 5 ) evolving to py = U (T)p1 U (T) at time T is given by

(see [77])

h 14
T>Ty(H,p1) = wa (4.23)

V2 s (o)
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where A(p1, p2) = Tr(/p1,/p2) is the affinity between the initial and the final state. Let

us redefine the affinity as A(p1, p2) = Au(p1).

Now, consider a bi-partite state pap shared between Alice (A) and Bob (B). To verify
Alice’s control, Bob asks Alice to steer the state of system B in the eigenbasis of K7,
K5 or K3. Bob measures the QSL of the conditional state of B, PAI, by evolving the
state under the unitary evolution governed by Ko or K3 in case of the claim by Alice
that she controls her state in the eigenbasis of K; and so on. Thus, using Eq. (4.21),

one can easily show that

2

-1
. cos™ Ak, (papme. . ) 2m
1 ploaze ) s#r < (4.24)
5 7; L S Tb(KrapA\H%#T) n

where r, s € {1,2,3} and a € {0,1}.

Violation of this inequality, for a set of observables Ki, Ko and K3 implies non-local
advantage on QSL achievable for the state. In particular, let us consider Werner state
pw = plUap)(Vapl + @IA ® IB. For the given set of observables, K, Ky and K3 if
one follows the protocol, one can easily show that the state never achieves the non-local
advantage on quantum speed limit although the state achieves the non-local advantage
of quantum coherence. On the other hand, if one used Ky = 0,, K2 = 0y and K3 = 0,

non-local advantage of QSL could have been achieved.

B B
Now, consider the maximally mixed two qubit state L2 %12 and the maximally entangled

pure two qubit state [¢)) = |10) + |01). For both of the examples, the state of Bob is

nothing but the maximally mixed qubit state % Still, for the second state, we can
achieve the non-local advantage of QSL or coherence on Bob by LOCC on Alice’s system

but this is not possible for the maximally mixed two-qubit state.

Conclusions

In this work, we use various measures of quantum coherence and we derive comple-
mentarity relations (4.4), (4.6) and (4.8) between coherences of single quantum system

(qubit) measured in the mutually unbiased bases. Using these complementarity relations,
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we derive conditions (4.11), (4.13) and (4.15), under which the non-local advantage of
quantum coherence can be achieved for any general 2-qubit bipartite systems. These
conditions also provide a sufficient criteria for state to be steerable. We also show that

not all steerable states can achieve the non-local advantage on quantum coherence.

Our results reveal an important connection between quantum non-locality and quantum
speed limit. One can show that not all steerable states or for that matter, not even
all states, for which non-local advantage on quantum coherence is achievable, can, in
principle, achieve non-local advantage on QSL. Only states, which can achieve non-local
advantage on observable measure of quantum coherence or asymmetry [118-120, 127]

can achieve non-local QSL for those observables.

We also show that our coherence steering criteria are monogamous in the sense that
when Alice and Bob share a steerable state, the state shared by Bob and Eve can always

be explained by a local hidden state model.

Omne important application of our results has been uncovered in the detection of Unruh
effects as well [166]. It has been shown that the equilibrium state of two accelerating two-
level atoms in an extended scalar field cannot achieve non-local advantage of quantum
coherence even if they start accelerating with a maximally entangled or steerable state
[166]. Instead of detecting a very small Unruh temperature directly or indirectly by

measuring a small geometric phase, it is easier to detect a vanishing quantity.

Note: When this article [167] first appeared on arxiv, Fan et al. presented a study on
the quantum coherence of steered states [168] around the same time. We consider our
works to be complementary: though examining a similar topic, our approaches are very
different (we consider steering from the existence of a local hidden state model rather

than from the perspective of the QSE formalism).

144
So Einstein was wrong when he said, "God does not play dice.” Consideration of black

holes suggests, not only that God does play dice, but that he sometimes confuses us by
)
throwing them where they can’t be seen. ——Stephen Hawking
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Chapter

Tighter uncertainty and reverse uncertainty

relations

4 )
Uncertainty is the most stressful feeling ——Anonymous

Introduction

Aim of this thesis has been to explore the connections of QSL with other properties of
states and evolution operators. To get further insight into the picture, it is important
to focus on the study of quantum uncertainty relations. It is well known that quantum
mechanics sets only the lower limit to the time of quantum evolutions |1, 77, 86, 87|. In
contrast to this belief, it is now expected that our state dependent reverse uncertainty
relations may also be useful in setting an upper time limit of quantum evolutions [169]
(reverse bound to the QSL) and in quantum metrology. Thus, the results of our paper
are not only of fundamental interest, but can have several applications in diverse areas

of quantum physics, quantum information and quantum technology.

The aim of this chapter is two fold. First, we show a set of uncertainty relations in
the product as well as the sum forms. The new uncertainty relation in the product
form is stronger than the Robertson-Schrédinger uncertainty relation. We also derive
an optimization free bound, which is also tighter most of the times than the Robertson-
Schrédinger relation. On the other hand, uncertainty relations for the sum of variances
are also shown to be tight enough considering the advantage that the bounds do not

95
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need an optimization. Second, we prove reverse uncertainty relations for incompatible
observables. We derive the state dependent reverse uncertainty relations in terms of
variances both in the sum form and the product form. Thus, the uncertainty relation is
not the only distinguishing feature but here, we show that reverse uncertainty relation
also comes out as an another unique feature of quantum mechanics. If one considers that
uncertainty relation quantitatively expresses the impossibility of jointly sharp prepara-
tion of incompatible observables, then the reverse uncertainty relation should express
the maximum extent to which the joint sharp preparation of incompatible observables is

impossible.

This chapter is organised as follows. First, we derive a set of new tighter, optimization
free, state-dependent uncertainty relations based on variances of two incompatible ob-
servables. We derive uncertainty relations for both the forms,—sum and the product
of variances for two observables in the next section (5.2). Second, we then derive re-
verse uncertainty relations for the sum and the product of variances (5.3) and at last we

conclude with the section (5.4).

Tighter uncertainty relations

For any two non-commuting operators A and B, the Robertson-Schrédinger uncertainty

relation [102] for the state of the system |¥) is given by the following inequality

2 2

(AAP(ABY > |L({A, BY) — (4)(B)

9

+ 54,8

(5.1)

where the averages and variances are taken in the state of the system |¥). This relation
is a direct consequence of the Cauchy-Schwarz inequality. This uncertainty bound is not
optimal. There have been several attempts to tighten the bound [103, 106-108, 170].
Here, we try to tighten the bound further and get another uncertainty relation. We

express the two observables A and B in their eigenbasis as A = ) . a;|a;)(a;| and B =
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> bilbi)(bi|. Let us define
(A-(4)=A= Zdi|ai><ai|a
and (B—(B))=B-= Zéi\biﬂbi\. (5.2)

We express |f) = A|¥) and |g) = B|¥) in the same basis as |f) = Y., an|ty,) and
l9) = >_,, Bnltn), where {|1,)} is an arbitrary complete basis. Using the Cauchy-Schwarz

inequality, we get

ARAB = (f11){ola) = 3 lonP1Bnl > (X lonlitnl)
= (Tlasl)” = (10014 (] Bw))
= (S iwagw)) (53)
where BY = [10,) (n|B, an = (| A|®) and B, = (| B|¥). We know that

(UIABY) = S (([4, BYl)w + ({A, By H)w).- (5-4)

One needs to optimize over various complete bases to achieve the tightest bound. Thus,

using the relation in Eq. (5.3) and (5.4), the new uncertainty relation can be written as
1 o o 2
AAZAB? > max (33 (A, Byl + ({4, Bl ha|) (55)

This uncertainty relation is tighter than the Robertson-Schrédinger [101, 102] uncertainty

relation given in Eq. (5.1). To prove that let us start with the Eq. (5.3)

(S rwasyw)” > |S(wlasyw)

2
)

:

- ‘Z@mmm (5.6)

where we have used the fact that | Y, z:|? < (32, |2i])?, 2 € C for all i. Here, the last
line in Eq. (5.6) is nothing but the bound obtained in Eq. (5.1). Thus, our bound is

indeed tighter than the Robertson-Schridinger uncertainty relation. This uncertainty
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FIGURE 5.1: Here, we plot the lower bound of the product of variances of two incompatible
observables, A = L, and B = L,, two components of the angular momentum for spin 1
particle with a state |¥) = cos6|1) —sin 6|0), where the state |1) and |0) are the eigenstates of
L. corresponding to eigenvalues 1 and 0 respectively. The blue line shows the lower bound of
the product of variances given by (5.8), the purple coloured plot stands for the bound given
by Schrodinger uncertainty relation given by Eq. (5.1) and the hue plot denotes the product
of two variances. Scattered black points denote the optimized uncertainty bound achieved by
Eq. (5.5).

bound in Eq. (5.5) needs an optimization over the sets of complete bases to obtain the
tightest bound. One can obtain an optimization-free uncertainty relation using the same

Cauchy-Schwarz inequality for real numbers. For that, we consider (say)

A2 = (4 — a;Fy ) |as) (ail

1,7
and B2 = Y (b~ biFy)2[bi) (bil, (5.7)
i,J

where Fy is nothing but the fidelity between the state |¥) and |z) (|z) = |as), |bs)),

F(|®),|z)) = [(¥|z)]>. Using the Cauchy-Schwarz inequality for real numbers, i.e.,

> a? Zj b? > (> a;b;)?, we obtain

AA’AB? > (Z,/F;i Fffj|diHBi>

where a; = (a; —Ej F;ja,j), b; = (b; — Z]. F\If,jbj) and the quantities \/Fy'a; and F\II’]I;Z

are arranged such that /Fg' ' a;41 > /Fg'a; and ng+lgi+1 > \/F\i’]gi. This is the

new uncertainty relation.

2
; (5-8)

Let us now show that the new uncertainty relation in Eq.(5.8) is tighter than the un-

certainty relation given by the Robertson-Schrédinger uncertainty relation (5.1). Using
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these, we define

1) = A) =) (ai|W)aila) = AA|UL)

i

and |g) = B|U) =" (b:V)bi|bi) = AB|WT), (5.9)
which imply a; = % and b; = %. The Schrédinger uncertainty relation

in Eq. (5.1) is nothing but given by

(Nl = (AXAB)Y =3 FyaiFyh > (/o))
1 > 1 2
= [30am - @] +| 5 m
= | St wacwing by bslon)] (5.10)

-2
which reduces to | Y, (a;|V)a;(V|b;)b;

, when the observables A and B are diagonal in
the same basis. Now, using the relation |, 2> < (3, ]2i])?, one can show that the

quantity

’Z ;| 0)a; (U (b

<Z\/ﬁ FYa b \) (5.11)

Therefore, our bound in Eq. (5.8) is tighter than the Schédinger uncertainty bound (5.1)

at least when the observables A and B are diagonal in the same basis.

As observed from the Fig. (5.1), the bound given by Eq. (5.5) is one of the tightest
bounds reported here but it needs optimization. The bound given by Eq. (5.8) is the
only bound, which is tighter than the other bounds most of the time and even surpasses

the bound given by Eq. (5.5) but yet does not need any optimization.

However, we know that the product of variances does not fully capture the uncertainty
for two incompatible observables, since if the state is an eigenstate of one of the observ-
ables, then the product of the uncertainties vanishes. To overcome this shortcoming,
the sum of variances was invoked to capture the uncertainty of two incompatible ob-

servables. In this regard, stronger uncertainty relations for all incompatible observables
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FIGURE 5.2: Here, we plot the lower bound of the sum of variances of two incompatible
observables;, A = L, and B = L,, two components of the angular momentum for spin 1
particle with a state |¥) = cos@|1) — sin0|0), where the state |1) and |0) are the eigenstates
of L. corresponding to eigenvalues 1 and 0 respectively. Green line shows the lower bound
of the sum of variances given by (5.14), blue dashed line is the bound given by (5.13), hue
plot denotes the bound given by Eq. (4) in [103] and the purple coloured plot stands for the
bound given by Eq. (2) in [108]|. Scattered red points are the uncertainty bound achieved
by Eq. (3) in [103]. As observed from the plot, the bound given by Eq. (5.15) is one of the
tightest bounds in the literature. The bound given by Eq. (3) in [103] is the only bound,
which surpasses at only few points.

were proposed in Ref. [103]. But, these uncertainty relations are not always tight and
highly dependent on the states perpendicular to the chosen state of the system. Here, we
propose new uncertainty relations that perform better than the existing bounds and need
no optimization. Similarly, we use the triangle inequality and parallelogram law for real
vectors to improve the bound on the sum of variances for two incompatible observables.

The triangle inequality provides

AA+ AB = \/Zagng + \/Zégng > \/Z (/P +13“/F§;)2. (5.12)

Thus, the uncertainty relation for sum of variances for two incompatible observables is

given by
~ 2
AN+ AB? 2 Y (an Fy + b/ Fy) — 20AAB = £,. (5.13)

Now, using the parallelogram law, one can derive another lower bound on the sum of

variances of two observables as

AA%+ AB? > ;Z (s Fo + b ng)z = L,. (5.14)
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FIGURE 5.3: Here, we plot the upper bound of the product of variances of two incompatible
observables, A = o, and B = crz, two components of the angular momentum for spin % particle

with a state p = 3 (12 + cos 2 az + f sin = 02 + = sin eaz) Blue coloured line is the upper

2
bound of the product of the two variances given by (5.17) and the hue plot denotes the product
of the two variances.

Therefore, we obtain a tighter lower bound on the sum of variances of two observables

by writing above two bounds collectively as

AA? + AB? > L, = max{L,, L;}. (5.15)

Reverse uncertainty relations

Does quantum mechanics restrict upper limit to the product and sum of variances of two
incompatible observables? In this section, for the first time, we introduce the reverse
bound, i.e., the upper bound to the product and sum of variances of two incompatible
observables. To show the reverse uncertainty relation for the product of variances of
two observables, we use the reverse Cauchy-Schwarz inequality for positive real numbers
[171-174], which states that for two sets of positive real numbers ci,...,cn, and dy, ...dy,
f0<c<g<C<oo, 0<d<d; <D< for some constants ¢, d, C' and D for all

i=1,..n, then

CD + ed)?
D cid; < ( 4ch;) (ZC@ 1) ‘ (5.16)

,J
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Using this inequality, one can easily show that for product of variances of two observables

satisfy the relation

2
AA%B?safb(Z\/F&? F&’ﬂmm), (5.17)
i
2
v (MgML+mgmb,)
such that Q, = Mg My mh, where
My = max{y/Fy'|ail},
ml, = min{\/Fgal),
MY = max{\/F\IIﬂlN)l-\},and
mY = min{y/Fo|b;|}. (5.18)

Now, let us derive another reverse uncertainty relation for the sum of variances using
the Dunkl-Williams inequality [171]. It is a state dependent upper bound on the sum of
variances. The Dunkl-Williams inequality states that if a, b are non-null vectors in the
real or complex inner product space, then

a

1 b
lla =8l = 5 (llall + lIo)1] _WH' (5.19)

lal]

Now, if we take a = (A— (A))|¥) and b = (B — (B))|V), then, using the Dunkl Williams

inequality we obtain the following equation

2A(A - B
AA+ AB < L, (5.20)
1— Cov(A,B)
AAAB

where, Cov(A, B) = $({A, B}) — (A)(B) is the quantum covariance of the operators A
and B in quantum state |¥). We know from the Schrédinger’s uncertainty relation that

AA?2AB? > Cov(A, B)? + 1|([A, B])|?, such that

Cov(A, B)
< —— =< 1. .
VIV L (5.21)
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FIGURE 5.4: Here, we plot the upper bound of the sum of variances of two incompatible
observables, A = 0, and B = 0., two components of the spin angular momentum for spin %

particle with a state p = % (Iz + cos gcrz + ? sin %O’Q + %Sin %02). Red coloured line is the

upper bound of the sum of the two variances given by (5.23) and the blue plot denotes the
sum of the two variances.
Thus, the quantity on the denominator in the square root is always positive. On the
other hand, one can also show that

Cov(A, B)
~AAAp V2 (5.22)

for non-trivial cases. Thus, we have AA + AB < A(A — B) in such cases, though this
is a weaker bound than Eq. (5.20). Therefore, by squaring this on the both sides, we

obtain an upper bound on the sum of variance as

Y
AA?yap? < 22UZB" o aunp. (5.23)
[1 _ Cov(A,B)]
AA.AB

Eq. (5.20) can further be written in terms of the commutator of A and B, by using the

Schrodinger’s uncertainty relation as

2
A2 yap < PBAZBY o aaap, (5.24)
1= /i JAE
4AA2AB?

which is a weaker version of Eq. (5.23). It is evident from the above equation, that the
lower bound fixed by the Schrodinger’s uncertainty relation, in turn also plays a major
role in determining the upper bound on the sum of standard derivations or the sum of

variances.



Conclusions

In summary, here we have derived tighter, state-dependent uncertainty relations both
in the sum as well as the product form for the variances of two incompatibles observ-
ables. We have also introduced state-dependent reversed uncertainty relations based
on variances. Significance of the certainty and the uncertainty relations is that for a
fixed amount of ‘spread’ of the distribution of measurement outcomes of one observable,
the ‘spread’ for the other observable is bounded from both sides. Such relations should
play important role in quantum metrology, quantum speed limits (QSL) and many other
fields of quantum information theory. This is due to the facts that (i) these relations are
optimization free (ii) state-dependent (iii) tighter than the most of the existing bounds.
Moreover, the reverse uncertainty relations in particular should be useful in setting an
upper limit to the time of quantum evolutions [169] and its relation with other properties

of states and evolution operators may be explored using these relations.
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Summary and future directions

{
Readers probably haven’t heard much about it yet, but they will. Quantum technology
)]
turns ordinary reality upside down. ——Michael Chrichton

In this thesis, we have studied the effects of various quantum information theoretic
resources on the speed of quantum evolutions to guage the role of these resources in
setting the speed of quantum evolutions. As mentioned earlier, this may help us to
understand how to control and manipulate the speed of quantum evolutions, quantum

thermodynamic engines, to distinguish quantum gates and in quantum metrology.

Existing speed limits were mainly theoretical constructions based on the geometry of
the quantum evolutions in the quantum state space with no experimental realization.
Whereas, this thesis contributes enormously to establish a connection between the speed
of quantum evolutions and the visibility of the interference pattern formed due to the

interference between the initial and the final state.

We also established an intriguing connection between the QSL and the observable mea-
sure of quantum coherence or the asymmetry of the state with respect to the evolution
operator. In particular, we showed that the bound to the time of quantum evolutions
increases with decreasing coherence or asymmetry of the state. Our result had also mo-
tivated Marvian et al. to show that any measure of QSL is nothing but a measure of
quantum asymmetry [130]. We showed how QSL behaves under the partial elimination

of quantum states and classical mixing.
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Moreover, we showed how the non-local nature of quantum correlation affects the speed
of quantum evolutions. It is well known that quantum uncertainty relations play an
important role in detecting the steerability of a quantum state by an another entangled
party. We, on the other hand, studied the role of quantum coherence and derived the
sufficient condition for the steerability of the state. This, in turn, provided us the neces-
sary and sufficient criteria for achieving the non-local advantage of quantum coherence.
From the already establish relation between the QQSL and quantum coherence, this cri-
teria led to develop the connection between the QSL and non-locality. We derived the
necessary and sufficient criteria for achieving the non-local advantage of QSL, which is

never possible to achieve by a single system.

Although we know that we can achieve the non-local advantage of QSL beyond what
could have been maximally achieved by a single system (the system which has a single
system description or LHS model), it is still not clear how to use it in practical situations
as a resource. Further study is needed for that purpose. But this thesis genuinely con-

tributes to understanding the effects of non-local nature in QSL and quantum metrology.

In QSL and quantum metrology, apart from the lower bounds in the time of quantum
evolutions or the error in measurements, we expect there to exist also the upper bounds.
But we are yet to set such bounds and study their properties. Particularly, as we have
mentioned before, how to manipulate such a bound and what are the resources that play
the role in manipulating them should have important technological implications as well

as fundamental implications in understanding the nature.

To address this issue, in the last chapter of this thesis, we derive a few state dependent
variance based reverse uncertainty relations in the sum as well as product forms. We first
start with the derivation of a few tighter uncertainty relations. One advantage of these
new relations as mentioned before is that they are optimization free and at the same
time tight enough. These new uncertainty relations show that the incompatibility of two
observables depends not on the non-commutativity but on the transition probabilities

between the state of the system and the eigenbases of the observables.

Most importantly, unlike previous tighter uncertainty relations, these new uncertainty

relations can be reversed. Thus, we provide here reverse uncertainty relations. We believe



that such relations may play an important role in setting the upper bound to the time

of quantum evolutions and the error in parameters in quantum measurements.

This thesis does not only focus and address the issues in QSL and quantum metrology but
also deals a few fundamental issues effectively. First, we have shown a direct connection
between the steering kind of non-locality and quantum coherence. It has fundamental
implications due to the fact that both of them have separate resource theories [68—
71, 84, 85] in quantum information theory. Second, we related the quantum coherence

or in particular, quantum asymmetry with QSL.

Apart from the fundamental implications, results from this thesis should have various
applications in quantum information theory. First, as mentioned before, it is very impor-
tant to study and understand the role of various properties of states and observables in
controlling the quantum thermodynamic engines. The theoretical development of faster
yet efficient thermodynamic engines is necessary. Second, the measurable bounds of QSL
should help us to distinguish the quantum gates. This is now inevitable to test this in
the experiments. Third, as we have already connected the two resource theories, steering
and quantum coherence (or asymmetry as well) in the bi-partite scenario, it is important
to study them in the multi-partite scenarios. Forth, apart from the lower time bound,
our results on the reverse uncertainty relations may help in setting an upper bound to
the time of quantum evolutions. It is well-known that there exists a trade-off relation
between the quantum non-locality (Bell) and quantum contextuality. Fifth, One should
also focus on to study the connection between the quantum contextuality and quantum

steering following our work presented in the chapter 4.
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