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1. Restriction map for Jacobi forms

Let N,k and m be positive integers and x be a Dirichlet charecter modulo N with
the property that y(—1) = (—=1)*. We use the notations My (N, x) and Si(N, x)
for the space of modular forms and the space of cusp forms respectively, of weight
k and character x for the congruence subgroup I'g(N) (for definition and other
details, we refer to Shimura’s book [Sh71]). We denote the space of Jacobi forms of
weight &, index m and character x for the Jacobi group Io(N) X Z? by Jim (N, X)
(for definition and other details, we refer to Eichler-Zagier’s monograph [EZ85]).

It is well known that any such Jacobi form ¢(7, z) can be (uniquely) written as

2m—1

¢(7,2) = Z hm,r(T)er{L,r(Ta z),

r=0
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with
0 (r,2) = 3 e2mimlngnir2nt ),
| nez
. ’r2
h/m7r(7—> e Z Cqﬁ(n, ,',.)627T7,(n—m)7—7
"27’::%/24771

where cy(n,7) denotes the (n,r)-th Fourier coeflicient of the Jacobi form ¢.
The (column) vector ©7(7, z) = (02, (7, 2))o<r<2m satisfies the following transfor-

mation property.
07([%,(0,0),1)(r, 2)) = ™" (7 + d) 2 U (7)0 (7, 2), (1)

b
for all v = ¢ J € SLy(Z). Here, Uy, : SLy(Z) — U(2m,C) denotes a
c

(projective) representation of SLy(Z).

The row vector h = (R, )o<r<2m satisfies the transformation property.

t

h(y7) = x(d)(cr + d)*h(r) U () 2)

b
for all v = (a d) € Io(V).
c

Let Dy : Jgm (N, x) — Mg(N,x) be the restriction map given by ¢(7, z) —
¢(7,0) and Dy be the differential operator

k02 0
P = (%@‘45)

which acts on holomorphic functions on H x C and takes Jacobi forms of weight k

(3)

Y
2=0

to cusp forms of weight k+42. More generally, one obtains modular forms of weight
k 4+ v from Jacobi forms of weight k by using certain differential operators D,
as discussed in [EZ85]. Then it is known that ®I" Da, : Jpm(N) — Mi(N) @
Sk2(N) @ ... B Skiom(N) is injective for k even. In this chapter, we study the
kernel of Dy in detail. We denote the kernel of the restriction map Dy for the space
of index m Jacobi forms on I'g(N) by Jim (N, x)°. When m = 1, T. Arakawa and
S. Bocherer [AB99, Theorem 2] provided two explicit descriptions of Ker(Dj):
one in terms of modular forms of weight £ — 1 and the other in terms of cusp

forms of weight k& 4 2 (by applying the differential operator Dy on Ker(Dy)). In
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a subsequent paper [AB03, Theorem 4.3], they proved that Dy is injective in the
case k = 2, m = 1 and gave some applications. In a private communication,
Professor Bocherer informed that one of his students gave a precise description
of the image of Dy & D in terms of vanishing orders in the cusps (k is an even
integer, m = 1). Based on this, he conjectured that in the case k = 2, one
can remove one of the Dy, from the direct sum @)Dy, without affecting the
injectivity. In Chapter 1, we give a partial generalization of the work of Arakawa
and Bocherer [AB99, AB03], to higher index. In particular, we prove Bocherer’s

conjecture mentioned above for m = 2.

1.1. The space of Jacobi forms of index 2

Throughout this section N = 2, or an odd square-free positive integer. Define a

_ 2b
(projective) representation of I'g(2) by pa(7) := (u11 + wiz) " U; (( 32 d>>’
c

b
for any v = ¢ g € I'o(2) with Us(y) = (wij)o<ij<a- We denote the space
c

of all vector valued modular forms on I'o(2V) of weight k& with character x and
representation py by VM (2N, x; p2). Let ¢ € Ji2(2N, x)°, i.e., ¢ is in the kernel

of the restriction map Dy. This gives us

0= Qb(T, O) = h270<7')92,0<7') + 2h271(7')92,1 (T) + h272(7')9272(7').

Define two new functions as

wol)i= 220, ()= 2200 ()

Since 03 ; has no zeros in the upper half plane, ¢y and ¢, are holomorphic on
the upper half plane. We prove that (p,, p2)t € VM, _1(2N, x; p2). Define & :=
02,1050 — 02,0051 and & := 03105 5 — 0205 ;. Proceeding as in [AB99, Proposition
2], we get that (&,&)" € VMs(2,x;(p;')!). Define a subspace of the space
Sk(2N, x) as follows.

SERN,x)° = {f € Sk(2N,X): [ = voot+p2&a with (g, p2)" € VMy_3(2N, x; p2)}-

We prove the following theorem.
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Theorem 1.1. There is a linear isomorphism
A2 . Jk,2<2N7 X)O — VMkfl(QNa X P2)>

given by ¢ — (pg, p2)', where py and @y are defined by (4). Further, the map
Dy : Jr2(2N,x) — Sks2(2N, x) induces an isomorphism between Jj (2N, x)°
and S7_,(2N, x)°. More precisely, we have the following commutative diagram of

isomorphisms:

Je2(2N, x)°

V Mj_1(2N, x; p2) Skia(2N, x)°

where the isomorphism in the bottom of the diagram is given by

(0, p2) = 8k(&owpo + Eatpa).

In [ABO3, Corollary 2.3], it was shown that there is no nonzero cusp form
of square-free level N and weight k which is divisible by n**~2(N7) (under the
condition that £ =4 (mod 12) or £ = 10 (mod 12)), where 7(7) is the Dedekind
eta-function. Using this result and Atkin-Lehner W-operator, we prove the fol-
lowing result as a corollary to Theorem 1.1. This confirms the conjecture made

by Bocherer partially in the case m = 2 (i.e., we can omit the operator Dy).

Corollary 1.2. For N = 2 or an odd square-free positive integer, the differential
map Dy @ D, is injective on Jy(2N).

1.2. A certain subspace of the space of Jacobi forms of
square-free index
Throughout this section m is a square-free positive integer and N is any positive

integer. Consider the following subspace of the space of Jacobi forms of index m

on ['y(mN):
Jim(MN,x) == {9 € Jym(mN,x) : hpm, =0 forall r#0,m}.

Denote the restriction of the space Ker(Dy) on this space by Jj . (mN, x)°. In this
section we study this kernel space. The purpose of considering this restriction is

to relate this kernel with index 1 kernel, which was studied in detail by Arakawa
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and Bécherer [AB99, AB03]. Note that Ji (N, x) = Jr1(N, x)-
Suppose that ¢ € J, (mN, x)°. Then 0 = &(7,0) = hpo(T)0mo(T) +
R (T)0m,m (7). We define a new function by

(7). ()

Since 0,0 and 0, ,, have no zeros in the upper half-plane, ¢ defines a holomor-

phic function in the upper half-plane. For a given m, we define the character

a b a bm a b )
Win ((c d>> = det (U1 ((c/m 4 ))),for any (c d) € I'o(m). We sim-

ply write w (as used in [AB99]) for wy. Let My(mN, x@,,) denote the space of all
modular forms of weight &k for I'o(mN) with character xi,,. We prove that the
function ¢ belongs to My_1(mN, x@y,). Define {(7) := (01,101 ¢ — 01,007 ,)(7) as
in [AB99] and &},(7) := &(m7). Define the space

SEMN, )" == {f € Se(mN,x) : /€ € My_s(mN, x@n)}.

We prove the following theorem.

Theorem 1.3. There is a linear isomorphism
NS 2 T (N, X)® — My (mN, @)

given by ¢ — ¢, where ¢ is defined by (5). The map Dy : Ji,(mN,x) —
Skr2(mN, x) induces an isomorphism between Ji  (mN, x)° and S;,,(mN, x)°.

Combining these two, we get the following commutative diagram of isomorphisms:

Jfm(mN, x)°

My _1(mN, XWp,) Sk 1o(mN, x)°

where the isomorphism in the bottom is given by ¢ — 4m?k&* .
Let Jgm(mN,v) denote the space of Jacobi forms of index m on I'g(mN)
with character v. The isomorphism diagram of Theorem 1.3 gives the following

corollary.

Corollary 1.4. The two kernel spaces Ji1(mN, x)? and J;,, (mN, xwnw)°? are

isomorphic.
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In [AB03, Theorem 4.3], it was shown that Jo1(N)? = {0} for square-free N.

Using this theorem with the above corollary, we get

Corollary 1.5. Let N be a square-free positive integer and coprime to m. Then
I3 (N, W, @)° = {0}

We know that the operator Dy @ Ds is injective on Ji1(N). Also by [ABO3,
Theorem 4.3], Dy is injective on Jy 1 (N) for square-free N. Now we deduce similar
kind of results for the space Ji ,,(mN) in the following two corollaries to Theorem

1.3. Using the fact that &, has no zeroes in the upper half-plane, we have
Corollary 1.6. The differential map Dy @ Dy : Jj,,(mN) — My(mN) @

Sk+o(mN) is injective.
By using the Atkin-Lehner W-operator W(m) and [AB03, Corollary 2.3|, we

have another corollary.

Corollary 1.7. The restriction map Dy : J5,,(mN) — My(mN) is injective,
when mN is square-free, i.e., J3, (mN)” = {0}.
We make some remarks concerning the subspace studied in this section.

Remark 1.8. Note that Theorem 1.3 reduces to [AB99, Theorem 2] in the
case of index 1. Moreover, Corollary 1.4 shows that there may exist isomorphic

subspaces in the space of Jacobi forms of different index.

Remark 1.9. The space J;, (mN,x) as defined above can be quite large for
some index. For example, if k is even and m is square-free, using [S05, Theorem
1] we show that dim Ji, (mN) > dim Ji (S La(Z)), for any positive integer N.

Remark 1.10. Suppose N is either 2 or an odd square-free positive integer. We
show that the space .J; ,(2NV, x) is isomorphic to the full kernel space Ji,2(2N, x)°.
Considering the kernel space J;; ,(2N, x)° as a subspace of Ji.2(2N, x)?, the image

of J;,(2N, x)? under A, in the isomorphism diagram of Theorem 1.1, is isomor-

phic to the space Mj_1(2N, xws) under the isomorphism (¢g, p2) — %(:
—90292,1) '
02,0

2. Correspondence between Jacobi cusp forms
and elliptic cusp forms

In [SZ88], N. -P. Skoruppa and D. Zagier constructed certain lifting maps (Shimura
type correspondence) between the space of holomorphic Jacobi cusp forms of in-

tegral weight and a subspace of cusp forms of integral weight, commuting with
the action of Hecke operators. Further, in [GKZ], B. Gross, W. Kohnen and D.
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Zagier constructed kernel functions for these liftings. By using these correspon-
dences, they obtained deep formulas relating to the height pairings of Heegner
points to the Fourier coefficients of holomorphic Jacobi forms. This correspon-
dence for higher levels (for subgroups of the full Jacobi group) was generalized by
B. Ramakrishnan in his thesis [BR89]. In [MR], the same results were obtained
by showing that the image of the Poincaré series under the Shimura map can be
expressed in terms of the holomorphic kernel functions for the periods of cusp
forms. In [KBO06], K. Bringmann following the method of Gross-Kohnen-Zagier,
generalized these liftings to holomorphic Jacobi forms of higher degree (in partic-
ular to holomorphic Jacobi forms on ‘H x CY9 with matrix index of size g, g = 1
(mod 8)) on the full Jacobi group. In [Sk88], Skoruppa introduced the concept
of skew-holomorphic Jacobi forms, which are holomorphic in z € C, smooth in
7 € H and have slightly modified transformation properties as compared with
the holomorphic Jacobi forms. A parallel theory analogous to the holomorphic
Jacobi forms can be studied in this case and in [Sk90, Propositions 1 and 2],
Skoruppa obtained a correspondence similar to the holomorphic case between
the space of skew-holomorphic Jacobi cusp forms (for the full Jacobi group) and
elliptic cusp forms of integral weight. In this correspondence, the image of the
space of skew-holomorphic Jacobi cusp forms lies in the orthogonal complement
of the image of the space of holomorphic Jacobi cusp forms. We notice that
in his thesis [M89], M. Manickam also obtainted the same results as mentioned
above for the skew-holomorphic case. As an application, he obtained estimates
for the Fourier coefficients of the Jacobi cusp forms (both holomorphic and skew-
holomorphic) by using the explicit Waldspurger theorem and the estimates for
the special values of the L-functions of the cusp form of integral weight derived
by H. Iwaniec [Iw87]. In Chapter 2, we give a generalization of the correspon-
dence obtained by Bringmann [KB06], Skoruppa [Sk90] and Manickam [M89] to
the holomorphic and skew-holomorphic Jacobi forms of higher degree and for

congruence subgroups.

First, we recall some basic facts about integral binary quadratic forms, gen-
eralized genus character, construction of elliptic cusp forms and Jacobi Poincaré
series. Let N,k,g € N, where ¢ = 1 (mod 8). Let M be a positive definite,
symmetric and half-integral g x g matrix (the last two conditions and g is odd
imply that %det(2M) is an integer). Let x be a primitive Dirichlet character
modulo Ny with N;|N and (Ny,det(2M)) = 1. For any complex number z and




X Synopsis

a non-zero real number ¢, we denote by e.(z) = e?™#/. If ¢ = 1, we simply write

e(z) instead of e;(z2).

2.1. Kernel functions for geodesic cycle integrals

Let | € N and A € Z(> 0) be a discriminant. For an integer p (mod 2l) with

A = p? (mod 4l), we define the following sets of integral binary quadratic forms.

Qin, = {Q(x,y) = azx® + bry + cy’la,b,c € Z,b* — dac = A,a =0 (mod l) and
b=p (mod 20)}

and
ANy, ={Q(z,y) € Qa,JA=0 (mod N12) and a =0 (mod IN;N)}.

Let Dy be a fundamental discriminant dividing A, coprime to N; and suppose
that both Dy and A/Dy are squares modulo 4. Following [GKZ], we define the
generalized genus character xp, : Qa, — {0,£1} by

Do) if Q = lal,b, ] with (a,b, ¢, Dy) =1,
XDO(Q) = ( ! ) [ ] ( 0)
0 otherwise,

where (%) denotes the Kronecker symbol. Here t is an integer coprime to D
represented by the form [aly, b, cly] for some decomposition [ = lly with [;, 15 > 0.
Then it is known that xp, is well-defined and is I'g(l) invariant on QA ,. For
details, we refer to [GKZ, Sect. I]. Also xp, is I'o({N) invariant on Q; nya,,. Let
Sk(N, x) denote the space of elliptic cusp forms of weight k& with respect to the

congruence subgroup I'g(N) and character x. For k > 2, define

FtN oo (T) = > X(0)xp,(Q)Q(7, 1) 7. (6)

Q(:[avbvc])eQZ,N,X,A,p

Following [GKZ], in [BR89], Ramakrishnan proved that fi; n .0, (T) € Sar(IN, x?)

and obtained its Fourier expansion.

For a cusp form f € So(IN, x?) and Q = [a,b,c] € Q; ny.a, , We define

o) i= [ fQ(-T. 1" dr, g
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where g is the image in I'g(IV)\'H of the semicircle a|7|*+bRe(7)+c = 0, oriented
from ’bgg/g to 4;;;/5 if a # 0 or if a = 0 of the vertical line bRe(7) + ¢ = 0,

oriented from —c¢/b to ico if b > 0 and from ico to —¢/b if b < 0. It is known

that this integral depends only on the ['((IN) equivalence class of Q). Further, we
define

TN x,A,0,D0 (f) 1= > X(€)x Do (@) N (f)- (8)

QEQ; Nx,A,p/To(IN)

Then the following holds.

Proposition 2.1. For f € Sy, (IN, x?), we have

2k—2
) () =1 f ) (9)
ilNQQk_QAk_% k,,N,x,A,p,Do y J RN, x,Ap,Do />

where iy denotes the index of I'o(IN) in SLy(Z) and (-,-) denotes the usual

Petersson scalar product for the space of cusp forms of integral weight on I'g(IV).

For more details of the above discussion, we refer to [St75, KZ84, K85, GKZ,
BR&9, KB04].

2.2. Holomorphic Jacobi cusp forms on H x C-1)

Let us denote by J,gjf}’(N , X), the vector space of holomorphic Jacobi cusp forms
of weight k, index M with respect to the generalized Jacobi group I')(N) :=
Lo(N) x (Z9Y) x Z91)) and character y (for the definition of holomorphic Jacobi
cusp forms, we refer to [EZ85, Z89]).

Poincaré Series : For n € Z,r € Z19 with 4n > M~'[r'] and k > g+ 2, define

a Poincaré series of exponential type by

Ponponn(T:2) = Y X(d) e"yuX(r,2)  (TeH,zeCH),
XeTJ Y (N)
(10)
(m.7) J 1 m o)
where e'™" (7-, z) = e(nT—i—rz) and Fgm = 0 1] (()7 M) |m €Z,u €79 .

For N = 1, Bocherer and Kohnen [BK93| studied this Poincaré series and for
level N with trivial character, it was studied by Bringmann [KKB04]. One has

PestNoyinr) € Jyar (N, x) and the Petersson scalar product on Ji'y7 (N, x) is
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characterized by the following (see [BK93, KB04]). Let

(1, 2) = Z co(m,re(mr +rz) € J,:?]\S}’(N, X)-

mez,rez(1:9)
am>M—1[rt]

Then, we have

(@, PemNxi(nr)) = AmpN Co(n,7), (11)
with
(9= 1)(k=9/2=D)=9T(k — g/2 — 1)
A — det M k—(g+3)/2 D —k+g/2+1 12
kM.D.N e T[I(1) - T3 (V)] (det M) D] , (12)

where D = 29" det(M)(M~[rt] — 4n).

For the sake of simplicity, we write P, ;) for Py arn .y (nr)-

2.3. Skew-holomorphic Jacobi cusp forms on H x C@1)

First, let us recall the definition of a skew-holomorphic Jacobi cusp form ([Sk88,
A93]). For any pair X = (v, (A, p)) € I'J(1) and any function ¢ on H x C,
define

ol yX(T,2)=e (M[/\]T +2X Mz — M[z+ At + p] n d> ler +d|™9(cT + d)_k+g
' cT

X¢(a7‘~l—b z+>\7'+u>’

ctr+d  er+d
(13)

b
where v = (a d> € SLy(Z).
c

Definition 2.2. A function ¢ on H x C@V is said to be a skew-holomorphic
Jacobi form of weight & and index M with respect to the Jacobi group I'J ()

and character Yy, if it satisfies the following conditions.

1. ¢(,2) is a smooth function in 7 € H and holomorphic in z € Cl9:1),

2. ¢li X (7, 2) = X(d)o(7, 2) for all X (: ((Z Z) ,(A,@)) e TJ(N),
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3. For each v € SLa(Z), ¢[; (7 (0,0)) has a Fourier development of the form
Z co(n,r)e(—=7 + %M*I['r’t]v +rz),

nez,rez(1,9)
40 <pm—1[rt]

=3

where 7 = u + 0.

The vector space of all such functions is denoted by J; ,,(N,x). For all v €
SLy(Z), if ¢ satisfies the stronger condition cy(n,r) = 0 unless 4n/N < M~t[r'],
then it is called a skew-holomorphic Jacobi cusp form. We denote by J; "3, (N, x),

the vector subspace of all such cusp forms.

Definition 2.3. For skew-holomorphic Jacobi cusp forms ¢ and ¢ on F; (N), we

define the Petersson scalar product as follows.

1
[Ty (1) : T (N)]

g

(6, 9) = / o7, 2T, 2)e~ M 02 dudvdady,
I'J(N)\HxC91)
(14)
where 7 = u +iv and z = x + 1y.
Poincaré Series: For n € Z,r € Z19 with 4n < M~'[r!] and k > g + 2, we

define the Poincaré series of exponential type by

Pisinpsn(T2) = > X(d)el" [ 3 X (7, 2) (reH,zeCloD)y,
XGF;.,”OO\F‘QI(N)

(15)
where e™"(7,2) = e(nT + IMr'lv + rz), 7 = u+dv. For any pair (n,r)
with the property that 4n < M~![rf], it follows that By vt Noxs(nr) € Jear DN, x)-
Proceeding as in [BK93], we obtain the Fourier expansion of the skew-holomorphic

Poincaré series Pk7 M.N i (nr) and prove that

<¢7 P]:,M,N,X;(n,r)> = >\k7M7D7N C¢(n7 T)’ (16)

where @(7,2) = Z co(n,r) e(nT + %M‘l[rt]v +rz) € Jhy (N, x) and
neZ,rez(Lg)
dn<M—1[rt]

Ai,m,p,n 1s the same constant as defined in the holomorphic case.
For the sake of simplicity, we write P(tw) for By, Noxi(nr)-

Now onwards we assume that k& > %.
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2710

t

Let ng € N, o € Z9) and Dy == — det(
To

"o such that Dy is a
2M

fundamental discriminant which is a square modulo %det(QM ) and coprime to
N;. We further assume that if p divides both det(2M) and Dy, p? must not divide
det(2M) if p # 2, p® must not divide det(2M) if p = 2 and Dy /4 is odd, p* must
not divide det(2M) if p = 2 and Dy/4 is even. Moreover, if p # 2, H m; 1s

(R
assumed to be a square modulo p, where the m; are chosen such that there exists

U € GLy(Z/pZ) with (2M)[U] = diag [mq, ms,...m,] (mod p), p|m;. Before we
proceed to the statement of results, we first give the definition of the lifting maps
between the space of Jacobi cusp forms of integral weight with matrix index and

the space of cusp forms of integral weight.

Definition 2.4. Let ¢ € Jzis%M(N, X)(resp. Jng}M(N, X)) be a holomorphic

(resp. skew-holomorphic) Jacobi cusp form of weight &k + %, index M, level N

and character y with Fourier expansion

1
o(r,2) = E co(m,r)e(mr+rz) | resp. g cop(m,r)e(mT + éM_l[rt]U +7z2)
mez,rez(1,9) mez,rez(1,9)
am>M—1[rt] am<M—1[rt]

For Dy < 0 (resp. Dy > 0), we define the (D, ro)-th Shimuramap on J;"7, | (N, x)

+1
+2,

*,CUSP
(resp. J°0h
k+gT7

(Vo x)) as follows.

Son(@0) =25 3 | Y @ (2 e (G B ) | etn) (e 30)

m>1 dlm

(17)

Definition 2.5. Let f € Sy (3 det(2M)N, x?) be an elliptic cusp form. For
Dy < 0, we define

Shom () 2) = arroenn 3 30 H(t)X0) (DT) b1

ng,'rgZ(ly!ﬂ t|N/N1
am>M—1[rt]

X Tyl det(2M),Nt,X,DoDthQ,p,DO(f)e<mT +12)

(18)
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and for Dy > 0, we define

Shor (D7) = anpna D D hl ( )t

mez,rez(1:9) t|N/Ny
4'm<1\/1_1 [rt]

ot
x T’fv%det(?M)’Nt,x,DoDN%tz,p,Do<f)e(m7 + §M Yrtlv 4 r2),

(19)

P N
where apy py, vy 1= (W) N, E[C(1)  T(N)i (%det(QM))NX(_DRﬂXyDO)
and recall that i; denotes the index of I'g(1) in SLy(7Z).

We prove the following theorem.

Theorem 2.6. Let I, (resp. 1, ) denote the (n,r)-th holomorphic (resp.
skew-holomorphic) Poincaré series of Welght k+ 9+1 , index M, level N and char-

acter x. For Dy < 0, we have

Sours (P 0) = B MO (50) 87 ol
t|N1

(20)
and for Dy > 0, we have

SDO To( )( 61@ Do, N1,x Z :u < ) tk lfk,% det(2M),¥,X,A,—p,DU (tw>’
T

(21)

_ x(=DR2(6Do) (N1 Do)~ 2 (h=1)! A _ 5 L .t
where Sy, po Ny = Py P A = DoDN? and p = —(ro(2M)*r*) Ny.

As a consequence of the above theorem, by using Proposition 2.1, (11) and (16),

we get the following theorem.

Theorem 2.7. Let

i’ J;isfﬂ (N,x) if Dy <0,
e *,CUus .
Jk+9—§p1,M<N’ x) if Do > 0.

Then, the function Sp, ., (¢)(w) is an element of Sy (3 det(2M)N, x?). If f is a
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cusp form in Sy (5 det(2M)N, x?), then

e | a0 i Dy <0,

e (NX) if Do > 0.

S*

Do,ro

*
Moreover, the maps Sp, ,, and Sp, .,

son scalar products, i.e., for all f € S(5 det(2M)N, x?) and for all ¢ as above,

are adjoint maps with respect to the Peters-

we have

<SD077“0(¢)’ f> = <¢7 S*Do,'r'o(f)>'
Remark 2.8. Put ¢ = 1det(2M) and assume that (¢,N) = 1. Let W, =
14
a B JHad — Nfy = 1,a = 1 (mod N),5 = 1 (mod ¢) be the Atkin-
(N~ o
Lehner W-operator on Sy, (¢N,x?). Then W, preserves the space Sa(¢N, x?)

and the operator x*(¢)W} acts as identity on Sa(¢N, x?). For details, we refer
to [AL78]. Define a subspace of Soi(¢N, x?) as follows.

SSEOUN, ) = {f € Sak(EN,X?) = fIWe = (=1 x(=1)x(0) f}.

When N = 1, the subspace Sé;t’e) (¢N, x?) coincides with the subspace S (£),
which was considered in [SZ88, GKZ, Sk88, Sk90, M&9]. Tt is easy to see that

Jret. N, p,00 |We = X(€) frt,N v, = p,Do -

Since
fk,Z,N,X,A,—P,Do - Sign(DO) (_ 1)kX(_ 1)fk,£,N,X,A’P,D0 )

we see that fi,ny.apD, € Séiign(DO)’Z) (N, x?). Therefore, the correspondence

given in Theorem 2.7 for Dy < 0 (resp. Dy > 0) is actually between the spaces
J;f%vM(N, x) and S5 (UN,X2) (resp. JZf%,M(N’ x) and SSY(EN, x2)).
Remark 2.9. When N =1 and Dy < 0, the conclusion of Remark 2.8 reduces
to [KB06, Theorem 3]. When N =1, g = 1, Dy > 0, our results (as mentioned
in Remark 2.8 reduces to [Sk90, Propositions 1 and 2] and [M89, Theorem 3.3.1].
It is interesting to note that an application of Theorem 2.7 (for the general
case ¢ > 1, g = 1 (mod 8) and g = 1) gives rise to a correspondence between
the space of holomorphic (resp. skew-holomorphic) Jacobi cusp forms of matrix

index and the space of holomorphic (resp. skew-holomorphic) Jacobi cusp forms
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of integer index.

Theorem 2.10. There exists a correspondence between the spaces J fo%’ Ve x)

(resp. JZ;:‘%’M(N, X)) and JI:TE% det(2M)(N’ X) (resp. J;ﬂf’gdet(QM)(N, X)) More-
over, the mappings are adjoint to each other with respect to the Petersson scalar

products.

3. Non-vanishing of Half-integral weight L - func-
tions

In [K97], Kohnen showed that a certain average of L-functions over a basis of
orthogonal Hecke eigenforms of integral weight & on SLy(Z) does not vanish in
large parts of the critical strip. As a consequence, he proved that for sufficiently
large k and any point s inside the critical strip not lying on the line Re(s) = k/2,
there exists a Hecke eigen cusp form of integral weight k on SLq(Z), such that the
corresponding L-function value at s is non-zero. In [Ra05], A. Raghuram gener-
alised Kohnen’s method for the average of L-functions over a basis of newforms
(of integral weight) of level N with primitive character modulo N. In Chapter 3,
we extend Kohnen’s method to the forms of half-integral weight.

Let N > 1, k > 3 be integers and ¢ be an even Dirichlet character mod-
ulo 4N. Let Si11/2(4N,v) be the space of cusp forms of weight k& + 1/2 with
character ¢ ([K097], [Sh73]). Let L(f,s) be the L-function associated to the
cusp form f € Spy1/2(4N,9) defined by L(f,s) = >, -, ag(n)n™°, where as(n)
denotes the n-th Fourier coefficient of f. Then by [l\rrlil\r'IR, Proposition 1], the
completed L-function defined by L*(f,s) := (2r)"*(v/4N)*T'(s)L(f,s) has the

following functional equation
L*(f|Han, k +1/2 = s) = L*(f, ), (22)
where Hyy is the Fricke involution on Sy1/2(4N, ) defined by

JIHan(7) = T2 AN) T A2 f (-1 JANT).

Let K be the operator defined by f|K(7) = f(—7). Since KHyy = HynK on
Sk+1/2(4N, 1)), we have f|(KHyn)* = f. For f,g € Sip12(4N,9), let (f,g)
denote the Petersson scalar product of f and g. It is known that the space
Sk+1/2(4N, ) has an orthogonal basis {fi, fo,..., fa} of Hecke eigenforms with
respect to all Hecke operators T'(p?), p f2N such that f;|KHyn = Ay, f; for all
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i =1,...,d, where d is the dimension of the space Si11/2(4N, ) and Ay, = £1.
Following the proof given by Kohnen [K97], we prove the following theorems.

Theorem 3.1. Let N > 1 be a fixed integer. Let { f1, fo, ..., fa} be an orthogonal
basis as above. Let rg € R and € > 0. Then there exists a constant C' = C(r, €)

depending only on 7y and e such that for £ > C| the function

doesn’t vanish for any point s = o + irg with k/2 —1/4 <o < k/2+1/4—€cor
E/2+1/44+e<o <k/2+3/4.

Theorem 3.2. Let k > 3 be a fixed integer. Let {f1, f2, ..., fa} be an orthogonal
basis as above. Let rp € R and € > 0. Then there exists a constant C" = C’(r, €)

depending only on 7y and € such that for N > C’, the function

doesn’t vanish for any point s = o0 + irg with k/2 —1/4 <o < k/2+4+1/4—cor
k/2+1/4+e<o<k/2+3/4

The following corollary is an easy consequence of the above two theorems.

Corollary 3.3. Let sg be a point inside the critical strip k/2 — 1/4 < Re(sg) <
k/2 + 3/4 but not on the line Re(sg) = k/2 + 1/4. If either k£ or N is suitably
large, then there exists a Hecke eigenform f belonging to Siy1/2(4V, ) such that

L(f,s0) # 0 and az(1) # 0.

Hence, we show that for any given point s inside the critical strip not lying
on the line Re(s) = k/2 + 1/4, there exists a Hecke eigen cusp form f of half-
integral weight k& + 1/2 on I'y(4N) with character ¢ such that the corresponding
L-function value at s is non-zero, and the first Fourier coefficient of f is non-
zero. It should be noted that the nonrmalisation of Fourier coefficients of forms
of half-integral weight is still an open question. Our results are obtained for N
sufficiently large if k is fixed and vice versa. In particular when N = 1, we observe
that for sufficiently large k, either f is a newform in the full space Sj1/2(4) or
f is a Hecke eigenform in the Kohnen plus space 52;1/2(4) = {f € Sky1/2(4) :
ap(n) =0 unless (—1)*n = 0,1 (mod 4)}.
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Chapter 1
Preliminaries

In this chapter we give some basic definitions and results that will be used in the

thesis.

1.1 Notations

Let N, Z, Q, R and C be the set of positive integers, integers, rational numbers,
real numbers and complex numbers respectively. For a,b € Z, we write a|b when b
is divisible by @ and @ (mod b) means that a varies over a complete set of residue
classes modulo b. For z € C, Re 2z denotes the real part of z and Im z denotes
the imaginary part of z. For any complex number z and a non-zero real number
¢, we denote by e.(z) = e¥™/¢, If ¢ = 1, we simply write e(z) instead of e;(z).
Let H = {7 € C: Im 7 > 0} be the complex upper half-plane. We denote by
q=¢e*" i=+/—1for 7 € H. For a commutative ring R, we denote the set of all
n X n matrices with entries in R by M, (R). The full modular group SLy(Z) is

defined by
b
SLy(Z) = {(Z d) GMg(Z):@d—bCzl}.

For a positive integer N, we define the congruence subgroup I'g(N) of SLy(Z) as

FO(N):{< ¢ Z) € SLy(Z):c=0 (mod N)}.

follows.

C

We denote by iy, the index of I'o(N) in SLy(Z).

Let k£ denote a non-negative integer and N be a positive integer.
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1.2 Modular Forms of integral weight

The group
b
GL;(]R):{( “ d> EMQ(R):ad—bC>O}
c
acts on ‘H by
b b
YT = Z::::d’ where v = ( Z d ) € GL;_(R) and T E H

b
Let f:H — C be a holomorphic function. For v = ( ¢ J ) € GL; (R) and a
c

non-negative integer k, define

Fliv(r) = (det 7)**(er +d) =" f(y7).

We omit the subscript k& whenever there is no ambiguity. Let f|yy(7) = f(7), for
all v € Tg(N). Then f is said to be holomorphic at all the cusps of I'g(N) if for
each v € SLy(Z), there exists a positive integer w., such that the function f|y

has a Fourier expansion of the form
flin(r) =Y _ay(n)g"*.
n=0
If in addition, the constant terms a.(0) are zero for all v € SLy(Z), then we say

10
that f vanishes at all the cusps. If v = 0 1) then w, = 1 and we write the

NE

Fourier expansion at the cusp infinity by, f(7) = » ar(n)q". We call af(n), the

Il
o

n
n-th Fourier coefficient of f.

Definition 1.2.1 (Modular form and cusp form of integral weight) Let x be a
Dirichlet character modulo N. A modular form of weight k, level N and character

X is a holomorphic function f :H — C such that

(1) fley(T) = x(d)f(7) for all v = < @

C

Z ) € [o(V),

(ii) f is holomorphic at all the cusps of T'o(N).
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If in addition, f vanishes at all the cusps, then we say that f is a cusp form.

The set of all modular forms (resp. cusp forms) of weight k, level N and
character y on I'o(N) form a C-vector space and we denote it by My (N, x) (resp.
Sk(N,x)). If x is a trivial character, then we write the space as M(N) (resp.

Se(N)).

Definition 1.2.2 (Petersson inner product) Let f, g € Si(N, x). The Petersson
inner product of f and g is defined by

<f,g>=% [ gt dud,

where Fy is a fundamental domain for the action of I'g(N) on H and 7 = u + iv.

Poincaré series: Let k£ > 2. For n € N, define the n-th Poincaré series in
Sk(N, x) as follows.

1 . B agT + b
Pein(T) = 5 > X(d)(er +d) e (n;—ﬂl()) : (1.1)
(c,d)ez?
(¢,d)=1,N|c

where in the summation above, for each coprime pair (¢, d) with N|c, we make a
fixed choice of (ag,by) € Z2 with agd — byc = 1. We have the following character-

ization of the Poincaré series.

T(k—1)

P o) = — )
<f’ k,N,x; > ZN(47Tn)k*1a‘f

(n), (1.2)

n

for any cusp form f € Si(N,x) with Fourier expansion f(7)= Z ar(n)q".

n>1

Definition 1.2.3 (Hecke operator) For any function f € My(N,x), the n'"
Hecke operator T'(n) on f is defined by

AT =1 5 et Y7 (0.

ad=n 0<b<d

The Hecke operator T'(n) maps the space My (N, x) into itself. It also preserves
the space Sk(N,x). Moreover, if (n, N) = 1, then T'(n) is a hermitian operator

with respect to the Petersson inner product.
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1.3 Modular forms of half-integral weight

For nonzero complex numbers z and x, let 2% = €167 logz = log |2| + i arg z,
—m < arg z < w. Let ( be a fourth root of unity. Let G denote the four-
sheeted covering of GLJ (Q) defined as the set of all ordered pairs (a, (7)),

b
where « <— (a d)) € GL3(Q) and ¢(7) is a holomorphic function on H such
c
that ¢?(7) = (2 CT+d . Then G is a group with the following multiplicative rule.

(o, o(7)) (B, 9(7)) = (B, d(BT)(7)).

For a complex valued function f defined on the upper half-plane ‘H and an element
(a, o(T)) € G, define the stroke operator by

Flirrzz2(e, (1) (1) = ¢(7) 7! f(a7).

We omit the subscript k 4 1/2 whenever there is no ambiguity. For I'g(4) and its
subgroups, we take the lifting I'g(4) — G as the collection {(«, j(c, 7))}, where
b _
a=" J € I'v(4), and j(o,7) = (£) () 1/2( + d)'/2. Here (£) denotes
c

the generalized quadratic residue symbol and (’74)1/ % is equal to 1 or ¢ according

as d is 1 or 3 modulo 4 respectively.

Definition 1.3.1 (Modular form and cusp form of half-integral weight) Let N
be any natural number and y be any even Dirichlet character modulo 4N. A
holomorphic function f : H — C is called a modular form of weight k& + 1/2 for
[o(4N) with character y if

flir2(7, (v, 7)(7) = x(d) f(7), for all y= (a

Cc

Z) € ['h(4N)

and f is holomorphic at all the cusps of I'g(4N). If further, f vanishes at all the

cusps, then it is called a cusp form.

The set of modular forms (resp. cusp forms) defined as above form a complex
vector space and we denote it by Mjy1/2(4N, x) (resp. Ski1/2(4N,x)). If x is a
trivial character, then the space is denoted by M 1/2(4N) (resp. Sgi1/2(4N)).
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Definition 1.3.2 (Petersson inner product) The Petersson inner product of any

two cusp forms f,g € Sii1/2(4N, x) is defined by

(f,9) = =S F(1)g(T)v* 3 dudv,

N JF,N

where Fy is a fundamental domain for the action of I'g(4/V) on H and 7 = u+iv.

Poincaré series: Let k > 2. We define the n-th Poincaré series in Si41/2(4N, X)

as follows.
1 on /4N FH12 ayr + b
Pri1/2anxn(T) = 3 X(d) (—) <—> (er+d)~FH1/2)e (n—) ,
2 (C;EZQ d d ct +d
(¢,d)=1,4N|c
(1.3)

where in the summation above, for each coprime pair (¢, d) with 4N|c, we make
a fixed choice of (ag, by) € Z* with agd — byc = 1. We have the following charac-

terization of the Poincaré series.

T(k—1/2)

k_l/gaf(n>7 (14)

P ) =

for any cusp form f € Sky1/2(4N, x) with Fourier expansion f(7) = Z ag(n)q".

n>1

Definition 1.3.3 (Hecke Operator) For any f(= Zaf(n)q”) € Mi11/2(4N, x)
n=0

and a prime p { 2N, we define the action of Hecke operator T'(p?) on f by

2 _ 2 (_1>k” k—1 2\, 2k—1 2\ 1
AT@) (1) = {ar(np®) + x(p) o )P ) + X as (P}

n>0
Using the properties
T(p*" ) = T(P)T(p™) = p™* ' T(P*" ), (n>1)

and T(n*m?) = T(n*)T(m?), (n,m)= (n,2N) = (m,2N) =1,

one can extend the definition of T'(n?) for any positive integer n which is coprime
to 2N.
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1.4 Holomorphic Jacobi forms on A x C1)

Let g be any positive integer and I'J(N) := T'o(N) x (Z x Z@V)) denote the
generalized Jacobi group. Let M be a positive definite, symmetric, half-integral
matrix of size g x g. For any pair X = (v, (A, 1)) € I'J(1) and any function ¢ on
H x C@Y define

SlemX(T,2) =e (M[)\]T + 2N Mz — Mz + A1 + u]ﬁ) (cr+d)™*
T

X¢(a7+b Z—i-/\T—i-,u>7

ctr+d  er+d
(1.5)

b
where v = <a d) € SLy(Z) and M[A] := AX*M X (¢t refers to transpose of vectors
c

and matrices).

Definition 1.4.1 (Holomorphic Jacobi form) Let x be any Dirichlet character
modulo N. A function ¢ on H x C@Y is said to be a holomorphic Jacobi form
of weight k and index M with respect to the Jacobi group Fg (N) and character

X, if it satisfies the following conditions.

1. ¢(r, z) is a holomorphic function,

2. PlemX(7,2) = x(d)p(r, 2) for all X (z ((Z Z) ,(A,u))) € F;]](N),

3. Foreachy € SLy(Z), there exist a positive integer w., such that ¢| (7, (0,0))
has a Fourier development of the form
n
Z cy(n, r)e(w—77'+rz).

nez,rez(l:9)
An —1t
dn > ML)

If ¢ satisfies the stronger condition ¢, (n,r) = 0 unless 4n/w, > M~[r], for all

v € SLy(Z), then it is called a holomorphic Jacobi cusp form.

10
Remark 1.4.2 1. If v = (O 1) then w, = 1 and we write the Fourier
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development, ¢(7,z) = Z co(n,r)e(nt +rz). We call cg(n,r), the

nez,rez(l:9)
an>M—1[rt]

(n,r)-th Fourier coefficient of the holomorphic Jacobi form ¢.

2. Sometimes we write simply Jacobi forms for holomorphic Jacobi forms if
there is no confusion. For g and N = 1, the above defines Jacobi forms and

Jacobi cusp forms of integer index as considered in [EZ85].

The set of all holomorphic Jacobi forms as defined above form a C-vector space
and we denote it by J (N, x). We denote by J'y7 (N, x), the vector subspace
of all holomorphic Jacobi cusp forms as defined above. If y is a trivial character,
then we write these spaces as Ji a7(IV) and J; 37 (N) respectively. For more details

about holomorphic Jacobi forms, we refer to [EZ85, Z89].

Definition 1.4.3 (Petersson inner product) For holomorphic Jacobi cusp forms

¢ and 1) on I'J (N), we define the Petersson scalar product of them as follows.

1
[Ty (1) : T7(N)]

g

(6, ) = / o(r, 2T, 2e~ ™M 12 dududady,
I'J(N)\HxC91)

(1.6)

where 7 = u +iv and z = x + 1y.

Poincaré series : For n € Z,r € Z"9 with 4n > M~'[r'] and k > g + 2, we

define the (n,7)-th holomorphic Jacobi Poincaré series of exponential type by

Pesnnn(T.2) = Y X(d) e™leaX (7, 2) (r € H,z € C@Y),

XEF;OO\FQJ(N)
(1.7)

where X = ((Z Z) ,(A,p)) Ty = { (([1) T) ,(O,Iu)) m € Z,pu € Z(g,l)}

and ™" (7,2) = e(nt + rz). For N = 1, S. Bocherer and W. Kohnen [BK93]
studied this Poincaré series and for level N with trivial character, it was stud-
ied by K. Bringmann [KB04]. Proceeding on the same lines as in the proof of
[BK93, Lemma 1], we have P~ x:(nr) € Jar (N, x) and the following Fourier

expansion.

Pk,M,N,x;(n,r) (7—7 Z) = Z gl:Ct,M7N,X;(n7T) (TL,7 T,) 6(7’LIT + T’,Z), (18)

n/EZ,r’EZ(Lg)
an/>M—1[r/t]
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where

Tert Ny (5T = Gt N sty (05 77) + X (1) (1) i vt n sy (0, —17)
and

Gk M N xi () (7 77) = Opr (i 1" + 2mi*(det QM)_% (D’/D)(k_g/z_l)/Q

( 9/ DD ) (1.9)

. / /

c¢=1,N|c

2 2 ! !
Here D := — det ner , D' = — det wer )
rt 2M r't 2M

1 if D'=D and ' =7( mod 2M - Z(19),

) (1.10)
0  otherwise

op(n,rn/ r') = {
and

Hypep(norin’ ') = ¢ Rege(—r' M) Y~ X(y)eo((Mz]+ra+n)g+n'y—r'z).

z(mod c¢)
y(mod c)*

(1.11)
In the above sum, z and y run over a complete set of representatives for Z(9-1) / cZ9Y)
and (Z/cZ)* respectively and 7 denotes the inverse of y (mod ¢). Also, J,.(x) is
the Bessel function of order r.
For the sake of simplicity, we write P, ;) for Py arn y:(n,r)-
The Petersson scalar product on J;y/(IV, x) is characterized by the following
(see [BK93, KB04]). Let

o(1,2) = Z co(m,r)e(mt +1r2) € J57 (N, x).

mEZ,TEZ(l’g)
am>M—1[rt]

Then, we have
(&, Pingy) = Mema,pnCo(n, ), (1.12)

with

\ 2(9—1)(k—9/2—1)—gp(k —g/2-1)
k7M7D7N = p— —
mh=o2AEY(1) - T (N))]

(det M)E=(9+3)/2| p|=F+a/2+1 = (1 .13)
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1.5 Skew-holomorphic Jacobi forms on A x C¥:

First, let us recall the definition of a skew-holomorphic Jacobi form ([Sk88, A93]).
For any pair X = (v, (A, p)) € I'J(1) and any function ¢ on # x C), define

ol X (1,2) =€ (M[/\]T +2X Mz — Mz + M + u]ﬁ) leT +d| (e + d)gilC
' T

% ¢ at +b 2+ AT+ p
ct+d  cr+d ’
(1.14)

where v = (a
c

Z) € SLy(Z).

Definition 1.5.1 (Skew-holomorphic Jacobi form) Let x be any Dirichlet char-
acter modulo N. A function ¢ on H x C@Y is said to be a skew-holomorphic
Jacobi form of weight k£ and index M with respect to the Jacobi group F‘; (N)

and character Y, if it satisfies the following conditions.

1. ¢(7, 2) is a smooth function in 7 € H and holomorphic in z € C9,

2. ¢lp X (7,2) = x(d)d(7, 2) for all X <: ((a Z) ,(A,u))) € F‘g](N),

C

3. For each y € SLy(Z), there exist a positive integer w, such that ¢[} ,,(7, (0,0))
has a Fourier development of the form
no_ . gy
Z cy(n,r)e(—T + §M [r'] Im 7 4+ rz).

w
nez,rez(1,9) v

An — 1t
wﬂ/SM [rt]

If ¢ satisfies the stronger condition ¢, (n,r) = 0 unless 4n/w, < M~1[r!], for all

v € SLy(Z), then it is called a skew-holomorphic Jacobi cusp form.

10
Remark 1.5.2 1. If vy = (O 1) then w, = 1 and we write the Fourier

development, ¢(1,2) = Z co(n,r)e(nT + %M—l[rt] Im 7+ 7rz). We

nez,rez(1:9)
an<M—1[rt]

call ¢4(n,r), the (n,r)-th Fourier coefficient of the skew- holomorphic Jacobi

form ¢.
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2. For g and N = 1, the above defines skew-holomorphic Jacobi forms and

Jacobi cusp forms of integer index as considered in [Sk88] and [Sk90].

The set of all skew-holomorphic Jacobi forms as defined above form a C-vector
space and we denote it by J;; /(N x). We denote the vector subspace of all skew-
holomorphic Jacobi cusp forms by J73P (N, x). If x is a trivial character, then

we write these spaces as Jj; ,(N) and J 7y, (N) respectively.

Definition 1.5.3 (Petersson inner product) For skew-holomorphic Jacobi cusp
forms ¢ and ¢ on I’ ;]7 (N), we define the Petersson scalar product of them similar

to the holomrphic case as follows.

1

e N\, A M[ylvT! k7g72d dvdzd
0T T g A7 P21 00 Sty

(0,9) =

(1.15)

where 7 = u + v and z = x + 1y.

Poincaré series: For n € Z,r € Z19 with 4n < M~[r*] and k > g + 2, define

the (n,r)-th skew-holomorphic Jacobi Poincaré series of exponential type by

P]:,M,N,X;(TL,T‘) (7—7 Z) = Z X(d)einm)lz,MX(Ta Z) (T € H, KAS (C(QJ))’
XGFE{@O\FQJ(N)

(1.16)

where X = ((Z 2) ,(A,u)) T = { (((1) T) ,(04;)) lm € Z,pu € Z(g,l)}

and eimr)(T, z) = e(nT + tM7'[r'] Im 7 + rz). Using the definition and the
absolute convergence of the series P Mnp(nr): W€ g€t the transformation for-
mula. Following [KB04, Theorem 3.27], one can compute the Fourier expan-
sion of Py /0 mleae (7, (0,0)) for all v € SLy(Z), from which it follows that
P vt Nos(nr) € Jear D(N,x). We prove the following lemma, which will be used

in chapter 3.

Lemma 1.5.4 (i) The Poincaré series Py vt noxi(nry has the following Fourier

n,r

exrpansion.

i b
l::M,N,X;(n,T) (T7 Z) = Z gk:E,N,X;(n,r) (n/7 T/>€(n/7-+§M 1[T/t] Im T+T’Z>7

n! ez, r! EZ(LQ)
an/ <M—1[r/t)

(1.17)
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where

*,74 * —qg %
gk,M,N,x;(n,r) (n/’ 7'/) = gk,M,N,x;(n,r) (n,7 71/>+X(_1)(_1)k ng,M,N,x;(n,r) (n/7 _T/)'

Here

Gt psnn (057) = Bug(n, i 7)o 2w 9 (det 200) 2 (D' D) 02702

( 2V DD!

. / / e —
X D Huealnmin! i)y | goonpe

c¢=1,N|c

(1.18)

where D, D', 6pr(n, 0/, r") and Hpypen(n,m;n',1") are defined in the holo-

morphic case (1.10).

(ii) Let $(r,2) = 3 coln,7) e(nﬂ%M*l[rt] Im 7472) € JESP(N, x).

nez,rez(l,9)
An<M—1[rt)

Then, we have
<¢7 P]:,M,N,X;(n,’!‘)) = >\’ﬁM7D7NC¢(n’ ’I“), (119)

where A\ arp,n S the same same constant as defined in the holomorphic
case (1.13).

Proof. To prove the above lemma, we proceed as in [BK93, Lemma 1].

Proof of (7). Let 7 = u+14v. As a set of representatives of I') _\I'J(N), we

take the elements

()= (6 ) o) () 00)

where ¢,d € Z with (c,d) = 1 and Nlc, A € Z9Y) and for each pair (c, d) we have
chosen a,b € Z such that ad — bc = 1. This gives us

c
ct+d

— gk
P]:,M,N,X;(n,r)(7-7 z) = Z xX(d)|er +d|(eT + d)g e (—M[z]

(c,d)=1,N|c
rez(9:1)

at +0b 1 at +b 1
+1rz

2N M
+ Zc7'+d+nc?—|—d Tc7'+d

v — %
ctr+d 2 [T]|c7'+d|2)'

)
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We now split the sum into the terms with ¢ = 0 and the terms with ¢ # 0. If

¢ =0, then a = d = +1, so these terms give

Z e((M[)\]+7°)\)T+nF+%M1 [r'u) [e((r+2X M) 2)+x(=1)(=1)*Ye((—r—2X"'M)z)]

AeZ(9:1)

>° Gulnyrinr)e(n'T+ M7 "o +172)

n! €, r! 62(971)
an/ <M —1[r't]

+ (=) (=) 985y (n,ryn/, = )e(n'T + %M‘l[r't]v —1'2)).
The terms for ¢ < 0 are obtained from those with ¢ > 0 by multiplying with

x(=1)(=1)*79 and replacing z by —z. Thus it suffices to consider the terms with
¢ > 0. Using the identities

ar+b a 1
cr+d ¢ clet+d)

1 ar +b 1 1 a
A= “ )+ 4
CT+dZ+CT+d c7'+d(z )+c 7

c
T 0 + MMz — — M = ——S a2 = 2A] + Sy
ct +d ct +d ct +d et +d c c

and replacing (d, ) by (d + ac, A + Sc), with the new d running (mod c¢)* and
A(mod ¢);a € Z, B € Z®Y) | we obtain for the terms with ¢ > 0 the contribution

- d 1
—k Y(d)e (M) A d A — =)\
> ¢ d@;@x( Jee (MI] + 7+ 1)) Fraroon (7 + 2,2 = <N,

¢>0,N|c
where
Fdei(nn) (T 2) = Z 7+ )7 +al P <_T + on[Z —A- A1+ a)

a€Z,3€7(9:1)

R Y )

v —— =
o1+ ) c T+a 7T+«

The function Fj ar,c;nr) (7, 2) has a Fourier expansion of the form

Z y(n' " )e(n'T + %Mﬁl[r't]v +1r'2),

n!/€Z,r' €Z(1:9)
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S iCl+Oo_g_k I 1 i L 1C'a4-00 1C'a 400
where ~(n',r") = 797 | Ye(—n'T z_LM [r"*](T — 7))

iC1—00 iCo—00 Cog—o0
-1 1 1 1 1
e (—M[z] +—rz— % + =M (: — —) — r’z) dzdr
T cT et 4 T T
(Cl > 0,02 € R)
Using
1
D =2""9(det M)~* <ZM_1[rt] - n)
and .
D' =271"9(det M)! (ZM_I[T”} - n’) ,
we get

1C1+00
' 1
y(n',7") :/ 7R 7| % <—1M1[r/t]7 +27179(det M) D'F

C1—oc0
D /1 1
+27179(det M)t (: — —>>

cA\7T 7

1Co+00 1C2+00 _1 n 1
></ / e(—M[z]—T+—7’z—r’z> dzdr.
; iCy—o0 T At ocr

Co—oc0

The inner multiple integral has been evaluated in the proof of [BK93, Lemma 1

(ii)], which is equal to

(det M)~/ (;)g esc(—r'M~'rt)e (n’T +27179(det M) ~? (D’T + —)) ,

i 2T
Therefore

y(n', ") =(det 2M) ™ 2equ(—r' M1

iC1+00 /2 D
X / (L)g TI7F 7|9 [ =271 9(det M) ( D'T + == ) | dr.
: 21 T

C1—o0

Substituting 7 — —7, we get

(', ") =(=1)F92(det 2M) V2 epe(—1' M~ 1rt)

1C1 400 /2 _D
X / (Z)g e (—219(det M)~ (—D’T v 2—)) dr.
i i 2T

Ci—c0

The integral in the right hand side of the above equation has been evaluated
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completely in the proof of [KB04, Lemma 1 (ii)]. Using this evaluation, we have

y(n',7") = 2mik~9(det 2M)~Y2(D' | D)R/2=9/4 12 k=9/2 L) (! MYy

™

N1/2
X Jr,2-1 (—29_1(det M)C(DD) > )

Thus we obtain for the terms with ¢ > 0, the contribution

omi*(det 2M) "2 (D'/D) " Ny (g 1) e (

c¢=1,N|c

2t DD’
det(2M)c

and finally this proves (i).

Proof of (ii). Let 7 = u+ iv. Using the standard unfolding argument, we have

7P* (n.r)) — / Tvzegkn’r) T,z
(02 Pt ot [T/(1) : TJ(N)] rg,oo\mcw(b( e

P92 Am Myl dudvdzxdy.
A fundamental domain for the action of I')  on H X C@Y can be taken as

{(1,2) e H x CYY .7 =y 4 iv,0

<u<l,v>0;
z=x+1y,0 <z, <

1for1/:17...,g,y€Rg},

here we have written ' = (x1,...,z,). Inserting the Fourier expansion of ¢ in

the above integral, using standard orthogonality relations and
/ e—4ﬂ(ry+M[y]v’1)dy = 279(det M)—1/209/267WM’1W]
R9

(see [BK93, Lemma 1 (i)]), we get

1

<¢7 P]:,M,N,X;(TL,T)) - [Fg(1> : F;(N)] (det 2M)_1/20¢(TL, T)

oo
—q/2—2 —21—9g —1
X/ ’Uk g/2 26 2179(det M) ﬂDUdU.
0

Using the definition of the gamma function, we get (). O

For the sake of simplicity, we write P(’;L’r) for Py, Noxi(nr)-




Chapter 2

Restriction map for Jacobi forms

2.1 Introduction

In this chapter, all Jacobi forms are holomorphic Jacobi forms and so we will
simply write Jacobi forms. Let m be any positive integer and Dy be the restriction
map from the space of Jacobi forms of weight k, index m on the congruence
subgroup I'g(N) to that of elliptic modular forms of the same weight on I'g(N),
given by ¢(7,z) — ¢(7,0). More generally, one obtains modular forms of weight
k + v from Jacobi forms of weight k, by using certain differential operators D,
(for N = 1, we refer to [EZ85]). Then it is a fact that &' (Da, : Jpm(N) —
Mi(N) & Sk12(N) @ ... & Sgrom(N) is injective for k even but when k > 4, it
is well-known that the map Dy is far from being injective. However, J. Kramer
[JK86], T. Arakawa and S. Bocherer [AB99, AB03] observed that when k& = 2 the
situation may be different. In fact, when m = 1, Arakawa and Bocherer [AB99)
provided two explicit descriptions of Ker(Dy): one in terms of modular forms of
weight k& — 1 and the other in terms of cusp forms of weight k+2 (by applying the
differential operator Dy on Ker(Dy)). In a subsequent paper [AB03], for square-
free level N they proved that Dy is injective in the case k = 2, m = 1 and gave
some applications. In a private communication to us, Professor Bocherer informed
that one of his students gave a precise description of the image of Dy & Dy in
terms of vanishing orders in the cusps (k arbitrary, m = 1). Based on this, he
conjectured that in the case k = 2 and N square-free, one can remove one of the
Dy, from the direct sum @] D, without affecting the injectivity property, for
any index m.

In this chapter, we generalize the results of [AB99] to higher index. In §2.3.1
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and §2.3.2, we consider the case m = 2 and show that Ker(Dy) is isomorphic to
the space of vector-valued modular forms of weight k£ — 1 and Dy(Ker(Dy)) is a
certain subspace of cusp forms of weight k£ + 2 and these two spaces are related
with each other by a simple isomorphism. In §2.3.3, we obtain the injectivity of
Dy @ Dy on Jy2(2N), where N = 2 or an odd square-free positive integer. This
confirms the conjecture made by Professor Bocherer partially in the index 2 case
(i.e., we can omit the operator D, from the direct sum ©2_D,,). In §2.4, we
consider a subspace of Ji,,,(mN, x), where index m is square-free and N is any
positive integer. We obtain results similar to [AB99] and prove the injectivity
of Dy on this subspace when k& = 2, mN square-free. In §2.5, we make several
remarks concerning the subspace studied in §2.4. The results of this chapter are
contained in [RS11].

2.2 Preliminaries

Let k£, m and N be positive integers and x be a Dirichlet character modulo N.

10 11 0 -1
Denote the matrices by s, by 7" and by S. It is
0 1 0 1 1 0

well-known that any Jacobi form ¢ € Jj,,(V, x) can be (uniquely) written as

2m—1

¢(7,2) = Z hm,T(T)Hr{z,r(7—7 z).

r=0

Here
07 (1,2) = 3 eRmimllntairezlnt5)s),

m,r
neL

2
R (T) = Z c¢(n,r)62m(”_m)7,

.
where c4(n,r) denotes the (n,r)-th Fourier coefficient of the Jacobi form ¢ and
0:),..(7, z) is the Jacobi theta series.
The (column) vector ©7(7, z) = (6], .(T, 2))Jo<r<2m satisfies the following transfor-

mation rule.

ar+b 2z i 1
e’ (CT A d> = e¥™merta (et + d)2Um(7)@J(T, z), (2.1)
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8

b
for all v = (a d) € SLy(Z). Here, U, : SLy(Z) — U(2m,C) denotes a
c

(projective) representation of SLs(Z). In the cases m = 1 and 2, it is given by

6771'1'/4
am = (3 9) me = (1),

1 0 0 0 1 1 1 1
0 vi 0 0 w4l ]~ —1 g
L P T R e el PR
0 0 0 Vi 1 i -1 —i

Using the transformation property of the Jacobi form ¢ with (2.1), we get the

following transformation property for the row vector h = (A, )o<r<2m-

h(y7) = x(d)(er + d)* 7h(7)Tn(7)' (2:2)
b
for all v = (a ) € L'o(N).
c d
a b a bm
For any v = J € T'o(m), let v, denote the SLy(Z) matrix |
C —_
Let the matrices (u;;)o<i j<2m and (u] i1 )o<i j<1 Tepresent U () and Uy (7,,) respec-

tively. We have the following relations.
9;{170(7', z) = Hio(mT, mz) and Qim(T, z) = Hil(mT, mz). (2.3)

a b

Using the above relation, for any v = ( d) € To(m), we get the following

c
transformation property.

Q}In,o ar+b =z
Q;Lm ct+d er+d

(o) (s )

2m’m¢ 1 9';7]10
= e errd (et + d)2Up () 0“’7 (1, 2).

m,m

(2.4)

Comparing the transformation properties given by (2.1) and (2.4) for the action

of v € Ty(m), we get two linear equations in (6.

- )o<r<am as follows.
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(o0 — ug)0rn0 + (tom — UG )0+ Y U0 = 0; (2.5)
i#0m

(umo — ui9)00 o + (W — i) 00 + Z umﬁ;{m = 0. (2.6)
#0m

Since the set {0, . }o<r<2m is linearly independent over C, we have

m m . .
Upo = Ugg, Uom = Ugp, Uo; = 0 for all j # 0,m;

m m -
Umo = UGy Umm = UL, Uy = 0 for all j # 0,m.

b
Now, for any v = ¢ y € T'y(mN), the above observation for U,,(y) with
c

(2.2), give us the following transformation property.

We will denote Qi’r(T, 0) by Opmr(7). Let n(r) = e2miT/24 H e2minT)
n>1

the Dedekind eta function. One has,

1 (2r) = S 0(7)1(7) (Z(—meWT)
nez

(see [R73, (78.4) and (78.6)]). The above identity implies that ¢, o and 6;; have
no zero in the upper half-plane. Using (2.3), 0,,0(7) = 61 0(m7) and 0, ,,(7) =
61 1(m7) for any m and hence 6,, ¢ and 6,, ,, also do not have any zero in the upper
half-plane. For a given m, we define the character w,, on I'y(m) by wp,(vy) =
det(Uy(vm)),y € To(m). We will simply write w (as used in [AB99]) for w;.
Define,

§(1) = (011015 — 01001 1)(7). (2.8)

It is known that the function £ is a cusp form of weight 3 for SLy(Z) with
character w and it is equal to —min® ([AB99, Proposition 2]). Since the Dedekind
eta function 7 does not have any zero in the upper half-plane, the same is true
for £. Define,

En(T) = (Qm,mein,o - 9m7097ln,m)(7_)' (2.9)
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Then &4, (7) = &(m7) and hence it is a cusp form of weight 3 for I'g(m) with
character w,, and it has no zero in the upper half-plane. We will simply write £
for &7.

Let Dy : Jim(N,x) — Mi(N, x) be the restriction map given by

¢(7,2) = ¢(7,0)

and Dy be the differential operator

k02 0

Dy = | ——=— —4—
? (27rz' 022 87)
which acts on holomorphic functions on H x C. We denote the kernel of the
restriction map Dy : Jgm(N,x) — Mi(N, x) by Jem(N, x)° and call it kernel

space. Let us assume that x(—1) = (—=1)* (otherwise My (N,x) = {0}). Then

one has hy,,, = hpom—r forall r =1,... m.

2.10
2:07 ( )

Definition 2.2.1 (vector valued modular form) Let p : I'o(N) — GL(2,C)
be any representation. A vector valued modular form on I'y(N) of weight k
with character y and representation p is a column vector (f1, f2)" of holomorphic

functions on the upper half-plane H satisfying the following conditions.

1 (jﬁ) (y7) = x(d)er + o) @ (r) for all 7 = (Z Z) £ To(V),

2. f1 and f5 both are holomorphic at all the cusps of I'g(V).

If further, f; and f; both vanishes at all the cusps, then (f1, f2)" is called a vector

valued cusp form.

2.3 The space of Jacobi forms of index 2

Throughout this section we assume that N = 2, or an odd square-free positive
integer. In this section, we study the kernel of the restriction map Dy for the
space of index 2 Jacobi forms on I'g(2N) in detail and deduce the injectivity of
Dy @ D, in the weight 2 case.
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The action of Uy on the generators of I'y(2) is given as follows.

—i 0 0 0 1 0 0 0
0 0 0 —i 0vi 0 0

Uy(—1I,) = . Uy(T) =

(1) 0 0 —i 0 2(T) 00 —1 0
0 —i 0 0 0 0 0 Vi

and
1+7 0 1—4 0

s 1l 0 1—i 0 1+
BETS =512 0 140 0
0 1+ 0 1-—2

Therefore, for any v € I'g(2), the matrix Us(y) will always look like (w;;)o<i j<4
with u;; = 0 unless ¢ 4+ j is even. Using this observation with (2.1), One has
Uiy + w13 = ugy + ugs, since Oy = 03 and 0 has no zero in the upper half-
plane as 6,1 (7) = 361,1(7/2). This gives us a (projective) representation of I'y(2)
defined by

p2(7) = (uny + u13) " U1 (72), (2.11)

20 b
where v, = ¢ € SLy(Z) for v = ¢ € I'o(2) (as in §2.2).
c/2 d c d

2.3.1 Connection to the space of vector valued modular

forms

We start now from a Jacobi form ¢ € J;2(2N, x)°, i.e., ¢ is in the kernel of the

restriction map Dy. This gives us,
0= qf)(T, 0) = h270(7>9270(7') + 2h271(7)9271(7') + h272(7')0272(7'). (212)

Define two new functions as follows.

oo(r) == Z—() oa(r) = Z—<> (2.13)

Since 627 has no zero in the upper half-plane, ¢, and ¢, define holomorphic

functions on the upper half-plane.
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Proposition 2.3.1 With py and ¢y defined as above, (o, v2)" is a vector val-
ued modular form on T'y(2N) of weight (k — 1) with character x and represen-
tation py. (We denote the space of all such vector valued modular forms by
VMy—1(2N, x; p2).)

Proof. We have to check the transformation property and holomorphy condition

a b
at the cusps. First we check the transformation property. For any v = J €
c

['o(2N), using (2.7) for m = 2, we have

(ho,0, ho2)(v7) = X(d)(eT + d)*2 (hag, hao) (1)UL (1),

a

where v, =
V2 (c /2

2b
d) (as in §2.2). For (¢g, p2), this means

02,1 (77) (90, 92) (77) = x(d) (e + d)* 2021 (1) (20, 02) (7)1 ()"

Using 051(77) = (w11 + wig)(cr + d)205,(7) and 021(7) # 0 for 7 € H, we

obtain the following transformation property:

(v0, 02)(77) = X(d) (T + d)* (90, 02)(T)p2(7)" (2.14)

It remains to investigate the behaviour of o and ¢, at each cusp of T'g(2N).
A complete set of cusps of I'g(2N) is given by the numbers ¢ where ¢ runs over
positive divisors of 2V and for a given ¢, a runs through integers with 1 < a < 2N,
ged(a, 2N) = 1 that are inequivalent modulo ged(c, 2%). Since N is either 2 or
an odd square-free positive integer, we can assume that all the cusps of I'o(2N)

are 0o, 0 and % with ¢|2N, ¢ # 1,2N. Choose any cusp s from the above list.

Case 1: Suppose s = 0. If ¢ € Ker(Dy) then we have the following.

0= ¢(T> 0) = Z c¢(n, T)Qn = Z Z c¢(n,7‘) q".

n,reZ n=20 \reZr2<8n
7‘2§8n

Therefore for every integer n > 0, Z co(n,r) = 0. In particular taking n =

reZ,r2<8n

0 we get ¢4(0,0) = 0. Therefore, hyo(7) = Zc¢(n,0)q” = qz%(n,O)q”_l.

n=>0 n>1
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Also we have hos(T) = Zc¢(n, 2)q"7% = qéchﬁ(n, 2)¢" " and 6 (7) =

n)% n>1

ZqQ(”%)Q = ¢s Zq(2”2+"). The g-expansion of 6, starts with ¢!/ whereas
neL nez
the g-expansions of heo and hyo start with ¢'/? and ¢ respectively. There-

: : h h :
fore the ¢ expansions of the functions pg = 72 and ¢, = 322 contains only

non-negative powers of ¢ and hence they are holomprphic at the cusp oc.

b
Case 2: Suppose s # oo. For s = 0 and % choose the SLy(Z) matrix g = ¢ d)
c

as S and ST~¢S respectively, which takes oo to s. Using (2.12) and (2.13), we

have

(e + d) 3 (—=2hy1 (g7)) = (c7 + d) 2 (20(97), 92(97)) (B20(g7), B2,2(g7) )"
= (cm + d) " (pol(g7), 2(97))
X (eT + d)_%(ﬁg,o(gr), 02.2(g7))".

For the choice of g, Us(g) will have non-zero entries at the (0,0)-th place and
the (2,0)-th place since either g is S or 2||c or ¢ is odd. Using (2.1), we see that
(et + d)’%(eg,o(gr), 62(g7))" tends to a column vector having each component

M po(g7), p2(g7)) tends
to a finite limit as Im 7 goes to oo, since hy; is holomorphic at all the cusps. [

non-zero as Im 7 tends to co. This shows that (c1+d)

Conversely, let (g, p2)" be a vector valued modular form in VM;,_1(2N, x; p2).

Then, we obtain

O(7,2) = o(T)02,1(7)03 (7, 2) — %(90092,0 + ©2022)(T) (031 + 03 5) (T, 2)

+ ©2(7)02,1(1)05 (7, 2).

(2.15)

Using the transformation properties of (g, p2) and 6 functions for I'((2N), we
see that ¢ € J;2(2N, x)°.

Thus, we have obtained the following theorem.

Theorem 2.3.2 There is a linear isomorphism
Ayt Jep(2N,X)° — VM1 (2N, x; p2),

given by ¢ — (o, v2)t, where po and po are defined by (2.13).
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2.3.2 Connection to the space of cusp forms

Let Dy be the differential operator as defined in (2.10) and ¢ € Ker(Dy) be of
the form given by (2.15). Then, using the differential equations

2
%e;{” = 4m(2m’)§0;7]” for r € {0,1,...2m — 1}, (2.16)
z ’ T ’

we obtain, DQ((b) = Rk (@0(‘92716570 — 0270(9;&) + @2(92719572 — 62’20/271)) .

Define
fo = 92719570 — 62’00/271 and 52 = 02719;72 — 92729é71. (217)

Then, we have
D2(¢) = 8]{:(%007 902)(507 52)t- (218)

b
¢ d) € I'y(2), we have

Proceeding as in [AB99, Proposition 2|, for any v = (
c

(60,62)(y7) = (e7 + ) (&0, &2)(7) (p2(7)) " (2.19)

Analysing the behaviour of & and & at the cusps of I'y(2), we find that the

column vector (&, &) is a vector valued cusp form. Define the space

5;3”(2]\7, X)O
= {f € Sp+22N, x): [ = poéo + 262 With (@0, p2) € VM_1(2N, x; p2)}-

We summarize the results of §2.3.1 and §2.3.2 in the following theorem.

Theorem 2.3.3 The map Dy : Jy2(2N, x) — Sk2(2N, x) induces an isomor-
phism between Jy2(2N, x)" and Sp,,(2N,x)°. More precisely, we have the fol-

lowing commutative diagram of isomorphisms:

Jk,2(2N7 X)O

V M;,—1(2N, x; p2) St2(2N,X)°,

where the isomorphism in the bottom of the diagram is given by

(0, p2) = 8k(&owpo + Eatp2).
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2.3.3 Injectivity of Dy @ D,

In this section, we shall prove the injectivity of the operator Dy & D, in the
weight 2 case, that is, on the Jacobi form space Jy2(2NV).
Let ¢ € Jr2(2N,x) such that Dy @ Dy(¢) = 0. Since ¢ € Ker(Dy), so by
(2.18) we get

Dy(¢) = 8k(wolo + p282),

where ¢y and @9 are defined by (2.13). Using the assumption that ¢ € Ker(D,),
we obtain Dy(¢) = 8k(woo + p2£2) = 0. Define a new function,

U =g =20 (2:20)
If for any 7 € H, &(7) = &(7) = 0, then the definitions of & and & implies
that 65,&5(7) = 0 (& is defined by (2.9)), which is not true. Therefore, the
function 1 is holomorphic in the upper half-plane.
Let v € To(2N). Using (2.14) and (2.20), we have the following.

O(y7) (€2, =€) (77) = x(d) (eT 4+ d)*1p(7) (€2, —€0) (T) p2(7)".

Using (2.19) and the non-vanishing of & and & at any point in the upper half-

plane, we have the following transformation property.

wa(7)

(s + w1a)? (e1 4+ )4y (7). (2.21)

Y(y7) = x(d)
We prove the following theorem.

Theorem 2.3.4 For N = 2 or an odd square-free positive integer, the differential
map Dy & Dy is injective on Jy2(2N).

Proof. Let ¢ € Ker(Dy @ Ds). Let 1 be the function defined by (2.20) as-
sociated to the given weight 2 Jacobi form ¢ in the kernel of Dy & D,. Using
(2.17), (2.20) and the holomorphicity of ¢q, 2 at the cusps of I'y(2N), we get the
holomorphicity of the function ¢ at any cusp of I'g(2N).

When N = 2, consider the function ¥£&5, which is a weight 4 cusp form on I'g(4).
Since Sy(4) = {0}, we get ¢ = 0.

When N is an odd square-free positive integer, consider the function ¥&(&5)3,

which is a weight 10 cusp form for T'y(2N). Since &(7) = —min®(27), the cusp




§2.4. A certain subspace of the space of Jacobi forms of square-free index 25

form ¢(&)? is divisible by 7'®(27). Since (2, N) = 1, the Atkin-Lehner W-
operator W (2) is an isomorphism on the space Sio(2N) (see [AL78, Proposition
1.1]). Applying W(2) on the function £(&5)3, it follows that this function is
divisible by 7n'®(7) (since n'8(27)|W(2) is a constant multiple of 7'¥(7)). In
[AB03, Corollary 2.3], it was shown that there is no non-zero cusp form of square-
free level N and weight k,k = 10 (mod 12), which is divisible by n**=2(NT).
After applying the Fricke involution W(N) this corollary says that there is no
non-zero cusp form of square-free level N and weight k, k = 10 (mod 12), which
is divisible by n**~2(7). Using this result for k= 10 we have £(&5)? = 0, since
2N is square-free. Therefore, 1 = 0. Using (2.20), we get that ¢y = wo = 0 and
hence ¢ = 0. U

2.4 A certain subspace of the space of Jacobi
forms of square-free index
Throughout this section m is a square-free positive integer and N is any positive

integer. Consider the following subspace of the space of Jacobi forms of index m
on I'y(mN):

Jim(MN,x) == {0 € Jym(mN,x) 1 hp, =0 forall r#0,m}. (2.22)

For index 1, the full space of Jacobi forms Ji 1 (N, x) is the same as J;;; (N, x). In
the case of index 2, we will relate this subspace with the kernel space J; 2(2N, x)°
(as studied in §2.3) in §2.5. Denote the restriction of the space Ker(Dy) on
this subspace by J;;,,(mN, x)°. In this section we study this kernel space. The
purpose of considering this restriction is to relate this kernel with index 1 kernel
Ji1(N, x)°, which was studied in detail by Arakawa and Bocherer [AB99, AB03].

2.4.1 Connection to the space of modular forms

Suppose ¢ € Ji,,(mN, X)°. Then, we have

O = QS(T, 0) = hm,() (T)0m70(7') + hm,m(T)Qm,m (7')
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Define a new function by
hm _hm m
D _mm (2.23)

v em,m em,O

Since 0,, o and 6,, ,,, have no zero in the upper half-plane, ¢ defines a holomorphic

function on the upper half-plane H.

b b
For any v = ¢ € [oy(mN), let v, = @ m (as in §2.2). Taking
c d c/m d

transpose of the both sides in (2.7), we get the following transformation property.

t

(R0 (Y7)s B (77)) = X(d) (€T + A)* 2 (R0 (), P (7)) T2 (i)

Proceeding as in the proof of [AB99, Proposition 1] and using (2.4), the above

equation gives the following transformation property:

p(17) = X()@n () (eT + d)* (7). (2.24)

We now study the behaviour of ¢ at the cusps of I'o(mN). We can assume
that all the cusps of I'o(mN) are of the form ¢, ged(a,c) = 1 and ¢ varies over
positive divisors of mN. For such a cusp s = ¢, let a be the ged of m and c.

Since m is square-free, we have ged(a,c) = 1. Consider the SLy(Z) element

c
«

goo = 2. Let us denote *d’ by d. Now, we have

b
g = (a e where b and d’ are integers such that a%d’ — be = 1. One has

(e + d) 2 (ho(97), B (97)) = (er +d) 3
@

=0
Since (8 1) gt = ¢'7', where ¢’ = ( « d’) € I'g(a) and 7" = =7. Using
c

(2.4), we get

(e + d) 2 (hyno(97), B (97)) = (a/m) 2 (e + d) ™ p(gT)
X <9a,0(%7)7 ea,a(%T))Ul (9;)t S,
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am/a bo

where ¢/, = . The left hand side of the above equation remains

clad

bounded for Im 7 — oo, because hy,o and hy,, ., are modular forms. On the
other hand, the term (fa0(27), 00 (27))Ui(g,)" S in the right hand side goes
to a row vector, which has atleast one non-zero entry as Im 7 — oo. Therefore
(e 4+ d)~**1p(g7) remains bounded for Im 7 — oo and hence ¢ is holomorphic
at the cusp s = 2. This shows that the function ¢ is a modular form of weight
k — 1 for To(mN) with character x@,, (we denote the space of all such modular
forms by Mj_1(mN, x@&,)).

Conversely, starting with a modular form ¢ € My_;(mN, xW,,), we obtain a

Jacobi form

AT, 2) = (T) O (T)0;,0(T, 2) = Ornio(T)037 1 (7, 2)), (2.25)

which belongs to Jj;, . (mN, x)°.

We summarize the results of this subsection in the following theorem.

Theorem 2.4.1 There is a linear isomorphism
A T (mN, x)° — My_1 (mN, X&)

given by ¢ — @, where v is defined by (2.23).

2.4.2 Connection to the space of cusp forms

Let D, be the differential operator as defined in (2.10). Let ¢ € Jf,(mN, x)°
be of the form given by (2.25). Applying D, and using the differential equations
(2.16), we have

Da(9)(7) = 4mkp(7) (O 0 = Omoln ) () = 4m*kp(T)E,,(T), - (2.26)
where &, is defined by (2.9). Define the space
Sl:-i—?(mN? X)O = {f S Sk+2(mN7 X) : f/é;z € qu(mN? me)}

We summarize the results of §2.4.1 and §2.4.2 in the following theorem.
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Theorem 2.4.2 The map Dy : Jpm(mN,x) — Sgra(mN, x) induces an iso-
morphism between Ji, (mN,x)? and Sg ,(mN,x)°. Combining this result with

Theorem 2.4.1, we get the following commutative diagram of isomorphisms:

T (MmN, x)°

Mk—l(mN7 me) SI:+2 (mN7 X)07

where the isomorphism in the bottom is given by ¢ — 4m2kE: .

2.4.3 Connection to the kernel space for index 1 Jacobi

forms

We know that the operator Dy @ Dy is injective on Ji1(N). Also by [ABO3,
Theorem 4.3], Dy is injective on Jy1(N) for square-free N. Now we deduce

similar kind of results for the space Jj,, (mN) in the following two corollaries.

Corollary 2.4.3 The differential map Dy © Dy : J,,,(mN) — Mp(mN) @

Sk+2(mN) is injective.

Proof. This follows by using (2.26) and the fact that £, has no zero in the
upper half-plane. O

Corollary 2.4.4 The restriction map Dy : J5,,(mN) — My(mN) is injective,

2,m

when mN is square-free, i.e., the kernel space J3, (mN)° = {0}.

Proof. By Theorem 2.4.2, the spaces J3,,(mN)? and Sj(mN) are isomorphic,
where S;(mN) is the subspace of S,(mV), whose functions are divisible by &7,
in other words, divisible by 7°(m). Similar to the proof of Theorem 2.3.4, here
we use the Atkin-Lehner W-operator W (m) to deduce the corollary. Since
n®(m7)|W(m) is a constant multiple of 1°(7), applying the operator W (m) the
subspace Sj(mNN) is isomorphic to the subspace of S;(mN) whose functions
are divisible by 7°(7). In [AB03, Corollary 2.3, Eq.(2.4)], it was shown that the
space {f € Sy(N)|f divisible by n®(7)} is trivial for square-free N. Therefore,
Si(mN) = {0}, since mN is square-free. O

Let Jim(mN,v) denote the space of Jacobi forms of index m on I'o(mN)

with character v. Using the isomorphism diagram of Theorem 2.4.2, we get the
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following corollary.

Corollary 2.4.5 The two kernel spaces J1(mN, x)? and Ji,, (mN, xwnw)? are

1somorphic.

Using [ABO03, Theorem 4.3] with the above corollary, we have

Corollary 2.4.6 Let N be a square-free positive integer coprime to m. Then
J5 (MmN, wn@)? = {0}.

2.5 Concluding remarks

Remark 2.5.1 Note that Theorem 2.4.2 reduces to [AB99, Theorem 2] and
Corollary 2.4.4 reduces to [AB03, Theorem 4.3] in the case of index 1. More-
over, Corollary 2.4.5 shows that there may exist isomorphic subspaces in the

space of Jacobi forms of different index.

Remark 2.5.2 The space Jjj, (mN, x) as defined in (2.22) can be quite large
for some index. For example, if k is even and m is square-free, we verify that
dim J§,,(mN) = dim Jy (= Jrm(1)). Take any Jacobi form ¢ = Z?ZO_I P03,
of even weight k and square-free index m for the full Jacobi group SLy(Z) x Z>2.
Using (2.4) and (2.7), the function defined by ¢ = hmo0; 0 + hmmb 1 @
Jacobi form of weight k and index m for the Jacobi group T'g(m) x Z?. Define
a mapping Ji, — Ji,,(m) by ¢(7,2) = Yom(7,2). In [SO5, Theorem 1],
it was proved that any Jacobi form of square-free index m and even weight k
for the full Jacobi group is entirely determined by any one of the associated
hmj(1T),7 =1,...,2m — 1. This implies the injection of the above map. Hence,

for any positive integer N, dim Ji  (mN) > dim J;, (m) = dim Jy .

Remark 2.5.3 Suppose N is either 2 or an odd square-free positive integer.
Using (2.7), the space J; 5 (2N, x) is isomorphic to the space of vector valued mod-
ular forms VM, _1 (2N, x; U3), where Uj is a (projective) representation defined
on I'g(2) by U () = Ui(y2). Also, the space VM,%%(?N,X; U3) is isomorphic to
the space V. My_1(2N, x; p2) by the isomorphism (g, p2) — (5;’—?1, 5%). Combin-

ing this observation with Theorem 2.3.2, the full kernel space Ji2(2N, x)° and
the space J;,(2N, x) are isomorphic.
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Remark 2.5.4 Suppose N is either 2 or an odd square-free positive integer.

Consider the space J; 5 (2N, x)° as a subspace of the full kernel space Ji,2(2N, x)°.

In Theorem 2.3.2, any ¢ € J},(2N, x)? will correspond to the vector valued

modular form (g, p2)" such that @obso + w2622 = 0. Also, the image of the

space J; (2N, x)°? under A,, is isomorphic, to the space M;,_1(2N, xws) and the
_ —p2b21

isomorphism is given by (g, p2) — “22922’1 (= o ).




Chapter 3

Correspondence between Jacobi
cusp forms and elliptic cusp

forms

3.1 Introduction

In [SZ88], N.-P. Skoruppa and D. Zagier constructed certain lifting maps (Shimura
type correspondence) between the space of holomorphic Jacobi cusp forms of
integral index (for the full Jacobi group) and a subspace of cusp forms of integral
weight, commuting with the action of Hecke operators. Further, in [GKZ|, B.
Gross, W. Kohnen and D. Zagier constructed kernel functions for these lifting
maps. By using these correspondences, they obtained deep formulas relating
the height pairings of Heegner points to the Fourier coefficients of holomorphic
Jacobi forms. This correspondence for higher levels (for subgroups of the full
Jacobi group) was generalized by B. Ramakrishnan in his thesis [BR89]. In
[MR], M. Manickam and B. Ramakrishnan obtained the same results by showing
that the image of the holomorphic Jacobi Poincaré series under the Shimura map
can be expressed in terms of the holomorphic kernel functions for the periods
of cusp forms. Following the method of Gross-Kohnen-Zagier, in [KB04, KB06],
Bringmann generalized these lifting maps to holomorphic Jacobi cusp forms of
higher degree (in particular to holomorphic Jacobi cusp forms on H x CY with

matrix index of size g, g =1 (mod 8)) on the full Jacobi group.

In [Sk88], Skoruppa introduced the concept of skew-holomorphic Jacobi forms.



32 §3.2. Preliminaries

Further, in [Sk90, Propositions 1 and 2], he obtained a correspondence similar to
the holomorphic case between the space of skew-holomorphic Jacobi cusp forms
(for the full Jacobi group) and elliptic cusp forms of integral weight. In this corre-
spondence, the image of the space of skew-holomorphic Jacobi cusp forms lies in
the orthogonal complement of the image of the space of holomorphic Jacobi cusp
forms. In his thesis [M89], Manickam also obtained the same results as mentioned
above for the skew-holomorphic case. As an application, he obtained estimates
for the Fourier coefficients of the Jacobi cusp forms (both holomorphic and skew-
holomorphic) by using the explicit Waldspurger theorem and the estimates for
the special values of the L-functions of the cusp form of integral weight derived
by H. Iwaniec [Iw87].

In this chapter, we generalize the results of Bringmann, for the congruence
subgroups of the full Jacobi group by adopting the techniques of [MR, §3]. We also
give a generalization of the correspondence obtained by Skoruppa and Manickam
to skew-holomorphic Jacobi cusp forms of higher degree and for congruence sub-
groups. In fact, our theorem (Theorem 3.3.4) combines both the holomorphic
and skew-holomorphic cases. As an application of our results, we obtain a cor-
respondence between holomorphic (resp. skew-holomorphic) Jacobi cusp forms
of matrix index and holomorhic (resp. skew-holomorphic) Jacobi cusp forms of
integer index, and the mappings are adjoint with respect to the Petersson scalar

products (Theorem 3.3.7). The results of this chapter are contained in [RS].

3.2 Preliminaries

Let k,g9, N € N, where g = 1 (mod 8). Let M be a positive definite, symmetric
and half-integral g x ¢ matrix (the last two conditions and ¢ is odd imply that
3 det(2M) is an integer). Let (2M)* denote the adjoint of the matrix 2M. Let x
be a primitive Dirichlet character modulo N; with N;|N and (NVy,det(2M)) = 1.
In this section, we recall some basic facts about integral binary quadratic
forms, generalized genus character and construction of certain elliptic cusp forms.
Let [ € N and A € Z(> 0) be a discriminant. For an integer p (mod 2[) with
A = p* (mod 4l), we define the following sets of integral binary quadratic forms.
Qin, = {Q(z,y) = ax® + bay + cy?|a, b, c € Z,b* — dac = A,a =0 (mod 1)
and b = p (mod 20)}
and Qunya, = {Q(2,y) € Qa,JA=0 (mod N7) and a =0 (mod IN;N)}.
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!/ /

Any matrix 7/ = € SLy(Z) acts on Q(x,y) in the usual sence by

d d
Qo7 (x,y) = Qdx + by, dz + dy). For a,b,c € Z, sometimes we denote
Q(z,y) = ax® + bry + cy? by [a,b, c| also. Let Dy be a fundamental discriminant
dividing A, coprime to N; and suppose that both Dy and A/Dy are squares

modulo 4{. Following [GKZ], we define the generalized genus character xp, :

Qia, — {0, £1} by

(DO) if Q= [al,b,c] with (a,b,c, Dg) =1,

T

) (3.1)
0 otherwise,

XDy (Q) = {

where (%) denotes the Kronecker symbol. Here t is an integer coprime to D
represented by the form [aly, b, cly] for some decomposition [ = l;ly with [;, 15 > 0.
Then it is known that xp, is well-defined and is I'y(l) invariant on QA ,. For
details, we refer to [GKZ, Sect. I]. Also xp, is I'¢(IV) invariant on Q) ny.a ,. For
k > 2, define

Jr1N 0,000 (T) = Z X(€)xpo (@)Q(T,1)7". (32)

Q(:[avbvc])EQl,N,X,A,p

Following [GKZ], in [BR89], Ramakrishnan obtained the following proposition.

Proposition 3.2.1 The function fiiny.app, defined by (3.2) is an element of

Sor(IN,x?). Further, its Fourier expansion is given by

To i N0, (T) = Z cilﬁN’X(m, A, p, Dy) e(mr), (3.3)

m>1

where
CiLN,X(m’ Aa Ps DO) = Ck:,l,N,x(mv Aa Ps D0)+X(_1)<_1)kSign(D0)ck,l,N,x<m7 Ay -0 D0)7

e /) 7 [(1D0]) o Do)

X Eix(m, A, p, Do) + i 7% sign(Do)~/*7v/2 (mQ/A)i

1 mvA
X Z (la) QSlaqy(m,A,p, DO)Jk—% <7T )

la
a=1,N1Nla

Ck7l’N7X(m7 A? p7 DO) - Z_kSlgIl(Do)

(3.4)
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1 Do

v, 32,70 () s

@) () i A=NEDE(S >0, f|m)

Here Ry(X, Do) = sign(Dy) ™"/

Eix(m, A, p, Do) = and N1|Do|f = p (mod 21),
0 otherwise,
(P = A b2 — A
Sla,?<m;A>p> DO) - ’;M X ( Ala ) X Do (|fll,b, W}) €2l(z<mb)
b=p(21)
b2=A(4la)
(3.5)

and J.(x) is the Bessel function of order r. (Notation: Here, we have written
b(a) in place of b (mod a) for describing the range of summation. Now onwards,

we will continue this.)

For a cusp form f € So(IN, x?) and Q = [a,b,c] € Qi ny.a, , We define
mesalf) = [ FRQET (36)
7Q

where ¢ is the image in To(IN)\H of the semicircle a|7|*+bRe 74 ¢ = 0, oriented

from _b;(;/x to —b;—;/Z if a # 0 or if a = 0 of the vertical line bRe 7 4+ ¢ = 0,

oriented from —c¢/b to ico if b > 0 and from ico to —¢/b if b < 0. It is known

that this integral depends only on the I'((IN) equivalence class of Q). Further, we
define

ThiNx,ApD0 () = > X ()Xo (@)rk N (f)- (3.7)

Q€Q N,x,A,p/To(IN)

Then the following holds.

Proposition 3.2.2 For f € Sor(IN, x?), we have

i (2:: 12)

rogapid s Do) = s St moanon); (3.8)

where iy denotes the index of To(IN) in SLy(Z) and (-,-) denotes the usual

Petersson scalar product for the space of cusp forms of integral weight on T'o(IN).

For more details of the above discussion, we refer to [St75, KZ84, K85, GKZ,
BR89, KB04].




§3.3. Main Results 35

3.3 Main Results

Throughout this section we assume that & > %3.
2710

t

Let ng € N, rp € Z19) and Dy = — det(
To

"o such that Dy is a
2M

fundamental discriminant which is a square modulo %det(?M ) and coprime to
N;. We further assume that if p divides both det(2M) and Dy, p? must not divide
det(2M) if p # 2, p> must not divide det(2M) if p = 2 and Dy/4 is odd, p* must
not divide det(2M) if p = 2 and Dy/4 is even. Moreover, if p # 2, H m; is

ii]
assumed to be a square modulo p, where the m; are chosen such that there exists

U e GL,(Z/pZ) with (2M)[U] = diag [m1, ma,...m,] (mod p), p|m;.

3.3.1 Lifting maps

Before we proceed to the statement of results, we first give the definition of the
lifting maps between the space of holomorphic and skew-holomorphic Jacobi cusp
forms of integral weight with matrix index and the space of cusp forms of integral

weight.

Definition 3.3.1 Let ¢ € J]:f;’%l’M(N, X)(resp. JZ;:@’M(N, X)) be a holomor-

phic (resp. skew-holomorphic) Jacobi cusp form of weight &+ %, index M, level

N, (Dirichlet) character y and with Fourier expansion

(T, 2) = Z co(m,r)e(mr +rz)

mEZ,rGZ(lﬂg)
am>M—1[rt]

resp. Z cop(m,r)e(mT + %M‘l[rt] Im 74 rz)

mGZ,rGZu’g)
am<M—1[rt]

For Dy < 0 (resp. Dy > 0), we define the (D, ro)-th Shimuramap on J™"*>,, (N, x)

k2 M
(resp. J, 0 (VX)) as follows.
2 k)

Spura0)0) =25 3 | 3 wtd) (52) - (oo 5 ) | etons) (w30,

m>=1
d,-N =1
{ Nl)
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Definition 3.3.2 Let f € Sy (5 det(2M)N, x?) be an elliptic cusp form. For
Dy < 0, we define the Shintani map S, , as follows.

Shor ()T 2) = rrponn > > nl ( )t

meZ, ’I‘EZ<1 9) t|N/N1
4m>]b1_1[rt]

X Tyl det(zM),Nt,X,DODth2,p,DO(f)€<m7' +7z)

(3.10)

and for Dy > 0, the Shintani map S, ., is defined as follows.

Shor (D7) = anmna. D D hl ( )t

meZ, rez(1,9) t|N/N1
4m<1VI_1[rt]

ot
X Tk,%det(2M),Nt,x,DoDthQ,p,DO(f)6<mT +-M I[Tt] Im 7 +rz),

2
(3.11)

P L
where aupov = (g ) Mo 2030 THOVN uggoanw (1 R2(6 Do)
and recall that i; denotes the index of I'g(I) in SLs(Z).

3.3.2 Statement of main results

In this subsection, we state the main results of this chapter.

Theorem 3.3.3 Let P, (resp. B, ) denote the (n,r)-th holomorphic (resp.
skew-holomorphic) Poincaré series of weight k + %, mdex M, level N and char-

acter x. For Dy < 0, we have

SDOTO( )( BkD0N1XZM ( )tk 1fk 1 det(2M), 5 XApDo(tw>
oA

(3.12)
and for Dy > 0, we have

SDO To( )( 5]@ Do,N1,x Z ,u < ) tk 1fk det(ZM) XA, —p,Do (tw>7
T

(3.13)

x(=1) B2 (x.D0) (M1 |Do )" % (-~ 2 ot
where B po. Ny x = Dot/ ) (Com i)k , A= DyDNy and p = —(ro(2M )*r")N;.
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As a consequence of the above theorem, by using Proposition 3.2.2, (1.12) and

(1.19), we get the following theorem.

Theorem 3.3.4 Let

= k2L M

J5SR (N ) if Do > 0.

JCUSp (N, X) if DO < O,
k+2E M X

Then, the function Sp,y,(¢)(w) is an element of S (5 det(2M)N, x?). If f is a
cusp form in Sa(3 det(2M)N, x?), then

Jeuse (N, X) if Dy <0,
S*Do,ro (f) € itE’M )
Ty (Nx) if Do >0,

Moreover, the maps Sp, ,, and S} are adjoint maps with respect to the Peters-

Do,ro

son scalar products, i.e., for all f € SQk(% det(2M)N, x?) and for all ¢ as above,

we have

(SDoro (@), f) = (&, 5Dy e (f))- (3.14)
Remark 3.3.5 Put ¢ = 1det(2M) and assume that ((,N) = 1. Let W, =
14
a b Hdad — Ny = 1,a = 1 (mod N),5 = 1 (mod ¢) be the Atkin-
(N~ 1o
Lehner W-operator on Sa,(¢N,x?). Then W, preserves the space Sor(¢N,x?)

and the operator x?(¢)W? acts as identity on Sai,(¢N, x?). For more details, we
refer to [AL78]. Define a subspace of So;(¢N, x?) as follows.

SSEOUN ) = {f € Sak(UN,XP) = fIWe = (=1 x(=1)x(0) f}.

When N = 1, the subspace Séf’z) (¢N,x?) coincides with the subspace S5 (f),
which was considered in [SZ88, GKZ, Sk88, Sk90, M&9]. It is easy to see that

TreNx.8.0.00 Wi = X(0) frst. N x. A — p. Do -
Since
fk7£7N7X7A7_p7DO = Sign(DO)(_l)kX(_1)fk'7£,N7X7A7p?DO’

we see that fronyappe € SSE PO (N y2) Therefore, the correspondence

given in Theorem 3.3.4 for Dy < 0 (resp. Dy > 0) is actually between the spaces
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JZT%,M(N’ x) and S5 (EN, X2 (resp. JZ;:‘%,M(N, x) and SSP(UN, X2)).

Remark 3.3.6 When N = 1 and Dy < 0, the conclusion of Remark 3.3.5 reduces
to [KBO6, Theorem 3]. When N =1, g = 1, Dy > 0, our results (as mentioned in
Remark 3.3.5) reduces to [Sk90, Propositions 1 and 2] and [M89, Theorem 3.3.1].

3.3.3 Interlink among Jacobi forms

It is interesting to note that an application of Theorem 3.3.4 (for the general
case ¢ > 1, g = 1 (mod 8) and g = 1) gives rise to a correspondence between
the space of holomorphic (resp. skew-holomorphic) Jacobi cusp forms of matrix
index and the space of holomorphic (resp. skew-holomorphic) Jacobi cusp forms

of integer index.

Theorem 3.3.7 There exists a correspondence between the spaces J;f%,M(N, X)
(resp. Jl:fg,M(N’ X)) and J;isﬁé det(QM)(N’ X) (resp. JZSEdet(zM)(N, X)). More-
over, the mappings are adjoint to each other with respect to the Petersson scalar

products.

3.4 Proofs

First, let us state a well-known lemma on quadratic Gauss sum, which will be

used later.

Lemma 3.4.1 Let p be any odd prime integer, v € N and a be any integer

coprime to p. Then

S eplat?) = (;1)1/2 (f) P72, (3.15)

t (mod p?)

In this section, we prove Theorem 3.3.3. Before we prove the theorem we
have to show that the right hand side of (3.12) and (3.13) in Theorem 3.3.3
make sence, i.e., A = DyDN} is a non negative discriminant, Dy and D both
are squares modulo 2det(2M) and DyD = (ro(2M)*rt)? (mod 2det(2M)). For a
proof of the above claims, we refer to [KB04, Lemma 4.20] and [KB06]. We now

prove two lemmas, which will be used in proving Theorem 3.3.3.
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Lemma 3.4.2 For any m > 1, we have

Do\ 11 m?  m
Z x(d) < d > d*"om <n,7‘; ﬁnmg?“o

dlm
N y_
(d7N71)_1

= n00/D)*%* 3 ulonto) ()

tlm

t|Nl1
m . *
xS%M@MM(;nﬂbDNi$ng@&dﬂW)HMW,DO.
(3.16)

Proof. The right hand side of (3.16) is zero unless D = Dy f? and Ny|Dy|f =
sign(Dy)(ro(2M)*r') Ny (mod det(2M)) for some f € N dividing %, for some di-
visor t of (m, N/Ni). In this case the right hand side is equal to x(*7) (m/f> (m/f)F!
if (77, Nﬂl) = 1 and 0 otherwise. The left hand side of (3.16) is zero unless
D = ™Dy and 7 = 2y (mod Z19 - 2M), for some divisor d of m, which is

coprime to N/Nl In this case the left hand side is equal to x(d) (&) d*1. Set-

ting f = 2, we get the lemma, if we show that the following two congruences are
equlvalent.
Dof =ro(2M)*r*  (mod det(2M)) (3.17)
and
r—rof =0 (mod ZM9 . 2M1). (3.18)

The equivalence of above two congruences follows by using [KB04, Lemma 4.27]
and the fact that Dy = ro(2M)*rl — 2ng det(2M). O

Lemma 3.4.3 Let { = L det(2M). Then, for any m > 1, we have

1 m?  m 7m~/DyD
> v () 5 e (s o) s (M)

c=1
(d {)=1
. Dy
= Xx(sign(Dy)) Ra(x, Do) Z pu(t)x(t) ra
tlm
t‘%
m mm~/ Dy D
X Z NlNCZ le aX <?,D0DN12, —(T0(2M)*7”t>N1,D0> Jk*% (TJ) .
a>1

(3.19)
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Proof. We put ¢d = a in the left hand side of (3.19) and sum over a. Thus, for

every m,a > 1 we have to show that
D 1 m?>  m
Z x(d) <70) d 2 Hune i <n,7‘; ﬁno, ET(J)

= (N1 Na)~% x(sign(Dy)) Ra(x, Do)

D m .
< 3 u(t)x(t) (7(]) Sini Yax (7, DoDN?2, —(ro(2M)*r') Ny, DO) .

tlm
N
s
‘Nl

(3.20)

Applying the Md6bius inversion to the following lemma, we get the above claim

and hence Lemma 3.4.3. Therefore, it is sufficient to prove the foolowing lemma.

Lemma 3.4.4 Let A = DyDN? and p = —(ro(2M)*r*)N;. For every integer

m,a = 1 with Ny|a, we have

1 . _ D 1
54 wannia(m Ay Do) = NixGsin(Da) Bt Do) 3 x(a) (5 /!
d|(m,a)

m?  m
X HM%,X n,r; T no, ETO ,

(3.21)

Proof. Insert the definitions of Sj,, and Hy., from (3.5) and (1.11) in (3.21).
The left hand side of (3.21) becomes

- A 1 - A
e = det(2M)N
2. X (2 det(ZM)Nla) XDo ({2 det(2M)Nia, b, 2det(2M)N1aD

b(det(2M)Nya)
" mb
Col V<
det(QM) N1

b=p=—(rg(2M)*rt) Ny (det(2M))
b2 — DD 1 a b? — DoD
= X| ———+— —det2M)—,b, ——————
2. X <2det(2M)Nil> XDy ([2 t2M) 5 ' 2det(2M) &

b2=A=N7 Do D(2det(2M) Ny a)
b(det(2M)a)
mb
X e - ] .
“ \ det(2M)

b=—rqg(2M)*rt(det(2M))
b2=D, D(2d t(2M L)
0 et( >N1
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Now multiplying both sides of (3.21) by eaq(m(roM~1rt)), we see that it remains
to show that

b* — DyD v> — DyD
X\ ———F7 det(2M b, ————
> X <2det(2M)Ni> XDo ([ et( )N1 ' 2 det(2M) D
b(det(2M)a) 1

a

Ny
b=—rqg(2M)*rt(det(2M))
bQEDOD(z det(2]w)]\%>

% e b+T0<2M)*Ttm
¢ det(2M)

— N x(sign(D) Do) 3 x(d) (3) (/)"

d
d|(m,a)
2
X x(;d)y(y)ea/d (y(M[:B] +rx+n)+ 7:;2 Ny — %rox)
y(a/d)x

where 7 denotes the inverse of y modulo a/d. Now, both the sides are periodic in
m with period a. Therefore, it is sufficient to show that their Fourier transforms

are equal, i.e., we have to show that for every h' € Z/aZ we have

b> — DyD 1 b* — DyD
det(2M b, ———————
b Z ZX <2det (2M) = ) XDo ([2 et( >N1 " 2det(2M) -
(det(2M)a) 1

b=—rg(2M)*r t(det(2M))
2= DOD(Zdet(ZM)N )

)

— A;fx(sign(Do))mZ > x(d) (%) (o))~

m(a) d|(m,a)
m? m m
X " oy — Drgr — B
L(az/d) ye/d< []—l—m+n)+d2noy S0t d)
y(a/d)*
(3.22)

The left hand side of (3.22) is equal to

1 b> — DyD b> — DyD

— X| =7 det(2M b, —————
b > X <2det(2M)Ni> XDo <[2 et( )N ' 2det(2M) &
(det(2M)a) 1

b=—rq(2M)*rt(det(2M))
b25DOD(2 det(2M) 1\%)

s}

b—h
<X (™)
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where h = det(2M)h' — ro(2M)*r*. The above is non-zero only when b = h
(mod (det 2M)a). Therefore the left hand side of (3.22) is equal to

(st ) o ([Bacran b ki)
if h?= DyD (mod 2det(2M)-),
0 otherwise.
(3.23)

Now, replacing m by md and then m by —my in the right hand side of (3.22),

we get

U (sgn D0l D o x(@) (22 ) (o)

dla
X Z X<y>6a/d (y(M[x] +rr+n+ m2n0 + mrox + h'm)) .

m,z(a/d)
y(a/d)*

(3.24)

Thus, for completing the proof of Lemma 3.4.4, it is enough to prove the following

lemma.

Lemma 3.4.5 Suppose that b = —ro(2M)*r" (mod det(2M)) and s = W +
ro(2M)~rt. Let

F(z,m) := M[z] +rozm +nom? + rz +sm+n; z€Z9) meZ.

Let

Fox(M,ng,ro,m,7,8) := Fp\ := T Z X(y)ee (yF(x,m)).

m,z(c)

y(e)*
Then for any a > 1 with Ni|a, we have
N? D
1 . =7 0
4 x(sign(Do) Ra(x, Do) dZX(d) (7) Fajax
—( _v>—D¢D 1 a b2—DgD ¢ a | b*—DgD
X (2det(2]\2)]\<;1) X Do ({5 det(2M)F17 b, 2det(2]\/01)]\‘;1:|) if Ny 2det(20]\4)’
0 otherwise.

(3.25)
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Proof. Let N| = H p’ and a = Nja;. Note that Nj|a and therefore Ny|N7y.

pVlla

PNy
Since x is a primitive character modulo Ny, the sum in (3.25) varies only over
divisors of a;. For any divisor d of a;, decompose y(a/d)* and m,z(a/d) as
follows.

y = Niy1 + (a1/d)yz with y1(a1/d)* and yo(N7)™;
m = my + mg with my(ay/d), Ni|m; and may(N;), %]mg;

a
—l\xg.

d

Using the decomposition of y, m and x, we have for any d|a;,

x = 1 + x9 with x1(ay/d), Ni|x1 and zo(Ny),

a1

Fan=x (5

) Fvgoc - Favy (3.26)

Using [KB06, Lemma 7], we have

a b2—DgD : b2—DoD
23 (%) e { 2 ([ demn i) it it
ay '

dlay d 0 otherwise.

(3.30)
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Now, to complete the proof of the lemma we evaluate Ry(y, Do)F Nix-  Write
N, = H p® and x = H Xpe, Where pe is primitive modulo p®. By definition
PN ||\

Ralx, Do) = (sign(Do)) (M| Do)) 2 3 x(8) (2) -

t
t(N1|Dol)

First writing ¢ = Nty + |Do|ta with ¢, (mod |Dy|) and t2 (mod N;) and then
using the decomposition ty = Z (N1/p“)t, with ¢, (mod p®), we get the fol-

p*|IN1
lowing.
DO 7% o
Ry(x; Do) = X(I1Dol) (7 ) N * | T %o (N2/p") Ry | (3.31)
! PV,
where R, . = Xpe (t)epa(t). For Ay, modulo Ny, (A, N]) = 1, write
t(p*)

A= 3TN M)

pY[| Ny

r o= Y x5 (N/p")|zp and z,(p"),
PNy

yo= > i (N/p")yp and ,(p").
pY[I Ny

Using the above decomposition, we have

_9t1

Fypx =N % ) x(New(A(Ma] + rowy + noy® + ra + sy + n))
y.z(N7)
e (3.32)
= H Xp> (N{/pv)Fp”,xpaa
poIN]
PNy
where
S 2
Fpoxpe =D "2 Z Xpe (A ey (AN M[z] + rozy + noy” + 1z + sy +n)). (3.33)
y,z(pY)

A(pY)*
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We now evaluate Fpv, . for p|N7. Since by assumption Nj is odd, p is an odd
prime. Following the argument as in [KB04, KB06], we may assume that the
matrix M is a diagonal matrix with entries mq,mo, ....m, satisfying (m;,p) = 1
for 1 < i < g. Let us abbreviate r 1= (ry,7,...7y) and 7y = (1], 75, ....77).
Moreover, we have

i=1
det(2M) [ rP?
Dy=—5— (2; i dng |, (3.34)
det(2M) [ !
- ()

To evaluate Fpv, ., let us first consider the sum over z(p").

Z e ( x| + roxy + ra))
- .Z ey </\ [2; mix] + (2; ré%) Y+ 2; M‘D
:HZ Nmax? + (r; + rly)zi))

(Z A(dmy) " (Am2a? + dmy(r; + rly)a;))

epr (=A(Ami) " (ri +1iy)*)

XY e (Adma) "L @maz; + (r; + 7y))?).

z;(p¥)

Using (3.15) (Lemma 3.4.1), we have

(-4)5 ((4mi>k) pE ey (—A(dm,) " (it riy)?).

o

Z e ( x| + roxy + ral) =
=1
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Next, we consider the sum over y:

2o (|G (e ) 5k
Iy A Dy ) 2b

- (‘A; 4mi) y%;) r (_Z (det(QM) 727 7 det(2M) /2y>>

= e (—)\Z 4;) > e (—% det(2M) ™' Dy '\ ((Doy — b)* — b2)) :

y(p?)

Again, using (3.15), the above sum over y is equal to

4N\ ? [ —2det(2M)DoA\ - M) DI a2
(_v) ( det(v ) 0)\) pe (A (det( )~1Dg b v ))
p D 2 — 4m;

(3.36)

Combining (3.35) and (3.36) with (3.33), for any p|N;, we have
Dy 2 1 -1p-1
Fyonye = = D xe (Ve (A — DDy)3 det(2M)™" Dy
Alp¥)*
DO b2 - DDO -1
== o o D
( pv)%; Xpe (A)ep (2 det(QM)pHA 0 (3.37)
Do\ _ ., b2 — DyD
— - o D o A o A .
(p”)xp D) 2, Ve ( (Qdet(QM)p”‘“

A(pv)*

Let us denote ﬁ by C. The sum in the last line of (3.37) is 0 unless

p'~%(2det(2M))|(b* — DoD). So, let p*=*(2det(2M))|(b* — DyD), then we have

e (%) ( ) > e () (339)

Ap®)
v—a (Do )
p

c
P <pv—a DO 1) RXPO‘ ’

|

|
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Combining (3.38) with (3.32) and (3.31), we get the following.

mFN’, _ X(sign(Do)) N{ Ny : <N’/N )Y <2def(22_]\4D)g?/N1) if 3 ™ 2det(D2(}\?)
0 otherwise.
(3.39)
Using (3.39) and (3.30) with (3.29) and a = Nja;, we get the following.

—_— D
U (sgn D0 Rl Do) o x(a) (5 ) P
dla

— b2_DoD D DoD b2—DyD
X (2det(21\3)Nﬂl> (N{/(}vl) X Do ([ U det(2M), b, —2det(21\04)a1]> if & D det (A1)

0 otherwise.

Using the definition of xp,, we get (N,/N > X Do ([“—21 det(2M), b, 2cit_(2—DJ\04§)alD =

X Do ({% det(2M) -, b, @—DM‘))%]) and this proves the lemma. 0

Now, we prove Theorem 3.3.3. First, let us assume that Dy < 0 and prove
(3.12). We plugin the Fourier coefficients of fi; ny,a,p,0, and P,y (using equa-
tions (3.3), (3.4), (3.5), (1.8), (1.9), (1.10), (1.11)) in (3.12) and then we compare
the m-th Fourier coefficients on both the sides. So, the theorem follows if we

prove that for any m > 1,

D : 1
S x(@) (f) dF! {(5[@ (n,r; %nO,ZL ) + 27 (—i)F (det 20) 3

kE_ 1
m? Dy\2 * m*  m 2mm~/DyD
ity mn | 2V 20T
8 (d2 ) D Hiiex ( 2 dro) iy (det(QM)cd)

c=1,N|c

= (N1 Do) 2x(=1) Ra(x. Do) Y plt)x(1) (l?”)t" L(m? /) 7 (Do)

tlm

w\»—t

t‘f\%

X Ry(X. Do) (58,0, Do) + V2mi~Fsign(D) 2 (m?/24)

1 5 det(2M),x

- m _mmVA
X Z det 2M)a 25; det(2M)a,x ( 1 2 DO) o-3 (%det(QM)at)

a1
Ny ¥|a

(3.40)
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Comparing the “+” part of first terms on both the sides of (3.40), we need to
prove that

Do\ 1 m?>  m
;X(d) (7) d" o <7%7°; ﬁno, ETO

N
d, D y=1
(d, )

t|Nﬂ1

(3.41)

Comparing the “+” part of second terms on both the sides of (3.40), we need to
prove that

Do\ . m: m 2mmy/DyD
5 ) () a4 S e (o o o) s (e

dlm cz1

(d,{)=1

= (- DRalx Do) 3 uton(o) () Svavay

a1

tlm

t‘NAl

m
X S(%det(QM))NI%a,y (7,A,p, D0> Jeot

2

(3.42)

Since p = —(ro(2M)*r*)N; and Dy < 0, (3.41) and (3.42) follow from Lemma
3.4.2 and Lemma 3.4.3 respectively.

Now, let us assume that Dy > 0 and prove (3.13). In this case, we follow the
same lines as in the case of Dy < 0 after replacing p by —p. For the second term
equivalence, we compare the “+” part of the left hand side to the “—” part of
the right hand side. Hence, we get (3.13) of Theorem 3.3.3. O




Chapter 4

Non-vanishing of half-integral

weight L-functions

4.1 Introduction

In [K97], W. Kohnen proved that, given a real number ¢, and a positive real
number e, for all k large enough the sum of the functions L*(f, s) with f running
over a basis of (properly normalized) Hecke eigenforms of weight k& does not
vanish on the line segment Im s = ¢y, (k — 1)/2 < Re s < k/2 —¢,k/2 4+ € <
Re s < (k+1)/2. As a consequence, he proved that for any such point s, for
k large enough there exists a Hecke eigenform of weight k on SLy(Z), such that
the corresponding L-function value at s is non-zero. Using similar methods, in
[Ra05], A. Raghuram generalised Kohnen’s result for the average of L-functions
over a basis of newforms (of integral weight) of level N with primitive character
modulo N.

In this chapter, we extend Kohnen’s method to forms of half-integral weight.
As a consequence, we show that for any given point s inside the critical strip,
there exists a Hecke eigen cusp form f of half-integral weight &+ 1/2 on I'y(4N)
with character 1 such that the corresponding L-function value at s is non-zero,
and the first Fourier coefficient of f is non-zero. It should be noted that the
normalisation of Fourier coefficients of forms of half-integral weight is still an
open question. Our results are obtained for N sufficiently large if k is fixed and
vice versa. In particular when N = 1, for sufficiently large k, either f is a newform
in the full space or f is a Hecke eigenform in the Kohnen plus space. The results

of this chapter are contained in [RS12].
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4.2 Preliminaries

Let N > 1, £k > 3 be integers and ¢ be an even Dirichlet character modulo
4N. Let L(f,s) be the L-function associated to the cusp form f € Sy11/2(4N, 1))
defined by L(f,s) := > ,~; ar(n)n"°, where as(n) denotes the n-th Fourier co-
efficient of f. Then by [kaR, Proposition 1], the completed L-function defined
by

L*(f,5) = @) *(VIN)T(s)L(f, ) (4.1

has the following functional equation
L*(f|Han, k+1/2 —s) = L*(f,s), (4.2)
where Hyy is the Fricke involution on Sj41/2(4N, ) defined by
FIHan (1) = F+H2(AN)R2- 1A =k=1/2 (1 /4N 7).

A cusp form f € Siy1/2(4N, 1) is called Hecke eigenform if it is an eigen function
of all the Hecke operators T'(p?), p J2N. It is known that the space Sii1/2(4N, )
has an orthogonal basis (with respect to Petersson scalar product) of Hecke eigen-
forms. Let {fi, fo,..., fa} be such an orthogonal basis of Hecke eigen forms,
where d is the dimension of the space Sii1/2(4N,v) (see for example [Sh73]).
Let K be the operator defined by f|K (1) = ﬁ Since K H,y = HynK on
Sk+1/2(4N, ), we have fI(KHyn)? = f. Also, the operators K and Hyy com-
mute with the Hecke operators T'(p?),p f 2N. Therefore, for the basis elements
fi:1 < j <d, we can assume that f;|KHyy = Ay, f;, where \p, = £1.

4.3 Main Results

We state the main results of this chapter.

Theorem 4.3.1 Let N > 1 be a fized integer. Let {f1, fo,..., fa} be an orthogo-
nal basis of Hecke eigenforms as above. Let ro € R. Then there exists a constant
C' = C(rg) depending only on rq such that for k > C, the function

d Lo(f;.s
> fj)JJZJ Afjafj(l)

Jj=1

doesn’t vanish for any point s = o +irg with k/2 —1/4 < o < k/2 + 3/4.
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Theorem 4.3.2 Let k > 3 be a fized integer. Let {f1, fa, ..., fa} be an orthogonal
basis of Hecke eigenforms as above. Let rq € R. Then there exists a constant
C" = C'(rg) depending only on o such that for N > C"', the function

d ([, s
]2_; f]’]b};] )‘fjafj(l)

doesn’t vanish for any point s = o +iry with k/2 —1/4 <o < k/2+ 3/4.

The following corollary is an easy consequence of the above two theorems.

Corollary 4.3.3 Let s¢ be a point inside the critical strip k/2 —1/4 < Re s <
k/2+43/4. If either k or N is suitably large, then there exists a Hecke eigenform
[ belonging to Ski1/2(4N,v) such that L(f,so) # 0 and az(1) # 0.

Remark 4.3.4 Though we consider Hecke eigenforms of half-integral weight,
the L-function corresponding to such a Hecke eigenform does not have an Fuler

product.

Remark 4.3.5 Let ¢ be an even primitive Dirichlet character modulo 4N. Then
it is known from the work of Serre and Stark [SS76] that the space Sy11/2(4N, )
is the space of newforms. Hence, the orthogonal basis consists of newforms. In

this case, the Hecke eigenform f in Corollary 4.3.3 will be a newform of level 4N.

Remark 4.3.6 Let us consider the case N = 1. Let {fi, fo,..., fa,} be an or-
thogonal basis of Si{Y ,(4) which are newforms (see [MRV]). Let {g1,92,...,94,}

be an orthogonal basis of S, . (4) (see [K80]), which are Hecke eigenforms

k+1/2
such that the set {g1 + ¢1|W(4),..., 94, £ 94,|]W(4)} forms an orthogonal ba-
sis of Skfl/2(4). Here, dy + 2d; = d is the dimension of the space Sj;1/2(4) and
W (4) is the Atkin-Lehner W-operator for the prime p = 2 on Sj11/2(4). Thus, an

orthogonal basis of Hecke eigenforms for the space Si11/2(4) is given as follows:

{f17f2a .. '7fd17.gl :|:91|W(4),92 ng|W(4)7 -5 9dy igd2|W(4)} :

In this case, we get the following result as a consequence of Theorem 4.3.1. Let
sp be a point inside the critical strip k£/2 — 1/4 < Re so < k/2+3/4. If k is
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suitably large, then there exists a j, with 1 < 7 < d; or 1 < j < ds such that

L(fj.s0) # 0,a5,(1) #£0 or L(g; + g;]W(4),s0) # 0,a,,(1) £2 " a,, (4) # 0.
(4.3)
For the last assertion in the above equation (4.3), we use the fact that W (4) =

27%U(4) on S,j+1/2(4), where U(4) is the Hecke operator for p = 2 on Si11/2(4).

Note that W (4) = Hy on Sii1/2(4) and therefore, in the second case of (4.3),
for a j with 1 < j < dy, it follows from the functional equation that either
L(gj,s0) # 0 or L(gj, k + 1/2 — s9) # 0. Hence, for any given point s inside
the critical strip, our theorem gives (for sufficiently large k) the existence of a

newform f in Sty 5(4) such that L(f,s) # 0 or a Hecke eigenform g in the plus

space S,j+1/2(4) such that L(g,s) # 0 or L(g,k + 1/2 — s) # 0. Correspondingly,

we also get the non-vanishing of the first Fourier coefficient (if it is a newform in

Spi1/2(4)) or the first or the 4-th Fourier coefficient (if it is a Hecke eigenform in

Sit1/2(4).
4.4 Proofs

The proof is on the same lines as that of Kohnen [K97].

First, let us define the kernel function for special values of the L-function as-
sociated to a cusp form of half-integral weight. A similar function for forms of
integral weight was considered by Kohnen [K97]. Let 7 € H and s € C with
l1<o<k—1/2, 0 =Res. Define

Roonao(7) = () > (d) (g) (_74) o (cr + d)~*+1/2) <GT_+”) "

ct +d

where
"2 T(s)D(k +1/2 — s),

DO | —

Yr(s) =

b
and the above sum varies over all matrices (a y € I'y(4N). The condition
c

1 < 0 < k—1/2 ensures that the above series converges absolutely and uniformly
on compact subsets of H and hence it represents an analytic function on H. The

function R Ny (T) € Ski1/2(4N, ). For the sake of simplicity, we write R,y for
Rs;k,N,w'




84.4. Proofs 53

For a given ¢,d € Z with ged(c,d) = 1 and 4N|e, we choose ag, by such that
aod — bpc = 1. Then any other solution a, b of ad — bc = 1 is given by a = ag + nc
and b = by + nd for n € Z. Hence,

k+1/2 -
Ry (T Z Zl/) ( ) < 4) (CT—i—d)_k—l/Z (—azzizo +n> )

(c,d)=1 neZ
4N|c
(4.5)
Using Lipschitz’s formula
> 7rzs/2 2
Z (T+n)_5: ™) Zns Ye(nt) (reH,o>1), (4.6)
n=—oo n>1
we get
_ k+1/2 7rzs/2(2 )s
— C (& s
— d ~ - d k—1/2
R =) ¥ 0 (3) (7)o ra .
1 aopT + by
X Zn e (n o d )
n>1

= (2m)'T(k+1/2—5) ) n*"

n>1

1 . c 4 k+1/2 ant 4 b
- d = = d —k—1/2 0 0
X2<Cdz>_lw()<d)<d) (er +d) e< cT +d

4N|c

Here, we have used the absolute convergence of the above sum in the region
1 <o < k—[f—1/2 and so the interchange of summations is allowed, where
B = k/2 —1/28 is the exponent of the estimate for the Fourier coefficients of a
cusp form of weight £+ 1/2 on I'y(4N) obtained by H. Iwaniec [Iw87]. Thus, for
l<o<k—-p-1/2

Roy(r) = 2m)°T(k+1/2— ) Zn Py kr1/24n(T), (4.8)

n>1

where P, j41/2,4n, is the n-th Poincaré series defined by (1.3). Using equation
(1.4) and (4.1) with the last equation, we get for 1 <o <k — 5 —1/2,

R (R N
{f, Bs) = i4N2k—3/2(4N)k/2+1/4—s/2L (f,k+1/2—3s),
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for all f € Sp11/2(4N, 7). Using this, we have

92kt 1t (f — 1/2) zd: L (f;| K, k+1/2 —s)

Roy = = Nwriisr2 {fi, fi)

fis (4.9)

Jj=1

where the sum varies over the orthogonal basis {f;}. Using f;|KHiny = Ay, f;
together with the functional equation (4.2), we get for 1 <o <k — 3 —1/2,

d

92k (k — 1/2)
R = ir5 /\ i 4.10
N iay N*/2+1/4=s/2 ; Ui [ fid3 ( )

This equality has been established for 1 < o < k— /5 —1/2. Since the right hand
side is an entire function of s, this gives an analytic continuation of the kernel
function R, for all s € C.

Next, we need the Fourier expansion of the function R,,. In an earlier version
of [MMR], the Fourier expansion of the function R;,(7) was derived, which we

present here.

Lemma 4.4.1 Let R, (1) = 3,5 asp(n)e*™™ be the Fourier erpansion of
Rs. The Fourier coefficients as(n) are given by

asp(n) =27)°T(k+1/2 —s)n* ' + e’TiS/Q( 27?2)'““/2 k—1/2

c _4 k+1/2 -
x>l (2) (_> ¢TI £ (5, k4 1/2; —2min ac),

(a,c)@Zz,ac;ﬁO
ged(a,c)=1,4N|c

(4.11)
where a’ is an integer which is the inverse of a modulo ¢ and
['a)['(B — «
1f1(Ol,B;Z) = ( )F((g) )1F1(Oé,ﬁ;2). (412)

Here 1Fi(a, 8; 2) is the Kummer’s degenerate hypergeometric function, which is
defined by the following equation (see [Er54, 5.4, (8)]). For «, 3, u,v,p € C such
that Re o > 0, Re f > 0, Re(v — ) > 0 and for any positive real number T,

1 T+ic0

— 1
1% -V _px — v—p—1_ap . _
ol A
(4.13)
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Proof. Before proceeding to the proof of the lemma, we state the following

sublemma which is used to obtain the required Fourier expansion.

Sublemma: For a, 3, u,v € C with Im « > 0, Im > 0, Re (v — u) > 0 and
for T € H, we have

Y rHatmPr+B+m) " = Yasun(n)e™, (4.14)

meZ n>1
where the Fourier coefficients Yo, (n) are given by

(—2mi)v*

—2mina, v—p—1 F — =2 — . 4.15
T — ) e n 1Fi(v, v — p; —2min(B — «)) ( )

Here 1 Fi(a, b; z) is the Kummer’s hypergeometric function defined by (4.13).

We assume the sublemma and complete the proof of Lemma 4.4.1. By defini-

tion

Roatr) =) 5@ () () ter vyt ()T

ct+d

b
where the sum varies over all matrices | J € I'y(4N). We break up the sum
c

into ¢ = 0 and ¢ # 0. The first sum with ¢ = 0 gives the following Fourier

expansion (by using the Lipschitz’s formula (4.6)).

29k(8) Z(T +n) = 2n)°T(k+1/2—5) Z nsle?™nT, (4.17)

nez n>1

We now consider the case ¢ # 0. In this case, a # 0 and we sum over the matrices
as follows. For a given coprime pair (a, c) € Z?* such that 4N|c, we choose integers
bo, dy such that ady — bgc = 1. Then any other solution b, d of ad — bc = 1 is given
by b = by + am, d = dy + ¢cm, m € Z. Therefore, the sum with ¢ # 0 becomes

o Yoo ()(2) %

(a,c)€Z2,ac#0 meZ
ged(a,c)=1,4N|c

-4 )+ d oo (M)

c(t+m)+dy

(4.18)
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Now, consider the inner sum over m € Z.

_ke1yef (T +m) + by _S: —k—1/2+s, —s do —k—14s
Z(C<T+m)+d0) <—c(7'—i—m)—|—d0 c a Z(T—i— . +m) "2

meZ meZ

b
X (T + EO +m)°.

Since k+1/2 = Re (s — (s —k — 1/2)) > 3, using the sublemma (with o = do/c,
B =by/a, up=s—k—1/2, v =), the right-hand side sum has a Fourier expansion

with n-th Fourier coefficient equal to:

(—2mi)k+1/2

me*Zﬂindo/cnkfl/ZlFl (S, k 4+ 1/2, 27'['2'71/&0).

Using this Fourier expansion in (4.18), we see that the n-th Fourier coefficient
in the case ¢ # 0 is equal to (interchanging the sum is allowed due to absolute

convergence):

(—27Ti)k+1/2 k—1/2 <C> —4 ke s—k—1/2 —s _—2mina’/c
Mg o)) e

ged(a,c)=1,4N|c

x 1F\(s,k+1/2;2min/ac),

where @’ is an integer which is the inverse of @ modulo ¢. This completes the

proof of Lemma 4.4.1.

Proof of sublemma. As the sum on the left hand side of (4.14) is periodic

in 7 with period 1, its Fourier coefficient is given by
iC+oo )
Yosln) = [ (e g e (€0 (419)
iC'—o0
Making the substitution 7 + it, the above integral becomes
1 C+ic0
(2m)it Y — (t +a/i)(t + B/i) " e*™ dt.
2mi C—ico

The above integral is the integral expression for the Kummer’s degenerate hyper-

geometric function with «, 8, p replaced by «/i, 3/i, 2mwn respectively. Therefore,
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we get

—2mi)" " —2mina, V—p— .
o) = L et — g —2in(5 - )

O

We now give the proof of our theorems. Assume that ) L<f(f }’j) Agap (1) =0,
7247

for s as in the theorems. Comparing the first Fourier coefficient in (4.10), we get

that (for the values of s) the first Fourier coefficient of R;, is zero. Therefore,
putting n =1 in (4.11) and dividing by (27)°T'(k + 1/2 — s), we obtain

k+1/2 s—k—1/2

ris) (27T)k+1/2_8 E (__4)
Lte 2i’“+1/2f(k—|—1/2—3) Z vla) <a> a a’

a,c€Z,ac#0
(a,c)=1,4N|c

x e2mialey i (s k +1/2; —2mi/ac) = 0.
(4.20)

In particular, let s = k/2 +1/4 — § + iry, where 0 < 6 < 1/2. Now, one has
l1fi(s, k+1/2; —2mi/ac)| < 1

(see [K97]). Taking the absolute value in (4.20) and using the above estimate, we

get
| < A( ) 7Tk/2+1/4+6 1 Z 1
> To ; _
|F(k/2 + 1/4 4+ — W’o)’ (2N)k/2+1/4+5 i ak/2+1/4=5 . ok/2+1/4+5
(a,2Nc)=1
k/241/446 1
< A(ro) B T

ID(k/2 4+ 1/4 46 — irg)| (2N)F/2H1/4t07

where A(rg) is a constant depending only on 79 and B > 0 is an absolute constant.
To prove Theorem 4.3.1, we fix N and allow £ tend to infinity and for the proof
of Theorem 4.3.2, we fix k and allow N tend to infinity. In either case, the right-
hand side goes to zero (for fixed N one should use the Stirling’s approximation),

a contradiction. This completes the proof. O

Remark 4.4.2 In [K97], the non-vanishing result was obtained for s inside the
critical strip with the condition that Re s # k/2, the center of the critical strip.

However, since the level of the modular forms considered in this paper is greater
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than 1, we need not assume this condition and our results are valid for all s
inside the critical strip. We also remark that the same is true in [Ra05], since
the level M is greater than 1. The reason is as follows. When M =1 (i.e., when
one considers the case of forms of integral weight on SLy(Z)), while deriving
the Fourier expansion of the function R, the term corresponding to ac = 0
has two contributions (¢ = 0 and @ = 0). Therefore, in the estimation of the
first Fourier coefficient, there is an extra term on the right-hand side (see [K97,
p. 189, Eq.(10)]). Due to the appearane of this extra term, in order to get a
contradiction, the central values have to be omitted. Since the case a = 0 doesn’t
arise for the levels M > 1, we do not get the extra term on the right-hand side in
the estimation. Therefore, this gives the advantage of considering all the values
of s inside the critical strip. In particular, one obtains non-vanishing results for

forms at the center of the critical strip when the level is greater than 1.

Remark 4.4.3 The average sum in Theorem 4.3.1 (and also in Theorem 4.3.2)
contains an extra factor Ay (and of course the first Fourier coefficient), which
does not appear in Kohnen’s result. In the case of level 1, we have the functional
equation L*(f, k—s) = (=1)*/2L*(f, s), whereas when the level M is greater than
1, we have a different functional equation in the sense that on the one side we have
L*(f,s) and on the other side we have L*(f|Hys, k — s) and therefore, in the final
form of the functional equation, the root number will depend on the function,
especially the eigenvalue of f under the Fricke involution Hy;. (In the case of half-
integral weight, the fricke involution is Hj; = Hyy in our notation.) Therefore,
after using functional equation in (4.9), we will have an extra factor in (4.10),
which we call Ay. Note that the extra factor corresponding to the eigenvalues
under H), also appears in Raghuram’s results (see [Ra05]). Since normalization
of Fourier coefficients is not known in the case of half-integral weight, we also

have the first Fourier coefficients appearing in the average sum.
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Hecke eigenform, 50

Hecke operators
half-integral weight, 5
integral weight, 3

Jacobi form
holomorphic, 6

skew-holomorphic, 9

Jacobi theta series 67 . 16

m,r)

kernel function Ry, 52
kernel space Ji (N, x)°, 19

modular form
half-integral weight, 4
integral weight, 2

vector valued, 19

Petersson inner product of
half-integral weight cusp forms, 5
holomorphic Jacobi cusp forms, 7
integral weight cusp forms, 3
skew-holomorphic Jacobi cusp forms,

10

Poincaré series
half-integral weight, 5
holomorphic Jacobi, 7
integral weight, 3
skew-holomrphic Jacobi, 10

representation py, 20

restriction map Dy, 19

Shimura map, 35

Shintani map, 36

space My_1(mN, xw,,), 27
space Sy o(mN, x)?, 27
space Sz, ,(2N, x)°, 23
space V- M_1(2N, x; p2), 21
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