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Summary

This thesis studies four problems in the theory of modular forms. The first one
is about getting explicit Shimura lifting of a certain class of modular forms of half-
integral weight, which generalises the works of B. Cipra, D. Hansen and Y. Naqvi.

In the second problem, simultaneous non-vanishing of twisted L-functions asso-
ciated to modular forms of integral weight is considered. It is a conjecture that there
exists infinitely many twists of L-functions which do not vanish simultaneously. In
this direction, following a method of R. Munshi, it is shown that if a product of L-
functions associated to two modular forms is non-zero for one character twist, then
there are infinitely many character twists of these products of L-functions which are
non-zero.

The problem of determining modular forms using the central values of L-functions
is well studied in the case of forms of integral weight. In the third problem, we
generalise the method adopted by S. Ganguly, J. Hoffstein and J. Sengupta to the case
of modular forms of half-integral weight. It is proved that in the case of forms of
half-integral weight also the central values of convolution L-functions determine the
forms.

The final problem of this thesis is about sign changes of Fourier coefficients of
cusp forms. It is well-known that the Fourier coefficients of cusp forms change its
sign infinitely often. In this direction there are many works which give quantitative
results. Sign changes of Fourier coefficients of cusp forms at some special sequences
have also been studied by many authors. The final result in this thesis deals with the
sign change problem for the sequence of integers which are sums of two (integer)
squares. It is established that on this sparse sequence, the Fourier coefficients of cusp

forms of integral weight change sign infinitely often.






CHAPTER

Introduction and Preliminaries

1.1 Introduction

In this thesis, we have considered four problems. First problem is about finding ex-
plicit Shimura image of certain class of modular forms of half-integral weight and
thus giving a generalisation of the work of Cipra [3] and Hansen- Naqvi [10]. Second
problem is about simultaneous non-vanishing of the twisted L-function, this problem
is a generalisation of the work of Munshi [27]. In the third problem, we have con-
sidered the problem of determining modular forms of half-integral weight and thus
giving a result analogous to the work of Ganguly-Hoffstein-Sengupta [5]. Finally, we
have considered the problem of sign change of the Fourier coefficients of cusp form

at integers, which can be written as sum of two squares.

3
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1.2 Preliminaries

Now, in this chapter we give some basic definitions and properties of modular forms

of integral and half-integral weights.

1.3 Notations

Let N, Z, Q, R and C be the set of natural numbers, integers, rational numbers, real
numbers and complex numbers, respectively. For z € C, Re(z) denotes the real part
of z and Im(z) denotes the imaginary part of z. For any complex number z and a
non-zero real number ¢, we denote by e.(z) = e*¥</¢_ If ¢ = 1, we simply write e(z)
instead of e;(z). Let 7 = {7t € C: Im 7 > 0} be the complex upper half-plane. We
denote by g = e(7), for T € 7. For a complex number z, the square root is defined
as follows:

\/E=|Z|%e%mgz, with — 7 < arg z < 7.

We set 22 = (\/z)¥ for any k € Z. The full modular group SL,(Z) is defined by
SL,(Z) = ra,b,c,d €7, ad —bc =1
For a positive integer N, we denote the congruence subgroup I'o(N) of SL,(7Z) as

follows:

I[o(N) = ’ € SLy(Z) : ¢ =0 (mod N)
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1.4 Modular forms on I'o(N)

a b
The group GL; (R) = :a,b,c,d €R, ad —bc >0  acts on ¢ via frac-
c d
a
tional linear transformations, i.e., for y = € GL;r (R) and 7 € 27
c d
L at+b
v cT+d

a b
Letk € Zand y= € GL; (R). For a complex valued function f define the
c d

slash operator as follows:

(f [ 1) () := (det Y)? (cT+d) ™ f(y1).

Definition 1.4.1 Let k be a positive integer and X a Dirichlet character modulo N. A
holomorphic function f : 7 — C is said to be a modular form of weight k, level N

and character ¥, if

a b
L (fley)(7) = x(d)f(7), VY= ) e IH(N), ie.,
a a b
() = rars@ = en

2. f is holomorphic at all the cusps of To(N).

Further, we say that f is a cusp form if f vanishes at all the cusps of To(N).

We denote the space of all modular forms and the subspace of all cusp forms of weight

k,level N with character y on I'o(N) by My (T'o(N), x) and Si(T'o(N), x ), respectively.
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If x is the trivial character, then we denote these spaces as My (I'o(N)) and Sg(I'o(N)),

respectively. When N = 1, we simply denote these spaces by M, and S respectively.

For f, g € Mi(T'o(N), x) such that fg is a cusp form, the Petersson scalar product

of f and g is defined as:

1
[SL2(Z) : To(N)]

(f.8) = | @@ @),

oM\

where I'o(N) \ S is a fundamental domain for the action of I'g(N) on ¢ and d*7 is

the invariant Haar measure. If T = x4 iy, then the invariant Haar measure is given by

%~ dxdy
d*t = e

Example 1. Let k£ be an even integer greater than 2. The normalized Eisenstein series

E} of weight k for SL,(Z) is defined as:

Ex(t):= ), 1hy
yeleo\I!
1 1
=2 L G
2 (m,n)€Z2\(0,0) (m T+ n)

(m,n)=1

Then E}, is a modular form of weight k for SL,(Z) with Fourier expansion
2k &
Ek(T) =1- B_ Z Gk,l(n)q",
k p=1

where o;_;(n) = ¥ d*~! and By’s are Bernoulli numbers defined by
dn
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We have

(o)

Ex(t) = 1+240) o3(n)q",

n=1

Es(1) = 1-504) o5(n)q",
=1

n

Example 2. The Ramanujan delta function is defined as

1

m(ﬂt(ff — Eq(1)?),

A(T) =

which is a cusp form of weight 12 for SL,(Z) with Fourier expansion

(o) (oo}

Ar)=q[J(1-¢"* = Y t(n)q",

n=1 n=1

where 7(n) is called the Ramanujan tau function.

2
Example 3. Let 6%(7) = < Y q”z) = Y r(n)q", where rp(n) denotes number of
nez n>0

ways n can be written as a sum of two squares. Then
6%(z) € Mi(To(4), %),
where y(d) = (—1)(2").

Example 4. Let m be a be a positive integer. The m-th Poincaré series of weight k for

SL,(Z) is defined by

Pon(t):= Y &My, (1.1)
YEl'x\SL2(Z)
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1 ¢
where ' := ¢ £+ : t €7 y . The m" Poincaré series Py 1s a cusp form

01
of weight k > 2 for SL,(Z) with Fourier expansion

Pim(T) = i]gm(n)q”,

where

m c

am) = Bt ()T (2) 7 2 Y K (L),

and K.(m,n) is the Kloosterman sum defined by

ec(nd+md"),

| =

d (mod c)

(mod ¢)

dd
and Ji_1 (x) is the Bessel function of order k — 1. The Poincaré series has the following
property: If f € Sy has the Fourier expansion f(7) = Y, a(m)q™, then

m=1

CT(k—1)
(fsPen) = Wa(n). (1.2)

We now define Hecke operators which send modular forms to modular forms. Let
n be a positive integer such that (n,N) = 1. For f(7) = Y, a(m)q™ € My(T'o(N), ),
m=0

the n-th Hecke operator 7;, is given in terms of the Fourier expansion by
(T.f)(7) = Z an(m)q™,
m=0

where a,(m) = Y, x(d)dk_la(%). If f € M (or Sy), then T,,f € M, (or S;). The
d|(m;n)
family {7,, : n € N} of Hecke operators is commuting. The Hecke operators 7;, acting
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on Si(T'o(N), x) are self-adjoint with respect to the Petersson inner product.

Definition 1.4.2 A cusp form is said to be an eigenform if it is a simultaneous eigen-

function for all the Hecke operators.

The space Si(I'g(N), x) has a basis of eigenforms. For each prime p|N the Hecke op-
erator U (p) is defined as follows. If f(7) = ¥ a(m)q™, then f(7)|U(p):= ¥ a(pm)q™.
m>1 m>1

Also, if d is a positive integer, then the duplicating operator B(d) is defined as

f(7)|B(d) := f(dr).

Suppose that f(7) € Sg(T'o(N)), then f(7) € Sp(I'o(dN)) for any positive integer d > 1
and f(dt) € Sg(I'o(dN)). Therefore, f(7) sits in Sg(I'o(dN)) in atleast two different
ways. The theory of newforms distinguishes these types of forms, called the oldforms,

which are generated by forms of level < N.

We define the subspace S91¢(I'g(N)) by
SP(To(N)) = @%\xsk(ro(M))\B(d),

We now define the subspace of newforms denoted as SV (I'o(N)) as the orthogonal
complement of S¢'4(I'y(N)) in Sx(Io(N)) with respect to the Petersson inner product.
One has Si(Io(N)) = S24(I'(N)) & S8 (To(N)). Further the space S'% (I'o(N)) has
an orthogonal basis of eigenforms. The following lemma tells us about the growth of

the Fourier coefficients of a modular form.

Lemma 1.4.3 [11]If f € Mi(To(N), x) with Fourier coefficients a(n), then

a(n) < nk—l—}—.&‘7
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and moreover, if f is a cusp form, then

Note that for a Hecke eigen cusp form f, Deligne’s bound is a(n) < n'7 +¢. For
more details on the theory of modular forms of integral weight, we refer to the books
of Iwaniec [11], Ono [32], Koblitz [15].

We associate an L-function to f(7) = Y,,>1 a(m)q™ € S,(I'o(N), x)) defined by

Lis.f) = Y W)

n=1

ns '

k
for Re(s) > 5 + 1.

0 -1
Theorem 1.4.1 Let f be as above and put g = f | Wy, where Wy = ( ) .

N 0
Let
L= L5
L(s,g) = ; br(l’:)

Then L(s, f) and L(s,g) can be extended to entire functions and satisfy the functional

equation
Afs.) = FA(s.).
where
M= () T
and
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The following theorem gives modular property of the twist of a modular form by

a Dirichlet character.

Theorem 1.4.2 Let f € My (T'o(N), x), where ¥ is a Dirichlet character of conductor

N* with N*|N. Let y be a primitive Dirichlet character modulo r. If

then the "twisted series"

n>0
is an element of My(To(M), xw?), where M is the least common multiple of N,N*r,

and r>. Moreover if f is a cusp form, then so is Sy

Given f € Si(I'0(N), x) and v a primitive Dirichlet character modulo r, we associate

the twisted L-function by

L(S,f, W) — Z a(n)l//(n)

s
n>1 h

where a(n)’s are the Fourier coefficients of f. Note that this L-function is nothing but

L(s, fy), the L-function of the twisted modular form fi.

Theorem 1.4.3 ([11]) Let f € Sp(To(N),x), W a primitive Dirichlet character mod-

ulo r with (N,r) = 1 and M = Nr?. Put

VM

A(Safv W) = (ﬁ) F(S)L(S,f, W)

Then A(s, f,y) is an entire function, bounded in vertical strips and satisfying the

functional equation

Als. f.¥) = Fw(Y)A(k— 5,8, 7).
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where

and g = f | Wy.

In the above T(y) is the Gauss sum given by T(Y¥) =¥, (mod r) W(u)e(u/r) and Wy

is the Fricke involution as defined in Theorem 1.4.1.

1.5 Modular forms of half-integral weight

a b
For a non-negative integer k and y = € T'y(4N) we define the slash oper-

ator as follows:

Planr=(5) () e rar i,

where (2) is the Kronecker symbol and (_74) = +1 or O according as d = £1

(mod 4) or d is even.

Definition 1.5.1 Let k be a non-negative integer and X be a Dirichlet character mod-
ulo 4N. A holomorphic function f : 7 — C is said to be a modular form of weight
k+1/2 on T(4N) with character ¥, if

a

b
L flirpv(t) = x(d)f(7), Vy= ., € o(4N).
C

2. f is holomorphic at all the cusps of To(4N).

Further, we say that f is a cusp form if f vanishes at all the cusps of To(4N).

We denote the space of all modular forms of weight k + 1/2 with character y on

[o(4N) by My41/2(4N, x) and when k > 1 the subspace of all cusp forms is denoted
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by Sk+%(4N,x).
Example Let v be a primitive Dirichlet character (mod r), let v =0 or 1 according

as Y(—1) = (—1)". The theta function associated to the character y is defined by
hy(t) = Z v(m)m¥e(m*t). (1.3)

Then hy(7) is a modular form of half-integral weight and hy € M, /2(4r2, v,

where y(V) (m) = y(m) (_Wl)v

When r = 1, the above theta series is the classical theta series 6(7) given by

0(t) =Y e(m’t) € M )»(4). (1.4)

meZ,
The Petersson scalar product on Sy, | /2(4N , %) is defined as follows:

1
[SL2(Z) : To(4N)] Jro(an)\

(f.8) = f(1)g(t)(Im(7))* 2"z,

here d* 7 is the invariant Haar measure as defined in §1.4. The space S 4 /2(4N ,X) is

a finite dimensional Hilbert space.

Definition 1.5.2 For positive integer n, the n-th Poincaré series of weight k+1/2, (k

is a positive integer) is defined by

Peyi/on(T) = Y et lks1/2 V- (1.5)
Y€lL\I'(4N)

It is known that Pyi/p, € Sgy1/2(4N) (for this fact we refer to the proof of [18,

Proposition 4]. The Poincaré series has the following property:
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Lemma 1.5.3 Let f € Sy 2(4N) with Fourier expansion

oo
= ¥ alm

m=1

Then
T(k—5)

l4N(477: )

(fsPeyi/on) = a(n) (1.6)

Here iqy denotes the index of I'g(4N) in SLy(Z). The following lemma gives the

growth of the Fourier coefficients of a half-integral weight modular form.

Lemma 1.5.4 If f € My /,(4N, x) with Fourier coefficients a(n), then
a(n) < nk*%j%,

and moreover, if f € Sy (4N, x) is a cusp form, then
a(n) <« natate,

In his 1973 paper [37], G. Shimura introduced the theory of modular forms of half-
integral weight. He obtained the following map from the space of cusp forms of

half-integral weight to cusp forms of integral weight.

Theorem 1.5.1 ([37], [31]) Let t be a square-free positive integer and suppose that
Z b(n)e(nt) € Sy11/2(4N, x), where k is a positive integer. If A;(n) are given
by

(o)

ZA, L(s—k+1,xx" ) Zb(tnz)n_s, (1.7)

where Re(s) is large and ); = (5) is the real non-principal character modulo t (mod-

ulo4rift =2,3 (mod 4)), x—4 = (_—4) is the odd character modulo 4, define the map
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S as follows.

Z((F) = i] (Zx(d)xh(d)xf(d)d"‘1b<m2/d2>> e(nt) = i]At(me(m).
n= d|n n—=
| (1.8)
Then .%;(f)(t) € My (2N, x?). Moreover, if k > 2, then .%,(f) is a cusp form.

When N is odd, we define a canonical subspace of the space of cusp forms of half-

integral weight introduced by Kohnen and denoted by S, ; ,,(4N). This is the sub-

k+1/2

space of Sy, 1 /»(4N), consisting of cusp forms ). c¢(n)g" with the property that c(n) =
n>1

0 unless (—1)*#=0,1 (mod 4). Later corresponding to each fundamental discrimi-

nant D (i.e. D is 1 or the discriminant of a quadratic field) with (—1)¥D > 0, Kohnen

in [17],[18] defined the D-th Shimura-Kohnen map, given by

Ip(g)(t) = g‘l Z (g) d*e(n*|D|/d?) | ¢". (1.9)
o (d,N;q:I

Also when N is squarefree, Kohnen has given a newform theory for S,‘:H /2(4N ). Sup-

sy (4N). Kohnen has

el /2(4N ) denotes the subspace of newforms of S

pose that k+1/2

S+ ,new

proved that S, ) )

(4N) and S5;%(N) [subspace of newforms in S (N)] are isomor-

phic as modules over the Hecke algebra.

Theorem 1.5.2 If f(7) = ¥ a(n)q" € S5V (N) is a normalized Hecke eigenform
1

n>

(a(l)=1) and g(t) = Y. c¢(n)q" € S]j+rlle/“2’(4N) be the corresponding form of half-
n>1

integral weight under the ./ map with c(|D|) # 0, for a fundamental discriminant D
with (—l)kD > 0. Then the Fourier coefficients of f and g are related (via the map

“p) by
o) =D L i) ()@ latn/a)

d|n
(d,N)=1
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For each prime [ dividing N (odd squarefree), let W; be the Atkin-Lehner involution

I «
on Sy (N) associated to [ and defined by W, = ( >7 with I’ —Na = [, and
N B

o,B €7Z. Then f | Wy =wy f, where wy = £1. For a fundamental discriminat D with
(D,N) =1, (—1)*D > 0 and Re(s) > 0 we denote by L(f,D,s) = ¥ (2)a(n)n™,
n>1

the L-function of f twisted by the quadratic character (2). Then Z( f,D,s) has a

holomorphic continuation to C and the completed L-function
L*(f,D,s) = (27) *(ND*)’*T(s)L(f,D; )
satisfies the functional equation

L*(va’S) = (_l)k (%) WNL*(f7D72k_S)a

where wy = [Tw; € £1. Note that L(f,D,k) = 0 for (—1)* () = —ww.

IIN
Below, we state the explicit Waldspurger formula obtained by Kohnen [18].
Theorem 1.5.3 Let D be a fundamental discriminant with (—1)*D > 0 and N be an

odd squarefree natural number. Suppose that for all prime divisors | of N, we have

(?) =w,. Then

2 _
[UPDE _ pviw (k= DY 12 LU Do) (1.10)

(g,8) mk (.0

where V(N) denotes the number of distinct prime divisors of N.

For more details on the theory of modular forms of half-integral weight, we refer to

the book of Koblitz [15], Ono [32], and the work of Shimura [37].




CHAPTER

Shimura image of certain modular

forms of half-integral weight

2.1 Introduction

In his 1973 paper [37], G. Shimura introduced the theory of modular forms of half-
integral weight. In that paper, he obtained a correspondence between the space of
modular forms of half-integral weight and modular forms of integral weight. In par-
ticular, corresponding to each squarefree positive integer ¢, he obtained a map .%;
from modular forms of half-integral weight to modular forms of integral weight.

In this connection, in an unpublished work the following property of the first
Shimura map was observed by A. Selberg (see [3, p. 58]). Let f € Si(1) be a Hecke
eigenform, then the image of the function f(4z)6(z) under .7 is f2(z) — 281 f2(2z),
where 0(z) is the classical theta function given by ie(nzz). B. A. Cipra in [3],

generalized the observation made by Selberg by considering the general theta function

17
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hy corresponding to a primitive Dirichlet character ¥ modulo a prime power. We
write y(—1) = (—1)Y, where v = 0, 1 accordingly if y is even or odd.

Then, Cipra proved the following theorem.

Theorem 2.1.1 ([3]) Let f(z) be a normalized newform in Si.(N, ). For a primitive
Dirichlet character W modulo r = p™, where p is a prime, and L > m, let F(z) =
f(4pt2)hy(z), where hy(z) is the generalized theta function as defined in (1.4). Let
8(z) =Y,s1c(n)e(nz) = f(2) f(pH2), if v=0and g(z) = 5= (' (2) f(P*2) — " F(2) f (P"2)),
if v =1. Here f'(2) is the derivative of f w.rt z. Let G(z) = ¥,> ¥(n)c(n)e(nz) =
8y(2) be the y-twist of g. Then F € Siy 1 /2(4N1, XWX 5Y), G € Sppey) (N1, 22 W2),

where Ny = lem(Npt, r?). Moreover,
F(F)(2) = G(2) =27 12 (2)w(2)6(22) € Syrv) (N1, £°W).

In 2008, D. Hansen and Y. Naqvi [10] generalized the work of Cipra by consid-
ering Y to be a Dirichlet character modulo any positive integer. Below we give the

result of Hansen-Nagqvi.

Theorem 2.1.2 ([10]) Let y be a Dirichlet character modulo r = Hf:] plq", and write
v = Hle V;, where ; is a Dirichlet character modulo p?’ﬁ Further, let y(—1) =
(—1)Y, v=0or 1 according as y is even or odd. For a normalized Hecke eigen-
form f € Su(N.Z) set F(z) = F(4r2)iy(2) € Seay 1/ (4N, 2w "), where N' =
N/ gcd(N,r). Define the function g(z) as

(

Z Va(=1)f(dz)f(rz/d) if v=0,

d|r

g(z): g;d(dyr/d)zl @1
— L va-0df(d)f(rz/d) ifv=1.

g
-
ged(d,r/d)=1

\
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Then we have

F1(F)(2) = gy(2) =27 w(2)2(2)gy (22),
which belongs to the space Sy ) (2N'7?, x> w?), where gy (z) is the y-twist of g(z).

In this chapter, we generalize the result of Hansen-Naqvi to get similar result in
the case of general z-th Shimura map .%;. The chapter is organised as follows. First we
state our theorems and give a proof of them. At the end, we provide some examples

to our result.

Statement of main results

Let r =[], pii and y be a primitive Dirichlet character modulo r with y(—1) =
—1)Y, where v = 0 or 1 according as the character ¥ is an even or odd charac-
v

ter modulo r. As indicated earlier, we write Y = Hle v;, where y; is a Dirichlet

character modulo pl‘.x" and for any positive divisor d|r, we let y; = [] ;. For a

Pl
modular form f € S (N, x) with Fourier expansion f(z) = Y. a(n)e(nz), let us define
n>1
the function g(z) by

8(z) = a(t)g(z), (2.2)

where a(t) is the ¢-th Fourier coefficient of f and g(z) is the function defined by (2.1).
Corresponding to the character y modulo r, let iy (z) be the theta function as defined

in (1.4).

Theorem 2.1.3 Let f(z) be a normalized Hecke eigenform in Si(N, ) and t be a

square-free positive integer such that t|N, gcd(¢t,2N/t) = 1. For the existence of
a square-free t # 1, we assume that N has the property that there exists an odd
prime p|N with p? [N. Let W be a primitive Dirichlet character modulo r such that

ged(rt) = 1. Set Fi(z) = f(4rz)hl,,(tz). Then, F; € Sk+v+1/2(4N/r27X‘I/thfjv),
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where N' = N/gcd(N,r). For the Hecke eigenform f, let g;(z) be the function de-

fined by (2.2) with g(z) as in (2.1). Let G(z) = gy (z Z y(n ) (c(n)
n>1
is the n-th Fourier coefficient of g;) be the y-twist of g;, which is a modular form in

So(k4v) (N'7%, x>w?). Then we have
F1(F)(2) = Gi(2) =2 y(2)2(2)Gi(22) (2.3)

and it belongs to the space Sy y) (2N'r?, 3% y?).

Due to our assumption that ged(¢,N/t) = 1, the ¢-th Fourier coefficient a(t) of f
is non-zero, from which it follows that the function g;(z) defined by (2.2) is non-zero.
The second main theorem is the following (which has no conditions on the square-free

integer t).

Theorem 2.1.4 Let f(z) be a normalized Hecke eigenform in Si(N, ) and y be a
primitive Dirichlet character modulo r as in Theorem 2.1.3. For a square-free pos-
itive integer t, set H;(z) = f(4rtz)hy(tz). Then, H; € Sk+v+ (4N wanxtY),
where N' = N/gcd(N,r). Corresponding to the Hecke eigenform f, let g(z) be the
function defined by (2.1) and let G(z) be the y-twist of g, given by G(z) = gy(z) =
Y wn) , where c(n) is the n-th Fourier coefficient of g. Then G(z) €

n>1

So vy (V' r2, XZI/IZ) and the image of the function H; under the t-th Shimura map
is given by
() (@) = G T (1= 2()wip)p ™~ "B(p) (2.4)

pl2t

and it belongs to the space Sy .y) (2N'r*t, x*w?), where B(d) is the operator which




§2.2. Proof of Theorem 2.1.3 21

is defined by f|B(d)(z) = f(dz). If t is such that gcd(N,t) > 1, then

ZH)D=6E 1 (1-20ve)r"B()
pl2t/ ged(N.1) (2.5)

€ Sapv)(2N'F1/ ged(N, 1), x> y?).
More precisely, we have /1(H;)(z) € Sak4v) (2N'r?t/ gcd(Nr,t), x> y?).

Remark 2.1.1 Though we didn’t have any condition on #, the level of the half-
integral weight cusp form in Theorem 2.1.4 is divisible by 7. So, effectively both
the theorems are concerning the 7-th Shimura image of certain modular forms whose
level is divisible by 7. The method of proving these results suggests that these type
of constructions won’t give information for the 7-th Shimura maps on forms of half-

integral weight whose level is relatively prime to z.

2.2 Proof of Theorem 2.1.3

First we state an inversion formula needed for the proof of the theorem. As f &€
Sk(N,x) is a normalized Hecke eigenform, its Fourier coefficients a(n) satisfy the

following multiplicative property:

a(m)a(n) = Z x(d)d*'a(mn/d?). (2.6)
d|(m,n)

The inversion formula is the inverse of the above property.
Proposition 2.2.1 (/3], [10, Proposition 2.2]) If f(z) = ¥,,>1 a(n)e(nz) € Sg(N, x) is

a Hecke eigenform with a(1) = 1, then we have

a(mn) = Z w(d)y(d)d*a(m/d)a(n/d), 2.7)
d|(m,n)
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for any positive integers m,n, where Ll is the Mobius function.

Let hy(z) be the theta function as defined in (1.4), where y is a primitive Dirich-
let character modulo a positive integer r. We assume the prime factorization of r
as given before. Since f € Si(N,x), f(4rz) € Sx(4Nr,x) and hy(tz) belongs to
M, /2(4r2t, vxY,x:), where t is a square-free positive integer. So, when ¢|N, the
function F(z) defined by F(z) = f(4rz)hy(tz) is a cusp form in the space
Skrvi12(AN'P xwxx*hY), where N' = N/ ged(N,r). Since f € Si(N, ), using
the definition of the function g, given by (2.2), we see that the function G;(z), which
is the y-twist of g, is a cusp form in Sy ) (N'r?,w?x?). Below we give a proof of
the fact that G; € Sy(i.y) (N'r2, w2 x?).

As [[o(N'r?) : To(N'r)] = r, we let the coset representatives be given by

1 0
o=
JN'rF* 1
for j=0,1,...,r— 1. To prove our claim, we need to show that G;(z) |x &t; = G;(z) for
r—1 .
all j=0,1,....,r— 1. We consider the Gauss sum 7(y) = ¥ w(m)e?™"/" By using
m=0

the Gauss sum (refer to [15], page 128), we can write

r—1
62) = Y Yiai v = " voia) kon.

r v=0 r v=0

1 —v/r
where ¥, = . By observing that
0 1

1 —v/r 1 0 1—jwN'r  —jN'V? 1 —v/r

0 1 jN'F* 1 jN'r? jyN'r+1 0 1
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we finally conclude that G;(z) | @j = G;(z) for all j =0,1,...,r — 1. For a detailed
proof we refer to [[15], Page 128]. We write the Fourier expansion of the function
8:(2) by g:(2) = Xy>1¢(n)e(nz) (2.2). Then, if y is an even character (i.e., when

v = 0), the Fourier coefficients c¢(n) are given by

[}

cw)=al) L wl=) ¥ atma"—"),

d|r m=-—co
ged(d,r/d)=1
Note that a(¢) = 0 whenever ¢ is not an integer or £ < 0. Since f is a normalized
Hecke eigenform, and ¢|N, we have a(t)a(m) = a(tm), m > 1. Note that for |N, the
newform f is an eigenfunction under the Hecke operator U () and since a(1) = 1, we

have the relation a(tm) = a(t)a(m)¥m > 1. Therefore, we have

(oo}

—d
cmy= ¥ wul=1) Y am)a” d’"). (2.8)
d|r m=—oo }"/
gcd(d,r/d)=1

When v is an odd character (i.e., when v = 1), the Fourier coefficients c(n) are

given by

c(n) = Z v (—1) Z (n—2dm)a(tm)a(r—/—d). (2.9)

Let F;(2) = Y,>1b(n)e(nz). Then as f(z) = ¥, a(n)e(nz), by using the defini-

tion of the theta function 4y(z) given by (1.4), we get

[ [

F(z) = Z a(n)e(4rnz) Z m” y(m)e(tm?z). (2.10)

n=1 m=-—co
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This gives the Fourier coefficient b(n) as

oo 2
b(n) :m_z_oomvly(m)a (" 4;’” ) . @.11)
So, we have
o0 2 2
b(tn?) = m;wmvw(m)a (%) . (2.12)

By our assumption, (7,2r) = 1. Also y(m) = 0 for any m divisible by d, where d is

a divisor of ». When n and m are integers with 4|(n> —m?) both the factors n —m

and n+ m have to be even. So, let (“5,r) =d, then m =n (mod 2d) and m = —n
(mod 2r/d). If (d,r/d) =d # 1,thenm=n=—n=0 (mod 2d’). This implies that
y(m) =0. So, it is enough to assume that (d,r/d) = 1 and we substitute m = n+2dm'’

for some m’ € Z and m+n = 2n+2dm'. Since (d,r/d) = 1, we have

y(m) = yy(m)y, q(m).

Asm=n (mod d) and m = —n (mod r/d), we have

y(m) = Wa(n) Y, a(—n) = Wa() W, /a(m) W, )a(—1) = W a(=Dy(n).  (2.13)

Using this in (2.12), we get

(o)

) =win) T n-2m” L wal-na (")

m=—co d|r
(d,r/d)=1
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Case (i): y(—1)=1,ie., v=0. In this case y;(— 1)y, /4(—1) = 1 gives the fact that

Vi(—1) = v, /4(—1) = 1. Therefore, we get

2 — win B . tm(n—dm)
b(tn”) = y(n) dZ wa( 1)%% (—r/d ) (2.15)
(d,r/d)=1

Now by applying Selberg inversion (Proposition 2.2.1) we have,

(M) ) u(©)2(5)8" alom/3)a ("5 5.

oI5

Substituting this in (2.15), we get

st)= ¥ L w0 L @8 /S (") | v

m=—oo d|r Sltm
ged(d,r/d)=1 (8,1)=1
()

(2.16)

As t divides N, we have an additional condition (5,7) = 1 (in the sum over ) and so

we have
22) — - K10 em n—dm .
o) = XL vl | T @) o) ("5 ) | v
gcd(d,r/d)=1 S|n
=YY wCn| D@08 vo)wl/sjam/o) (L)
m=—oco  (|r S|m
gcd(d,r/d)=1 S|n
= y - §)8k! n/d)a(tm)a n/8—dm :
LT ) Zumos vorwin/oiim (" ))

ged(d,r/d)=1
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Now, using the Fourier expansion of g given by (2.8), it follows that

b(m?) = §M(5)x(5)5k”l//(5)ll/(n/5)6(n/5)

= §M(5)x(5)5k”IW(5)W(H/5)C(H/5)- (2.17)

Case (ii): y(—1)=—1,i.e, v=1. Inthis case Y;(—1)y,/4(—1) = —1. So, equation

(2.12) now becomes

b(tn?) = w(n 1 n—2dm)a (M dm) (2.18
) w()( % val-1) X (n-2amya (") )
d,r/d)=1

Now, proceeding as in the previous case, we get

oo

)= Y X wal-D)

m=—oo d|r

ged(d,r/d)=1

k+v—1 odmaltm)a n/é—dm
(%H(5)X(5)3 v (8)y(n/6)(n/d —2dm)a(tm) <—r/d >)

Using the Fourier expansion of g given by (2.9) in the above expression, we get the
same expression as in (2.17). Thus, in both the cases (¥ even or odd) we have the
same expression for b(tn?) given by (2.17). Now we evaluate the Dirichlet series

associated to the coefficients b(¢n?) in the following.

(o)

Z b(tn*)n~*

n=1

H(8)x(8)8 " w(8)y(n/8)c(n/8)n™*

I
gk

3
I
—_
=2
T

(n)x (n)y(n)n*+v=1-s i w(n)c(n)n™

n=1

—L(s+1—k=v.2v) " Y yln)e(mn™

n=1

Il
gk
=

3
I
—_
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k+v

Since F; € Sjyy11/2(4N’ 2 xwxx"tY), we have to multiply the left-hand side of

the above equation by L(s —k — v+ 1, xx:wx*5¥ x*1¥ %) to get the Dirichlet series

corresponding to the image of F; under Shimura map .#; (see equation (1.7)). How-

ever, L(s —k— v+ I,XXrll/XkalkaZ ) =

both the sides by L(s —k— v+ 1, xyxa), we get

L(s—k—v+1,xwxs). So, multiplying

i L(s+1—k V. Xvx>
Lis—k—v+1,xyxs) Z LT o VX‘V4

n:

Zw

n=1

(2.19)
All Dirichlet series that appears above converge absolutely for Re(s) sufficiently
large, and so by an easy consideration of Euler products, the quotient of the L-

functions simplifies as follows:

L(s+1—k=v,xwx%) Ty =2x(p)w(p)ptv 17!

Lot T—k—vxw) = zpwipp T O
= (1 —x(2)1//(2)2"+v‘1‘“‘) : (2.21)
Therefore,
ngn—S: (1- 2@y 1) gw<n>c<n>n—s
and so,

SR = i 1) — (W22 Y. yln)e(ne(2nz).

n=1

In other words, .7 (F;)(z) = G;(z) — x(2)w(2)2V=1G;(2z). This completes the

proof.
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2.3 Proof of Theorem 2.1.4

The proof is similar and we indicate only the relevant changes to be carried out. Let
the Fourier expansion of H be given by H;(z) = ¥, h(n)e(nz). Taking the n-th

Fourier coefficient of f as a(n) as before, h(n) is given by (compare this with (2.11)):

W)= Y my(m)a ("_””2). (222)

So, we have

W)= Y, m'y(ma (@)

m=—oo
Here we note that the above expansion is the same as in Eq. (3.5) of [10] (in the case
v = 0). Again giving the same argument as presented after (2.12) , we arrive at the

following in the general case (v =0or 1).

W) =y(n) Y ( )Y a ( n- dm)) (n—2dm)"
(o et

and so we finally get

)

=Lis+1—k=v,2¥)"' ¥ w(n)e(n)n ™

n=1

To get the Dirichlet series corresponding to the image of H, under .%; we have to
multiply both sides of the above equation by L(s —k— v + 1, y wx4x?). In the present
case, the ratio of the L-functions that appear on the right-hand side has the following

simplification.
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Lis+1—k—v,xvxax?)  pyave(l=x(p)w(p)p*v=175)"!

Lis+1—k—=v,xw)  Tlyn(1—x(p)w(p)pktv-1-5)-1
=11 (1 —x (p)w(p)pk”‘l‘s) :

pl2t

Therefore,

S (Hy) = (il W(n)C(n)e(n2)> TT (1= 2w (p)r v B(p)

pl2

In other words, .7} (H; ) (z) = G(2)| [T, (1 — 2(p)w(p)p*"V~'B(p)). This completes

the proof.

2.4 Examples

In this section, we shall give some examples to illustrate our results. Examples 1 to
3 are for Theorem 2.1.3 and Examples 4 and 5 are for Theorem 2.1.4. Also in the

examples g = e(z).
Example 1: The case r = 1. Let
f2) =122’ (62) = 4 -3¢+ 24" +9¢” = 224" + 264" + O(¢*)
be the newform in S3(12, (3)). Let 6(z) = Yo .. e(n’z) be the theta function. Set
F3(z) = f(42)6(32) = ¢* +2¢" —3¢"* — 64" +2¢'° + 0(¢""),

which belongs to S5 >(48). Since N = 12, let # = 3 and so let g;(z) = a(r) f*(z) =
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—3f2(z) € S¢(12). Since r = 1, we have
G3(z) = g3(2) = —3f%(2) = —3¢* + 184" —27¢° — 124" +364'° + O(¢"").
As N =12, x(2) =0 and so by Theorem 2.1.3

H5(F3)(2) = G3(z) =2 ' 2 (2)w(2)G3(22) = —3f2(2) € S6(12).

Example 2: In this example, we will take ¥ to be the Legendre symbol (%) modulo
5 which is an even character modulo 5. So, r = 5. Let f be the newform in the space

S4(6) given by the eta product n2(z)n?(2z)n?(3z)n?(6z). Then
f(2) =a—-24"=3q" +44" + 64" +64° — 16g" — 84" + 94’ + O(¢"").

Since N = 6, we take t = 3. Also, N' =N =6, a(3) = —3. The functions F and g are

defined as follows.

Fi(2) = £(202)y(32) € Sy1/2(600, (15

);
23(2) =2a(3)f(z)f(5z) = —6f(2) =) c(n)e(nz) € S(30),

n>6
where hy (z) = Y,e7 (%) e(n’z). The function G3(z) € S3(150) is the y-twist of g3(z)

and is given by
n

Gi(z)=Y (5) c(n)e(nz).

n>1

Since N is even, x(2) = 0 and so by Theorem 2.1.3, we get

y3(F3)(Z) = G3(Z) S 58(150).
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Example 3: In this case, we shall take v to be the odd Dirichlet character modulo
3 given by the Legendre symbol (3). Let f(z) = n*(2)n°(7z) = ¢ — 34> + 5¢* —
79" —34¢® +9¢° + O(g'") be the newform in S3(7, (3)). We have N =7,t =7,r =3
and Fy(z) = f(122)hy(72) € Sy11/2(252,(2)), where hy(z) = Y,czn (%) e(n’z). The

7-th Fourier coefficient a(7) of f is —7. The function g7 is defined by

g7(z)=%l7[f/(z)f( 2)—3f (32)f Zc e(nz) € Sg(21)
n>1
and G7(z) is defined by
Gi(2) = Y. (5) clme(nz)

By Theorem 2.1.3 we have

41(Fy)(z) = Go(z) - 2° (%) (%) G7(22) = G7(z) +8G7(2z) € S(126).

Example 4: As in Example 2, let y be the Legendre symbol (3) modulo r =35. Let f
be the newform in the space S4(6) given by the eta product n?(z)n?(2z)n?(3z)n>(6z).

Then
f(2) =q—2¢* 34> +4¢" +64° +64° — 16" — 84° +9¢° + 0(¢"?).

Let us take # = 7. In this case, N' = N, g(z) = 2f(2) f(5z) = L>6 c(n)e(nz) € Sg(30)
and G(z) = ¥,>1 () c(n)e(nz) € S3(150). The function F(z) is defined by F(z) =
J(1402)hy (7z) € S4.1/2(4200, (3—5) ), where hy(z) = ¥ez (%) e(n?z). Then by The-

orem 2.1.4, we have the following.

F(F)(z) = G(z)| (1+2°B(2)) (1 +7°B(7))

— G(z) +8G(2z) + 343G (72) +2744G(14z) € S3(2100).
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Example 5: In Example 4, we take r = 5. Then, N’ = N and the functions f,g,G are
the same. The function F5(z) is defined by F5(z) = f(100z)hy(5z) € S441/2(3000),
where hy(z) is as defined in Example 4. In this case, Theorem 2.1.4, gives the fol-

lowing.
s5(Fs)(z) = G(z)|(1+2°B(2)) = G(z) +8G(2z) € S5(300).

Note that the level of the integral weight form is 300, where it should have been 1500.

Since ¢ divides r, the level of the integral weight form is further divided by 7.




CHAPTER

On simultaneous non-vanishing of the

twisted L-functions of newforms on

[o(N)

3.1 Introduction

Let f; and f> be two normalized Hecke eigenforms of weight 2k and 2k, respectively
and of level N and assume that k; =k, (mod 2). Let Z denotes the set of fundamental
discriminants, i.e. forad € & either d = 1 or d is the discriminant of a quadratic field.

Define the set

A(fl?fZ) = {d € '@L<f1 ®Xd71/2)L(f2®%d71/2) #0}7

where L(f; ® x4, ), is the twisted L-function associated with f; (i = 1,2) by quadratic

character )y, for d € 9, here ), is defined by x,(n) = (d), where (%’) is the gen-

n

33
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eralised Jacobi symbol. We prove that if the set A(f], f>) is non-empty, then the
cardinality of the set A(f1, f2) is infinite. This result is a generalisation of the work
of R. Munshi [27], who first obtained similar result when N = 1. Our method is very
similar to the one adopted by Munshi. The idea is to use the connection between
half-integral weight modular forms and integral weight modular forms as developed
by Kohnen [16]. Especially the Waldspurger formula relating the special values of
the twisted L-function associated to a modular form of integral weight and square of
the Fourier coefficients of the corresponding half-integral weight modular form. Be-
fore we proceed to state our result we fix the notation about the L-functions studied
in this chapter. For a cusp form f(7) =Y., a(n)e(nt) and for a Dirichlet character
X, the two L-functions associated to f, denoted by L(f,s) and L(f,x,s) are defined

as follows

L(f,s)= ia(n)ns
L(f,x,s) = 2a(n)x(n)ns.

However, we consider the normalized L-function associated to a cusp form of weight

2k defined by

Lifoxs) =Y nZE’Szx(n)n—s_ 3.1)

n>1

We give below the precise statement of our result.

Theorem 3.1.1 Let fi and f, be two normalized Hecke eigenforms of weight 2k, and
2ky respectively and of level N, where N is odd square-free and also assume that kj

and ky are of same parity. Suppose that there exists a fundamental discriminant d

such that (d,N) =1 and

L(f1® X, 1/2)L(f2® xa,1/2) # 0,
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then there are infinitely many such fundamental discriminants d with the above prop-

erty. In other words the cardinality of the set A(f1, f>) is either zero or infinite.

3.2 Proof of Theorem 3.1.1

Let N be a fixed positive odd square-free integer. Suppose that

filr) = i aj(n)e(nt) € Sy, (N), i=1,2
n=1

be two Hecke eigenforms of weight 2k; and level N with a;(1) = 1. Let

[

Fi(t) = Y. Ai(n)e(nt) € S, ,(4N)

n=1
be the half-integral weight modular form corresponding to f;, under the Shimura-
Kohnen correspondence given by (1.9).

We assume that the set A(f1, f2) is nonempty and cardinality of A(f1, f>) is finite.

We show that it leads to a contradiction.

S a b
Define H(7) := Fy(7)F>(7). Then for any y = € I'y(4N), the transfor-
c d
mation of Fi(7) and F>(7) w.r.t Y implies that
okt kot
H(yt) = (ct+d) *(ct+d)?"2H(7). (3.2)

Note that the condition k| = k» (mod 2) implies that the (_74) factor in the transforma-
tion cancel with each other. Let k] = o0, k», ..., K}, be the inequivalent cusps of I'g(4N),
Then for each cusp k; there exists g; € SL(Q) such that gjeo = k; and I'; := gil“oogi_l,

where I'; and I are the stabilizer group of the cusps k; (i > 1) and o respectively.
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We have an Eisenstein series corresponding to each cusp k; as follows;

E(t,s,k):= Y (g 'y, ) Im(g; yr)’, (3.3)
yel'\I'o(4N)

- a b
where j(7,7) = (ct+d)(ct+d)~" for y=
c d

These Eisenstein series converge absolutely for Re(s) > 1 and have analytic con-

tinuation to the whole complex plane. If we write

E\(7,5.K)
ﬁ(‘c,s,k) = EZ(TjS?k)

Eh(T,S,k)

Then these Eisenstein series together satisfy a functional equation given by
E(1,5,k) = ®(s)E (1,1 —5,k), (3.4)

here ®(s) is a h x h matrix called scattering matrix [11, p. 238] and satisfies the

condition

D(s)P(1 =) = lnxn,

where [}, 1s the h X h identity matrix.
Observing that for any , B € SLa2(Z), j(afB,t) = j(a,B7)j(B,7). Consequently we
have,

EMT,5,k) = (ct+d) " (ct+d)Ei(t,5,k), n € To(4N). (3.5)

From the transformation of H(7) and E;(7,s,k) equations (3.2) and (3.5) it follows
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that the function

ki _kz) ky+kp+1
y 2

H(T)Ei (7:7S7 D)

is invariant under I'g(4N). Therefore, we can consider the Rankin-Selberg integral

, (t=u+iveH). (3.6)

ki —k kit +1 dudy
Ri(s) = / H(7)E; (r,s, 12 2)Im(r) g e

To(4N)\H

1%

We use the functional equation satisfied by R;(s), which was obtained by Shamita

Dutta Gupta [7], which we present below.

Theorem 3.2.1 ([7]) Let R;(s) be as defined in (3.6). Then R;(s) has a meromorphic
continuation to all s, the only possible poles being at s =0,1,0;;,1 — o;; and p/2,
where p’s are the nontrivial zeros of the Riemann zeta function. Further we have the

following functional equation

Ry (s) Ry(1—s)

Ry(s Ry(1—s
R(s)= i” — D(s) x: )=¢@ﬁu—¢

Ry (s) | Ri(1 =)

where ¢ (s) is as in equation (3.4).

To prove our theorem, we adopt the following strategy. We use the Rankin unfold-

ing argument and the Fourier series expansion of F;(7), to express Rankin-Selbebrg

integrals R;(s) for the cusp k; = oo, in terms of the Dirichlet series

> A1 (n)As(n
pls) =y MR

where k* = % Since A;(n) are the n'" Fourier coefficient of the newform F;(7)
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of weight k; + 1/2 in the Kohnen plus space of level 4N, we use the Shimura-Kohnen
map obtained by Kohnen (1.9). Using this map, we are able to write the Dirichlet
Series D(s) in terms of (upto certain Dirichlet series Z(s)) the Rankin-Selberg L-
function corresponding to the integral weight newforms f;(7). Finally, by computing
the order of zeros of E(s) in a rectangle and using the known result about the zeros
of Rankin-Selberg L-function, we arrive at a contradiction. We now give a detailed
argument.

Consider the integral

ky —k kit dud
Ri(s) = / H(t ( (12 2)>Im(r) Lt zzv,

0(4N)\H
(&g b - s kitho+1 dudy
) / H(D) Y jlgve)z Img ) Im(e) 7 2
[o(4N)\H YEL\Lo(4N)

k1+/§2+1 dudv
5

- [ Y H®iE 70 (g ye) (o)

To(4N)\H YEL\Io(4N) Y
We can interchange the sum and integration in the above equation to get
- bk _ ky+ho+1 dudy
Ri)= Y [ H@E e e o) m(z)

V2 ’
YECATOUN) 4y B

Using the change of variable 7 to g;7, we get

k1+’;2+1 dudyv

v2 o

Ri(s) = /Hglr ) T (g ygrm) Im(gi7)
7/61"00\1"0 4N

Now using the Rankin unfolding argument, we have

kytko+1 dudv
m(7T

. —(kj—kp)
Ri(s) = / Jj(gi,T) 7 H(git)Im(g;T)
I \H
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Therefore,

ky+ky+1
Ras) = [ HE@m@ " (e L
T\H
ky+hy+1 d d
_ R(D)FR((T)Im(r) 2y zzv.
F\H

Now replacing F; and F, by their Fourier series expansions, we have

Rofs)= | (th )(ZAz )Im( yrEte e 6

CAH n=1 m=1

A fundamental domain for the action of I', on H is given by [0, 1] x [0, oc]. Integrating

(3.7) over this region, we get

| o
- kitk+1  dudvy
Reo(s) = O/()/(Z’lAl(n)e(—m') (ZAZ >Im( )fHT

1 o
m)//e(—n?)e(mr)lm(r) iy dudy
00

V2

bttt cdudy

12

I
s

n=1

A (1) As(n) / e(—n%)e(nT)Im(7)
0

_ F(S—l—k*) izr(l’l)Az(n) k*_kl—l—kz—l.

(47)5+K) w0 N T T ©.5)

n=1
We now consider the Dirichlet series defined by

A1(n)Aa(n)
Z ns—i—k* ’

which appeared in the the Rankin-Selberg integral R.. (3.8). Now we relate D(s)

with the normalized Rankin-Selberg L- function L(f] X f2,s), where L(f] X f2,s) =




40 §3.2. Proof of Theorem 3.1.1

Y akll( +22 +§ )1 Now by writing n = |d|m? and using the explicit Shimura-Kohnen map
n=1

Theorem 1.5.2, we have

A1(n)Az(n) = A (|d])Az(|d])

i=12 &lm
(8:.N)=1
Therefore,
Ai(|d))Az(|d]) & 1 -
poj= ¥ PRIV Y T L u@)()6" ans).
deA(f1.12) m i=12 (5?5\‘/3'1:1

Since f;, i = 1,2 are normalized Hecke eigenforms, the functions

Y w(8)xa(8)85  aim/5)

are multiplicative in m. Hence, we get

Yo [ L w0008 a(n/8) = [Ty000),

=12 §m

m=1
(6;.N)=1

where
> 1
poed) =1+ Lo T T R(@z(0)8 alr!/8),
=1 p 72 Si\pl
(8;N)=1
As
Y 1(8)xa(8)8* a(p'/8) = a(p") — xa(p)P*'a(p'™),
8lp!
we have

L) =14 L [ (000~ a0 () () a1t )]
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Nas (p')

Now by observing that the local Euler factor of L(f; X f2,s) is given by 1+ Y57 | a‘(pp—,

s

and the local Euler factor of L(f; ® x4,s) is given by

1
(1= xa(p)ai(p)p= + xn(p) p?hi—1-25)

where, xn(p) = 1if p{ N and yn(p) =0if p | N.

By executing the sum over / and using the Hecke relation for the Fourier coeffi-

cients a; (p') and as(p'). We obtain

_ Ly(f1 % f2,25)
Lp(fl ®Xd72's+ 1/2)Lp(f2 ®Xd72's+ 1/2)

Lp(w;d) Ep(s:d),

where the first factor on the right-hand side is the local Euler factor for the normalized
Rankin-Selberg L—function L(f; X f2,2s), and the last factor is such that the Euler
product HEp(s;d) is absolutely convergent for ¢ > 1/8. Since L(f] X f2,2s) =
[, Ly (/i % f2,2s)

and L(f; ® 24,25+ 1/2) =11, Lp(fi ® 24,25+ 1/2) for i = 1,2. It follows that

D(s) = L(f1 X f2,25)E(s), (3.9)

where
~ A1 (|d])Ax(|d])
E(s) = %l(s;d)
deA(f1,12)
with
E(s;d)

") = e a2 T 2L & ga 25+ 1/2)

and E(s;d) is an Euler product which converges absolutely in the half-plane ¢ >
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1/8 and the center of L(f] X f,s) is at s = 1/2.

Now order the elements of A(f1, f2) as follows.
A(fi,f2) ={d1,....dn}, with [di| <|da| < ... <|dp]|.

Then E(s) is meromorphic in the half plane o > %, and it is holomorphic in the half-

plane o > ‘l—t. Now we consider the rectangle
R={s=oc+ir:1/3<o<a,T<t<T+H}

and let

g FTEG) g lsd) ()T
f< )_A1<|d1|)A2(|d1|)l(S;d1) B 1+l'zzza( )Z(S;dl) ( ) ,

where i depends on Aj(|d;|), j=1,2 and i = 1,2,...,m. Then by applying the Lit-
tlewood lemma which states that:

If v(o) = the number of zeros — number of poles, of f in the region having Re(s) >
o, where 1/3 < 0 < a. Zeros and poles being counted with multiplicity and given

weight 1/2 if occuring on the boundary, Then

(04
-1
= — log f
//V(G)dG i /&R og f(s)ds,
1/3

here dR denotes the boundary of R oriented counterclockwise. we get that
| T+H . T+H
Y o 1= / loglf(1/3-+i0)|dt— / log [£(0t +it)|dt
T T

p=B+iveR,f(p)=0

o o
1 . 1 .
+E/arg(f(6+1(T+H)))dG—§/arg(f(0'+1T))dG.
1/3 1/3
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Now by observing that for large o, log|f(c +it)] = Oa(1) and as 6 — o we
have,

f(o+it) = 1+ Oy (e Ologldal~logldi])y

we get

Y  B—1/3=0aH)

p=B+iveR,f(p)=0
If we denote by N(T,E) the number of zeros of Z(s) (counted with multiplicity) in

the region {s: o > 1/2,|t| < T}, from the above observation we obtain
N(T,E) = OA(T).

Now by using the functional equation D(s) = G(s)D(1 —s), where G(s) is determined
by the scattering matrix ®(s) Theorem 3.2.1, and it involves I'-functions. Using (3.9),
we get

E(l—s/2)

L(fi® f2,s) = G(s)L(fi ®f2,2—s)w (3.10)

now we look at the number of zeros of L(f] ® f>,s) in the ractangle
R={S=o0+it:1/2<0c<1,|t|<T}.

as it is well known that (see for example [12]) number of zeros N(T, f; ® f») of
L(f1 ® fa,s) is of order ¢T log T, where c is a non zero constant. Now we look at the
number of zeros of right hand side of the functional equation (3.10). G(s) will have
atmost O(1) possible zeros in R, L(fi ® f»,2 —s) will not have any zeros in R as
2 —Re(s) > 1. Also E(s/2) has no poles in the region and so the major contribution
to zeros of right hand side is coming from E(1 — s/2), which is of order OA(T). As
the zeros of LHS in (3.10) has order O(T1ogT) and RHS has order O(T) we get a

contradiction.
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CHAPTER

Determining modular forms of
half-integral weight by central values

of convolution L-function

4.1 Introduction and Statement of the main theorem

The problem of determining Hecke eigenforms is one of the central problems in the
theory of modular forms. In this chapter we consider the problem of determining half-
integral weight Hecke eigenforms by central values of the convolution L-functions.
There are many works related to the problem of determination of a Hecke eigen-
form of integral weight by the special values of its twisted L-functions. Here we
mention some of these results. In [23] W. Luo and D. Ramakrishnan showed that if
two normalized newforms f and f” are such that L(1/2, f, xp) = L(1/2, f', xp) for

all quadratic characters yp = (2), then f and f’ are equal. As an application, they

45
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proved that if g; and g, are newforms in the Kohnen plus space of weight k + 1/2
on I'o(4N) (N is odd and square-free) with Fourier coefficients b;(n) and b(n) with
the property that b3(|D|) = b3(|D|) for almost all fundamental discriminants D with
(=KD > 0, then g; = 4g5. This question was posed by W. Kohnen in [18]. In
1999, Luo [22] proved the following result. Let H;(N) denote the orthogonal ba-
sis of normalized Hecke eigenforms of weight k on I'o(N). Suppose that f and g
are two normalized newforms of weight 2k (resp. 2k’) on To(N) (resp. To(N')).
If there exists a positive integer ¢ and infinitely many primes p such that for all
forms i € Hyy(p), the central values of the Rankin-Selberg L-functions are equal (i.e.,
L(1/2,f®@h)=L(1/2,f ®h)), thenk=k', N =N"and f = f’. This result of Luo can
be viewed as the GL(2) analog of the result of Luo and Ramakrishnan which is men-
tioned above. As a variant of Luo’s result, in [5], S. Ganguly, J. Hoffstein and J. Sen-
gupta considered twists by Hecke eigenforms of fixed level and varying weight. More
precisely, if g € Hy(1) and g’ € Hy(1) are such that L(1/2,f®g) = L(1/2,f®¢'),
f € H(1) for infinitely many k, then ¢ = ¢’ and g = g’. (Here k, /¢, ¢’ are all even pos-
itive integers.) There are other generalizations in the case of eigenforms of integral
weight (see for example [35, 38]). In this chapter, we generalise the work of Ganguly
et. al to the case of forms of half-integral weight. We consider Hecke eigenforms
of half-integral weight on I'g(4) which lie in the Kohnen plus space and prove the

following result.

Theorem 4.1.1 Let g,g' be two Hecke eigenforms belonging to the Kohnen plus
space on Ty(4) of weights £+ 1/2 and {' +1/2 respectively, such that ¢ = ¢ (mod 2).
Suppose that

L(1/2,f®g)=L(1/2,f®¢g") (4.1)
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for any Hecke eigenform f of weight k+ 1/2 on T'g(4) belonging to the Kohnen plus

space, for sufficiently large weights k. Then we have, { = ' and g = g'.

The method of proof has several steps, which we explain in brief below before

we proceed to the details of the proof. For Hecke eigenforms f € S

kr1/2(4) and

gc SZL 12 (4), we consider their Rankin-Selberg convolution L(s, f ® g) and use its

approximate functional equation, we obtain an asymptotic expression for the follow-
ing average:
as(|D])
Y ayL(l/Z,f@g)WTm’
F€Fii12(4)

where .Z "

1 /2(4) is an orthogonal basis of Hecke eigenforms in the Kohnen plus

space S,

12 (4), as(|D]) is the |D|-th Fourier coefficient of f and @y is a constant de-

fined in the next section. Considering these averages for both g and g’ over ﬂ,:;l 2 (4),
we deduce (using the explicit main and error terms of the above average) that

ag(|D)) _ ay(|D])
|DW2*1/4 o |D|4'/2*1/4’

4.2)

for all fundamental discriminants D with (—1)¥D > 0. By the Shimura-Kohnen cor-
respondence, the functions g and g’ correspond to Hecke eigenforms F and F’ in Sy,
and S, resp., and the explicit Waldspurger theorem connecting the special values of
the L-functions corresponding to F and F’ and the square of the |D|-th Fourier coef-
ficients of g and g’. Therefore, using (4.2), it follows that the special values of the
L-functions corresponding to F and F’ are equal. At this stage, we apply the result
of Luo and Ramakrishnan [23] to conclude that £ = ¢ and g = g, proving our main

theorem.

The necessary auxiliary results are obtained in the following subsections.
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In §4.2, we establish the Petersson formula and in §4.3, we consider the Rankin-
Selberg L-function of half-integral weight. In §4.4 we obtain an approximate func-
tional equation for the Rankin-Selberg L-function and apply this to get an auxiliary
theorem in §4.5. In §4.6 and §4.7 we get estimates for the main term and error term

respectively. Finally in §4.8 we present a proof of the main theorem.

4.2 Petersson Formula

For k > 2 a natural number. Let Sk++1 n

be such that (—1)*m = 0,1 (mod 4). Then the m-th Poincaré series in Sk+1/2( ) is

(4), denote the Kohnen plus space. Let m € N

characterised by

I'(k—1/2)
6(4mmyk—127\"

TR (m),

forall f € SF " /2( ). The factor 6 in the denominator is exactly the index of I'y(4) in
SL»(Z). The Fourier expansion of the Poincaré series P, 1 /2m (z)in S} 1 /2( 0(4)) is
obtained in [18, Proposition 4], which is given by

P/;:_]/zm( ) = Z gk+1/2,m(n)qn: (4.3)

n>1
(=1)kn=0,1 (mod 4)

where
2 k£ T\/mn
8k+1/2m(M) = 3 | G+ (= DI av2(n/m) 2D Y He(m,n)J o )] )
c>1
4.4)
and g = ¢**=, 7 € 7, the complex upper half-plane. In the above,

e ==+ (g (5 )(;4)k+1/2e4c<m6+n5—1>,

8(4c)
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where § ! is an integer such that 56! =1 (mod 4c), J;_; /2(x) is the Bessel func-
tion of order k —1/2 and &, , is the Kronecker delta function. We also recall the
notation e, (x) = ¢2™¥/¢ for a complex number x and an integer ¢. The symbol (9)
denotes the generalised quadratic residue symbol as described in [37, 15]. Now, as

esr

+
B k+1/2

Tr1/2, (2) (4), writing it in terms of an orthogonal basis and using the char-

acteristic property of Poincaré series we have,
Pl = ¥ o2 (4.5)
k+1/2m\%) = fok—172 '

€75 @)

wl(lere 9/‘];)1 /2(4) denotes an orthogonal basis for the plus space Sk " /2( ) and @y =
—1/2) 1

. Now by comparing the n-th Fourier coefficients of both the sides
6(4m) 172 (f, 1) v companne e

of the above equation and using (4.4), we get

Y a)fmz2 O+ (—1 %ﬂ\/_ZH (m,n)J;_ l/z(n\/_/c)}

feyl:kl/z(‘l) (mn)k/271/4 3 ezl
(4.6)

where @y is defined as above.

4.3 Rankin-Selberg L-functions

In this section, we shall obtain a functional equation satisfied by the Rankin-Selberg
L-function associated to forms of half-integral weight. Let f; € ;" P /2(F0(4)), i=
1,2, and fi(z) = ¥,,>1 a5 (n)e(nz) be their Fourier expansions. We also assume that

ki and ky have the same parity, i.e., k; = k> (mod 2). Set H(z) = f1(z)f>(z). Then
a b

for any y = €Ty(4), we get
c d

H(Y(2) = ezt d) " Plez+ a2 @A),
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——k1—1/2 —kr—
since (=) Y (=) 12 _ 1,as k; = kp (mod 2).
1 0
Note that the group I'o(4) has three cusps 0,0, 1 /2 and the matrices g.. = ,
01
0 5 1
g0 = 2 812 = 2| take the cusp oo to the corresponding cusps @ =
20 2 0

0,0, 1/2 respectively. Corresponding to each cusp @ = 0,0, 1/2, there is an integral

weight Eisenstein series of level 4 (and with weight ¢) given by the following.

Eo(zsi0)= Y j(go'1.2) Im(gg 72)". (4.7)

Y€l \To(4)
In the above, j(7,z) = (cz+d)(cz+d) ™" and the stabilizer Iy, of the cusps @ is given
by Iy = gol'wgg's @ = 0,0,1/2. It is known that these Eisenstein series converge
absolutely for Re(s) > 1, have analytic continuations to the whole of C and they

satisfy a functional equation, we refer to [11], [27] for details. In particular, we have

Eeo(2,1 = 530) = @uo(5)Es(2,530) + @0 (5)E0(z,5:0) + @1 2(5)E1 (2, 530),  (4.8)

where
T+ O
Oels) = (1—-225-2L2—25)T(1 —s+£)m—(1-9)) “9)
and
1
Po(s) = 912(s) = (F — 1) (s). (4.10)
a b
Also for any y = € I'o(4) we have
c d

Ew(yz,8:0) = (cz+ d)_g(cz +d) Eg(z,5:0).
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ki+ko+1
So, the function H(z)E(z,s; kl;kz )y "7 is invariant under I'y(4) and therefore,

one can consider the integral

ki —ky . kitlo+1 dxd
Ro= [ H@Es(s— 52" 5 S5 (4.11)
Fo(4)\H

y

Now following the standard unfolding argument, we obtain the Rankin-Selberg L-

function as follows:

L(s,fi x fo) = Zl’% (4.12)

n—=

In the following, we define the completed Rankin-Selberg L-functions associated to

f1 and f> corresponding to each of the three cusps 0,0, 1/2.

ar (”)afz (n)
ns+k* ’

o>}

A(s, f1 @ fo) = 2 T(s +K)D(s +Kk)E(25) )

n=1

Ao(s, f1 @ o) = m 2K T(s +K)T(s + k)¢ (25) i M,

i~ ns+k (4.13)
n=0 (mod 4)
e \ o ap(n)ap(n)
A (s, fi® o) = 1 2K T(s + K)(s + k)¢ (25) ; flnTﬂ
nE(—l)kl (mod 4)

In the above, we have made the following substitutions, k' = (k; — k) /2 and k* =
(k1 +kp —1)/2. We also assume w.l.g that k; > k. Since k; and k; have the same
parity, K’ is an integer. These completed Rankin-Selberg L-functions together satisfy

a functional equation, which is given below.

Aoo(1=35, 1 ® f2) = Yoo (5) Aeo (5, [1 @ f2) + W0 (5) Ao (5, /1 @ f2) + W1 2(5) Ay 25, 1@ 12),
(4.14)




52 §4.4. Approximate functional equation

where

WK1 ~2s—1
W‘X’(s> = m7 l[/()(S) = llll/Z(S) = ( 21()1 (_122s2—2) ) (4.15)

Note that W.(1/2) = 1. Since both f; and f, belong to the Kohnen plus space, we

see that

Aws(5, 1@ f2) = Ao (8,1 @ f2) + A1 25, /1 @ f2).

So, with this observation we have the following.

Aws(s, [1® f2), if k" is even,
Ao(l=5,f1® fr) = (4.16)

(2¥eo(5) = ) Ac(s, f1 ® f2), if K is odd.

4.4 Approximate functional equation

In this section, we determine approximate functional equation for the completed
Rankin-Selberg L-function and use it to get an expression for the central value of
the Rankin-Selberg L-function. We assume that f;’s are modular forms in S,‘g 4 /2(4).
Let G(u) be a holomorphic function on an open set containing |[Re(u)| < 3/2 and
bounded therein. We also choose the function G such that G(0) = 1, G(—u) = G(u)

(later we will be taking G(u) = ¢"). For X > 0, we consider the integral

_ u G(u)
I(X,s)—zm, (3/2))( Acs(s+u, f1 ® f2) p du, (4.17)

where [, means the integral over the line Re(s) = c. We now move the line of

integration from 3/2 to —3/2, which will pick up the residue at u = 0 (which is




§4.4. Approximate functional equation 53

A(s, f1 ® f2)) and so we get

G(u)

1 u
169 = g [ XAl i@ )7 Ot Aals 1 £o)

Therefore,

G(u)

du.

Al i f) =X =5 [ XAl i)

In the above, we use the functional equation given by (4.16) to get

I(X,s)— 5= f/ X“A“(I_S_M’J@fzm(”)du, if K’ is even
-3/2

A(s, 1® f2) = (4.18)

I(X,s) — 5L éf/zquw“z;,i‘(;‘;ﬁl@fz)Gg“)du, if K is odd.

Now by making the change of variable u going to —u and using the definition of

I(X,s) given by (4.17), we have

I(X,s)+1(X" ', 1—5), ifk'iseven

Aw(s, [1® f2) = 1 (4.19)
I(X 71_S) . ] ¢
I(X,S)—Fm, if &' is odd.
(Recall that k' = (k; — k) /2.) We now define
L(s, f1® f2) := C(25)L(s, f1 X f2), (4.20)

where L(s, fi X f2) is defined by (4.12). We write the Dirichlet series corresponding
to L(s, f1 ® f2) as follows.

o5}

L(S,fl ®f2) = C(2S)L<S,f1 X fz) = Z bf1®f2 (n)n_s, (421)

n=1
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where the coefficients are given by

bropn) =Y W (4.22)

. Substituting the above equation, the integral /(X,s) defined by

where k* = %

equation (4.17) becomes

(oo}

1 / Xun.—Q,S—Zu—k*l—*(S+u+k*)r\(s+u+k/) bf1®f2(n) G(”)du
(3/2)

I(X,S) = 2_7[1

s+u
n—1 n u

Now, interchanging the order of integration and summation, we get

(o<}

. bropon. T2
I(X,5) = 7 2 ¥ T(s+ k(s +K) ¥ fljf( )vs(”X”), (4.23)

n=1

where

n’n 1 xu G(u)
VT = 2 Ly G0y

X 2mi nn (4.24)
(s.1) = [(s+u+k)T(s+u+k")
W) = T )T (s + 1)

Replacing X by X! and s by 1 — s in (4.23), we get

: = b n 7'52
IX' 1 =8) = 2 2T k)T =5 +K) Y L2y ().
n=1

Therefore, using (4.19), when k' is even, we get

2n
Xfl

5 > b
Ac(s. i@ o) = 22 H (1 =5k )1 —s+K) ¥ 20y, ()
n=1

2n
X

. < b
_’_7.L.72sfk F(S—l—k*)r(s—f—k/) Z .fli{z(n) Vv(

n=1

)
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and when £’ is odd, it follows that

* < b 2
A(s, 1@ fo) =7 2 T(s+k)T(s+K) Y fli?(n)"s(nxn)
n=1
717*2+257k*l—‘(1 —s+k)C(1—s+k) i bf1®f2(n) (ﬂ.zn)
2llloo(s)—1 = n]—s —S X_l .

Observing that at the point s = 1/2, both sides of the above expressions have the same
gamma factor and the same power of 7, and so after cancellation of these terms, we

get

> b ® 2 7'L' n
LU/2 @) = ¥ LB W (5R) + Vi)
n=1
Now, substituting X = 1 in the above, we have the following expression for the central
value:

L(1/2,fi® f) 22 f‘?{; Vi o (an). (4.25)

4.5 An Auxiliary Theorem

Letge S,

12 (4) be a Hecke eigenform with Fourier coefficients a4 (n) and let .%, k++1 P

denotes an orthogonal basis for the space S;” 1 /2( ). For a fixed fundamental discrim-
inat D with (—1)*D > 0, we are interested in obtaining an asymptotic expression for

the following average :
ar(|D])

Y orL(1/2,f®8) 1
f€Fki12(4) D] f2-1/
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Using the equation (4.25), the above average becomes

(1D)) o b ar(|D])
Y orL(1/2,f®g )|D|];</2 iz =2 )3 Z of f®1g/2 |D|];</2—1/4V1/2(”2”)'
€@ AL
(4.26)
From now onwards, we use the following notation k and k* (instead of k" and k*):

K= (k—"¢)/2and k* = (k+{—1)/2. Now substituting for b sz,(n) from Eq.(4.22),

we get,

D a,(m
L opoasepiPhi-2 ¥ oof( g o)

FeF @) FeF i @) n=mi?

as(|D]) Vi (%*n)
ID|K/2-1/4 " i/

Loy V) g aglm)

1/2 0/2—1/4
n=1 n / n:ml2m / /

ay(m)as(|D])
x ) o k/2—1/4"
fe glj 1/2(4) (m|D|)

(4.27)

Using the Petersson formula (Eq.(4.6)), the above becomes

D 4 D
Y on/250) k= 5 (i) + Egok0) ).

F€Fi12(4)
(4.28)
where M|p,(k,£) is the main term given by

Vip(n |D|f2)

Mip)(k,¢) = |D|” 1/22 (4.29)
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and E, p|(k,¢) is the error term given by

Fptt) = ¥ VAT g ) ey

A Ll
T/ m|D
x Y He(|Dl,m)Ji_1 /2 (%): (4.30)
c>1

with V} ;»(7%x) is given by (4.24).

Thus, we obtained the following (auxiliary) theorem to prove our main result.
Theorem A: Let g be a cusp form in the Kohnen plus space S 1 /2( ), JI:H /2(4)
be an orthogonal basis for the space S; 1 /2( ) and D be a fundamental discriminant
such that (—1)*D > 0. Then we have the following formula for the spectral average

of the central values of the Rankin-Selberg (convolution) L-functions.

D 4 D
Y on/2 50k =5 (i i) + o) ).

f€F1p4)
(4.31)

where M\p,(k,{) and E4 p|(k,{) are given by Eqs.(4.32), (4.30) (0y and L(1/2,f®g)
are defined in §4.2 and §4.3 respectively).

In the next sections, we shall give estimates for these main and error terms in

order to get our main result.

4.6 Estimation of the Main Term M (k, /)

Vip(n |D|t2)
Mp((k,£) = D] 1/22 /

By using (4.24), we have

B (m2|D|f?) "T(u+a)T(u+b)G(u)
Mipjk, = DI ]/zzzzm /(3/2) T(a)T(b)u du.




58 §4.6. Estimation of the Main Term Mp(k, ()

Here we have puta = k*+1/2 and b = K + 1 /2, where Kk = k—gg,lc* = k*”%. So we

have,
\D|~1/2 / (7%|D]) "T(u+a)T(u+b)G(u)
Mp(k,l) = ——— 2u—+1)du.
IO =0 Ja T(a)T(b)u ¢ (ut-1)du
By moving the line of integration to Re(u) = —1/2, we note that the integrand has a

double pole at u = 0, with the residue at u = 0 given by

/

(a)+ (b) + 21~ log(|D)),

=L

where Y is the Euler’s constant. Therefore, we have

/ /

I I
D' 2Mp) (k,€) = F(a) + F(b) +2 — log(w*|D|) +1, (4.32)

where I denotes the following integral along the line (—1/2):

_ / (72[D)) “T(u+a)L(u+b)G(u)
2mi J(-1/2)

By making the change of variable u = —1/2 + iv, we get

1 /°° (22D " T(a—1/2+ )b —1/2 4+ iv)G(—1/2 + iv)

= 2iv)dv.
27 ) T(a)T(5)(—1/2 +iv) 6 (2iv)dy
(4.33)
Now using the estimate for the ratio of I'-functions
[(A+c+it)
— < A+l 4.34
raray <At (434)

where the implied constant depends on ¢, along with the fact that |T'(x+iy)| < |T'(x)],
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We get the following estimate for the integral I along the line Re(u) = —1/2:

|D|1/2
1<

°° 12 a—121G(=1/24+ )| :
/w\a+lv| b+ v 12+ |£(2iv)|dv

and this finaly gives us

| £ (2iv)|dv.

;D2 /w |G(—1/2+iv)

2Kk Jow |(—1/241iv)|

Further, from the fact that {(ir) < [t|'/? and the exponential decay of the function
/

G(u), it follows that I < %. Finally, combining everything in (4.32), we have the

following estimate for the main term:

/ /

E(cz)—I—E(b)+2}/0—10g(7z:2\D\)> +O0(1/k). (4.35)

Y
Mp|(k,t) = |D| (F T

4.7 Estimation of the error term E, (k. /)

Before we proceed to estimate the error term, we obtain some preliminary results on

certain Dirichlet series in the following subsection.

4.7.1 Some facts on certain Dirichlet series

In this section we prove the functional equation of a Dirichlet series associated to
modular form of half-integral weight in the Kohnen plus space. Let g(z) = Y.or_; ag(n)e*™= €

S+

41 /2(4). We consider the following Dirichlet series associated to g, defined by

an

= ag(n)e(%)

/2 1]4+s (4.36)

n=1
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where a, B are positive integers with (a,) = 1. We derive the functional equation

satisfied by the above Dirichlet series. Since g is invariant under the action of I'y(4),

we get
g(yz) = (3) (7) (cz+d)+'%g(2),
a b . it + a4 i
where ¥ = . €I'y(4). Now, taking z = —* + withr € R, we get yz= ¢+,
c
so that
: 04172 :
—d it c\ [(—4 —l—1/2 A
—+)=(=)|(— -+ —). 4.
g—+5) (d)(d) (i)~ g%+ ) 437)

The Fourier expansions of g(z) and g(yz) (for the above value of z) are given by

—d it > —nd . —2mun
8(7 z)—ng,lag(”)e( - Je <,
a i > na. —2m
8(2 E)_ng’lag(n)e(7)e o

Using (4.37), the Mellin transform of g becomes

t d d c ct t
(4.38)

> —d it Ciadt e (=ANTV2 a0y adt
/ g(_+_)ts+£/2 1/4_:/ <_> (_) (ll‘) Y4 I/Zg(_+_)t +4/2 1/4_.
0 c (& 0

Now substituting the Fourier expansion of g(z) and g(yz) as given above, we get

LHS / Z ag —nd —27an S+£/2 1/4 Cit
c
Z —nd " stt/2-1/4 22 di
0 t

o nd)
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and

e —4 t+1/2 /—1 > na., -—2mn dt
_ hd - N\ —(—1/2 N T s -0/2—1/4 40
RHS—/O (d> ( y ) (it) E ag(n)e(—)e @ t

=1 C t

C —4 t+172 /—1 > na o0 —2mn dt
I _ N—(—1/2 e s—€/2-3/4 — <0
= <d> ( 7 ) (i) Zag(n)e( . )/0 t e ;

n=1

= (c/2m) 234500 /24 3 /4 — 5) (5) A 1/22 w)
B d d 5/2+3/4 —s

Now by equating the LHS and RHS, we get the following functional equation

n)e(=24)

(c/2n.)s+€/2—1/41—‘(s—|‘€/2—1/4 Z ns+£/2 ]/4

= (c/2m) /34Tt /243/4—5) (5) 4\ 1/22 )
B d d z/2+3/4 s

(4.39)

Remark 4.7.1 Note that it is possible to derive a Voronoi type summation formula
using the above functional equation (similar to [12, p.83]) for modular forms of half-

integral weight.

4.7.2 Error term estimation

For simplicity, we write the error term as E and it is given by

V1/2 n’n) ag(m) k5 m\/m|D|
E= Z Y szz/zqm( ]”\/_;H (1D m) o | ——— |
n=mt c

So, we write it as

c>1

E=(-1)%lnva z o) z sl ) H(Dl e (”—V’"'”> .
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Now by using the inverse Mellin transform of the J-Bessel function (See for example

[5]), we can write E as

D zv2
/ /C 2u_|_1 G(M)F(g %+%)F(%+M+K)F(%+M+K*)
u T(+3-3) Th+x) TE+x)

E =

(3/2) (@)
x 25273 |D| 528, duds,

where

i Z Hc(|D|,m)
e 4/2+1/4+u+s/2 -

c N
and K, k™ are as in §4.5. Using the Weil bound for the Kloostermann sum H,(|D|,m)

(i.e., H.(|D|,m) < c!/2), the series converges absolutely and so we can change the

order of summation in S,,. Using the definition of H.(|D|,m), we get

s—1 - k+1/2
“Zo-of ”(4)& r, ) )
c>1 ¢ a (mod 4c)* a a

|D|a+ md
X Z £/2+1/4+u+v/2e 4o

:C;(l—(—l)ki)(l+ <§))u (mé%)*(%) (_74)’%1/2

e(121) d
X les Lg(1/2+u+s/2a4_c)7

where d is an integer such that ad =1 (mod 4c¢) and we have denoted the sum over

m by the Dirichlet series Ly (s,d /4c) as defined in (4.36). Now by applying the func-
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tional equation for the Dirichlet series given by (4.39), we get

j+1/2 (£
&:U—GJW)4 (m/2)2 % =3
2

N p
L (T) xmtnmsn gl

a (mod 4c)* a

Now we move the line of integration in the s variable to Re(s) = o = —7. Since
Re(—u—s/2+1/2) =5/2, the Dirichlet series Lg(1/2 —u —s/2,—a/4c) is abso-

lutely convergent. Therefore, we can write

VAL a —a
r () e<%>Lg<1/z—u—s/2%)

a (mod 4c)* a
~4\*"" (ID|-m)a
- Z Z/2+1/4 u—s/2 Z (7) e( 4¢ )

a (mod 4c)*

Since we are interested in the case where k and ¢ having the same parity, the sum over

a reduces to the Ramanujan sum and so we have the following estimate for S,,:

I'/2+1/4—u—s/2)

Su < (”/2)2u+sr(£/2+ 1/4+u+s/2)

Thus, the estimate of the error term E simplifies as

b Gu)I'(k/2—1/4+s/2)T(1/2+u+x)
E<</ /(”/2)2+C(2”+1> « T(k/2+3/4—s/2) T(1/2+K)
(3/2)(=7) (4.40)
C(1/2+ut k) D(E/2 4 1/4—u—s/2)
T(1/2+x%) T2+1/4+uts/2)"

Now writing u = 3/2+iv and s = —7 + it and integrating with respect to the ¢ variable

we get,

eV T2+ iv+ k)2 +iv+K)

074+ ) P12 + k)12 1 1)

E <</ KT %)
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Finally, using the bound for the ratio of I'-functions (4.34) and the estimate |I"(x +
iy)| <|T(x)], we have

2

N e N 7
E<k /_w(v +k7) (9/4+v2)1/2dv<<1.

4.8 Proof of the Main Theorem

Using our auxiliary result (Theorem A), we shall prove the main result in this sec-

tion. By assumption, the functions g € SZH /2(4) and g’ € S}, " /2(4) are Hecke

eigenforms such that L(1/2,f®g) = L(1/2,f ®g’), for all Hecke eigenforms f €

+
Skr12

with (—1)¥D > 0,

(4). Therefore, Theorem A implies that for all fundamental discriminants D

ag(1D|)
\D|{/2-1/4

ag(|D)

WMD\ (k,0) + Eg p| (k,0) =

M|D‘(k,f/)—|—Eg/7|D‘(k,€/). (4.41)

Using Stirling’s formula for the derivatives of I'(s) and equation (4.35) it follows that
for k large, Mp,(k,¢) = logk+ O(1). Also the error terms are bounded for large k.
Using these two observations in (4.41) we get

ag(|D])  ag(|D])
‘D|€/2—1/4 - |D’é’/2—l/4’

(4.42)

for all fundamental discriminants D with (—1)*D > 0. Let F and F’ be the nor-
malised Hecke eigenforms of weights 2¢ and 2¢' on SL,(Z), corresponding to the
Hecke eigenforms g and g’ (via the Shimura-Kohnen maps) (1.9). Using the corre-

sponding Waldspurger’s formula for g and g’, obtained by Kohnen which is presented
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in (1.5.3) and using (4.42), we see that
L(F, xp,¢) = C L(F', xp, '), (4.43)

for all fundamental discriminants with (—1)*D > 0 and C > 0 is a constant. (Here
L(F,xp,?) denotes the usual L-function associated to the modular form F twisted
with the character yp = (2).) Now Theorem B of Luo-Ramakrishnan [23],which
states that if L(F, xp,¢) = C L(F',xp,?') then ¢ = ¢ and F = CF’ this implies that
¢ =/{"and F = F’. Our main theorem now follows using the ‘multiplicity 1" result in

Sha 1n(To(4)) (see [16]).
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CHAPTER

Sign changes of Fourier coefficients of

cusp form at sum of two squares

5.1 Introduction

Let Sy be the space of holomorphic cusp forms of even integral weight k for the full
modular group I' = SL,(Z). Suppose that f(z) is a normalized Hecke-eigenform in

Sk. Then the Hecke eigenform f(z) has the following Fourier expansion at the cusp

f(@) = Y. aln)e
n=1
with a(l) = 1.
For every n € N, let
a(n)
Aln) = —=
nz
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denote the normalized Fourier coefficients. Here A (n) are real and satisfy the multi-
plicative property that
mn
AmAm) = ¥ A (?) : (5.1)

d|(m,n)

where m and n are positive integers. It also satisfies the celebrated Deligne’s bound
A(n) <d(n) <¢ n®, (5.2)

where d(n) is the number of divisors of n and € is any arbitrary small positive con-

stant.

In this chapter, we are interested in studying the sign changes of the subsequence
{4 (ng) }n;>1, where ny is a sum of two squares i.e, n; = ¢ +d? for some integers ¢ and
d. The proof depends on the observation that the function r,(n), the number of ways
n can be written as sum of two squares, can be used as the weighted characteristic
function for those n which can be written as sum of two squares. First we state the

result of this chapter and then give a proof.

5.2 Main theorem

Let f € S; be a normalized Hecke eigenform of even integral weight k for the full
modular group and A (n) denotes its n-th normalized Fourier coefficient as described

above. We state our main result.

Theorem 5.2.1 The sequence {A(c> 4+ d*)}ca>1 has infinitely many sign changes.
Moreover, the sequence changes its sign at least x!/872¢ times in the interval (x,2x]

for sufficiently large x, where € is an arbitrarily small positive constant.
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5.3 Background set up

To get the sign change results at sum of two squares, one needs to consider the partial

sums

Sik)= Y, AE+d),

n=c2+d*<x

Sx) =Y AAE+dY),

n=c>+d*<x
for x > 1 and some (c,d) € Z2. Also, one needs to find the upper bound of S (x) and
the approximate behaviour of S>(x). As we are just interested in the sign change of
the coefficients at sum of two squares, one can use r,(n) as the weighted characteristic
function of sum of two squares. Also, r;(n) is always non-negative. So to consider the
sign change of the Fourier coefficients at sum of two squares, it is enough to consider

the following sums.

Sp(x) = Z A%(n)ra(n).

n<x

In number theory the function r,(n) has received much attention. It is well known

that [11], ra(n) = 4 Y4, x—4(d). We set r(n) := 1ra(n) = Yajn X—-4(d). So for any

prime p we have,

r(p) =1+x-a(p), r(p?)=1+x-a(p)+x-4(p%) (5.3)

and so on. We define

5.4)
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for Re(s) > 1. We use the following L-functions associated to f defined by

(s, fx f): Z, (5.5)

and

l%)

L(s,fx fxx-4): Z (5.6)

where Re(s) > 1. Note that one can think of L(s, f X f x x_4) as the convolution
L- function associated to f and g = f ® y—a(= ¥,>1 a(n)x—4(n)e*™=). Then the

Rankin-Selberg L-function associated to f ® f and f ® g are given by

L(s,f @ f) = G(25)L(s, f x [) (5.7)

and

Lis, f® f®x—4) := C(28)L(s, f X f X %_4). (5.8)

These L-functions are well studied. They have analytic continuation and satisfy a
functional equation (see for instance [2]).

The following lemmas are important to study the average behaviour of S(x) and

Sf(x).
Lemma 5.3.1 ForRe(s) > 1, we have
L(s) =L(s,f X f)L(s, f X f X x—a)Z (5) (5.9)

where U (s) converges absolutely and uniformly in the half plane Re(s) > 1/2+ ¢
forany € >0 and L(s, f x f) and L(s, f X f X x—a) are defined as in (5.5) and (5.6)

respectively.
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Proof. The Euler product representations of L(s, f x f) and L(s, f X f X x_4) are

given by

2 20,2
L, fx =TI (1+’L (”)+’L;§j>+---), (5.10)

s
p,prime p

and

Lis,fxfxxa)= [] <1+12(P)%—4(p)+%—4(P2)7tz(p2)

+- ) (5.11)
D prime ps p2s

respectively, for Re(s) > 1. Since the Dirichlet coefficients (A?(n) and r(n)) in (5.4)
are multiplicative, using the multiplicative relation in (5.1) and (5.3), we have the

following Euler product representation for L(s) :

1+ £ 7p+ 2s

;Lz(pz>(1+x4(p)+%4(p2))+,_,)
P p |

(5.12)

for Re(s) > 1. Now for Re(s) > 1, we write

AZ p—ﬁs
D, prlme (=0

L(s,f X f) = ( A% (p 45) = I] Zaep (say),
pprlme (=0

p,prime (=0

A(p E)p_‘;s) =TI Zbep (say),
p

,prime (=0

M s L3

(=0

p——
prlme

(5.13)

where ay = A%(p?) and by = A?(p")x_4(p"), with ag = by = 1.
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Let % (s) = H ( oy pés> be the Dirichlet series such that
=0

p,prime

L(S) :L(S»fxf)L(&foXX—4)02/(S)7

for Re(s) > 1 where oy = 1. We see that the Dirichlet series coefficients oy of % (s)
can be determined recursively as follows. It is easy to see that &; = 0. By comparing

the powers of p—* both the sides, we get

A% (p)r(p) = on +A%(p) + A% (p)x-4(p).

Since r(p) = 1+ x—4(p), the above relation implies that o = 0. Next, we compare

the coefficients of p~%, ¢ > 1 both the sides to get
2/ 0 l <
A (p )r(p ) = Z o (ag,j +ag,j,1b1 + ... +a1bg,j,1 —l—bg,j) . (5.14)
J=0

In the above equation, we assume that a; =0 =b; if j <0. With ap =1, oy =0,
the other coefficients ay, ¢ > 2 can be computed recursively from the above equation.
Thus, the Dirichlet series % (s) is determined completely by the above relation. In
particular one gets that

x-4(p)(A2(p*) — A*(p))
2s

7(s)= ]I (1+

p,prime p

L) - 212(p)7tz(p23)s+ A(p)(L+x-4(p) , ).
P

We now use the multiplicative relation (5.1) satisfied by A (n) to conclude that

_ 2 2
w)- T (1+ 000200 WOl ),

p,prime
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—5 is zero, the

Since A(n) < nf (by (5.2)) and since the term corresponding to p
Dirichlet series % (s) given by the above Euler product converges absolutely and

uniformly for Re(s) > 1/2+ €. This completes the proof.

Lemma 5.3.2 Foranys= o +it with0 < o <1 and € > 0, we have

i+—1L(G+it,f®f) ge (14]e))20-0)+e, (5.15)

Proof. The proof involves standard arguments using the Stirling formula for the Gamma
function in the functional equation of L(c +it, f ® f) and the Phargmen-Lindelof

principle. For details, we refer to Chapter 5 page 100 of [12].

Lemma 5.3.3 For 1/2 < o <3/4, we have
T
Q) /\uo+mf®ﬁ&u<T4“u%Ty“, (5.16)
0

and

2T
(ii) / IL(c +it, f @ f)[2dr < T* 4% (logT)' €. (5.17)
T

Proof. We refer [24] for a proof. We also mention that the second inequality is valid
for Rankin-Selberg convolution of two different forms f and g. The same proof works
in the case f = g.

Now we state the main proposition, which provides the asymptotic behaviour of

S¢(x) and an upper bound for S(x).

Proposition 5.3.1 We have
S(x) < x3/4E (5.18)

and

Sp(x) = Cx+ Op ¢ (x3/4H9) (5.19)
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where C is a constant and € > 0 is arbitrarily small.

Proof. Define
L(s,f®0% ifj=1
Li(s)= (5.20)
L(s) if j=2,
here O is as in 1.4. Now by using the truncated Perron’s formula (cf. [30, Exercise

4.4.16, page 67]), we have

1 b+T I lte
=) An) 2m/ . Ll(s)?ds+0( 7 ) (5.21)
n<x
and
4 b+iT P x1+8
—4Y 22(n) m/ z(s)?ds—l—0< B, ) (5.22)
n<x

where b =1+4+¢€ and 1 < T < x is a parameter to be chosen later. We observe that
Li(s) has an analytic continuation to the whole complex plane. Using Lemma 5.3.1
and using the analytic continuation of Rankin-Selberg L- function (cf. [2]) we see
that L, (s) can be meromorphically continued to the half plane Re(s) > 1/2. In this
region, L, (s) has a simple pole at s = 1. Next we move the line of integration to

Re(s) = 1/2+ € and apply the Cauchy residue theorem to obtain

1 1/2+4e+iT 1+e+iT 1/24€—iT X
Y A(n) {/ wf 4 }Ll(s)—ds
27rz 1/2+e—iT 1/24e+HT Jlde—iT S

n<x
1+¢
X
0]
* ( r)

xlte
:Il+12+13+0< T > (5.23)
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and
4 1/2+€+iT 14e+iT 1/2+€e—iT X
Z?Lz 4ResL( )x+—{/ +/ +/ }L(s)—ds
= 2wi (J1j24e—ir  J1j24e+iT  Jiqe—iT s
I+¢
X
o
wo(r)
x1+8
:Cx+J1+Jz—|-J3—|—O( T ) (5.24)

Here C = 4RelsL(s) is a constant.
§=
Now we evaluate the integrals in equation (5.23). By using the convexity bound for

the Rankin-Selberg L- function Lemma 5.3.2, we have

T|Ly(1/2 t
I < xl/2He (1+/ [Li(1/ j8+l)|dt>

< xV/2He g yl2tepl-e (5.25)

To evaluate the horizontal integral, we write s = o + it so we have

l+e [ T\ O+ I+e [ (g —iT)x%iT
12—1—13:/ 1(o+i ‘)x dc—/ 1(0—1i .)x o
1/2+¢ o+il 1/2+€ o —iT

1+¢
<</ \Ll(o-+zT)\—do
1/24€

max  |Lj(o+iT)x%|

1+ 1/2 1
< [ s do (5.26)
1/2+4¢ T
1/2+¢ 1+¢&
X X
< e + Tite (5.27)

Now by using (5.25),(5.26), and (5.23), we have

1+£
S(X) ( 1/2+8T1 8)_|_0<

7e)- (5.28)

Now we evaluate the integrals in equation (5.24). By applying Lemma 5.3.1 and
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Cauchy-Schwartz inequality on the first integral J;, we obtain

T 1/2
J < x1/*te { (/0 IL(1/2+¢ +it,f®f)|2dt)

} /TIL(1/2+8+it,x4®f®f)\2dt 12
0 11/2+¢€+it|?

T 1/2
< x1/re { (/O |L(1/2—|—8—|—it,f®f)|2dt)

. 2 1/2
y (H/IT IL(1/2+¢e+it,x-4®f®f)] dt) } (5.29)

12

Here, we use standard argument and Lemma 5.3.3 (ii) in the second integral of (5.29)

and obtain

(f !L(1/2+8+it,x—4®f®f)|2dt) "
1

2
1 n . 2
< logT max —/ IL(1/2+e+it, x4 @ f@ f)|[7dt

1<ni<r T J1y )2

<LlogT (5.30)
We insert (5.30) in (5.29) and apply Lemma 5.3.3 (i) to obtain
Ji < xPHETI=28 (10 T)3/2FE (5.31)

Now, we will concentrate on the horizontal integrals J, and J3. Consider s = o + it.

After applying Lemma 5.3.2 we get

(o}

1+
Bt [ o T f Pl +T 45 [ )| rdo
+€

X (e}
< max x° T4(1—0)+2£ T—l _ max (_4) T3+28
1/2+e<c<l+e 1/24e<o<l+e \T
yl+e
<« =y x/Fepi-2e (5.32)

T1+2¢




§5.4. Proof of Theorem 5.2 77

Finally from (5.24), (5.31) and (5.32) we get

1+¢

S¢(x) =Cx+0 (ﬁ) +o (x1/2+8 712 (log T)3/2+8> (5.33)

Now, we choose T = x!/# in both the cases (5.28), (5.33) and we obtain
S(x) < x3/4e

and

S7(x) = Cx + O(/4+),

which completes the proof of the proposition.

5.4 Proof of Theorem 5.2

Now consider & = h(x) = x'/8

. The proof is by contradiction, so assume that the
sequence {A(n) : n = c?+d?)},>1 has constant sign, say positive for all n € (x,x+5).

Now we apply (5.2) and Proposition 5.3.1 respectively to obtain

Y A2 (n)ra(n) = Y AmA(m)ra(n) <x® ). An)ra(n)

x<n<x+h x<n<x+h x<n<x+h

< xze[(x+h)3/4+8 +X3/4+8] <<X3/4+28. (534)
On the other hand, from Proposition 5.3.1, we get

Y AX(n)ra(n) =4Ch+ 0y ¢ (x/478) > x5, (5.35)

x<n<x+h

Here one notes that each time € may have different value. Now we compare the

bounds in (5.34) and (5.35) and arrive at a contradiction. Therefore, the sequence
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{A(n)ry(n)},>1 has at least one sign change in the interval (x,x+ ). This in particular

implies that the sequence {A(c?>+d?)}. 4>1 has infinitely many sign changes. In fact,

there are at least x'/8-2¢ many sign changes in the interval (x, 2x|, for sufficiently large

x, where € is arbitrarily small.
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