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SYNOPSIS

Neutrino physics offers the potential for insight into physics beyond the Standard Model
(BSM). The first and foremost signature of nonzero neutrino mass is given by neutrino
oscillations, which have by now been conclusively established by several pioneering ex-
periments. The mixing between the three standard neutrino flavors is governed by the
PMNS mixing matrix (containing the three mixing angles ✓

12

, ✓
13

, ✓
23

and the CP phase �cp
) and the mass squared differences�m2

31

= m2

3

�m2

1

and�m2

21

= m2

2

�m2

1

. While the first
two mixing angles and the mass squared differences were determined by the solar and
the atmospheric neutrino experiments, the third mixing angle ✓

13

has recently been mea-
sured by reactor experiments. The values determined by the experiments are expected to
be rendered more precise by the current and the upcoming neutrino experiments.

There are however, some important questions which have not been answered. The fo-
cus of neutrino oscillation experiments has now shifted to the measurement of the phase,
�cp, that determines whether or not the lepton sector violates CP. Another important ques-
tion for model building purposes is whether the neutrinos are arranged in a normal hi-
erarchy (�m2

31

> 0) or inverted hierarchy (�m2

31

< 0). Also, the question of whether the
mixing angle ✓

23

is greater or smaller than ⇡/4 (called the octant degeneracy) bears on mod-
els based on lepton symmetries. Apart from these, there are questions about whether the
presence of some new physics such as sterile neutrinos or Non Standard Interaction (NSI)
can substantially affect the measurements of the standard oscillation parameters.

Motivated by these open challenges, I have worked on aspects of the above questions
using neutrino oscillation studies in the context of long baseline experiments. Below, I
briefly summarise my work.

DUNE (or the erstwhile LBNE,- Long Baseline Neutrino Experiment), the Deep Under-
ground Neutrino Experiment is an upcoming long baseline (1300 km) oscillation experi-
ment (with a 35 kt liquid argon far detector) which has the potential to resolve the issues
mentioned above. We compared various detector configurations of this experiment and
evaluated their sensitivities to CP violation (CPV), mass hierarchy (MH) and the octant of
✓
23

. We made extensive use of the GLoBES (General Long baseline Experiment Simulator)
software to simulate the various detector configurations. In particular, we compared the

2
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scenario of a surface far detector (FD) augmented with a near detector (ND) to the case
of an underground FD with no ND. In the latter case, the data from the atmospheric neu-
trinos was also incorporated. We have written our own C++ code to simulate the effect
of the atmospheric neutrinos. We also studied the effect of adding data from currently
ongoing long baseline experiments such as T2K and NO⌫A. We also discussed how the
sensitivities depend on the precision with which ✓

13

is measured by reactor experiments
(so called “✓

13

prior”), on the detector size, beam power, exposure time and on detector
magnetization.

We found that CP can be resolved to more than 5� for a small portion of the �cp pa-
rameter space (around ±⇡/2) with a 35 kt FD augmented with an ND and with (5+5)
years of (⌫ + ⌫̄) beam running. We have observed that the presence of a near detector is
crucial as it significantly increases the sensitivity and takes it above 5� (as mentioned).
The contribution from the atmospheric neutrinos to the CP sensitivity is very small, as
expected. Although the sensitivities to CP violation for other long baseline experiments
such as NOvA and T2K are small on their own, they can serve in significantly improving
the CPV sensitivity for DUNE and increases the portion of �cp space for which CP can be
resolved above 5�. The mass hierarchy can be resolved above 3� for the entire �cp space
with beam data alone (with the usual 35 kt FD) with just about 1 to 1

1

2

year of running.
And with the full (5+5) years of (⌫+ ⌫̄) beam runtimes, the hierarchy can be resolved well
above 5� for all �cp values. Although the information from the atmospheric neutrinos and
from other long baseline experiments are not small as far as sensitivity to hierarchy is con-
cerned, the data from beam alone is sufficient to determine hierarchy. We also found that
the presence of an ND as well as the data from atmospheric neutrinos can significantly
help to resolve octant degeneracy. Our eventual conclusion is that a 35 kt FD with an ND
will resolve the eight-fold degeneracy that is intrinsic to long baseline experiments and
will meet the primary goals of oscillation physics that it is designed for.

A major aim of the present and the future long baseline experiments is to determine
whether or not oscillating neutrinos violate CP by measuring the phase �cp. Usually these
experiments assume the standard paradigm with three neutrino flavors (so called 3+0 sce-
nario). But, there is evidence (from the anomalies in LSND, MiniBooNE, GALEX, SAGE)
suggesting the possibility of the existence of one (or possibly more) generation(s) of ster-
ile neutrino(s) (of mass ⇠ 1 eV) which may have small mixings with the standard model
neutrinos. We showed that the presence of even one such sterile neutrino (3+1 scenario)

3
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of mass ⇠ 1 eV can significantly impact the measurements of CP violation (CPV) in long
baseline experiment such as DUNE.

We have derived a probability expression for the appearance channel in the 3+1
paradigm in vacuum and discussed the modifications brought in by matter effects. Thus,
using probability level analysis and neutrino-antineutrino asymmetry calculations, we
discussed, in our work, the large magnitude of these effects, and showed how they trans-
lated into significant event rate deviations at DUNE. Our results demonstrated that mea-
surements which, when interpreted in the context of the standard three family paradigm,
indicate CP conservation at long baselines, may, in fact hide large CP violation if there is
a sterile state. Similarly, any data indicating the violation of CP cannot be properly inter-
preted within the standard paradigm unless the presence of sterile states of mass O(1 eV)
can be conclusively ruled out.

In the level of �2, we have observed that if one ⇠ 1 eV sterile neutrino is indeed
present, it can both potentially reduce or increase the CP sensitivity significantly (com-
pared to the standard 3+0 sensitivity) depending upon the magnitude of the mixing an-
gles (✓

14

, ✓
24

, ✓
34

). Consequently, it may so happen that the CPV sensitivity is quite high
(⇠ 3�) even for the CP conserving values (0, ⇡). Conversely, the sensitivity might be very
small even for the maximally CP violating values (±⇡/2). Our work thus underscores
the need for a parallel and linked short baseline oscillation program and a highly capable
near detector for DUNE, in order that its highly anticipated results on CP violation in the
lepton sector may be correctly interpreted. Our paper[3] on this work has recently been
published in JHEP, and has generated significant interest within the DUNE collaboration.

For long baseline experiments such as DUNE, where the baseline is O(⇠ 1000) km,
the earth matter effects during the propagation of neutrinos is not negligible. Hence the
additional CPV effects introduced by the matter complicates the extraction of the intrin-
sic CP phase. New physics in neutrino interactions can, in principle, allow for flavour
changing interactions thereby allowing for additional CP violating effects, making the
measurement of the intrinsic CP phase even more difficult. In this work, we showed that
the appearance channel is significantly affected by the presence of two propagation Non-
standard Interaction (NSI) parameters such as "eµ and "e⌧ due to the non trivial interplay
between the moduli and the phases introduced by the NSI parameters.

4
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In one more set of works we consider another new physics phenomenon-which can
phenomenologically be described by Non standard Interaction (NSI) during the neutrino
propagation through matter. The additional CP phases which are in general associated
with the NSI parameters can complicate the extraction of the Dirac CP phase in the stan-
dard interaction (SI) scenario,-giving rise to the SI-NSI degenracy. Using probability and
event level analyses, we showed the existence of NSI-SI degeneracies (similar to the case
of sterile neutrinos) where it is difficult to ascribe the observed CP signal to standard (SI)
or NSI scenario alone. We have illustrated this degeneracy by showing the probability
and the asymmetry bands (due to variation of the associated CP phases) as a function
of energy and pointing out the significantly large overlapping regions between SI and
the NSI. For DUNE, which mainly looks at the ⌫µ ! ⌫e appearance channel, the most
relevant NSI parameters are "eµ , "e⌧ and to some extent "ee (The parameters "µµ and "µ⌧

are very strongly constrained and hence have negligible effect). From the point of view
of statistics, we have shown that if NSI is present (and even if we restrict ourselves very
conservatively within the present global bounds on "eµ, "e⌧ , "ee) it can drastically increase
or decrease the CPV sensitivity, similar to the sterile neutrino case. We have also found a
clear explanation of the mechanism which increases/decreases the sensitivity in the pres-
ence of NSI. We have also illustrated how NSI can bring about a change in the choice of
optimized baseline at DUNE.

Thus, in order to ascribe any result on the CP phase to the lone CP phase in the stan-
dard three neutrino paradigm, it is crucial to rule out or put stronger new constraints on
new physics scenarios that can contribute to the signal.
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Chapter 1

Introduction

Neutrinos are some of the most elusive Standard Model (SM) particles even though they
are the most abundant particles in the universe after photon. They are neutral, inter-
act only through the weak interaction and therefore, do not readily interact with other
particles. As a result, neutrinos are particularly difficult to study. Neutrino experiments
require extremely massive detectors in order to produce statistically significant results.
With so little knowledge about neutrinos, neutrino experiments are integral to under-
standing of the weak interaction and are an important probe of new physics. Neutrino
physics has now entered an exciting era in which we are in the process of getting pre-
cession measurements of neutrino masses and mixings. It also offers great potential for
understanding physics beyond the standard model (BSM). A number of present and fu-
ture experiments are expected to yield more precise knowledge regarding the many unre-
solved questions. In this chapter, we will first briefly summarize the history of neutrinos.
Then, after describing the sources of neutrinos, we will talk about the phenomenology
of neutrino mixing and neutrino oscillations. We will then mention the present status of
the neutrino oscillations and then briefly discuss physics beyond oscillations. Finally, we
describe the content of the thesis concisely.

1.1 History of neutrinos

The history of the neutrinos started with the famous letter by Wolfgang Pauli on 4th
December, 1930 [17], addressed to "Dear Radioactive Ladies and Gentlemen"! In 1914,
Chadwick demonstrated that the �-spectrum was continuous, in contrast to ↵- and �-rays
which were unique in energy. Meitner later demonstrated that the missing energy could
not be ascribed to neutral �-rays, which led to the idea that the missing energy could be
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explained by the existence of a new particle. In order to propose a solution to this problem
and also as a remedy to the problem of spin statistics in �-decay, Pauli presented in his
open letter, the idea of the existence of a neutral weakly interacting fermion emitted in
�-decay. The term neutrino was given to this new particle later by Enrico Fermi [18]. Later
Fermi expanded upon his idea to publish a groundbreaking theory on �-decay [19, 20],
-known as Fermi theory.

After the remarkable success of Fermi Theory, in 1956 F. Reines and C.L.Cowan dis-
covered the neutrino by observing the inverse �-decay reaction in a nuclear reactor ex-
periment for the first time [21]. The muon neutrino was discovered in 1962 by Lederman,
Schwartz and Steinberger [22] in the first ever accelerator neutrino experiment and the
tau neutrino was detected later in 2000 by the direct observation of the Nu-Tau (DONuT)
collaboration [23]. In 1957 Pontecorvo first conceptualized [24, 25] the possibility of neu-
trino oscillations by generalizing the notions related to kaon mixing. As only one flavour
of neutrino had been discovered at that time, Pontecorvo’s hypothesis focused on mixing
between ⌫ and ⌫̄. In 1962, with the knowledge that multiple flavours of neutrinos existed
in nature, Maki, Nakagawa and Sakata proposed oscillations between ⌫e and ⌫µ [26]. This
framework was later extended to tau neutrino.

In 1967, the Homestake experiment, pioneered by Davis and Bahcall uncovered the
first indication that supported the neutrino oscillation theory. They sought to measure
the rate at which solar neutrinos were captured by chlorine nuclei. They had observed a
deficit between the measurement and the prediction, but the source of the discrepancy re-
mained unclear. Many pointed towards an inadequate understanding of the solar model
or errors in the neutrino experiments. The deficit phenomenon, however, was not lim-
ited to solar neutrino observations. Atmospheric neutrino experiments also reported a
deviation from the approximately 2:1 ratio between muon and electron neutrinos that
were produced through the ⇡ ! µ⌫µ, µ ! e⌫e⌫µ. IMB [27] experiment, MACRO [28],
and Kamiokande collaboration [29] found significant deficits in ⌫µ fluxes. In 1998, Super-
Kamiokande [30, 31] explained the shortfall by fitting their results with ⌫µ ! ⌫⌧ oscilla-
tion framework. The debate in the solar neutrino sector ended in 2001 when the Sudbury
Neutrino Observatory (SNO) [32] experiment provided conclusive evidence that roughly
two-thirds of the solar neutrino flux was related to non ⌫e flavours. This result supported
the notion of neutrino oscillations and reconciled the total flux measurement with the
standard solar model (SSM) prediction. by the Mikheev-Smirnov-Wolfenstein (MSW)
resonance conversion effects [33, 34]. The confirmation of the phenomenon of neutrino
oscillation by Super-Kamiokande and SNO has been honoured by awarding the Nobel
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Prize in Physics in 2015 [35]. This shows that neutrinos have mass and has opened up
promising avenue for probing beyond standard model physics.

1.2 Source of neutrinos

• Solar neutrinos: According to the Standard Solar Model (SSM) developed by Bah-
call et. al. [36–38], these are mainly produced through the following two chain reac-
tion inside the sun:

1. pp chain: The primary reaction (with 86% branching ratio) in this chain is,

p+ p ! (H2

)

+

+ e+ + ⌫e,

where the neutrinos can have kinetic energy in the range 0 to 0.42 MeV.

2. CNO cycle: In the CNO (Carbon-Nitrogen-Oxygen) cycle, neutrinos are pro-
duced through the following reactions:

(N13

)

+ ! C13

+ e+ + ⌫e,

(O15

)

+ ! N15

+ e+ + ⌫e,

(F 17

)

+ ! O17

+ e+ + ⌫e,

where the neutrinos have energy approximately in the range 0� 2.7 MeV. The
C, N,O thus produced act as catalysts in the fusion process stated below.

The net effect of each of the chain reactions above is the following fusion process,

4p ! (He4)++

+ 2⌫e + n�, (1.1)

where n depends on the particular reaction. We note that there is a high expectation
of ⌫e flux generated according to SSN. The calculation of the total solar neutrino flux
on earth has been done in [39] and is about 5.94⇥ 10

10cm�2s�1.

• Atmospheric neutrinos: Primary cosmic rays interact with the nuclei in the at-
mosphere to produce secondary particles pions and kaons. Pions and kaons sub-
sequently decay to muon neutrino, electron neutrino and the corresponding anti-
neutrinos:

⇡+, K+ ! ⌫µµ
+ ! ⌫µe

+⌫e⌫̄µ,

⇡�, K� ! ⌫̄µµ
� ! ⌫̄µe

�⌫̄e⌫µ, ,
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Figure 1.1: A schematic view of different zenith angles of atmospheric neutrinos and the different dis-
tances they travel before detection [1].

The ratio of ⌫µ to ⌫e flux becomes roughly 2:1 since ⌫e gets produced in the sec-
ondary step above. Energy range of the atmospheric neutrinos is from a few hun-
dred of MeV to 10

8 GeV. Atmospheric neutrino flux falls steeply as E2.7 for energies
above 1 GeV and the flux becomes undetectably small after about 100 TeV (See [40]
for a detailed review). Atmospheric neutrino flux peaks at zenith angle ⇡ 90

�, i.e
near the horizon, due to the larger length of atmosphere available in that direc-
tion. Atmospheric neutrinos observed at different zenith angles have different path
lengths:- from ⇠ 10 � 30 km for downward going neutrinos to ⇠ 10

4 km for up-
ward going neutrinos. See fig. 1.1 for a schematic (not to scale) of the atmospheric
neutrinos (taken from [41]). Atmospheric neutrinos have long energy range and os-
cillation length, and hence are very useful to study neutrino oscillations as well as
new physics.

• Accelerator neutrinos: Here the beams of neutrinos are produced by decay of
pions, kaons, and muons created by a proton beam hitting a target. They can be of
the following three categories.

1. Pion Decay In Flight (DIF): Neutrino beam is produced by the decay of pions

18



1.2. SOURCE OF NEUTRINOS

and kaons initially produced by a proton beam hitting a target. The pions and
kaons are allowed to decay in a decay tunnel of length of the order of 100 m.
The beam is mainly composed of ⌫µs or ⌫̄µs. The typical energy of the neutrinos
is of the order of a few GeV, but can be much larger, depending on the energy
of the proton beam.

2. Muon Decay At Rest (DAR): In this process lower energy beam composed of
muon antineutrinos coming from the decay

µ+ ! e+ + ⌫e + ⌫̄µ

of the µ+ produced in the pion decay:

⇡+ ! µ+

+ ⌫µ (1.2)

(the ⇡� are mostly absorbed by nuclei) are produced. The energy of neutrinos
thus produced can be several tens of MeV.

3. Beam Dump: a proton beam with very high energy, of the order of some hun-
dreds of GeV, is completely stopped in a thick target, called the beam dump,
where the proton nucleon interactions generate heavy hadrons. The charmed
heavy hadrons decay promptly with practically equal branching ratios into
electrons and muons, emitting equal fluxes of electron and muon neutrinos
with energies of the order of 102 GeV.

• Reactor neutrinos: Nuclear reactors are the major sources of artificially produced
neutrinos. Power generation in nuclear reactors take place through the fission of
neutron-rich isotopes like U235, U238, Pu239. Electron antineutrinos are produced by
the chain of inverse �-decays (⌫̄e + p ! n+ e+) of the fission products in the energy
range of 0.1 to 10 MeV. The calculation of a reactor antineutrino spectrum is a dif-
ficult task, since the decay of each isotope produces a different neutrino spectrum.
The qualitative features of the existing calculations are reviewed in [42, 43].

• Core collapse supernova neutrinos: Stars more massive than about 8MJ undergo
gravitational collapse that leads to the production of a neutron star or a black hole.
Among them Stars with mass & 10MJ have iron cores that exceed the Chan-
drasekar limit of about 1.44MJ; they can no longer be supported against gravi-
tational collapse by electron degeneracy pressure and catastrophic collapse ensues.
Once the core of the star becomes constituted primarily of iron, further compression
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of the core does not ignite nuclear fusion and the star is unable to thermodynam-
ically support its outer envelope. As the surrounding matter falls inward under
gravity, the temperature of the core rises and iron dissociates into ↵ particles and nu-
cleons. Electron capture on protons becomes heavily favored and electron neutrinos
are produced1. The collapse continues until 3 � 4 times nuclear density is reached,
after which the inner core rebounds, sending a shock-wave across the outer core
and into the mantle. This shock-wave loses energy as it heats the matter it traverses
and incites further electron capture on the free protons left in the wake of the shock.
During the few milliseconds in which the shock-wave travels from the inner core to
the neutrinosphere, electron neutrinos are released in a pulse. This neutronization
burst carries away approximately 10

51 ergs of energy.However, 99% of the binding
energy Eb ⇠ 10

53 ergs of the protoneutron star (which is about 10% of the star’s
rest mass energy) is released in the following ⇠ 10s. The primary processes are beta
decay (providing a source of electron antineutrinos), ⌫e ⌫̄e annihilation, e+e� annihi-
lation, and nucleon bremsstrahlung (N +N ! N +N + ⌫+ ⌫̄, which give all flavors
of neutrinos: ⌫e⌫̄e, ⌫µ⌫̄µ, ⌫⌧ ⌫̄⌧ ), in addition to electron capture.

• Astrophysical neutrinos: Very high energy neutrino fluxes from cosmologically
distant sources are generally expected in association with the production of cosmic-
rays (CR), whose energy spectrum can extend to even 10

20 eV and is likely dom-
inated above ⇠ 3 ⇥ 10

17 eV by protons, neutrons, and nuclei of extragalactic ori-
gin. Source candidates include galactic sources like supernova remnants (SNR) and
extragalactic sources like Active Galactic Nuclei (AGN) and Gamma Ray Bursts
(GRB). This Ultra High-energy (UHE) neutrino production is thought to be asso-
ciated with the interactions of high-energy protons that produce energetic charged
pions by p� or by pp̄ interactions. In sources that are optically thin to meson-nucleon
interactions, the ⇡+ ! µ+⌫µ decays and subsequent µ+ ! e+⌫e⌫̄µ decays (and corre-
sponding ⇡� decay chain) lead to ultra high-energy neutrinos. The decays of neutral
pions, ⇡0 ! �� , may be observed as gamma ray signals in experiments such as ob-
servations by the Fermi Gamma-ray Space Telescope (FGST).

• Relic neutrinos: Relic neutrinos are an important product of the standard hot Big
Bang. Neutrinos were in thermal equilibrium in the hot plasma which filled the
early Universe through weak interactions with the other particles. As the universe

1This process is known as neutronization.
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expanded and cooled, the rates of weak interaction processes decreased and neu-
trinos decoupled when these rates became smaller than the expansion rate. Since
for the three known light neutrinos with masses smaller than about 1 eV the de-
coupling occurred when they were relativistic, these neutrinos are hot relics. Relic
neutrinos pervade space, but their temperature T 0

⌫ is extremely small, being of the
order of 104 eV. Their weak interaction cross-section with matter is thus extremely
small and hence the direct detection of relic neutrinos is a very difficult task with
present experimental techniques.

1.3 Standard derivation of neutrino oscillation

Before proceeding to derive the neutrino oscillation in the standard framework, we first
make the following assumptions:

• Neutrinos produced or detected in charged current weak interaction processes are
described by flavor states (see eq. 1.3.).

• Flavor neutrinos have a definite momentum ~p, i.e. all the massive neutrino com-
ponents have the same momentum. However, there is an alternative method2 of
deriving the neutrino oscillation probability where this equal momentum assump-
tion is irrelevant.

• The propagation time t is equal to the distance L traveled by the neutrino between
production and detection3

a neutrino with flavor ↵ and momentum ~p, created in a charged-current weak inter-
action process from a charged lepton `�↵ or together with a charged antilepton `+↵ , is de-
scribed as the flavor state,

|⌫↵i =
X

k

U⇤
↵k |⌫ki (↵ = e, µ, ⌧ ; h⌫k|⌫ji = �kj). (1.3)

, where the unitary matrix U⇤
↵k is known as the mixing matrix or the Pontecarvo-Maki-

Nakagawa-Sakata (PMNS) matrix [26,49]. In general for an N⇥N unitary mixing matrix,
2known as wave packet analysis in which the wave packet nature of propagating neutrinos are taken into

into account. See, for e.g. [44–48]
3It can be shown in the so called wave packet analysis of neutrino oscillation phenomena that neutrinos

are described by wave packets that are localized in the production process at the production time and
propagate between the production and the detection processes with a group velocity close to the velocity
of light, justifying the assumption 3 above.
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there are N(N � 1)/2 mixing angles and N(N + 1)/2 phases. But 2N � 1 phases can
be absorbed by the redefinition of the fields. Hence, in case of N flavours the leptonic
mixing matrix U↵k depends on (N � 1)(N � 2)/2 Dirac CP- violating phases. For the
standard 3 flavor scenario, N = 3 and there is only one CP violating phase known as �CP.
If the neutrinos are Majorana particles, there are (N �1) additional Majorana phases. The
unitarity of the mixing matrix implies that the flavor states are orthonormal:

h⌫↵|⌫�i = �↵�. (1.4)

The massive neutrino states |⌫ki are eigenstates of the Hamiltonian:

H |⌫ki = Ek |⌫ki , (1.5)

with energy eigenvalues Ek =
p

|~p|2 +m2

k. The Schr¨odinger equation

i
d

dt
|⌫k(t)i = H |⌫k(t)i (1.6)

implies that the massive neutrino states evolve in time as plane waves:

|⌫k(t)i = e�iEkt |⌫ki . (1.7)

Let us consider now a flavor state |⌫↵(t)i which describes a neutrino created with a def-
inite flavor ↵ at time t = 0. So using eqs. 1.3-1.7, we can now write the time evolution of
the flavor state,

|⌫↵(t)i =
X

k

U⇤
↵ke

�iEkt |⌫ki , (1.8)

such that |⌫↵(t = 0)i = |⌫↵i. Now, using the unitarity relation,

X

↵

U⇤
↵kU↵j = �jk, (1.9)

and inverting eq. 1.3, the massive neutrino states can be expressed in terms of the flavor
states as,

|⌫ki =
X

↵

U↵k |⌫↵i . (1.10)

Using the relation 1.10 in eq. 1.8, we can write,

|⌫↵(t)i =
X

�=e,µ,⌧

✓X

k

U⇤
↵kU�ke

�iEkt

◆
|⌫�i . (1.11)
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The amplitude of the neutrino flavor transition ⌫↵ ! ⌫� as a function of time is given by,

A⌫↵!⌫�(t) = h⌫�|⌫↵(t)i
X

k

U⇤
↵kU�ke

�iEkt, (1.12)

and the probability of the flavor transition ⌫↵ ! ⌫� is given by,

P⌫↵!⌫�(t) = |A⌫↵!⌫�(t)|2 =
X

k,j

U⇤
↵kU�kU↵jU

⇤
�je

�i(Ek�Ej)t. (1.13)

For ultrarelativistic neutrinos, the dispersion relation Ek =

p
~p2 +m2

k can be written as
(using the equal momentum assumption),

Ek ⇡ E +

mk2

2E
=) Ek � Ej ⇡

�m2

kj

2E
, (1.14)

where �m2

kj = m2

k � m2

j , is the mass squared difference. Also E = |~p|, neglecting the
mass contribution. In an actual neutrino oscillation experiment the neutrino propagation
length L between the source and the detector is measured instead of the propagation time
t. Since neutrinos are ultrarelativistic, we use the assumption t ⇡ L and the oscillation
probability in eq. 1.13 as a function of energy,

P⌫↵!⌫�(t) = |A⌫↵!⌫�(L,E)|2 =
X

k,j

U⇤
↵kU�kU↵jU

⇤
�je

�i
�m2

kj
2E L. (1.15)

Using the unitarity of the mixing matrix (eq. 1.9), it can be shown that the probabilities
add up to unity,

X

�

P⌫↵!⌫�(L,E) = 1

X

↵

P⌫↵!⌫�(L,E) = 1. (1.16)

From relation 1.9, one can show that
X

k

|U↵k|2|U�k|2 = �↵� � 2

X

k>j

Re
⇥
U⇤
↵kU�kU↵jU

⇤
�j

⇤
, (1.17)

which allows us to write the oscillation probability in the following form:

P⌫↵!⌫� = �↵� � 4

X

k>j

Re
⇥
U⇤
↵kU�kU↵jU

⇤
�j

⇤
sin

2

(�kj)

+ 2

X

k>j

Im
⇥
U⇤
↵kU�kU↵jU

⇤
�j

⇤
sin(2�kj),where, �kj =

�m2

kjL

4E
(1.18)
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Eq. 1.18 is known as the transition probability when ↵ 6= �4

For the case of antineutrinos, one starts with

|⌫̄↵i =
X

k

U↵k |⌫̄ki (↵ = e, µ, ⌧ ; h⌫k|⌫ji = �kj), (1.20)

and gets the following expression for oscillation probability of antineutrinos,

P⌫̄↵!⌫̄� = �↵� � 4

X

k>j

Re
⇥
U⇤
↵kU�kU↵jU

⇤
�j

⇤
sin

2

(�kj)

� 2

X

k>j

Im
⇥
U⇤
↵kU�kU↵jU

⇤
�j

⇤
sin(2�kj). (1.21)

1.4 Neutrino oscillation in vacuum

Neutrino oscillation in vacuum is simple to derive because the mass eigenstates evolve
exactly as shown in the previous section (eq. 1.5). We give a brief description of it below
both in the context of 2 flavour and 3 flavours.

1.4.1 Two flavour oscillation

In this case there is only one mixing angle ✓ and only one mass squared difference namely
�m2

= m2

2

� m2

1

. The two flavor neutrino states are linear superpositions of the two
massive neutrinos ⌫

1

and ⌫
2

with coefficients given by the elements of the two-neutrino
effective mixing matrix,

U =

 
cos ✓ sin ✓

� sin ✓ cos ✓

!
, where 0 6 ✓ 6 ⇡/2. (1.22)

Now using eq. 1.18 we can write,

P⌫↵!⌫�(L,E) = sin

2

2✓ sin2

(

�m2L

4E
), (↵ 6= �). (1.23)

It is convenient for practical purposes to write the probability expression after unit con-
versions, in the following form,

P⌫↵!⌫�(L,E) = sin

2

2✓ sin2

1.27(
�m2

[ev2]L[km]

E[GeV ]

) (1.24)

4When ↵ = �,it is known as the survival probability and can be written as,

P⌫↵!⌫↵ = 1� 4

X

k>j

Re|U↵k|2|U↵j |2 sin2(�kj) (1.19)
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1.4.2 Three flavor oscillation:

For three generation, one has 3 mixing angles (✓
12

, ✓
13

, ✓
23

), 2 mass squared differences
and one Dirac CP phase (�cp). The PMNS matrix U can be conveniently parameterized as,

U = R
23

W
13

R
12

= O(✓
23

)O(✓
13

, �
13

)O(✓
12

)

=

0

B@
1 0 0

0 c
23

s
23

0 �s
23

c
23

1

CA

0

B@
c
13

0 s
13

e�i�cp

0 1 0

�s
13

e�i�cp
0 c

13

1

CA

0

B@
c
12

s
12

0

�s
12

c
12

0

0 0 1

1

CA

=

0

B@
c
12

c
13

s
12

c
13

s
13

e�i�CP

�s
12

c
23

� c
12

s
13

s
23

ei�CP c
12

c
23

� s
12

s
13

s
23

ei�CP c
13

s
23

s
12

s
23

� c
12

s
13

c
23

ei�CP �c
12

s
23

� s
12

s
13

c
23

ei�CP c
13

c
23

1

CA , (1.25)

where sij = sin ✓ij, cij = cos ✓ij etc. The expression for 3 flavor in vacuum can be written
in useful form in the approximation that the solar mass squared difference (�m2

21

) and
the mixing angle ✓

13

is small and neglected beyond 2 orders of magnitude.

Pµe = ↵2

sin

2

2✓
12

c2
23

✓
�L

2

◆
2

+ 4s2
13

s2
23

sin

2

✓
�L

2

◆

+ 2↵s
13

sin 2✓
13

sin 2✓
23

✓
�L

2

◆
sin

✓
�L

2

◆
cos

✓
�CP +

�L

2

◆
, (1.26)

where � =

�m2
31

2E , ↵ =

�m2
21

�m2
31

. The discussion regarding the probability expressions for all
other channels can be found in [50].

1.5 Neutrino oscillation in matter

Neutrinos propagating in matter are subject to coherent forward scattering with the par-
ticles present in the matter. The resulting potential changes the neutrino propagation
through matter significantly than the vacuum, thereby changing the oscillation probabil-
ity expressions in. The flavor changing mechanism in neutrino oscillation in presence of
matter is given by the Mikheev-Smirnov-Wolfenstein (MSW) effect. The basis of the MSW
effect is that the electron neutrinos have different interactions with matter than the neu-
trinos of other flavors. When the neutrino traverses the Earth, the oscillation probability
is calculated taking into account earth’s matter potential due to the forward scattering
amplitude of charged current interactions with electrons. Neutral current interactions are
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Figure 1.2: Feynman diagrams of coherent forward scattering processes that generate the CC potential
though W exchange (left) and the NC potential through the Z exchange (right).

neglected here because they lead to flavour-independent terms which are irrelevant for
the oscillation probabilities. The effective CC Hamiltonian for coherent forward elastic
scattering (see fig. 1.2) can be written as,

HCC
eff (x) =

GFp
2


⌫̄e(x)�

⇢
(1� �5)e(x)

�
ē(x)�⇢(1� �5)⌫e(x)

�

=

GFp
2


⌫̄e(x)�

⇢
(1� �5)⌫e(x)

�
ē(x)�⇢(1� �5)e(x)

�
(using Fierz Transformation).

Averaging over the electron background in the rest frame of the medium gives

¯HCC
eff (x) = VCC ⌫̄eL(x)�

0⌫eL(x), (1.27)

with the charged current potential given by,

VCC =

p
2GFNe, Ne being the electron no. density of the medium. (1.28)

For antineutrinos, VCC ! �VCC , because of the anti-commutation relation between the
creation and the annihilation operators. Similarly starting with the effective NC Hamil-
tonian (the right one in fig. 1.2)

HNC
eff (x) =

GFp
2

X

↵=e,µ,⌧


⌫̄↵(x)�

⇢
(1� �5)⌫↵(x)

�X

f


¯f(x)�⇢(g

f
V � gfA�

5

)f(x)

�
, (1.29)

one can see that the neutral current potential of any flavor neutrino due to coherent scat-
tering with the fermions of the medium is given by5,

V f
NC = � 1p

2

GFNn. (1.30)

5In an electrically neutral astrophysical environment with low temperature and density.
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Summarizing, the effective neutrino potential is then given by,

¯Heff (x) =
X

↵=e,µ,⌧

V↵⌫̄↵L(x)�
0⌫↵L(x), (1.31)

with the potential

V↵ =

p
2GF

✓
Ne�↵e �

1

2

Nn

◆
. (1.32)

Now, let us see how the potential affects neutrino oscillation. Going back to the evolu-
tion equation we see,

i
d

dt
|⌫↵(t)i = H |⌫↵(t)i , with, |⌫↵(0)i = |⌫↵i , (1.33)

where H is the sum of the vacuum and the matter interaction Hamiltonian:

H = H
0

+HI . (1.34)

The massive neutrino eigenstates ⌫k with momentum ~p is an eigenstate of the vacuum
Hamiltonian:

H
0

|⌫ki = Ek |⌫ki , with Ek =

q
~p2 +m2

k, (1.35)

and the flavor states are the eigenstates of the interaction Hamiltonian:

HI |⌫↵i = V↵ |⌫↵i with V↵ given by eq. 1.32 (1.36)

If  ↵(t) = h⌫�| |⌫↵(t)i is the amplitude of the transition ⌫↵ ! ⌫� after a time t, then its
evolution can be written by (using eq. 1.33 and using the approximation t ⇠ x)

i
d

dx
 ↵ = HF ↵, (1.37)

where,

HF =

1

2E
(UM2U †

+ A), (1.38)

 ↵ =

0

B@
 ↵e

 ↵µ

 ↵⌧

1

CA , M2

=

0

B@
0 0 0

0 �m2

21

0

0 0 �m2

31

1

CA , A =

0

B@
ACC 0 0

0 0 0

0 0 0

1

CA ,

ACC = 2EVCC = 2

p
2EGFNe
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1.5.1 Two flavor oscillation:

For the two flavor scenario, eq.1.37 can be written as,

i
d

dx

 
 ee

 eµ

!
= HF

 
 ee

 eµ

!
, (1.39)

where

HF =

 
��m2

cos 2✓ + ACC �m2

sin 2✓

�m2

sin 2✓ �m2

cos 2✓ � ACC

!
. (1.40)

�m2

= m2

2

�m2

1

and the only mixing angle is defined as,

⌫e = ⌫
1

cos ✓ + ⌫
2

sin ✓, ⌫µ = �⌫
1

sin ✓ + ⌫
2

cos ✓. (1.41)

In order to solve eq. 1.39, HF is diagonalised by the following orthogonal transformation:

UT
MHFUM = HM . (1.42)

Here the unitary matrix UM is the effective mixing matrix in matter:

UM =

 
cos ✓M sin ✓M

� sin ✓M cos ✓M

!
, (1.43)

and the effective squared mass difference is

�m2

M =

p
(�m2

cos 2✓ � ACC)
2

+ (�m2

sin 2✓)2. (1.44)

The effective mixing angles in matter ✓M is given by,

tan 2✓M =

tan 2✓

1� ACC
�m2

cos 2✓

. (1.45)

Note that, there is a resonance when ACC = �m2

cos 2✓ and at the resonance the effective
mixing angle is maximal i.e.⇡/4. This implies that if the resonance region is wide enough
it may induce total flavor transition of neutrinos. This is the famous MSW effect [33, 34].
Proceeding further, it can now be shown that the appearance probability in presence of
matter is given by (by solving eq. 1.39 in a constant density i.e., d✓M/dx = 0),

P (⌫µ ! ⌫e) = | µe|2 = sin

2

2✓M sin

2

✓
�m2

Mx

4E

◆
. (1.46)

We note that, this probability expression has the similar form as in vacuum (eq. 1.23) with
the mixing angle and the mass squared difference replaced by their matter counterparts.
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1.5.2 Three flavor oscillation:

For the case of three neutrinos, the mixing matrix in the standard parametrization is (from
eq. 1.25)

U = R
23

W
13

R
12

. (1.47)

Now, since the matrix A in eq. 1.38 commutes with R
23

,

R†
23

AR
23

= A. (1.48)

Redefining  ↵ ! R†
23

 ↵ in eq. 1.37 we can write,6

HF =

1

2E

�
W

13

R
12

M2R†
12

W †
13

+ A
�

⇡ 1

2E

�
W

13

M2W †
13

+ A
�

(1.49)

Now one can follow the usual procedure (see subsec. 1.5.1) by diagonalising HF and
obtain the effective mixing angle and mass squared differences in matter as,

tan 2✓m
13

=

tan 2✓
13

1� ACC

�m2
31 cos 2✓13

�m2

m31

=

q
(�m2

31

cos 2✓
13

� ACC)
2

+ (�m2

31

sin 2✓
13

)

2. (1.50)

In the OMSD approximation, the expression for Pµe in matter in given by,

Pm
µe = sin

2 ✓
23

sin

2

2✓m
13

sin

2


�m2

m31

L/4E

�
(1.51)

For an expression upto the second order of �m2
21

�m2
31

and some more discussions about the
implication of matter effect, please see sec. 2.1.

1.6 CPT transformation in the context of neutrino oscilla-
tion

CPT transformation, being the symmetry of any local quantum field theory, is a symmetry
for oscillation probabilities also. Under CPT symmetry,

P⌫↵!⌫� = P⌫̄↵!⌫̄� , (1.52)

6We also make use of the One Mass Squared Dominance (OMSD) approximation �m2
31 >> �m2

21 and
M ⇡ diag(0, 0,�m2

31)

29



CHAPTER 1. INTRODUCTION

Figure 1.3: A schematic view of CPT, CP and T transformations that relate different flavor transition
channels (reproduced from [1]).

which can be verified from eqs. 1.18 and 1.19, first using a CP transformation (⌫̄� !
⌫̄↵ =) ⌫� ! ⌫↵) which changes U � U⇤, followed by a T transformation (⌫� ! ⌫↵ =)
⌫↵ ! ⌫�) which changes ↵ � �. See fig. 1.3 for a schematic of these various transforma-
tions.

1.7 Current status of oscillation parameters

Standard neutrino oscillation is governed by three mixing angles (✓
12

, ✓
13

, ✓
23

), two mass
squared differences (�m2

31

,�m2

21

) and one Dirac CP phase (�CP). Combined analyses of
KamLAND [51] and the solar neutrino experiments [52] have determined the parame-
ters ✓

12

and �m2

21

. The atmospheric neutrino experiments such as Super-Kamiokande
(SK) [30], MINOS [30, 53] have measured sin

2

2✓
23

and |�m2

31

|. The short baseline re-
actor neutrino experiments Daya Bay [54], RENO [55] and Double Chooz [56] have re-
cently measured the non-zero value of ✓

13

very precisely. The ongoing and the upcoming
accelerator long baseline neutrino experiments (T2K [10], NOvA [9, 57], DUNE [7, 13],
T2HK [15]) are expected to probe the precise value of �m2

31

(with correct sign), �CP and
✓
23

. The present status of the oscillation parameters are shown in table 1.7.
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Table 1.1: Current status of oscillation parameters [5].

Oscillation parameter Best fit value 3� range
✓
12

/� 33.72+0.79
�0.76 31.52 ! 36.18

✓
23

/� (NH) 49.3+1.5
�8.3 38.6 ! 53.1

✓
23

/� (IH) 49.6+1.3
�1.7 39.2 ! 53.0

✓
13

/� (NH) 8.47+0.24
�0.20 7.86 ! 9.11

✓
13

/� (IH) 8.54+0.19
�0.20 7.93 ! 9.12

�CP/� (NH) 272

+61

�64

0 ! 360

�CP/� (IH) 256

+43

�43

0 ! 360

�m2

21

/10�5eV 2

7.49+0.19
�0.17 7.02 ! 8.08

�m2

31

/10�3eV 2 (NH) +2.484+0.045
�0.048 +2.351 ! +2.618

�m2

31

/10�3eV 2 (IH) �2.467+0.041
�0.042 �2.595 ! �2.341

1.8 Neutrino oscillation: outstanding questions

After the discovery of the non-zero and not too small value of ✓
13

, the focus of neutrino
oscillation has shifted to the following three questions, all of which are expected to be
resolved by the promising upcoming accelerator long baseline experiments:

1.8.1 Neutrino mass hierarchy (MH):

Neutrinos have 3 mass eigenstates (say, ⌫
1

, ⌫
2

, ⌫
3

). So far only the absolute value of the
mass squared difference �m2

31

has not been determined but not its sign. So there exists
two possibilities in which the mass eigenstates are arranged: a) m

3

> m
2

> m
1

(called
normal hierarchy or NH) or b) m

2

> m
1

> m
3

(called inverted hierarchy or IH). These
are schematically shown in fig. 1.4. Non-zero value of ✓

13

will enhance the matter effect
when neutrinos pass through matter. Because of the enhanced matter effect, the different
interactions that neutrinos and antineutrinos undergo while passing through the earth
matter will be more detectable. This will help to resolve the mass hierarchy.

The resolution of mass hierarchy will help distinguish between models based on lep-
ton flavor symmetries. Models exhibiting a softly broken Le � Lµ � L⌧ lepton number
produce only an inverted hierarchy [58]. On the other hand, all of the successful grand
unified models in the literature employing a conventional type I see-saw mechanism
(see subsection 1.9.7 for the see-saw mechanism of neutrino mass generation) appear
to prefer a normal hierarchy (see, for e.g., [59–63]). With this in background, it can be
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Figure 1.4: A schematic view of normal and inverted mass hierarchy allowed by |�m2
21| << |�m2

31| [2].

shown [64] that for every successful normal neutrino mass hierarchy solution to a grand
unified model, there exists an inverted hierarchy solution with exactly the same PMNS
mixing matrix. Hence a future determination of the inverted hierarchy would tend to
rule out grand unified models based on conventional type-I see-saw and would largely
favor models based on type-II and type-III see-saw and models based on a conserved
Le � Lµ � L⌧ lepton number. In contrast, a determination of the normal hierarchy would
rule out the conserved Le � Lµ � L⌧ lepton number models in favor of the grand unified
models.

1.8.2 Leptonic CP Violation (CPV):

CP Violation has so far only been observed in the quark sector of the Standard Model
(SM). Whether CP is violated in the leptonic sector (i.e., �CP 6= 0 or ⇡) too is of fundamen-
tal importance because it will shed light on the observed baryonic asymmetry of the uni-
verse through an elegant natural process known as leptogenesis. In 1967, Sakharov first
put forward [65] the three necessary conditions which could dynamically generate the
presently observed baryon asymmetry in the universe through baryogenesis: i)Baryon
number violation, ii) C and CP violation and iii) departure from thermal equilibrium.
Among the viable baryogenesis scenario, leptogenesis [66] is the simplest and the most
elegant, well-motivated mechanism7. In leptogenesis, the estimate of baryon asymmetry
depends on the product of the three factors: (the leptonic CP asymmetry " produced in
heavy particle decays) ⇥ (an efficiency factor ⌘ due to washout processes in scattering,

7For reviews of leptogenesis, see [67, 68]
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1.9. BEYOND STANDARD 3⌫ NEUTRINO OSCILLATION

decays, and inverse decays) ⇥ (a reduction factor due to chemical equilibrium, charge
conservation, and the redistribution of the asymmetry among different particle species
by fast processes)8. The presence of the leptonic CP violation in the leptogenesis scenario,
inevitably invites us to do new studies on the direct link between leptonic CPV and the
latter. More specifically, if the strength of CP violation at low energies in neutrino oscilla-
tions is measured, what can one infer about the viability or nonviability of leptogenesis?
Already there exists a few model dependent studies on this in literature [72–75]. Nev-
ertheless, the discovery of leptonic CP violation will take us a massive step further to
test leptogenesis. The upcoming long baseline experiments (such as DUNE, T2HK) have
the potential to measure the value of the leptonic CPV phase �CP. Intrinsic CPV in the
SM requires ✓

13

6= 0 (which has recently been discovered) and �CP 6= 0, ⇡. Furthermore,
earth matter effects9 and possible sub-leading new physics effects (sterile neutrinos, Non
Standard neutrino Interactions)10 can induce fake CPV which must be taken into consid-
eration into any measurement of �CP.

1.8.3 Octant degeneracy:

A look at the interference term of the expression for neutrino oscillation (eq. 1.26) tells us
that it contains the term sin 2✓

23

,- which is the same for ✓
23

and ⇡/2 � ✓
23

. So there is an
ambiguity as to which octant the angle ✓

23

lies in. Atmospheric neutrino experiments like
SK have measured the value of sin 2✓

23

, but it still remains to be determined whether ✓
23

lies in the higher (⇡/4 < ✓
23

< ⇡/2) or the lower (0 < ✓
23

< ⇡/4) octant.

1.9 Beyond standard 3⌫ neutrino oscillation

In addition to the standard three neutrino phenomenology, there exists some experimen-
tal evidences, although not conclusive and some theoretical models which may indicate
to some exotic phenomena that go beyond the standard framework. These different pos-
sibilities are briefly described below.

8The 2nd and the 3rd factor can be calculated by solving the full Boltzman equations describing the out
of equilibrium dynamics, utilising the models describing the departure of thermal equilibrium provided by
the expansion of the universe. For details, see for e.g., [67, 69–71].

9Please see section 2.1 for more details on CPV and MH in the context of long baseline experiments.
10We discuss these issues in great details in chapters 3 and 4.
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1.9.1 Sterile neutrinos:

The possibility of the existence of a fourth neutrino mass eigenstate (called sterile neu-
trino) originates from some anomalous neutrino experiment results. The LSND experi-
ment [76] found evidence for ⌫̄µ ! ⌫̄e oscillation at 3.3� significance (oscillation proba-
bility is (2.64 ± 0.67 ± 0.45) ⇥ 10

�3

). The evidence for ⌫µ ! ⌫e oscillation was found at
much less significance with oscillation probabilities (2.6± 1.0± 0.5)⇥ 10

�3

) (in the 1993-
95 data) and (1.0 ± 1.6 ± 0.4) ⇥ 10

�3

) in the 1996-98 data. The mass squared difference
which can successfully explain this LSND ⌫̄e excess (LSND anomaly) is �m2

L ⇠ 1 ev2.
Since this mass scale is very different from the existing solar (�m2

21

⇠ 10

5 ev2) and the
atmospheric (�m2

31

⇠ 10

3 ev2) mass differences, this suggests that there may exist a
fourth neutrino mass eigenstate, called sterile neutrino, participating in neutrino oscil-
lation11.The so called LSND anomaly has also been observed by the MiniBooNE [79] ex-
periment. The somewhat lower than expected event rate at the Gallium solar neutrino
experiments SAGE and GALLEX also points to the hypothesis of ⌫e disappearance due to
oscillations with a �m2 & 1 eV 2 [80, 81] (Gallium anomaly). A recent re-evaluation of the
neutrino flux emitted from the reactors has resulted in a somewhat increased fluxes com-
pared to the previous calculation (reactor anomaly) and this is also consistent with a sterile
neutrino with �m2 ⇠ 1 ev2 [82]. Sterile neutrinos can have a rather significant impact on
the measurement of mass hierarchy and CP violation, among other things (see chapter 3).

1.9.2 Non Standard neutrino Interactions (NSI)

Although neutrino mass and mixing will require some new physics beyond the minimal
Standard Model, most neutrino oscillation analyses are done assuming Standard Model
neutrino interactions. However, in many cases new physics12 will also introduce addi-
tional terms to the neutrino interaction Lagrangian. The usual ansatz is to parameterize
these nonstandard interactions (NSI) of neutrinos [33, 85, 86] in terms of dimension-6 op-
erators in an effective Lagrangian. NSI’s can affect the oscillation probabilities as a sub-
leading effect and can bring about significant changes on the observable results in the
experiments (see chapter 4).

In general, the NSI can impact the neutrino oscillation signals via two kinds of in-
teractions : (a) charged current (CC) interactions (b) neutral current (NC) interactions.

11measurements of the invisible Z width indicate that there are only three light active neutrinos [77], a
fourth light neutrino must be sterile, i.e., it does not participate in the weak interactions [78].

12Supersymmetry could give rise to NSI of neutrinos; in the MSSM with right-handed neutrinos NSI are
suppressed [83], but they may be observable in SUSY with R-parity violation [84].
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1.9. BEYOND STANDARD 3⌫ NEUTRINO OSCILLATION

However, CC interactions affect processes only at the source or the detector and these
are clearly discernible at near detectors. On the other hand, the NC interactions affect
the propagation of neutrinos. In principle NSI of neutrinos could affect the production,
propagation, and detection of neutrinos, and in practice can be difficult to disentangle
from other effects, such as neutrino oscillations due to neutrino masses and mixing. An
important aspect of any future neutrino program will be to identify or constrain these
interactions13.

1.9.3 CPT violation/ Lorentz violation

In local field theories, operators that break CPT invariance are intimately related with
those that break Lorentz symmetry [89, 90]. The CPT violating term contributes to the
hamiltonian describing the neutrino flavor evolution. CPT violation will manifest itself
via P⌫↵!⌫� 6= P⌫̄�!⌫̄↵ . However, when neutrinos and antineutrinos propagate through
matter, the matter effect gives rise to fake CP and CPT violating effects14 which need
to be accounted for properly to search for intrinsic CPT violation in neutrino oscillation.
Possible origin of CPT violation in the neutrino sector has been studied in literature: in the
context of Lorentz violation [91, 92], Extra dimensions [93, 94], in the context of NSI [95].

1.9.4 Neutrino decoherence

Neutrino states are more accurately described by means of wave packets with momen-
tum and spatial uncertainty. Different mass eigenstates propagate with different group
velocities; and when the wave packets of different mass eigenstates no longer overlap,
coherence is lost. The degree of coherence depends upon both the production and the
detection sizes. The possibility of observing decoherence effects and the bounds on deco-
herence related parameters in a reactor neutrino experiment has been studied in [96]. A
different kind of decoherence can also arise from quantum gravity effects, in which the
pure states can evolve into mixed states over time [97]. Many studies of possible neutrino
decoherence effects has been made: for solar neutrinos [98], atmospheric neutrinos [99],
long baseline neutrino experiments [100] and in a general context too [101].

13A few experiments have already attempted to put bounds on NSI parameters [87, 88].
14This is because matter itself is CP and CPT asymmetric,- neutrinos and antineutrinos interact differently

with matter.
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1.9.5 Neutrino decay

In the enhanced standard model with massive neutrinos, a heavier neutrino can decay
into lighter neutrinos [102]. For lighter neutrinos the lifetime is extremely compared to
the age of the universe. Fast neutrino decays may occur at the tree level due to a mass-
less, spinless scalar J : ⌫i ! ⌫̄j + J , where i, j are mass eigenstates that may be mixtures
of active and the sterile flavors. The couplings of J to ⌫µ and ⌫e are experimentally con-
strained by ⇡ and K meson decays [103], but these bounds still allow for fast decays. Pos-
sible candidates for J include a Majoron [104–106] or a flavor changing axion [107, 108].
The modification in the oscillation probability due to neutrino decay has been treated in
literature, for e.g., in [109].

1.9.6 Are the neutrinos Dirac or Majorana particles?

Massive neutrinos can be of either Dirac or Majorana nature. Dirac particles are distin-
guishable from their anti-particles due to lepton number conservation. On the other hand,
Majorana particles are identical with their own antiparticles and they participate in the
lepton number violating processes. In the Standard Model the charge-neutral fermion
neutrino is the only probable candidate to be of Majorana nature. As noted already
in [110], since a Majorana spinor has only two independent components, the Majorana
theory is simpler and more economical than the Dirac theory. Hence, the Majorana nature
of massive neutrinos may be more natural than the Dirac nature. Determining whether
the neutrinos are Dirac or Majorana particles is important to better understand the un-
derlying symmetry of particle interactions and to probe the origin of neutrino masses. If
the neutrinos are Majorana, two further CP phases enter into play. These two additional
Majorana phases do not appear in a lepton number conserving process like neutrino oscil-
lation [111,112]. But the Majorana phases enter into the calculation of neutrinoless double
beta decay (0⌫��) [113]. Hence, only the 0⌫�� experiments (see for e.g., [3, 114, 115] for
more details) are the probable candidates to explore the Dirac/ Majorana nature of neu-
trinos.

1.9.7 Neutrino mass generation: See-saw mechanism

The most important mechanism for neutrino mass generation is the see-saw mecha-
nism. This can explain the smallness of the neutrino mass. The renormalizable SM La-
grangian does not allow neutrino mass terms because there are no right-handed neu-
trino fields. Consequently, beyond the SM physics is mandated in the neutrino sector. A
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simple scheme for neutrino mass generation is to use the SM fields to construct a non-
renormalizable addition to the Lagrangian. We know the left handed chiral field ⌫L exists
and the Lagrangian contains the corresponding Majorana mass term,

LL
mass =

1

2

mL⌫
T
LC†⌫L + h.c. (1.53)

Now assuming the existence of the right handed chiral field ⌫R, the neutrino Lagrangian
can contain the Dirac mass term,

LD
mass = �mD⌫̄R⌫L + h.c. (1.54)

However, in addition to the Dirac mass term, the Lagrangian will also contain the right
handed Majorana mass term now.

LR
mass =

1

2

mR⌫
T
RC†⌫R + h.c. (1.55)

Therefore, in general it is possible to have a Dirac-Majorana neutrino mass term15,

LD+M
mass = LD

mass + LL
mass + LR

mass

=

1

2

NT
L C†MNL + h.c., (1.56)

where NL =

 
⌫L

⌫CR

!
=

 
⌫L

C⌫̄RT

!
and M is the mass matrix, M =

 
mL mD

mD mR

!
. Note that

among all the known elementary particles, all of which have both chiral left-handed and
right-handed chiral field components, only neutrinos can have the Majorana mass terms
LL

mass and LR
mass. This possibility implies that neutrinos are very special particles that can

generate new physics through the lepton number violating Majorana mass terms. The
right handed neutrino field ⌫R is assumed to be a field with a heavy mass mR (mass scale
at which new physics such as lepton no. violation occurs). So, in the limit

mD << mR, mL = 0, (1.57)

if the mass matrix M is diagonalized, one will obtain the eigenvalues as,

m
1

⇡ m2

D

mR
, m

2

⇡ mR. (1.58)

15The Majorana mass term for ⌫L in eq. 1.53, is not allowed by the symmetries and renormalizability of
the SM (it is not invariant under SU(2)L⇥U(1)Y transformations). However, this can be generated by new
physics beyond SM. The Majorana mass term in eq. 1.55 for ⌫R is allowed by the symmetries of the SM,
since ⌫R is a singlet of SU(3)C ⇥ SU(2)L ⇥U(1)Y .Therefore, the Dirac-Majorana mass term in eq. 1.56 with
mL = 0 is allowed in the framework of the SM with the only addition of the right-handed chiral field ⌫R.

37



CHAPTER 1. INTRODUCTION

Therefore, ⌫
2

is as heavy as mR (the new physics mass scale) and ⌫
1

is very light, because
its mass is suppressed with respect to mD (close to the electroweak mass scale) by the
small ratio mD

mR
. This is the famous see-saw mechanism16 [116–119]: the heavy mass of

⌫
2

is responsible for the light mass of ⌫
1

. There has been extensive study in literature
with the see-saw mechanism. For e.g., it is also possible to investigate the viability of the
see-saw mechanism when the left-handed Majorana mass (mL) is small but nonzero in
so called type-II see-saw [120–124]. In type-III see-saw [125, 126], the implication of adding
right-handed lepton triplets to the SM fields in the adjoint representation of SU(2)L has
been studied. A direct consequence of the seesaw mechanism is thermal leptogenesis [66]
which is needed to understand the observed baryon asymmetry of the universe. There
exist other mechanisms also in literature for the generation of neutrino mass: for e.g., Zee
model [127], models with µ � ⌧ symmetries [128–130], models with specific textures for
the mass matrix [131–133], models with low energy new physics such as supersymmetry
with R-parity violation [134–136], models with extra dimensions [93, 137–139] etc.

1.9.8 Absolute scale of neutrino mass

Constraints on the absolute neutrino mass can be obtained from beta decay, neutrinoless
double beta decay (0⌫��) experiments and from cosmological probes. The present limit
on the absolute neutrino mass from the Troitsk [140] and Mainz [141] tritium beta decay
experiments is m�  2.2 eV at 2�. The upcoming experiment KATRIN [142] will be able to
probe neutrino mass down to as small as 0.35 eV. In the SM, with massive neutrinos and
no other new physics, 0⌫�� experiments probe the absolute neutrino masses. Extensive
analyses of the past, ongoing and future 0⌫�� experiments have been reviewed in [143].
The best sensitivity was achieved in the Heidelberg-Moscow Ge76 experiment [144]. Re-
cent study [145] shows the strongest upper limit on m0⌫

�� ranges from 0.115 to 0.339 eV de-
pending on different choices of nuclear matrix elements. The Planck collaboration [146]
provides the cosmological upper bound on neutrino mass to be 0.23 eV [147] and it is
consistent with that obtained from 0⌫�� experiments.

The observation of 0⌫�� decay, apart from showing that the neutrinos are massive
Majorana particle, will also have interesting implications in determining neutrino mass
hierarchy. The spectrum of the effective Majorana mass (see Fig. 1.5) at high value of the
lightest neutrino mass is quasi-degenerate and the hierarchy bands are not resolved. For
a minimum neutrino mass of about . 50 meV, the degenerate band splits into two, rep-

16the so called type-I see-saw mechanism
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Figure 1.5: Effective Majorana mass
✓
hm��i =

P
j mjU

2
ej

◆
as a function of the lightest neutrino mass

(reproduced from [3].

resenting the normal (m
1

lightest) and inverted (m
3

lightest) hierarchies. Fig. 1.5 appears
to imply that it would be straight-forward to identify the appropriate band at these low
mass values17.

1.10 An overview of the thesis

To resolve the interesting issues discussed above, a large no. of ambitious neutrino ex-
periments have been designed. This thesis addresses the capabilities of the long baseline
neutrino experiments to resolve the issues such as leptonic CPV and mass hierarchy. The
main focus is on the upcoming Deep Underground Neutrino Experiment (DUNE) and
also on other experiments such as T2K, NOvA and T2HK.

We discuss in chapter 2, how the CP and the mass hierarchy ambiguity arises and the
capability of DUNE to resolve these questions. We take into account many possible con-
figurations (such as the presence of a near detector in addition to a far detector, taking the
far detector underground to collect the atmospheric neutrino data, changing the exposure

17However, there are uncertainties in the oscillation parameters and the matrix elements that have to be
considered for a thorough analysis [3].
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etc..) of DUNE and compare their capabilities.
In chapter 3, we discuss how the presence of even one eV sterile neutrino can substan-

tially compromise the CPV and hierarchy sensitivities at DUNE and other long baseline
experiments. In particular, we illustrate how the additional CP phases can affect the mea-
surement of the standard CP phase depending on the value of the active-sterile mixing
angles.

In chapter 4, we discuss about another new physics called Non Standard Neutrino
Interaction (NSI) and show how this can potentially affect CPV and mass hierarchy in the
probability, event and also on the level of statistical sensitivities.
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Chapter 2

Mass hierarchy and CP violation studies
at long baseline for standard neutrino
oscillation

Neutrino oscillations have by now been conclusively established by several pioneering
experiments. It is now understood that the mixing between the three neutrino flavors is
governed by the so-called PMNS mixing matrix,

UPMNS =

0
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and the mass-squared differences: �m2

31

= m2

3

�m2

1

and�m2

21

. Here, cij and sij are cos ✓ij

and sin ✓ij respectively, for the three mixing angles ✓
12

, ✓
23

and ✓
13

, and �CP is a (Dirac)
CP phase. While solar and atmospheric neutrino experiments have determined the first
two mixing angles quite precisely, reactor experiments have made remarkable progress in
determining ✓

13

[54,55,148,149]. (See Table 2.1 for the values of the oscillation parameters
used in our work.)

Now that ✓
13

has been conclusively shown to be non-zero and not too small [54, 55,
148–150], the focus of neutrino oscillation experiments has shifted to the measurement of
�CP

that determines whether or not oscillating neutrinos violate CP. Leptonic CP viola-
tion is a necessary ingredient to explain the observed baryon asymmetry of the Universe
via leptogenesis (for a review, see [68]). Neutrino oscillations at long baselines offer a
promising option to infer leptonic CP violation [151–159]. 1

1For more recent status reviews see [160–171].
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Table 2.1: Best fit values of the oscillation parameters [6].

Parameter Best fit value
sin

2 ✓
12

0.307
sin

2 ✓
13

0.0241
sin

2 ✓
23

(lower octant) 0.427
sin

2 ✓
23

(higher octant) 0.613
�m2

21

7.54⇥ 10

�5 eV2

|�m2

31

| 2.43⇥ 10

�3 eV2

�CP 0

A second important unanswered question for model building is whether the mass
hierarchy is normal with �m2

31

> 0, or inverted with �m2

31

< 0. Finally, the question of
whether ✓

23

is larger or smaller than ⇡/4 bears on models based on lepton symmetries.
An effort towards resolving the above issues and thereby taking us a step closer to

completing our knowledge of the neutrino mass matrix, is the Deep Underground Neu-
trino Experiment (DUNE) [13, 14, 172–174].2 DUNE will employ a large liquid argon far
detector (FD). It is expected to be placed underground in the Homestake mine at a dis-
tance of 1300 km from Fermilab, from which a neutrino beam will be directed towards the
detector. Large-mass Liquid Argon Time Projection Chambers (LAr-TPCs) have unprece-
dented capabilities for the detection of neutrino interactions due to precise and sensitive
spatial and calorimetric resolution. However, the final configuration of the experiment
is still under discussion [176]. The sensitivity of DUNE to the mass hierarchy, to CP
violation and to the octant of ✓

23

depends on, among other things, how well other oscil-
lation parameters are known, on the amount of data that can be taken in a reasonable
time frame, on the systematic uncertainties that compromise the data, and on the charge
discrimination capability of the detector.

The various considerations of our work [176, 177] are motivated by possible configu-
rations for DUNE in the initial phase of its program. The initial stage of DUNE will, at
the very least, permit the construction of an unmagnetized 10 kt FD underground. Sev-
eral improvements upon this basic configuration are under consideration. These might
include

2The inputs we use, and the corresponding references, pertain to the erstwhile Long Baseline Neutrino
Experiment (LBNE) [7,175], which has undergone a new phase of internationalisation and expansion. This
has led to a change in the name of the experiment, to DUNE. Nonetheless, it is expected that the configura-
tion we assume here vis a vis fluxes, baseline and energies will remain largely intact.
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• upgrading the FD to 35 kt for improved statistics,

• having a precision near detector (ND) for better calibration of the initial flux and
reducing the involved systematic uncertainties,

• magnetizing the FD to make it possible to distinguish between particles and an-
tiparticles in the atmospheric neutrino flux.3

It must be noted that some of the above upgrades would also have supplementary ben-
efits –an ND, for example, will also allow precision studies of the involved neutrino nu-
cleon cross sections, thereby reducing present uncertainties.

Since it might not be feasible to combine all of the above upgrades into an initial
DUNE configuration, we evaluate which combination would be most beneficial as far
as the physics of neutrino oscillations is concerned. Specifically, we study the following
experimental configurations:

1. A beam experiment with and without an ND.

2. An atmospheric neutrino experiment.

3. An experiment with and without an ND that combines beam and atmospheric neu-
trino data collected at the FD.

4. A global configuration that combines DUNE data (with and without ND) with
NO⌫A [9] and T2K [10] data.

Other recent studies of some of the standard physics capabilities of DUNE can be
found in Ref. [178–186].

2.1 Mass hierarchy ambiguity and CP violation at the prob-
ability level

We consider appearance (⌫µ ! ⌫e) and disappearance (⌫µ ! ⌫µ) channels that are rel-
evant in the context of accelerator-based neutrino oscillation experiments considered in
the present work [176, 177]. For the case of matter with standard 3⌫ scenario (as well as

3The beam experiment would have the neutrino and antineutrino runs happen asynchronously. Thus,
the events from the two would be naturally distinguished and magnetization of the FD would not affect its
results.
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Figure 2.1: The probability (⌫µ ! ⌫e) bands (due to the variation of �CP 2 [�⇡ : ⇡]) for both hierarchy have
been shown for both NOVA and DUNE. The top (bottom) row is for neutrino (antineutrino) probability.
Note the different energy scales for NOVA and DUNE.

in vacuum with rA ! 0) and for normal hierarchy (NH) we can express the probabilities
in a compact form as follows [50]:

Pµe = x2

+ y2 + 2xy cos(� + �L/2)

= x2

+ y2 + 2xy cos � cos(�L/2)� 2xy sin � sin(�L/2) (2.2)

where,

� =

�m2

31

2E
; r� =

�m2

21

�m2
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A(x)

�m2

31

; A(x) = 2

p
2EGFne(x)

x = s
2⇥13
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sin{(1� rA)�L/2}
(1� rA)

; y = r�s2⇥12

c
23

sin(rA�L/2)
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(2.3)

( where ne is the electron number density and we have used the notation: s
2⇥13

=

sin 2✓
13

, s
23

= sin ✓
23

etc.)

For the anti-neutrino channel, we need the following substitutions : � ! �� and rA !
�rA. Among the oscillation parameters, ✓

12

, ✓
13

,�m2

21

have already been measured so far.
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Apart from the octant of ✓
23

, the Dirac CP phase �CP and the sign of the atmospheric mass
squared difference �m2

31

are yet to be determined. When the sign of �m2

31

is positive it is
referred to as normal hierarchy (NH) and for negative �m2

31

it is inverted hierarchy (IH).
For IH, we need to substitute : rA ! �rA, �! �� and r� ! �r�.

Fig. 2.1 illustrates the hierarchy determination capacities of NOVA and DUNE. The
red (blue) band is due to the variation of the standard Dirac CP phase �CP 2 [�⇡, ⇡] for
the normal (inverted) mass hierarchy. We mention here that the maximum (minimum)
value of Pµe occurs when �CP = �⇡/2 (⇡/2) both for NH and IH. For Pµ̄ē, the values of
�CP are the opposite for max/min4. In fig. 2.1, we see that the NH and IH bands overlap
for some energy regions,- the degree of overlap being more pronounced for shorter base-
line baseline experiments. So if the measured probability happens to have those values
lying in the overlapping regions, it may come from either a) NH and some value of the
CP violating phase �CP, or b) IH and some other value of �CP. This is the hierarchy-�CP

degeneracy. We observe that for longer baseline experiment like DUNE (right panels fig.
2.1), the less overlap between NH and IH tends to lift the hierarchy-�CP ambiguity and
in fact, around the energy 2.5 GeV, the NH and IH bands are apart from each other. This
indicates that DUNE by itself has a higher capability to lift this degeneracy and resolve
the hierarchy ambiguity. We have illustrated this from a detailed statistical point of view
in sec. 2.4.

For the discussion of the CP violation, let us briefly review the parameterization of the
PMNS mixing matrix U . It is parameterized by three angles ✓

12

, ✓
23

, ✓
13

and one phase �

U({✓ij}, �) ⌘ U
23

(✓
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) · W
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) (2.4)

with W
13

= U� U13

U †
� and U� = diag{1, 1, exp (i�)}] 5 In the commonly used Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) parametrization [187], U is given by
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where sij = sin ✓ij, cij = cos ✓ij . If neutrinos are Majorana particles, there can be two
additional Majorana-type phases in the three flavour case but they are of no consequence

4This behaviour can be easily understood from eqn. 2.2
5In the general case of n flavors the leptonic mixing matrix U↵i depends on (n � 1)(n � 2)/2 Dirac-

type CP-violating phases. If the neutrinos are Majorana particles, there are (n � 1) additional, so called
Majorana-type CP-violating phases.
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in neutrino oscillations.. In this parameterization of the PMNS mixing matrix, the mixing
between ⌫1 and ⌫3 mass states contains the CP phase �. This phase appears twice in
the P (⌫µ ! ⌫e) (eq. 2.2),- in the CP-odd term (sin �-term) and in the CP-even term (cos �-
term). It is the presence of the nonzero CP-odd term (i.e., � 6= 0 or ⇡) which induces an
asymmetry in the neutrino versus antineutrino oscillation 6. For detecting the presence
of CP, the mixing between ⌫1 and ⌫3 thus needs to be maximal [175] i.e., sin(�L/2) = ±1,
which translates to the peak condition for the probability (in eq. 2.2),

L(km)

E(GeV )

⇡ (2n� 1) 510 km/ GeV (2.6)

For DUNE (L = 1300 km), for the 1st oscillation maxima (n = 1) this gives E ⇡ 2.5 GeV.
We also note that (see fog. 2.1), this is the position of the peak of the probabilities and
the two hierarchies are farthest apart around 2.5 GeV. Hence, while determining both the
mass hierarchy and the CP violation with DUNE, the dominant contribution is expected
to come from around 2.5 GeV. The incident ⌫µ beam used by the collaboration [175] has
also been engineered to utilise this energy(see fig. 2.3). For the shorter baseline experi-
ments this energy is calculated to be ⇠ 1.5 GeV (NOVA, L = 810 km) and ⇠ 0.6 GeV
(T2K, L = 295 km).

A measurement of the value of �CP 6= 0 or ⇡ the standard three-flavor model, would
imply CP violation in the leptonic sector. If CP is conserved, �CP = 0 and P (⌫µ ! ⌫e) =

P (⌫̄µ ! ⌫̄e). In order to quantify effects due to CP violation, one can define the following
observable CP asymmetry

ACP
µe (�) =

P (⌫µ ! ⌫e)� � P (⌫̄µ ! ⌫̄e)�

P (⌫µ ! ⌫e)� + P (⌫̄µ ! ⌫̄e)�
=

�Pµe (�)P
Pµe (�)

. (2.7)

In the 3-flavor model, the asymmetry can be approximated to leading order in �m2

21

as [158],

ACP
µe (�CP) ⇠

cos ✓
23

sin 2✓
12

sin �CP

sin ✓
23

sin ✓
13

✓
�m2

21

L

4E

◆
+ matter effects (2.8)

In the context of long baseline experiments where matter can induce fake CP effects, a
nonzero value of ACP

µe (�) does not unequivocally imply intrinsic CP violation arising due
to the Dirac CP phase (see eq. 2.8). It is clear from both eq. 2.8 and the corresponding fig.
2.2 that a zero �CP implies a zero CP asymmetry for vacuum. But, if matter effect is not

6Note that the disappearance channel (see eq. 2.22) contains only the CP-even term and thereby induces
no CP asymmetry (assuming CPT is conserved). Hence asymmetries in neutrino versus antineutrino oscil-
lations arising for CP violation effects can only be accessed by appearance experiments.
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Figure 2.2: Aµe
cp is shown as a function of energy for both matter (cyan) and vacuum (brown) for three

fixed values of the standard Dirac CP phase �CP. The left (right) panel is for the true normal (inverted)
hierarchy.

negligible, even a vanishing �CP still gives nonzero CP asymmetry arising due to purely
matter effect (i.e., a fake CP violating effect). So for long baseline experiments such as
DUNE, where the neutrino beam propagates through the earth’s mantle, the leptonic CP
violation effects must be disentangled from the matter effect. 7

2.2 Simulation

The far detector (FD) in DUNE is most likely to be built underground so that it is sensitive
to the atmospheric neutrinos, in addition to accelerator neutrinos. Additionally, there
is a proposal to build a near detector (ND) as well. We have studied the experiment
by simulating the FD and the ND for both these scenarios (accelerator and atmospheric
neutrino).

7To get over the problem of differentiating between the case of CP violation due to intrinsic CP phase
and CP violation arising due to the matter effect, other observables have been introduced [188] which can
prove useful not only to establish whether CP violation effects arise purely due to the Dirac type CP phase
or a combination of the intrinsic and extrinsic CP phases but also to distinguish between the cases based on
spectral differences.
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2.2.1 Simulation of long baseline experiment

The theoretically expected differential event rate is given by [14],

dNapp
⌫e (E,L)

dE
= Rdet ⇥ �⌫µ(E,L)⇥ Pµe(E,L)⇥ �⌫e(E) , (2.9)

where, Rdet is the detector response function containing the detector energy resolution,
fiducial mass of the detector and the detection efficiency;
Pµe(E,L) is the appearance probability for ⌫µ ! ⌫e in matter, �⌫µ(E,L) is the flux of ⌫µ;
�⌫e(E) is the charged current (CC) cross section of ⌫e given by

�⌫e = 0.67⇥ 10

�42

(m2/GeV/N)⇥ E , for E > 0.5 GeV. (2.10)

For the disappearance channel, Pµe is to be replaced by Pµµ and �⌫e ! �⌫µ . Note that
�⌫µ ⇠ �⌫e for the considered energy range. For antineutrinos, ⌫µ ! ⌫̄µ and ⌫e ! ⌫̄e and
Pµe ! ¯Pµe.

For the simulation of the long baseline neutrino experiments (DUNE, NOvA, T2K), we
have used the GLoBES (General Long Baseline Experiment Simulator) [189,190] software
where the events have been simulated by taking eq. 2.15 into consideration. For studying
the CP violation and the mass hierarchy capability of DUNE in the standard 3 neutrino
scenario in our papers [176,177] , we simulated neutrinos resulting from a 120 GeV proton
beam from Fermilab with a beam power of 700 kW and an uptime of 1.65 ⇥ 10

7 seconds
per year (or equivalently 6 ⇥ 10

20 protons on target (POT) per year) incident at a LAr
FD at a baseline of 1300 km; an upgrade to a 2.3 MW beam is a possibility. We assume
that the beam is run in the neutrino mode for a period of five years, and thereafter in the
antineutrino mode for five more years.

In our simulation of the DUNE beam experiment we employ the signal and back-
ground systematics for ⌫e appearance and ⌫µ disappearance channels from Refs. [7, 8].
8 For the energy resolutions, we have used the method of bin-based automatic energy
smearing with �

E =

0.20p
E

for ⌫µ events and �
E =

0.15
E for ⌫e events; see the appendix of

Ref. [7]. An alternative is to use migration matrices [7, 191]. The flux files for DUNE
were obtained from the collaboration [192] and for the cross sections [193, 194] were con-
sulted. We show the flux and the crosssections used for GLoBES simulation in fig. 2.3.

8Our ND analysis represents the most obvious benefit that the beam experiment will reap with an ND,
viz., improvement in systematics for the signal and background events. In addition, an ND will also im-
prove our understanding of the fluxes and cross sections, thereby reducing shape-related uncertainties in
the analysis. We do not attempt an exploration of this facet of the ND because the exact nature of the im-
provement would depend to a large extent on the specifics of the ND, which for the DUNE is yet in the
planning stage. Our ND analysis represents a worst-case scenario for improvement in the systematics.

48



2.2. SIMULATION

νμ flux

νμ flux

νe flux

νe flux

F
lu

x
 (

 ν
/ 

G
e
V

 /
 m

2
 /

 P
O

T
  

[ 
×

 1
0

-1
2
] 

)

0.01

0.1

1

10

100

E [GeV]

0 1 2 3 4 5 6 7 8 9 10

νμ CC

νμ CC

σ
c

c
/
E

 [
c

m
2
/
 1

0
3

8
 G

e
v

]

0

0.2

0.4

0.6

0.8

log10E

−1 0 1 2 3

Figure 2.3: The neutrino and antineutrino fluxes are shown in the left panel. The right panel shows the ⌫
and ⌫̄ charged current cross sections.

Table 2.2: Systematic uncertainties for signal and background channels in DUNE [7, 8].

Detector configuration
Systematics

Signal Background

With ND
⌫e: 1% ⌫e: 1%
⌫µ: 1% ⌫µ: 5%

Without ND
⌫e: 5% ⌫e: 10%
⌫µ: 5% ⌫µ: 45%

For modelling the matter effect, the PREM (Preliminary Reference Earth Model) density
profile [195] was used in GLoBES. The systematics values used for DUNE are listed in
table 2.2.

The simulation details for NOVA [9] and T2K [10, 196, 197] are given in tables 2.3 and
2.4 respectively.

Table 2.3: Systematic uncertainties for NO⌫A [9].

Detector configuration
Systematics

Signal Background
15 kt TASD ⌫e: 5% ⌫e: 10%

3 yrs. ⌫ + 3 yrs. ⌫̄
6⇥ 10

20 POT/yr ⌫µ: 2% ⌫µ: 10%
with a 700 kW beam
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Table 2.4: Systematic uncertainties for T2K [10].

Detector configuration
Systematics

Signal Background
22.5 kt water Cherenkov ⌫e: 5% ⌫e: 5%

5 yrs. ⌫
8.3⇥ 10

20 POT/yr ⌫µ: 5% ⌫µ: 5%
with a 770 kW beam

2.2.2 Simulation of atmospheric neutrinos

For the simulation of the atmospheric neutrinos at DUNE, we have written a C++ code
and we briefly describe the method below.

The total number of CC events is obtained by folding the relevant incident neutrino
fluxes with the appropriate disappearance and appearance probabilities, relevant CC
cross sections, and the detector efficiency, resolution, mass, and exposure time. For our
analysis, we consider neutrinos with energy in the range 1�10 GeV in 10 uniform bins,
and the cosine of the zenith angle ✓ in the range �1.0 to �0.1 in 18 bins. The µ� event rate
in an energy bin of width dE and in a solid angle bin of width d⌦ is,

d

2

Nµ

d⌦ dE

=

1

2⇡

✓
d

2

�µ

d cos ✓ dE

◆
Pµµ +

✓
d

2

�

e

d cos ✓ dE

◆
P

eµ

�
�
CC

D

e↵

. (2.11)

Here �µ and �
e

are the ⌫µ and ⌫
e

atmospheric fluxes, Pµµ and Peµ are disappearance
and appearance probabilities in obvious notation, �

CC

is the total CC cross section and
D

e↵

is the detector efficiency. The µ+ event rate is similar to the above expression with the
fluxes, probabilities and cross sections replaced by those for antimuons. Similarly, the e

�

event rate in a specific energy and zenith angle bin is

d

2

N

e

d⌦ dE

=

1

2⇡

✓
d

2

�µ

d cos ✓ dE

◆
Pµe +

✓
d

2

�

e

d cos ✓ dE

◆
P

ee

�
�
CC

D

e↵

, (2.12)

with the e

+ event rate being expressed in terms of antineutrino fluxes, probabilities
and cross sections.

We take into account the smearing in both energy and zenith angle, assuming a Gaus-
sian form for the resolution function, R. For energy, we use,

R

E

(E

t

,E
m

) =

1p
2⇡�

exp


�(E

m

� E

t

)

2

2�2

�
. (2.13)

50



2.2. SIMULATION

Here, E
m

and E

t

denote the measured and true values of energy respectively. The smear-
ing width � is a function of E

t

.
The smearing function for the zenith angle is a bit more complicated because the di-

rection of the incident neutrino is specified by two variables: the polar angle ✓
t

and the
azimuthal angle �

t

. We denote both these angles together by ⌦
t

. The measured direction
of the neutrino, with polar angle ✓

m

and azimuthal angle �
m

, which together we denote
by ⌦

m

, is expected to be within a cone of half angle �✓ of the true direction. The angu-
lar smearing is done in a small cone whose axis is given by the direction ✓

t

,�
t

. The set
of directions within the cone have different polar angles and azimuthal angles. There-
fore, we need to construct a smearing function which takes into account the change in the
azimuthal coordinates as well. Such an angular smearing function is given by,

R✓(⌦t

,⌦
m

) = N exp


�(✓

t

� ✓
m

)

2

+ sin

2 ✓
t

(�
t

� �
m

)

2

2(�✓)2

�
, (2.14)

where N is a normalisation constant.
Now, the ⌫µ event rate with the smearing factors taken into account is given by,

d

2

Nµ

d⌦

m

dE

m

=

1

2⇡

Z Z
dE
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EN
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µ Pµµ + �
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e
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eµ
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�
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e↵

, (2.15)

and similarly for the ⌫e event rate. We have introduced the notation,

(d

2

�/d cos ✓ dE)µ,e ⌘ �d

µ,e.

Since R

EN

(E

t

,E
m

) and R✓(⌦t

,⌦
m

) are Gaussian, they can easily be integrated over the
true angle ⌦t and the true energy Et. Then, integration over the measured energy Em and
measured angle ⌦m is carried out using the VEGAS Monte Carlo Algorithm.

For the atmospheric neutrino analysis, and consequently the combined beam and at-
mospheric analysis, it becomes important to consider both a magnetized and an unmag-

Table 2.5: Detector parameters used for the analysis of atmospheric neutrinos [11].

Rapidity (y)
0.45 for ⌫
0.30 for ⌫̄

Energy Resolution (�E)
p

(0.01)2 + (0.15)2/(yE⌫) + (0.03)2

Angular Resolution (�✓)
3.2� for ⌫µ
2.8� for ⌫e

Detector efficiency (E) 85%
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netized LAr detector. In the former case, the detector sensitivity, especially for the res-
olution of the mass hierarchy, is significantly improved over the latter, due to its ability
to distinguish between particles and antiparticles. This, however, is only partly appli-
cable to the ⌫e events, because for a 10 kt volume detector, it is difficult to distinguish
between the tracks arising from of ⌫e and ⌫̄e interactions. This difficulty arises because
pair-production and bremsstrahlung sets in with increasing energies, and above ⇡ 5 GeV,
the detector completely loses its ability to distinguish between these CP conjugate pairs.
On the other hand, due to their tracks being significantly longer, ⌫µ and ⌫̄µ events are
clearly distinguishable at all accessible energies. We implement this in our detector sim-
ulation for the atmospheric neutrino and combined analysis.

For our simulation of atmospheric neutrino data, the energy and angular resolutions
of the detector are as in table 2.5 [11]. The atmospheric fluxes are taken from Ref. [198]
and the flux and systematic uncertainties from Ref. [12].

The charge identification capability of the detector is incorporated as discussed in
Ref. [11] . For electron events, we conservatively assume a 20% probability of charge
identification in the energy range 1 � 5 GeV, and no capability for events with energies
above 5 GeV. Since the muon charge identification capability of a LAr-TPC is excellent for
energies between 1 and 10 GeV, we have assumed it to be 100%.

2.3 Method of �2 analysis

The calculation of �2 gives a measure of the validity of some theoretical hypothesis
against a set of experimental data. To put it simply, �2 measures the amount of devia-
tion between following two datasets,-
a) The dataset produced by the actual experiment,- called the true or simply data.
b) The dataset assuming the theoretical hypothesis, - called the test or fit.

The computation of �2 for a fixed set of parameters (test) is performed using the
method of pulls. This method allows us to take into account the various statistical and
systematic uncertainties in a straightforward way. The flux, cross sections and other sys-
tematic uncertainties are included by allowing these inputs to deviate from their standard
values in the computation of the expected (test) event rate in the i-jth bin, Ntest

ij

. Let the k

th

input deviate from its standard value by �
k

⇠
k

, where �
k

is its uncertainty. Then the value
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of Ntest

ij

with the modified inputs is

N

test

ij

= N

test

ij

(std) +

npullX

k=1

c

k

ij

⇠
k

, (2.16)

where Ntest

ij

(std) is the expected (test) event rate in the i-jth bin calculated with the standard
values of the inputs and npull is the number of sources of uncertainty, which is 5 in our
case. The ⇠

k

’s are called the pull variables and they determine the number of �’s by which
the k

th input deviates from its standard value. In Eq. (2.16), ck
ij

is the change in N

test

ij

when
the k

th input is changed by �
k

(i.e. by 1 standard deviation). Since the uncertainties in the
inputs are not very large, we only consider changes in N

test

ij

that are linear in ⇠
k

. Thus we
have the modified �2 9 defined as,
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N
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ij

+

npullX

k=1

⇠2
k

, (2.17)

where the additional ⇠2
k

-dependent term is the penalty imposed for moving the value of
the k

th input away from its standard value by �
k

⇠
k

. The calculation of �2 takes into ac-
count the contribution from all the channels. So, for the beam analysis where the neutrino
and antineutrino can be distinguished (see footnote 3), the �2 with pulls, which includes
the effects of all theoretical and systematic uncertainties, is obtained by minimizing with
respect to all the pulls ⇠

k

:

�2

pull

(beam) = Min⇠k

⇥
�2

µe(⇠k) + �2

µµ(⇠k) + �2

µ̄ē(⇠k) + �2

µ̄µ̄(⇠k)
⇤
. (2.18)

where, �2

µe(⇠k) is for the channel ⌫µ ! ⌫e etc..
For the atmospheric neutrinos, the corresponding expression is (if FD is not magne-

tized):

�2

pull

(atmos) = Min⇠k

⇥
�2

µe+µ̄ē(⇠k) + �2

µµ+µ̄µ̄(⇠k)
⇤
. (2.19)

where, �2

µe+µ̄ē(⇠k) takes into account the sum of the events for the channels ⌫µ ! ⌫e and
⌫µ̄ ! ⌫ē (since the sign of the particle cannot be distinguished for an unmagnetized FD).

9Throughout our work ��2
= �2 as no fluctuations in simulated data was included [199]. This is the

Pearson’s definition of �2 [200], which is what GLoBES actually uses by considering systematics too. For
other types of �2 analysis (using frequentist or Bayesian approach) see [200–204]. For large no. of samples,
both of these methods of calculating �2 give very similar results.
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Table 2.6: Uncertainties for various quantities [12].

Quantity Value
Flux normalization uncertainty 20%

Zenith angle dependence uncertainty 5%
Cross section uncertainty 10%

Overall systematic uncertainty 5%

Tilt uncertainty
�� ⇡ �0

(E)

h
1 + � log

⇣
E
E0

⌘i

with E
0

= 2 GeV, �� = 5% (see, e.g., [206])

For a magnetized FD, taking into consideration the limited charge distinguishing capa-
bility of LAr detector (see subsection 2.2.2) the corresponding expression is [205],

�2

pull(atmos) = Min⇠k


�2

µµ(⇠k) + �2

µ̄µ̄(⇠k) + 0.2

✓
�2

µe(⇠k) + �2

µ̄ē(⇠k)

◆

1-5 GeV

+ 0.8�2

µe+µ̄ē(⇠k)1-5 GeV + �2

µe+µ̄ē(⇠k)5-10 GeV

�
. (2.20)

In the calculation of �2

pull, we consider uncertainties in the flux, cross sections etc. (as
in table 2.6), keeping the values of the oscillation parameters fixed while calculating N

true

ij

and N

test

ij

. However, in general, the values of the mass-squared difference �m2

31

and the
mixing angles ✓

23

and ✓
13

can vary over a range corresponding to the actual measurements
of these parameters. Holding them fixed at particular values is equivalent to knowing
the parameters to infinite precision, which is obviously unrealistic. To take into account
the uncertainties in the actual measurement of the oscillation parameters, we define the
marginalized �2 as [12]

�2

min

= Min

"
�2

(⇠
k

) +

✓
|�m

2

31

|true � |�m

2

31

|
�(|�m

2

31

|)

◆
2

+

✓
sin

2

2✓true
23

� sin

2

2✓
23

�(sin2

2✓
23

)

◆
2

+

✓
sin

2

2✓true
13

� sin

2

2✓
13

�(sin2

2✓
13

)

◆
2

#
. (2.21)

The three terms added to �2

(⇠k) are known as priors. For our combined (beam and atmo-
spheric) analysis, we take the �2 contributions from both the beam and the atmospheric
simulations (inside the square bracket in eqn. 2.21) and then do the minimization to ob-
tain the total minimized �2. Below we mention a few more informations regarding the �2

analysis.
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• For the marginalization procedure, we allow ✓
23

, ✓
23

, |�m2

31

| and �CP to vary within
the following ranges:
✓
23

2 [36

�, 54�],
✓
13

2 [5.5�, 11�],
|�m2

31

| 2 [2.19, 2.62]⇥ 10

�3 eV2,
�CP 2 [�⇡, ⇡].

• In computing �2

min

, we add the priors for the neutrino parameters which assigns a
penalty for moving away from the true value. During marginalization, as the value
of an oscillation parameters shifts further from its true value, Eq. (2.21) suggests that
the corresponding prior will be larger resulting in a higher �2 value.

• Finally, after adding the priors, we determine �2

pull

(see Eq. 2.18). This is a multi-
dimensional parameter space minimization of the function �2

(↵, �, . . . ), where ↵,
�, . . . are the parameters over which marginalization is required. For the purpose
of this multi-minimization, we have used the NLopt library [207]. We do the mini-
mization first over the entire multi-dimensional parameter space to locate the global
minimum approximately, and then use the parameters corresponding to this as a
guess to carry out a local minimum search to locate the minimized �2 within the
parameter space accurately. We carry out this minimization routine using a simplex
algorithm described in Ref. [208] , and implemented within the NLopt library.

2.4 Results: mass hierarchy

Since �CP will likely remain undetermined by experiments preceding DUNE, we analyze
the sensitivity to the mass hierarchy as a function of this parameter. The analysis is carried
out by assuming one of the hierarchies to be true and then determining by means of a �2

test (using our simulation: see sections 2.2 and 2.3), how well the opposite hierarchy (in
the test dataset) can be excluded. We marginalize over the present day uncertainties of
each of the prior determined parameters.

The �CP dependence of the sensitivity to the mass hierarchy arises through the oscilla-
tion probability [209],

2.4.1 Analysis with a 35 kt unmagnetized LAr FD

As is illustrated from Fig. 2.4, mass hierarchy resolution benefits significantly from hav-
ing an ND. But, note that the results with or without an ND are similar for regions
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Figure 2.4: Sensitivity to the mass hierarchy as a function of true �CP for a true normal hierarchy (NH)
and a true inverted hierarchy (IH) with an 350 kt-yr exposure at the unmagnetized far detector configured
with and without a near detector (ND). A run-time of 5 years each (3⇥ 10

21 protons on target) with a ⌫ and
⌫̄ beam is assumed. The combined sensitivity with NO⌫A (15 kt TASD, 3 yrs. ⌫ + 3 yrs. ⌫̄) and T2K (22.5 kt
water cerenkov, 5 yrs. ⌫) data is also shown.

of �CP where the sensitivity is worse (�CP 2 [45

�, 135�] for the normal hierarchy and
�CP 2 [�135

�,�45

�
] for the inverted hierarchy).

Since the wrong hierarchy can be excluded by the DUNE beam-only experiment to
significantly more than 5� with an unmagnetized LAr FD and an exposure of 350 kt-yrs.
without the help of ND, the added contributions of both the atmospheric neutrinos, and
the better signal and background systematics provided by an ND, are not essential for
this measurement.10

Similar conclusions can be drawn for a 10 kt FD from Fig. 2.5. For a 100 kt-yr exposure,
the combined analysis resolves the hierarchy to more than 5� for a large �CP fraction, and
to more than 3� for all values of �CP. We have also shown the sensitivity to mass hierarchy
for NOVAin fig. 2.6 just for having an idea of the magnitude of the �2.

2.4.2 Exposure analysis

We now evaluate the exposure needed to resolve the mass hierarchy for the entire range
of �CP. In Fig. 2.7, we show the CP fraction (f(� > 3)) for which the sensitivity to mass

10This is consistent with the discussion in sec. 2.1 regarding DUNE’s high capability of resolving mass
hierarchy by itself
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Figure 2.5: Similar to Fig. 2.4 but for a 100 kt-yr unmagnetized LAr FD.

hierarchy is greater than 3�, as a function of exposure. Salient points evident from Fig. 2.7
are:

• For a beam only analysis, we see that a 3� determination of the hierarchy for any �CP

value is possible with a roughly 50 kt-MW-yr exposure. This means the hierarchy
can be resolved by a 35 kt FD and a 700 kW beam in about two years.

• A near detector does not significantly reduce the exposure needed for a 3� measure-
ment.

• Information from atmospheric neutrinos reduces the exposure required to only
about 45 kt-MW-yr.

• A further combination with NO⌫A and T2K data provides minor improvement.

2.4.3 Variation of systematics

In Fig. 2.8, we show the maximum sensitivity to the mass hierarchy for the entire �CP

(true) space as a function of the exposure. We have allowed for variations in systematics
for DUNE with an ND that are 3 times as large or small as those in Table 2.2). The width
of the band produced by this procedure may be considered as a measure of the effect of
systematics on the hierarchy sensitivity when an ND is used (which seems to be the likely
scenario in practice) along with an FD. We observe the following features from Fig. 2.8:
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Figure 2.6: The sensitivity to mass hierarchy for NOVA alone for 3 years of ⌫ and 3 years of ⌫̄ running.

• For the NH (left panel), both 3� and 5� levels of sensitivity can be reached with
an exposure of about 50 and 120 kt-MW-yr, respectively. This is consistent with
Fig. 2.7 wherein the solid magenta curve in the left panel reaches unity at roughly
50 kt-MW-yr.

• For exposures below ⇠ 20 kt-MW-yr, the sensitivity is not statistically significant
(. 1.5�).

• The variation of systematics has a small effect on the sensitivities for lower expo-
sures (. 100 kt-MW-yr) and the effect gets slightly magnified for larger exposures,
as evident from the widening of the bands.

• The hierarchy sensitivity for a true IH scenario (right panel of Fig. 2.8) shows quali-
tatively similar behaviour as that for NH.

2.4.4 Effect of magnetization

In Fig. 2.9, we compare the sensitivity to the mass hierarchy of an unmagnetized and mag-
netized 100 kt-yr LAr FD for a true NH. As discussed earlier, magnetizing the detector
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Figure 2.7: The fraction of CP phases for which the sensitivity to the mass hierarchy exceeds 3� as a
function of DUNE exposure, for different unmagnetized detector configurations. The time exposure refers
to calendar years for DUNE with 1.65⇥10

7 seconds of uptime per year. The entire NO⌫A and T2K datasets
are assumed to be available when DUNE starts taking data (and do not contribute to the exposure shown).

volume holds significance for the atmospheric neutrino analysis, since it allows the dis-
crimination of neutrinos and antineutrinos in the flux. Consequently, for the magnetized
detector the atmospheric neutrinos alone contribute an almost 3� sensitivity, thus also
enhancing the combined sensitivity; the beam-only results remain unaffected by magne-
tization.

2.4.5 Effect of increasing the beam power

So far we have analysed the sensitivity with a 700 kW proton beam. In Fig. 2.10, we
illustrate the consequence of upgrading the beam power to 2.3 MW which is roughly 3
times the previous value. We observe that ramping up the beam power seems to have
more effect on the ND + FD analysis (solid curves) than that on the FD analysis alone
(dashed curves) and this is notably visible in the range �CP 2 [�⇡, 0]. In the region �CP 2
[0, ⇡], we observe that the increase in sensitivity is roughly 3 times (from magenta to green
curves).

2.4.6 A qualitative understanding of the �2 curves

Some understanding of the qualitative nature of the results may be gleaned from con-
sidering the relevant expressions at the level of oscillation probabilities. For the sake of
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Figure 2.8: Maximum sensitivity to the mass hierarchy for all values of �CP allowing for different sys-
tematics (see Sec. 2.4.3), as a function of exposure. Only beam data (with both an FD and ND) have been
considered.

completeness we give the expressions for all the relevant probabilities [50] in a compact
form (valid for constant matter density):

1. Normal mass hierarchy (NH):

PNH
µe = x2

+ y2 + 2xy cos(� + �L/2)

¯PNH
µe = x̄2

+ y2 + 2x̄y cos(� � �L/2)

PNH
µµ = a+ b+ c+ e� y2 � d2 � 2yd cos �

¯PNH
µµ = a+ b+ c̄+ ē� y2 � ¯d2 � 2y ¯d cos � (2.22)

2. Inverted mass hierarchy (IH):

P IH
µe = x̄2

+ y2 � 2x̄y cos(� � �L/2)

¯P IH
µe = x2

+ y2 � 2xy cos(� + �L/2)

P IH
µµ = a� b+ c̄+ ē� y2 � ¯d2 + 2y ¯d cos �

¯P IH
µµ = a� b+ c+ e� y2 � d2 + 2yd cos � (2.23)
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where

x = s
2⇥13

s
23

sin{(1� rA)�L/2}
(1� rA)

y = r�s2⇥12

c
23

sin(rA�L/2)

rA
a = 1� s2

2⇥23

sin

2

(�L/2)� r2�c
4

12

s2
2⇥23

(�L/2)2 cos�L

b = r�c
2

12

s2
2⇥23

(�L/2) sin�L

c =

1

2rA
r2�s

2

2⇥12

s2
2⇥23

⇥
sin(�L/2)

sin(rA�L/2)

rA
cos{(1� rA)�L/2}� (�L/4) sin�L

⇤

d = 2s
13

s
23

sin(1� rA)�L/2

1� rA

e =

2

1� rA
s2
13

s2
2⇥23

⇥
sin(�L/2) cos(rA�L/2)

sin{(1� rA)�L/2}
1� rA

� (rA�L/4) sin�L
⇤

(2.24)

, where we have used the notation: s
2⇥13

= sin 2✓
13

, s
23

= sin ✓
23

etc.

For the anti-neutrino channel, we need the following substitutions : � ! �� and rA !
�rA. For going from NH to IH, we need to substitute : rA ! �rA, �! �� and r� ! �r�.
To qualitatively understand the sinusoidal shape of the �2 curves that are typical of mass
hierarchy (in figs. 2.4, 2.5, 2.9, 2.10), we plot Pµe and Pµ̄ē for both hierarchy as a function
of the CP phase �CP for the energy 2.5 GeV in fig. 2.11, the baseline being 1300 km, the
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Figure 2.10: Beam-omly sensitivity to the mass hierarchy with a 100 kt-yr exposure with two different
beam power. The true hierarchy is normal.

same as that of DUNE. 11

As discussed in sec. 2.3, the test values of ✓
23

, �m2

31

and �CP were marginalised over
the ranges [36�, 54�], [2.19, 2.62]⇥ 10

�3 eV2 and [�⇡, ⇡] respectively during the calculation
of �2. It is the marginalization over test �CP which has the biggest impact since this pa-
rameter is completely undetermined and is allowed to vary over the full range: [�⇡, ⇡].
Ignoring systematic uncertainties, a basic definition of �2 when the true hierarchy is nor-
mal (and the test hierarchy is inverted), is given by (following eq. 2.17): 12

�2

(�true) ⇡ min

�test,�m2
31,✓23

X

E

✓
[Nµe

NH(�true)�Nµe
IH(�test)]

2

Nµe
NH(�true)

+

⇥
¯Nµe
NH(�true)� ¯Nµe

IH(�test)
⇤
2

¯Nµe
NH(�true)

◆

⇡ min

�test

X

E

[PNH
µe (�true)� P IH

µe (�test)]2

P µe
NH(�true)

�� + antineutrino term (2.25)

, ( where NNH(
¯NNH) and NIH(

¯NNH) are the no. of neutrino (antineutrino) events for the
⌫µ ! ⌫e channel in an energy bin for normal and inverted hierarchy respectively. �, �

11As discussed in sec. 2.1, 2.5 GeV is the energy which gives the peak of the appearance probability and
the contribution to resolve hierarchy and the CP issue comes from this energy. So an examination of the
probabilities at this energy is most likely to give a qualitative insight into the nature of �2.

12Here we consider the ⌫µ ! ⌫e channel only, since this is the dominant contributor to the �2. The other
relevant channel ⌫µ ! ⌫µ gives very small �2 as explained later in the present subsection.
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Figure 2.11: Pµe and Pµ̄ē as a function of �CP for the energy 2.5 GeV and for the DUNE baseline 1300 km.
The curves for both hierarchies are shown as given in the legend.

are the relevant flux and the cross sections and are independent of �. Note that, the an-
tineutrino events are considerably suppressed because of much less flux and crosssection.
Also, as already discussed, the dominant contribution to �2 for DUNE will come from the
energy bin containing 2.5 GeV.)

As is evident from fig. 2.11, for E ⇡ 2.5 GeV, for any �true (along the solid blue curve),
the minimization over �test (such that (PNH(�true)�PIH(�test) is minimum) along the solid
brown curve will always select �test ⇡ �⇡/2. 13 hence from eq. 2.25, we can now conclude
that �2 roughly follows the behaviour:

�2

(�true) ⇠
[PNH

µe (�true)� P IH
µe (�test ⇡ �⇡/2)]2

P µe
NH(�true)

(for E ⇡ 2.5 GeV)

⇠
⇢
[(x2 � x̄2

)

2

+ 4y2(x sin �true + x̄)2 � 4y(x sin �true + x̄)(x2 � x̄2

)]

x2

+ y2 � 2xy sin �true

�
(2.26)

(using eqs. 2.22 and 2.23)

In fig. 2.12, the individual terms of the numerator of eq. 2.26 and also the numerator
have been shown as a function of �true. We can clearly see that the numerator (red curve

13The brown solid curve always lies below blue solid curve in fig. 2.11. Hence the peak of the brown
curve (i.e., �test ⇡ �⇡/2) will always give the minimum vertical distance with any point on the solid blue
curve (i.e., �true).
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Figure 2.12: The 1st term (blue), 2nd term (green) and the 3rd term (brown) of the numerator of eq. 2.26
and also the numerator (red) are shown as a function of � for two different experiments,- DUNE (left panel)
and NOVA(right). The true hierarchy is assumed to be normal.

in the left panel of fig. 2.12) behaves very similarly as the �2 curve for mass hierarchy (the
solid magenta curve in the left panel of fig. 2.4) when the true hierarchy is normal. The
first term (x2 � x̄2

)

2 increases with matter effect and is independent of �. This term basi-
cally sets the scale of the �2. It is the third term (�4y(x sin �true + x̄)(x2 � x̄2

)), which gives
the typical shape of the �2 curve as a function of �true. For a shorter baseline experiment
NOVA(L = 810 km ), our analysis (right panel of fig. 2.12) shows that the numerator of
eq. 2.26 has a smaller peak at �CP � ⇡/2 and is mostly flat in the region �CP 2 [0, ⇡]. This
qualitative behaviour is also in good agreement with the hierarchy sensitivity analysis for
NOVA in fig. 2.6.

Because of the strong parameter space degeneracies involved in the appearance chan-
nel probability [Eq. (2.2)], neither the T2K nor the NOVA experiments are capable of sig-
nificantly improving the mass hierarchy sensitivities in their respective configurations. It
is apparent that the mass hierarchy study benefits immensely from the longer baseline as
well as improved systematics of the DUNE set-up as compared to T2K and NOVA.

Since the mass hierarchy will be determined at 3� with relatively little exposure (see
Fig. 2.7), henceforth, we assume the mass hierarchy to be known. It is well known that
studies of the octant degeneracy and CP violation benefit significantly from knowledge
of the mass hierarchy.

2.5 Results: CP violation

Of the six oscillation parameters, �CP is the least well known. Part of the reason for this
was the difficulty in experimentally determining the value of ✓

13

. With reactor experi-
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Figure 2.13: Sensitivity to CP violation for a 350 kt-yr unmagnetized FD exposure assuming
�(sin2 2✓13) = 0.05⇥ sin

2
2✓13.

ments over the last three years having made significant progress toward the precision
determination of the latter, and it being established by now that the value of ✓

13

is non-
zero by a fair amount, the precision determination of �CP in a future experiment should
be possible.

In the following we study the sensitivity of the DUNE to CP-violation in the neutrino
sector brought about by a non-zero �CP phase. To determine the ��2 that represents the
experiment’s sensitivity to CP violaion, we assume a test �CP value of 0 (or ⇡) and compute
the ��2 for any non-zero (or 6= ⇡) true �CP. Since the disappearance channel probability
Pµµ is only mildly sensitive to the �CP, CP-violation in the neutrino sector can only be
studied by experiments sensitive to the appearance channel ⌫µ ! ⌫e.

Due to the non-zero value of ✓
13

being now established, other experiments sensitive to
the ⌫µ ! ⌫e appearance channel, including the T2K and NOVA, are also strongly poised
to look for CP violation. Consequently, this is one study where combining data from
DUNE, T2K and NOVA proves to be significantly beneficial.

2.5.1 Analysis with a 35 kt unmagnetized LAr FD

To study CP violation, reduced systematics courtesy the placement of an ND proves to be
beneficial (Fig. 2.13). Maximal CP violation can be ruled out at more than 5� by a beam
only analysis with a 350 kt-yr exposure in conjunction with the ND. However, 5� resolu-
tion toward ruling out maximal CP-violation can even be achieved despite the absence of
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Figure 2.14: The fraction of CP phases for which the sensitivity to CPV exceeds 3� as a function of
exposure.

an ND by combining results from the T2K, NOVA and the DUNE.

2.5.2 Exposure analysis

In Fig. 2.14, we show the CP fraction for which CP violation can be established at 3�.
Needless to say, the CP fraction has to be less than unity since even an almost ideal exper-
iment cannot exclude CP violating values of the phase that are close to the CP conserving
values, 0 and ⇡. In the context of CP violation, the CP fraction is a measure of how well
an experiment can probe small CP violating effects. From Fig. 2.14, we find:

• There is no sensitivity to CP violation at the 3� level for exposures smaller than
about 35 kt-MW-yr. The sensitivity gradually increases with exposure and the CP
fraction for which 3� sensitivity is achieved approaches 0.4 (without an ND) and
0.5 (with an ND) for a 125 kt-MW-yr exposure. The CP fraction plateaus to a value
below 0.8 for an exposure of 350 kt-MW-yr with all data combined.

• A near detector certainly improves the sensitivity to CP violation.

• The CPV sensitivity is ⇠ 0 around �true = 0,±⇡. Hence, it is not possible for the CP
fraction to reach 1 even if very high exposure used.
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Figure 2.15: Similar to Fig. 2.8, but for the maximum sensitivity to CP violation for 70% of the �CP param-
eter space.

2.5.3 Variation of systematics

Figure 2.15 shows the maximum sensitivity to CP violation that can be achieved for 70%
of the �CP parameter space. As in fig. 2.8 we show the sensitivity as a band on varying the
systematics. The notable features of Fig. 2.15 are,

• To resolve CP violation at the level of 3� for 70% region of the �CP space, a fairly
long exposure is needed. For NH, it is roughly 400 � 500 kt-MW-yr. while for IH it
is 350� 450 kt-MW-yr. depending on the systematics.)

• For such long exposures, the sensitivity band becomes appreciably wide indicating
a strong dependence on the systematics. In comparison, the sensitivities to the mass
hierarchy and octant were less dependent on systematics since the corresponding
exposures were smaller. This reinforces the need for an ND.

2.5.4 Effect of magnetization

As can be seen from Fig. 2.13, the sensitivity of atmospheric neutrinos to CPV is negligi-
ble, hence magnetizing the detector does not help.

It is obvious that CP-violation is the study that stands to benefit most from the combi-
nation of results from the T2K, NOVA and the DUNE. Even potentially low sensitivity to
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maximal CP-violation due to the absence of ND can be overcome by the combination of
�2 data from the three experiments. However, a large volume FD (35 kt) for the DUNE
is almost certainly an absolute necessity, if any sensitivity to CP-violation has to be de-
tected within a reasonable time frame, irrespective of the benefits of combining results
from other experiments such as the T2K and NOVA.

The atmospheric neutrino flux has practically no role to play in the resolution of this
physical problem.

2.5.5 An understanding of the CPV sensitivity curves

We contrast the CP conserving test dataset (�CP = 0, ⇡) with the true dataset where the
true �CP lies in the entire allowed range [�⇡, ⇡] for the calculation of the sensitivity to CP
violation. Hence it is obvious that the maximum sensitivity is obtained when the true
�CP is farthest from both 0 and ⇡ and minimum when the true �CP is 0 or ⇡. We can see
that this is indeed the case in fig. 2.13. Nevertheless following similar discussion for mass
hierarchy (in subsec. 2.4.6), we express this in terms of the probabilities below. From Eqs.
2.22 and 2.23 we can write,

1. ⌫µ ! ⌫e and ⌫̄µ ! ⌫̄e (appearance channel) :

Pµe ' aµe + bµe sin � + cµe cos �

Pµ̄ē ' āµe � ¯bµe sin � + c̄µe cos � (2.27)

� ! �� for antineutrinos and the coefficients can be found in Ref. [210]. Thus, Pµe

contains linear polynomials of sin � and cos �.

2. ⌫µ ! ⌫µ and ⌫̄µ ! ⌫̄µ (disappearance channel) :

Pµµ ' aµµ + cµµ cos �

Pµ̄µ̄ ' āµµ + c̄µµ cos � (2.28)
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Figure 2.16: The sensitivity to CP violation at DUNE for a 350 kt-MW-yr exposure, showing the contri-
bution from the appearance (⌫µ ! ⌫e, cyan) and the disappearance (⌫µ ! ⌫µ, brown) channels to the total
combined �2. Here the hierarchy is presumed to be known as normal and the presence of an ND has also
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Following the �2 definition in eq. 2.17 the sensitivity to CP violation can be expressed as
(ignoring the systematic uncertainties),

�2 ⇠ min

�test=0,⇡

�
�2

⌫µ!⌫e + �2

⌫̄µ!⌫̄e + �2

⌫µ!⌫µ + �2

⌫̄µ!⌫̄µ

�

⇠ min

�test=0,⇡

�
Pµe(�true)� Pµe(�test = 0, ⇡)

�
2

Pµe(�true)
+

⇥
similar term for the other channels

⇤

�
the cross-section and the flux were not included in this simplified analysis

since they are not dependent on the CP phase �CP.
�

⇠ min

�test=0,⇡


(bµe sin �true + cµe cos �true � cµe cos �test|0,⇡)2

+ (�¯bµe sin �true + c̄µe cos �true � c̄µe cos �test|0,⇡)2

+ (cµµ cos �true � cµµ cos �test|0,⇡)2 + (c̄µµ cos �true � c̄µµ cos �test|0,⇡)2
�

(2.29)

(using eqs. 2.27 and 2.28)

In the last step above, the first two terms (containing the µe index) give the contribution
from the ⌫µ ! ⌫e appearance channel while the last two terms (containing the µµ index)
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give the contribution from the ⌫µ ! ⌫µ disappearance channel. Fig. 2.16 shows the in-
dividual contribution of these two channels to the total combined �2. As expected, the
appearance channel is dominant and a look at eq. 2.29 suggests that it is the presence
of the CP-odd term (sin �-term) which makes this particular channel dominant. This CP
odd-term is maximum at �true = ±⇡/2 and zero at �true = 0,±⇡.

On the other hand, even if one expects no CP sensitivity for the ⌫µ ! ⌫µ channel (in the
light of the discussion in the beginning of the sec. 2.5), it gives a small nonzero sensitivity
to CP violation having peaks at ⇠ ±⇡/2 as seen in fig. 2.16. In fact, the sensitivity we
study is mathematically a sensitivity to how well the true values of � can be separated
from the CP conserving values and is a good and standard measure of the sensitivity to
CP violation [14, 175]. The presence of the cos �-term 14 gives rise to a small but non-zero
sensitivity coming from this channel. It is also clear from eq. 2.29, that the �2 from the
⌫µ ! ⌫µ channel has its peak when cos �true vanishes (i.e., �true = ±⇡/2) and is zero when
cos �true is maximal (i.e., �true = 0,±⇡).

14To be precise, the presence of an always non-zero cos �test term (�test = 0,⇡) according to the �2 defini-
tion is the reason why ⌫µ ! ⌫µ channel gives nonzero CPV sensitivity unless �true = �test.
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Chapter 3

Study of CP Violation and mass
hierarchy at long baselines in presence of
one ⇠ O(1eV ) sterile neutrino

A major goal of present and future long-baseline neutrino oscillation experiments is to
establish that leptons violate CP, or else to place a stringent upper limit on any such
violation. Our thinking about these experiments usually assumes the standard neu-
trino paradigm, in which there are just three neutrino mass eigenstates separated by
just two independent mass-squared splittings, three mixing angles ✓ij , and just one CP-
violating phase �CP relevant to oscillation. However, a variety of short-baseline anoma-
lies [76, 79, 82, 211, 212] hint at the possible existence of short-wavelength oscillations,
driven by one or more O(1 eV2) mass-squared splittings that are much larger than the two
splittings of the standard paradigm. These short-wavelength oscillations are purportedly
already significant when the (Travel distance L)/(Energy E) of neutrinos in a beam is
only ⇠ 1 km/GeV. Of course, they are still present at the far detector of any long-baseline
experiment, where L/E is, say, ⇠ 500 km/GeV. In this work [213, 214] we have explored
the consequences of the short-wavelength oscillations - should they be real - for measure-
ments at long baselines, especially measurements that probe CP violation. We find that
these consequences could be considerable. For example, it is possible for long-baseline re-
sults, interpreted without taking the short-wavelength oscillations into account, to imply
that CP violation is very small or totally absent, when in reality it is very large. In addi-
tion, long-baseline measurements interpreted as determining the sole oscillation-relevant
CP-violating phase in the standard paradigm could in fact be measuring something else.

The large splittings hinted at by the short-baseline anomalies imply the existence of
additional, largely sterile, neutrino mass eigenstates, beyond the three of the standard
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scenario (referred to as 3+0 in what follows). These additional mass eigenstates introduce
not only additional splittings but also additional mixing angles and phases. For simplic-
ity, we restrict ourselves to the scenario, referred to as 3+1, with only one additional mass
eigenstate. In this scenario, there are six mixing angles (the standard 3 + 0 mixing angles
✓
12

, ✓
13

, ✓
23

and the 3 + 1 mixing angles ✓
14

, ✓
24

, ✓
34

), and three CP-violating phases 1 that
can affect oscillation. The standard Dirac CP phase � is associated with the 1 � 3 mix-
ing angle in the standard parameterization and thus � ⌘ �

13

. For the 3+1 scenario, we
have chosen the two additional phases associated with the 2� 4 and the 3� 4 mixing an-
gles. This is further discussed in the beginning of sec. 3.2. Denoting the mass eigenstates
of 3+0, as usual, as ⌫

1

, ⌫
2

, ⌫
3

, and the additional mass eigenstate as ⌫
4

, and defining the
mass-squared splittings as�m2

ij = m2

i �m2

j (i, j = 1, 2, 3, 4 & i 6= j), we have, according to
present data,

�m2

41

⇠ �m2

42

⇠ �m2

43

>> |�m2

31

| ⇠ |�m2

32

| >> �m2

21

. (3.1)

Since the probability of an oscillation driven by a splitting �m2

ij is proportional to

sin

2

�ij , where �ij = 1.27 ⇥ �m2
ij [eV2

]⇥L[km]

E[GeV ]

, when L/E ⇠ 500 km/GeV, the short-
wavelength oscillations driven by the large splittings involving ⌫

4

will be averaged to
an L/E-independent value by the finite energy resolution of any realistic detector. But
these rapid oscillations are still present and can have a major impact.

We perform our calculations for the 3+1 scenario mainly in the context of the proposed
Deep Underground Neutrino Experiment (DUNE) [13,14,172–175] and also on the shorter
baseline experiments NOVA [9, 215], T2K [10, 196, 197] and T2HK [15, 216]. While we do
not explore 3+N scenarios with N>1, we expect that if the consequences of having one
extra neutrino for long-baseline measurements are substantial, those of having more than
one must be substantial as well, since the world with one extra neutrino is in a sense a
special case of that with more than one.

Previous work examining the effects of sterile neutrinos at long baselines includes
several studies of neutrino factories feeding baselines of about 3000 km - 7500 km, with
muon energies in the range 20 GeV - 50 GeV, focussing on effects at both near and far de-
tectors [217–221]. More recent work [222] includes a study of effects relevant to T2K [223]
and a combined study [224] for T2K, MINOS [53] and reactor experiments. Additionally,

1In the general case of n flavors the leptonic mixing matrix U↵i depends on (n� 1)(n� 2)/2 Dirac-type
CP-violating phases. For n = 4 (i.e., the 3 + 1 scenario) no. of CP violating phases is (4 � 1)(4 � 2)/2 = 3.
If the neutrinos are Majorana particles, there are (n � 1) additional, so called Majorana-type CP-violating
phases.
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issues having some overlap with those addressed here for DUNE have been discussed
in [225], and, very recently, in [226–228].

3.1 Simulation of sterile neutrinos

In this section, we describe the details of the simulation technique adopted in estimat-
ing the sensitivities and other the results obtained. We have used the GLoBES [189, 190]
software package for performing all our analysis. For extending the simulation to the
3+1 scenario, we used [229]; which is an add-on to the default GLoBES software. Our
assumptions regarding the values and ranges of the oscillation parameters for the 3+0
sector are as follows.

• ✓
12

and ✓
13

are taken to be 33.48� and 8.5� respectively [5].

• �m2

21

is taken to be 7.5⇥ 10

�5

eV

2 while�m2

31

is set to be 2.457⇥ 10

�3

eV

2 (�2.374⇥
10

�3

eV

2) for NH (IH) [5].

• The currently-allowed 3� range on ✓
23

is [38.3�, 53.3�] with the best fit at 42.3�(49.5)�

for NH (IH) [5]. The ✓
23

best fit values from the global analyses [230, 231] are some-
what different from [5]. In this work, we make the simplifying assumption that 2-3
mixing is maximal i.e. ✓

23

= 45

�. However, the conclusions we draw also apply to
non-maximal 2-3 mixing.

It is anticipated that even if the 3+0 scenario is not realised in nature, the above values
and ranges will still hold to a very good approximation2.

The additional mass square difference �m2

41

, relevant for the 3+1 scenario is assumed
to be 1 ev2, which is consistent with [233–235]3. Our assumed ranges for the sterile sector
mixing angles corresponding to the 3+1 scenario (for �m2

41

= 1 ev2) draw upon current
constraints and are as follows:

• Measurements at the Daya Bay experiments put constraints on the effective mixing
angle in the electron anti-neutrino disappearance channel. This effective mixing

2Some of our early calculations showed that the disappearance data at the far detector is less affected by
the active-sterile mixing angles compared to the appearance data. Thus, the measurements which depend
on Pµµ like sin

2
2✓23 or |�m2

31| are expected to change less with the change of theoretical framework from
3+0 to 3+1. Likewise, it was shown in [232] that ✓13 measurements at the reactor neutrino experiments will
be robust even if there are sterile neutrinos.

3The allowed values of �m2
41 roughly lies in the interval [0.1, 10] ev2 [233–235]. Even if we take �m2

41 to
be 0.1 ev2 or 10 ev2, the assumption in eq. 3.1 holds and all our analyses also go through.
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angle is the same as ✓
14

under the choice of PMNS parameterisation in this work.
Based on [233], we assume ✓

14

 13

� at 99% C.L.

• Both MINOS and the IceCube experiments are sensitive to the 2-4 mixing angle.
With their current data, only ✓

24

 7

� can be allowed at 99% C.L. [234, 235]

• The MINOS experiment with its observed CC as well NC events spectra can con-
strain the 3-4 mixing angle. From [234], we have ✓

34

 25

� at 90% C.L.

In addition, we also vary �
13

, �
24

and �
34

for 3+1 and �CP for 3+0 over the full possible
range of [�180

�, 180�]. Finally, the DUNE fluxes were obtained from [192]. In table 3.1, we
give the various information regarding the simulations of the experiments DUNE, T2K,
NOVAand T2HK4

4These simulations details are slightly different from the ones used in the discussion of chapter 2 and
use more updated information.
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Detector details Normalisation error Energy calibration error
Signal Background Signal Background

DUNE(1300 km)
Runtime (yr) = 5 ⌫ + 5 ⌫̄ ⌫e : 5% ⌫e : 10% ⌫e : 2% ⌫e : 10%

1.0 MW proton beam
120 GeV proton energy
delivers ⇠ 10

21 POT/yr
35 kton, LArTPC
"app = 80%, "dis = 85% ⌫µ : 5% ⌫µ : 10% ⌫µ : 5% ⌫µ : 10%

Rµ = 0.20/
p
E, Re = 0.15/

p
E

NOVA(810 km)
Runtime (yr) = 3 ⌫ + 3 ⌫̄ ⌫e : 5% ⌫e : 10% ⌫e : 0.01% ⌫e : 0.01%

0.7 MW proton beam
120 GeV proton energy
delivers ⇠ 6⇥ 10

20 POT/yr
14 kton, TASD
"app = 55%, "dis = 85% ⌫µ : 2.5% ⌫µ : 10% ⌫µ : 0.01% ⌫µ : 0.01%

Rµ = 0.06/
p
E, Re = 0.085/

p
E

T2K (295 km)
Runtime (yr) = 3 ⌫ + 3 ⌫̄ ⌫e : 5% ⌫e : 5% ⌫e : 0.01% ⌫e : 0.01%

770 kW proton beam
50 GeV proton energy
delivers ⇠ 8.3⇥ 10

20 POT/yr
22.5 kton, WC
"app = 50%, "dis = 90% ⌫µ : 2.5% ⌫µ : 20% ⌫µ : 0.01% ⌫µ : 0.01%

Rµ = 0.085/
p
E, Re = 0.085/

p
E

T2HK(295 km)
Runtime (yr) = 1 ⌫ + 3 ⌫̄ ⌫e : 5% ⌫e : 5% ⌫e : 0.01% ⌫e : 0.01%

7.5 MW proton beam
30 GeV proton energy
delivers ⇠ 1.6⇥ 10

22 POT
560 kton, WC
"app = 50%, "dis = 90% ⌫µ : 2.5% ⌫µ : 20% ⌫µ : 0.01% ⌫µ : 0.01%

Rµ = 0.085/
p
E, Re = 0.085/

p
E

Table 3.1: Detector configuration, efficiencies, resolutions and systematic uncertainties for DUNE [13,14],
NOVA [9], T2K [10], T2HK [15].
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3.2 Result: The 3+1 electron appearance probability in vac-
uum and matter

For CPV discovery in long baseline super-beam experiments, the electron neutrino ap-
pearance probability P (⌫µ ! ⌫e) is crucial. We discuss its analytic form in vacuum for
the 3 + 1 scenario prior to discussing the matter case. While it is the latter that is rele-
vant for DUNE in particular, and other long baseline (LBL) experiments at baselines of
O(1000) km in general, the form of the vacuum expression provides a useful template for
the identification of terms the importance of which will be accentuated by the presence
of matter.

We adopt the following parameterisation5 for the PMNS matrix in the presence of a
sterile neutrino,

U3+1

PMNS = O(✓
34

, �
34

)O(✓
24

, �
24

)O(✓
14

)O(✓
23

)O(✓
13

, �
13

)O(✓
12

). (3.2)

Here, in general, O(✓ij, �ij) is a rotation matrix in the ij sector with associated phase �ij .
For example,

O(✓
24

, �
24

) =

0

BBBB@

1 0 0 0

0 cos ✓
24

0 e�i�24
sin ✓

24

0 0 1 0

0 �ei�24 sin ✓
24

0 cos ✓
24

1

CCCCA
;O(✓

14

) =

0

BBBB@

cos ✓
14

0 0 sin ✓
14

0 1 0 0

0 0 1 0

� sin ✓
14

0 0 cos ✓
14

1

CCCCA
etc.

Using the standard formula for a flavour transition oscillation probability, we have, for
the 3+1 case:

P 4⌫
µe = 4|Uµ4Ue4|2 ⇥ 0.5

� 4Re(Uµ1U
⇤
e1U

⇤
µ2Ue2) sin

2

�

21

+ 2Im(Uµ1U
⇤
e1U

⇤
µ2Ue2) sin 2�21

� 4Re(Uµ1U
⇤
e1U

⇤
µ3Ue3) sin

2

�

31

+ 2Im(Uµ1U
⇤
e1U

⇤
µ3Ue3) sin 2�31

� 4Re(Uµ2U
⇤
e2U

⇤
µ3Ue3) sin

2

�

32

+ 2Im(Uµ2U
⇤
e2U

⇤
µ3Ue3) sin 2�32

. (3.3)

In arriving at the above expression, we have only assumed (based on Eq. 3.1 above)
5The choice of parameterisation is motivated by the fact that in any parameterisation, the electron neu-

trino 3+1 appearance probability in vacuum turns out to be dependent on only two specific linear combina-
tions of the three independent phases. In this parameterisation, these two linear combinations become �13
and �24 themselves (see eq. 3.4), making the analysis simpler. This happens because, the the first and second
row elements (Uei and Uµi) in U3+1

PMNS will not have ✓34 or �34 in them in this choice and this is intuitively
easier to grasp.
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that sin2

�

4i averages out to be 0.5 at long baselines, and similarly sin 2�

4i averages out
to be 0, when i = 1, 2, 3.

After substituting the values of the U↵i in terms of the mixing angles, we obtain :

P 4⌫
µe =

1

2

sin

2

2✓4⌫µe

+ (a2 sin2

2✓3⌫µe �
1

4

sin

2

2✓
13

sin

2

2✓4⌫µe)
⇥
cos

2 ✓
12

sin

2

�

31

+ sin

2 ✓
12

sin

2

�

32

⇤

+ cos(�
13

)ba2 sin 2✓3⌫µe
⇥
cos 2✓

12

sin

2

�

21

+ sin

2

�

31

� sin

2

�

32

⇤

+ cos(�
24

)ba sin 2✓4⌫µe
⇥
cos 2✓

12

cos

2 ✓
13

sin

2

�

21

� sin

2 ✓
13

(sin

2

�

31

� sin

2

�

32

)

⇤

+ cos(�
13

+ �
24

)a sin 2✓3⌫µe sin 2✓
4⌫
µe

⇥
� 1

2

sin

2

2✓
12

cos

2 ✓
13

sin

2

�

21

+ cos 2✓
13

(cos

2 ✓
12

sin

2

�

31

+ sin

2 ✓
12

sin

2

�

32

)

⇤

� 1

2

sin(�
13

)ba2 sin 2✓3⌫µe
⇥
sin 2�

21

� sin 2�

31

+ sin 2�

32

⇤

+

1

2

sin(�
24

)ba sin 2✓4⌫µe
⇥
cos

2 ✓
13

sin 2�

21

+ sin

2 ✓
13

(sin 2�

31

� sin 2�

32

)

⇤

+

1

2

sin(�
13

+ �
24

)a sin 2✓3⌫µe sin 2✓
4⌫
µe

⇥
cos

2 ✓
12

sin 2�

31

+ sin

2 ✓
12

sin 2�

32

⇤

+ (b2a2 � 1

4

a2 sin2

2✓
12

sin

2

2✓3⌫µe �
1

4

cos

4 ✓
13

sin

2

2✓
12

sin

2

2✓4⌫µe) sin
2

�

21

,

(3.4)

where,

sin 2✓3⌫µe = sin 2✓
13

sin ✓
23

(3.5)

b = cos ✓
13

cos ✓
23

sin 2✓
12

(3.6)

sin 2✓4⌫µe = sin 2✓
14

sin ✓
24

(3.7)

a = cos ✓
14

cos ✓
24

. (3.8)

Apropos Eq. 3.4, we make the following important points,

1. the vacuum appearance probability is independent of the 3-4 mixing angle and the
associated CP phase. This important simplification, however, does not strictly carry
over to the matter case. Fig. 3.1 (generated using GLoBES simulation [189, 190])
shows that, though there is very slight dependence on the angle ✓

34

(left panel)
in presence of matter, the associated phase �

34

has quite a significant effect (right
panel).

2. The mixing angles ✓
14

and ✓
24

appear together in the vacuum expression in the form
of an effective mixing angle: sin 2✓4⌫µe = sin 2✓

14

sin ✓
24

. Fig. 3.2 illustrates (left and the
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Figure 3.1: Pµe vs E⌫ in earth matter for 1300 km (generated using GLoBES simulation). Averaging has
been done for �m2

4i induced oscillations. In the left panel, the effect of varying ✓34 within its allowed
range is shown with all the CP phases kept equal to 0. In the right panel, we show the effect of varying
CP violating phase �34 when ✓34 = 25

�, and the other phases are 0. For both panels, we set ✓14 = 12

� and
✓24 = 7

�, and the parameters related to the 3+0 sector at the best-fit values specified in Sec. 3.1.

middle panel) the significant role of the the individual mixing angles ✓
14

and ✓
24

on
the the 3+ 1 appearance probability. The right panel of fig. 3.2 shows the concept of
the effective mixing angle sin 2✓4⌫µe. Since the value of the effective mixing angle is the
same for all three choices of ✓

14

, ✓
24

as shown, the three corresponding probabilities
coincide over one another. This also illustrates that the concept of effective mixing
angle holds even in presence of matter.

3. It contains terms proportional to the sines and cosines of a) the 3 + 1 CP phase �
24

,
and b) the sum (�

13

+ �
24

). These are interference terms, involving mixing angles
from both the 3+0 and the 3+1 sector. In particular, as can be determined by in-
spection, the terms involving the sine and cosine of the sum of �

13

and �
24

can be
significantly large (depending on the values of the phases) and lead to appreciable
changes in both the amplitude of the overall probability and the extent of CP vio-
lation. These contributions become all the more significant once matter effects are
large.

Fig. 3.3 emphasizes the dependencies discussed above from a slightly more general
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Figure 3.2: Pµe vs E⌫ in earth matter for 1300 km (generated using GLoBES simulation), showing the role
of ✓14 (left panel) and ✓24 (middle) and the concept of the effective mixing angle sin 2✓4⌫µe = sin 2✓14 sin ✓24.
In each panel, the values of the other fixed sterile mixing angles have been mentioned in the labels. In the
third panel, the values of the doublet {✓14, ✓24} have been chosen such that the effective mixing angle is the
same (⇡ 0.0213).

perspective. In the right (3+1) panel, the significant differences between the solid and
dashed lines of a given colour emphasize the role played by matter, while the equally
significant differences between the blue and red dashed (solid) lines demonstrate the im-
portant role played by CP violating phases at long baselines in matter (vacuum) if they
are non-zero. Turning to the left (3+0) panel, we note the relatively large differences be-
tween these curves and their counterparts in the right panel, underlining the significant
effects of sterile neutrinos at the operational baseline for DUNE.
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Figure 3.3: P (⌫µ ! ⌫e) (both for vacuum and matter) for 3+0 (left panel) and 3+1 (right panel) vs. energy.
The top (bottom) row is for neutrino (antineutrino). The red curves represent the CP conserving case, while
the blue ones depict the case with phases set to non-zero fixed values (see the plot label). For the blue curve
in the left panel, the sole 3+0 phase �CP was taken as 30o. Normal hierarchy is taken to be the true hierarchy
here, and parameters related to the 3+0 sector have been set at the best-fit values specified in Sec. 3.1.
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3.3 Result: A discussion of Neutrino-Antineutrino asym-
metries in matter in the context of sterile neutrino

The consideration of CP violation in terms of an asymmetry defined at the probability
level provides additional insight into the conclusions which can be reliably drawn from
data if we do not know whether 3+0 or 3+1 is the choice nature has made. Consider the
asymmetry defined as,

A↵�
⌫⌫̄ =

P⌫↵!⌫� � P⌫̄↵!⌫̄�

P⌫↵!⌫� + P⌫̄↵!⌫̄�

⌘ �P↵�

P⌫↵!⌫� + P⌫̄↵!⌫̄�

. (3.9)

We begin by noting an important difference between the 3+0 and 3+1 scenarios with
respect to the numerator �P↵� of A↵�

⌫⌫̄ . In vacuum, CPT invariance implies that P (⌫� !
⌫↵) = P (⌫̄↵ ! ⌫̄�), which in turn implies that �P�↵ = ��P↵� , and in particular that
�P↵� = 0 when � = ↵. Thus, when there are only three neutrino flavors, there are only
three independent potentially non-zero CP-violating differences �P↵� to be measured:
�Peµ, �Pµ⌧ and �P⌧e. Now, conservation of probability implies that for any number of
flavors, X

�

P⌫↵!⌫� = 1 and
X

�

P⌫̄↵!⌫̄� = 1,

where the sums are over all �, including � = ↵. It follows that
P

��P↵� = 0. Then, since
�P↵� = 0 when � = ↵, we conclude that in vacuum,

X

� 6=↵

�P↵� = 0. (3.10)

When there are only three flavors, this constraint implies that �Peµ +�Pe⌧ = 0 and that
�Pµe +�Pµ⌧ = 0. Since �P�↵ = ��P↵� , it follows that,

�Peµ = �Pµ⌧ = �P⌧e. (3.11)

That is, the three “independent” CP-violating differences are equal. In particular, if there
are only three flavors, it is not possible for CP invariance to hold in one oscillation chan-

nel, such as
(�)

⌫µ ! (�)

⌫e , and yet be violated in another channel, such as
(�)

⌫µ ! (�)

⌫⌧ .
This situation changes when there are more than three flavors. For e.g., when there

are four flavors, as in the 3+1 scenario, there are six independent potentially non-zero
differences �P↵� : �Peµ, �Pµ⌧ , �P⌧e, �Pes, �Pµs and �P⌧s, where s refers to the sterile
flavor. Now the constraint of Eq. 3.10 gives rise only to relations like

�Peµ = �Pµ⌧ +�Pµs. (3.12)
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It is now perfectly possible for �Pµe(= ��Peµ), the CP-violating difference that will be
the first to be probed experimentally, to be zero, while the differences �Pµ⌧ and �Pµs in
other oscillation channels that are challenging to study, are large6.

In Fig. 3.4, we show the spread of A⌫⌫̄
7 at L = 1300 km for cases chosen to illustrate

some of the important features that arise due to the presence of a fourth, sterile state. The
left-hand panels were created with all CP-violating phases set to zero, so the asymmetries
shown in these panels are from matter effects only. The right-hand panels were created
allowing the sole 3+0 CP phase �CP to vary over its entire physical range in the case of
3+0, and the three CP phases �

13

, �
24

and �
34

to vary over their entire ranges in the case
of 3+1. Thus, these panels show the impact of intrinsic CP violation. In all panels, the
red curve(s) are for the 3+0 case, and the blue ones for the 3+1 case. The top two panels
assume a normal hierarchy, and the bottom two an inverted hierarchy. In creating all
panels, the mass splittings and mixing angles of the 3+0 sector were set to the best-fit
values specified in Sec. 3.1, the splitting �m2

41

of the 3+1 sector was set to 1 eV2, and the
3+1 mixing angles ✓

14

, ✓
24

and ✓
34

were varied over their allowed ranges.

With one exception (see below), to create the curves in each panel of Fig. 3.4 for each of
the two scenarios, 3+0 and 3+1, we varied the corresponding parameters until we found
the parameter set that maximizes (minimizes) the energy-integrated asymmetry A⌫⌫̄ for
that scenario. The energy-dependent asymmetry was then plotted vs. energy for this
parameter set as a solid (dashed) curve. (Note that since it is the energy-integrated asym-
metry that is being extremized, it is possible for the 3+0 energy-dependent asymmetry to
be more extreme than that for 3+1 for a limited range of energy, despite the fact that the
3+0 scenario is in a sense, a special case of 3+1.) The one exception to our procedure is
that, since the 3+0 sector parameters other than �CP were held fixed throughout, in creat-
ing the left-hand panels, no 3+0 parameters were varied, so there is only a single curve,
shown as solid, for 3+0.

From the left-hand panels of Fig. 3.4, we see that when CP is conserved, the neutrino-
antineutrino asymmetry vs. energy is quite similar in the 3+0 and 3+1 scenarios. In the
3+1 scenario, this asymmetry is confined to a rather narrow band as the 3+1 mixing angles

6We note that any long baseline experiment involves earth-matter effects, which break CPT (in addition
to CP). Such breaking is extrinsic, and due to the asymmetry of the earth matter through which the neu-
trinos propagate. While this may appear to destroy the conclusions reached above, which depend on CPT
invariance, this is not the case as long as an experiment seeks to measure intrinsic (i.e.driven by phases in
the mixing matrix) CP violation and devises appropriate means to do so.

7Henceforth we drop the superscripts ↵ and � and take A⌫⌫̄ to denote the asymmetry for ↵ = µ and
� = e.
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Figure 3.4: The neutrino-antineutrino asymmetry A⌫⌫̄ vs. energy E. See text for explanation and discus-
sion.

are varied. Although it is not shown, we have found that it is confined to a similar narrow
band in the 3+0 scenario if the 3+0 parameters ✓

23

and�m2

31

are varied within their exper-
imental uncertainties. Clearly, if an experiment were to measure an asymmetry vs. energy
that consistently lies outside the similar, narrow 3+0 and 3+1 bands that correspond to CP
conservation, we would have evidence that CP is violated so long as nature has chosen
either the 3+0 or 3+1 scenario. However, a measured asymmetry between ⌫µ ! ⌫e and
⌫̄µ ! ⌫̄e that lies within these similar narrow bands would not unambiguously signal
that there is no CP violation in neutrino oscillation. As explained above, when there are
more than three flavors, as in the 3+1 scenario, it is possible for there to be little or no
CP violation in one oscillation channel, and yet a large CP violation in some other chan-
nel. In addition, for either the 3+0 or 3+1 case, it might happen that for some non-zero
values of the CP-violating phases and mixing angles slightly different from those corre-
sponding to the CP-conserving bands, the asymmetry still lies within those bands within
uncertainties.

The right-hand panels in Fig. 3.4 show that when intrinsic CP is violated, A⌫⌫̄ can be
anywhere in a large range. Moreover, for 3+1, this range is much larger than for 3+0,
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and includes almost all of the 3+0 range. Thus, we see that sterile neutrinos with O(1)

eV2 masses can very substantially impact CP-violation measurements at long baselines.
While a measured asymmetry outside the band allowed for 3+0 would be evidence for
new physics beyond 3+0, one inside that band would leave uncertain the precise origin
of the observed CP violation.

3.4 Result: Event Rates at DUNE in the 3+1 and 3+0 scenar-
ios

In this section we illustrate how the probability level discussions in the previous sec-
tions 3.2 and 3.3 translate to the level of observable events in the detector. Fig. 3.5 shows
the spread of binned events at DUNE as a function of the reconstructed neutrino energy
for the 3+0 case and the 3+1 case. For the 3+0 case, we varied only �CP in the range
[�180

�, 180�] to first find the �CP which maximises (minimises) total no. of events and
then plotted the maximum / minimum event spectrum corresponding to this value of
�CP as function of energy to obtain the events band shown in red. For 3+1, we chose three
sets of (✓

14

, ✓
24

, ✓
34

) values - (12�, 7�, 25�), (8�, 5�, 15�) and (4

�, 3�, 5�). For all these three
cases, we varied the phases �

13

, �
24

and �
34

in the range [�180

�, 180�] each to find those
sets of {�

13

, �
24

, �
34

} which gives the maximum and the minimum total no. of events (i.e.,
summed over the energy bins). The upper and the lower boundary of the event spectrum
were then plotted for these choices of {�

13

, �
24

, �
34

} as a functions of energy8. The resulting
event-bands are shown in blue, green and magenta, respectively. The left (right) panels
show the neutrino (anti-neutrino) rates, while the top (bottom) panels are for the NH (IH)
scenario.

It can be seen that for all three sets of ✓
14

, ✓
24

, the 3+1 band can potentially encompass
the 3+0 band, leading to substantial degeneracy. When the number of events falls in the
overlapping region between these two bands (which is the red region in Fig. 3.5), there is
considerable ambiguity as to whether the events are produced by a certain value of �CP in
the 3+0 sector or by some combination of ✓

34

, �
13

, �
24

and �
34

in the 3+1 sector.
Fig. 3.5 also shows that the 3+1 band gets wider as the values of ✓

14

, ✓
24

and hence the
effective mixing angle sin 2✓4⌫µe increase. Indeed, for sufficiently large 3+1 mixing angles,

8Thus, for one particular upper (or lower) boundary the choice of {�13, �24, �34} is the same throughout
the energy range. We have also observed (although not shown here) that, if {�13, �24, �34} were instead
varied for each energy bin individually to find the maximum/ minimum event for that energy bin, the
resulting event band spectra looked very similar to fig. 3.5. Obviously, the values of {�13, �24, �34} would be
different for each energy bin.
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Figure 3.5: Neutrino and anti-neutrino event rates in DUNE plotted as a function of the reconstructed
neutrino energy. The vertical spread for a given color for an energy bin shows the maximum and the
minimum events rates possible.

the 3+1 band is substantially larger than its 3+0 counterpart. An observed surfeit or a
dearth of events compared to those expected in the 3+0 case, especially near the event
maxima (around the region 2-4 GeV), could be a pointer to the presence of sterile states.

3.5 Result: Sensitivity to CP Violation

So far, in sections 3.2, 3.3 and 3.4 we have discussed the significant effect of one O ⇠ 1 eV

sterile neutrino in the probability and the event levels. We now see how significant the
effect of sterile neutrino is when translated to the �2 level, in particular in the measure-
ment of CP violation and mass hierarchy at long baselines. Similar methodology for �2

calculation as in sec. 2.3 was also implemented here using the GLoBES package [189,190].
For CP violation sensitivity, we ask the question (see also the beginning of

sec. 2.5) how well the true dataset containing all the values of the CP phase (2
[�⇡, ⇡]) can be distinguished from the test dataset containing only the CP con-
serving values of the phase (0 or ⇡). In the true dataset we choose three sets
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Figure 3.6: Sensitivity to CP violation as a function of the true CP violating phase �13 for DUNE for 5
yrs. of neutrino and 5 yrs. of antineutrino running. Different colors correspond to different choice of true
✓14, ✓24, ✓34 as shown in the key. Variation of true �24 and �34 results in the colored bands which show the
minimum and maximum of the marginalised sensitivity that can be obtained for a particular �13. The black
curve corresponds to sensitivity to CP violation in 3+0.

of the true active-sterile mixing angles (✓
14

, ✓
24

, ✓
34

) = (4

o, 3o, 5o), (8

o, 5o, 15o) and
(12

o, 7o, 25o) and vary the values of true CP phases in the full interval {�⇡, ⇡}. On
the other hand, since for the 3 + 1 scenario, there are two more additional CP
phases, the test dataset contains 8 possible CP conserving cases: {�test

13

, �test
24

, �test
34

} =

{0, 0, 0}, {⇡, 0, 0}, {0, ⇡, 0}, {0, 0, ⇡}, {⇡, ⇡, 0}, {⇡, 0, ⇡}, {0, ⇡, ⇡}, {⇡, ⇡, ⇡}9 and also contains
the variation of the test ✓

14

, ✓
24

, ✓
34

in the allowed ranges: [0�, 12�], [0�, 7�], [0�, 25�] respec-
tively. We thus calculate the �2 between the true and test dataset using GLoBES and min-
imise it over these 8 test CP conserving cases to quote the most conservative estimate. The
�2 so obtained, is also minimised over the test ✓

14

, ✓
24

, ✓
34

samples in the allowed range in

9Note that, this assumes that the experiment cannot pinpoint the source of CP violation (i.e., whether
it is coming from �13 or �24 or �34) in presence of 1 sterile neutrino. In the standard 3 + 0 case (discussed
in chapter 2), since there is only one relevant CP phase (the Dirac CP phase �CP or �13), the source of CP
violation is obvious. But the scenario becomes much more complicated in presence of 2 more additional CP
phases in 3 + 1 scenario.
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Figure 3.7: Similar to fig. 3.6 but for the combined NOVA and T2K with 3 yrs. of neutrino and 3 yrs. of
antineutrino running for both the experiments.

the fit, so as to account for the lack of information regarding active-sterile mixings. This
gives us a marginalised �2 as a function of the true parameters. We did not marginalise
over the 3+0 parameters, or the hierarchy10. For a particular true �

13

, we show the max-
imum and the minimum of the marginalised �2 that can be obtained corresponding to a
variation of the other two true CP phases �

24

and �
34

- giving rise to the bands in fig. 3.6. For
3+0, the situation is simpler (same method as that of the standard 3⌫ scenario discussed
in sec. 2.5), where we contrast a true �CP against �CP = 0 and �CP = ⇡ in the test. In figs. 3.7
and 3.8 we show the similar CPV sensitivity study for the context of other long baseline
experiments NOVA+ T2K (combined) and also for T2HK.

It can be seen from figs. 3.6, 3.7, 3.8 that the existence of sterile neutrinos can signif-
icantly affect the CPV discovery potential of long-baseline experiments. This violation

10Our results show that a close to 5� determination of hierarchy is very likely with the DUNE experi-
ment, even in the 3+1 paradigm. Among other 3+0 oscillation parameters, marginalisation over ✓23 may
be important when the non-maximal true values like the ones in lower octant or higher octant are consid-
ered. Disappearance (Pµµ) data fixes sin

2
2✓23 very accurately and hence, marginalisation over test ✓23 is

not necessary for true ✓23 = 45

�.

87



CHAPTER 3. STUDY OF CP VIOLATION AND MASS HIERARCHY AT LONG BASELINES IN
PRESENCE OF ONE ⇠ O(1EV ) STERILE NEUTRINO

HK (1+3)

5σ

3σ

σ
 =

 √
(Δ

 χ
2
)

0

2.5

5

10

12.5

15

δ13 / π (true)
−1 −0.5 0 0.5 1

3+0

θ14, θ24, θ34 = 4
o
, 3

o
, 5

o

8
o
, 5

o
, 15

o

12
o
, 7

o
, 25

o

Figure 3.8: Similar to fig. 3.6 but for T2HK with 1 yr. of neutrino and 3 yrs. of antineutrino runtime.

can originate in any of the three phases and not just �
13

. When the active-sterile mixings
are small, the general trend visible in the figures is that the sensitivity to CP violation of
the experiment will be decreased compared to what we would expect in the 3+0 scenario.
However, for sufficiently large mixings, the sensitivity spans both sides of the 3+0 curve;
and hence, depending on the true value of the other phases - �

24

and �
34

, the sensitivity to
CP violation can be greatly amplified. We also note that there can be significant amplifi-
cation of CPV sensitivity for regions of �

13

where one expects little or none in the 3+0 sce-
nario. For e.g., in the case of DUNE (fig. 3.6), if the active-sterile mixing angles (✓

14

, ✓
24

, ✓
34

)
are sufficiently large (closer to 12

�, 7�, 25� respectively) the resulting CPV sensitivity can
be as large as & 3� even when �true

13

is CP conserving (0 or ±⇡). Hence, if sterile mixing
angles are not tiny, the 3+1 (or 3+n) scenario, if realized in nature, makes the observation
of generic CPV sensitivity per se significantly more likely than the 3+0 case, although it
makes the determination of the phase (or phases) in which such violation originates much
harder.

Further, we note the role of the following competing effects in the calculation of �2:
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(a) Decrease in �2 due to additional test values - 3+1 scenario introduces more number
of parameters in the sensitivity analysis. If marginalization is carried out over more
number of test parameters, it results in a decreased value of �2. This is purely a
statistical effect. Since the marginalisation is carried out over the same allowed
ranges (✓

14

test 2 [0

�, 12�], ✓
24

test 2 [0

�, 7�], ✓
34

test 2 [0

�, 25�] and the three test phases
take the 8 possible CP conserving values), the magnitude of the statistical effect
remains the same irrespective of the true values.

(b) Increase in �2 due to additional true values - In presence of 3+1 scenario there are
more sources of CP violation. We now have the additional active-sterile angles
(✓

14

, ✓
24

, ✓
34

) and a total of 3 CP phases (�
13

, �
24

, �
34

). As the true values of the an-
gles increase, the associated CP phases have more impact on �2. This is manifested
by the widening of the sensitivity bands in figs. 3.6, 3.7, 3.8 as the strength of the
mixing angles increases.

In figs. 3.6, 3.7, 3.8, when the true (✓
14

, ✓
24

, ✓
34

) are small (see the green bands), effect (b) is
smaller than the statistical effect (effect (a)). Hence the dominant statistical effect brings
the �2 down, as compared to the standard 3+0 result (black curves). Again, when the true
values of the angles (✓

14

, ✓
24

, ✓
34

) increase, effect (b), overtakes effect (a) and this basically
spans the �2 band (see the blue band) to roughly both above and below the 3+0 curve.
We also note that the effect of sterile neutrinos is more pronounced at longer baseline
experiments DUNE (fig. 3.6) due to higher matter effect 11.

3.6 Result: Sensitivity to mass hierarchy

In this section we follow the similar methodology as in sec. 2.4, and examine the impact
of a sterile neutrino on the sensitivity to the mass hierarchy. Here, we take the same true
dataset with a particular true hierarchy (assumed normal here) as in sec. 3.5. In the test
dataset we take the opposite hierarchy (inverted), vary the angles in their allowed values
(see sec. 3.5) and all the 3 phases over the full range [�⇡, ⇡]. The resulting �2 between true
and the test dataset thus gives the sensitivity to the true hierarchy being normal. This
sensitivity was shown in figs. 3.9 (for DUNE) and 3.10 (for combined NOVA and T2K) 12.

11See fig. 3.3 to see the role of matter effect in the context of 3+1 scenario.
12Note that because of the larger range of marginalisation due to the variation of the test phases in the

full allowed range, the statistical effect (effect (a), discussed in the previous section has a larger role in the
context of mass hierarchy. This is manifested by the fact that all the 3+1 sensitivity bands lies mostly below
the 3+0 sensitivity curve
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Figure 3.9: Sensitivity to mass hierarchy as a function of the true CP violating phase �13 for DUNE for 5
yrs. of neutrino and 5 yrs. of antineutrino running. Different colors correspond to different choice of true
✓14, ✓24, ✓34 as shown in the key. Variation of true �24 and �34 results in the colored bands which show the
minimum and maximum of the marginalised sensitivity that can be obtained for a particular �13. The black
curve corresponds to sensitivity to mass hierarchy in 3+0. Normal hierarchy was assumed to be the true
hierarchy here.

Note that, as in the previous section, we did not vary the test 3+0 parameters in the fit.
In the case of DUNE, we find that the 3+1 sensitivities are usually below 3+0 sensitivities
except for a small region of parameter space around true �

13

= 90

�, as can be observed
in Fig. 3.9. It should be noted that except for a small fraction of parameter space around
true �

13

= 90

�, the sensitivity stays above 5� C.L.
For the combined results from T2K and NO⌫A, it can be seen in Fig. 3.10 that there

emerges the possibility of significant improvement in the hierarchy sensitivity compared
to 3+0 (shown by black line) in the unfavourable regions of true �

13

. The extent of this
enhancement is, of course, dependent on the true values of the active-sterile oscillation
parameters.
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Figure 3.10: Similar to fig. 3.9 but for the combined NOVA+ T2K.

3.7 Result: DUNE’s sensitivity to small active-sterile mix-
ing angle

The Short Baseline Neutrino (SBN) program at Fermilab aims to conclusively estab-
lish the existence or else to place stringent constraints on the possible existence of the
sterile neutrinos. At short baselines, the Pµe oscillation probability is sensitive only to
the mass-squared difference �m2

41

and an effective mixing angle given by sin

2

2✓µe =

sin

2

2✓
14

sin

2 ✓
24

. For �m2

41

⇠ 1 eV2 induced oscillations, the SBN program can exclude at
3� only sin

2

2✓µe � 0.001 [236]. It is natural to ask how tightly active-sterile mixings need
to be excluded to ensure that DUNE measurements can be safely interpreted without tak-
ing the possible existence of sterile neutrinos into account. Phrasing this question another
way, we ask whether active-sterile mixings corresponding to sin

2

2✓µe < 0.001 can be de-
tected by the DUNE far detector. Fig. 3.11 (left panel) throws some light on this question.
Here, we have compared the CP bands in event rates assuming 3+1 and 3+0 for very
small mixing angles - ✓

14

, ✓
24

, ✓
34

= 3

�, 2�, 10� (sin2

2✓µe ⇡ 0.00001). We see that the 3+1
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Figure 3.11: Neutrino event rates for the DUNE experiment as a function of the reconstructed neutrino
energy. The black lines show the maximum and the minimum event rates corresponding to a variation
of �CP in 3+0. Also shown are the corresponding statistical (

p
Event no.) and systematic error (2%) [4]

added in quadrature for each energy bin. The grey band corresponds to the maximum and minimum event
rates assuming 3+1 with ✓14, ✓24, ✓34 = 3

�, 2�, 10� (left panel), ✓14, ✓24, ✓34 = 10

�, 5�, 20� (right panel) and
�13, �24, �34 varied in [�180

�, 180�]. Only the channel ⌫µ ! ⌫e has been considered with 5 years of ⌫-running
assuming normal hierarchy.

band is completely degenerate with the 3+0 band (incorporating the errorbars13). Thus,
for such small mixing angles, it seems that neither the Short Baseline experiments nor
the DUNE experiment may see evidence of new physics attributable to sterile neutrinos.
In the right panel of the same figure, however, we have chosen ✓

14

, ✓
24

, ✓
34

= 10

�, 5�, 20�

(sin2

2✓µe ⇡ 0.0009). These larger values, which correspond to an effective mixing angle
at the 3� sensitivity of the short-baseline experiments, lead to enhanced effects. The grey
band now extends significantly beyond the expected event rates for 3+0, even after ac-
counting for errors. This provides a suggestive estimate of how large the mixing angles
need to be before sterile neutrino effects at DUNE start to be discernable.

We stress that short-baseline experiments are significantly more sensitive, by design,
to CP conserving oscillatory effects in 3+1 compared to long-baseline experiments, and
hence remain the definitive test by which presence or absence of sterile neutrinos can be
established. Long-baseline experiments, however, can become sensitive to the presence of
this sector if CPV is present. Moreover, matter enhances the effects of CP, further enabling

13The error for each energy bin is the quadrature sum of the statistical (
p

Event no.) and the systematic
error (2%) [4]. The value is an estimated expected value assuming the presence of a highly capable near-
detector [4].
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these experiments to become, in a sense, complementary detectors of sterile neutrinos
[213].
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CHAPTER 3. STUDY OF CP VIOLATION AND MASS HIERARCHY AT LONG BASELINES IN
PRESENCE OF ONE ⇠ O(1EV ) STERILE NEUTRINO
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Chapter 4

CP and hierarchy measurement in the
light of non standard neutrino
interaction (NSI) in propagation

As discussed in chapter 2, the main focus of the ongoing and future neutrino experiments
is to address the question of neutrino mass hierarchy i.e., sign (�m2

31

)

1, measurement of
the CP phase (�) and establishing the correct octant of the mixing angle ✓

23

. The question
of whether CP is violated in the leptonic sector is of prime importance in astrophysics,
cosmology and particle physics today. For the three flavour case in vacuum, the only
source of CP violation in mixing phenomena is the Dirac-type CP phase, � [237]. This is
usually referred to as the intrinsic CP phase.

It is well-known that for baselines ⇠ O(1000) km, the standard Earth matter ef-
fects [33, 34] are non-negligible. This poses a problem in the determination of intrinsic
CP phase as matter induces additional CP violating effects in the oscillation formalism,
commonly referred to as extrinsic (fake) CP violation effects [238]. Any new physics in
neutrino interactions can, in principle, allow for flavour changing interactions thereby
allowing for additional CP violating phases which can complicate the extraction of the
intrinsic CP phase further. The high precision offered by DUNE facilitates probing new
physics phenomenon such as additional sterile neutrino states which has been recently
studied [213, 226], probing Lorentz and CPT violation (e.g. in [239, 240]) as well as NSI
during propagation (e.g. in [241–253] NSI in propagation has recently been studied in
the context of long baselines.) with high sensitivity. In the present article, we explore the
impact of NSI in propagation on CP violation signal at upcoming long baseline neutrino
experiments DUNE [14, 175], T2HK [15] and also at the presently running long baseline

1
�m2

31 = m2
3 �m2

1.
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CHAPTER 4. CP AND HIERARCHY MEASUREMENT IN THE LIGHT OF NON STANDARD
NEUTRINO INTERACTION (NSI) IN PROPAGATION

experiments T2K [10, 196, 197] and NOVA [9].

4.1 Brief discussion on NSI framework

The non standard interaction (NSI) in neutrino oscillation sector has been studied in detail
in literature and can be expressed as [33, 85, 86]

LNSI = �2

p
2GF "

f f
0
C

↵� [⌫̄↵�
µPL⌫�] [ ¯f�µPCf

0
] , (4.1)

where GF is the Fermi constant, ⌫↵, ⌫� are neutrinos of different flavours (↵, � = e, µ, ⌧ ),
and "f f

0
C

↵� are the NSI parameters (f, f 0
= e, u, d and C = L,R). If f 6= f

0 , the NSI is
charged current like whereas if f = f

0 , the NSI is neutral current like and the param-
eters are defined as "f f

0
C

↵� = "f C
↵� . The NSI operators in eq. 4.1 are non-renormalizable

and also not gauge invariant. If the NSI arises at scale MNP � MEW from some higher
dimensional operators (of order six or higher), it would imply a suppression of at least
"fC↵� ' (MEW/MNP )

2 (since MEW ⇠ 0.1 TeV, for MNP ⇠ 1 TeV , we have "fC↵� ' 10

�2 (see
also [254–257])). In principle, NSI can have effects both a) on the production and detection
level [85, 254, 258, 259] 2 and also b) during the propagation of neutrinos though the mat-
ter [33,262–264]. In the present work, we discuss about the effect of NSI in propagation in
the context of long baseline experiments (DUNE, T2K, NOVA and T2HK.). At the level
of the underlying Lagrangian, NSI coupling of the neutrino can be to e, u, d. Phenomeno-
logically, only the incoherent sum of contributions from different scatterers contributes to
the coherent forward scattering of neutrinos on matter. If we normalize to ne, the effective
NSI parameter relevant for neutral Earth matter is,

"↵� =

X

f=e,u,d

nf

ne
"f↵� = "e↵� + 2"u↵� + "d↵� +

nn

ne
(2"d↵� + "u↵�) = "e↵� + 3"u↵� + 3"d↵� , (4.2)

where nf is the density of fermion f in medium crossed by the neutrino. Note that, only
the vector sum of NSI terms, "f↵� = "fL↵� + "fR↵� appears in the oscillation formalism.

In presence of NSI, the propagation of neutrinos is governed by a Schrödinger-type
equation with the effective Hamiltoninan:

H = H
vac

+H
SI

+H
NSI

, (4.3)

2Production and detection NSI’s induce non-unitary effect, known as the so called zero distance effect,
which means a neutrino flavor transition effect would already happen at the source even before the normal
neutrino oscillation process starts. [260, 261].
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where H
vac

is the vacuum Hamiltonian and H
SI

,H
NSI

are the effective Hamiltonians in
presence of SI alone and NSI respectively. Thus,

H =

1

2E

8
><

>:
U

0

B@
0

�m2

21

�m2

31

1

CAU †
+ A(x)

0

B@
1 + "ee "eµ "e⌧

"eµ? "µµ "µ⌧

"e⌧ ? "µ⌧ ? "⌧⌧

1

CA

9
>=

>;
, (4.4)

where A(x) = 2

p
2EGFne(x) is the standard CC potential due to the coherent forward

scattering of neutrinos and ne is the electron number density and "↵� (⌘ |"↵�| ei�↵�
) are

complex NSI parameters.
Let us now briefly mention the constraints imposed on the NC NSI parameters (for

more details, see [261,265]). With the assumption that the errors on individual NSI terms
are uncorrelated, model-independent bounds on effective NC NSI terms

"↵� <⇠

(
X

C=L,R

[("eC↵�)
2

+ (3"uC↵� )
2

+ (3"dC↵�)
2

]

)
1/2

,

were obtained [265] which leads to

|"↵�| <

0

B@
4.2 0.33 3.0

0.33 0.068 0.33

3.0 0.33 21

1

CA , (4.5)

for neutral Earth matter. There are also experiments which have used the neutrino data to
constrain NSI parameters. The SK NSI search in atmospheric neutrinos crossing the Earth
found no evidence in favour of NSI and the study led to upper bounds on NSI param-
eters [87] given by |"µ⌧ | < 0.033, |"⌧⌧ � "µµ| < 0.147 (at 90% CL) in a two flavour hybrid
model [261]3. The off-diagonal NSI parameter "µ⌧ is constrained �0.20 < "µ⌧ < 0.07 (at
90% CL) from MINOS data in the framework of two flavour neutrino oscillations [88,266].

We will be interested in the most relevant channel for DUNE,- ⌫µ ! ⌫e (and the CP
transformed channel, ⌫̄µ ! ⌫̄e) where only two of the NSI parameters ("eµ, "e⌧ ) appear in
the second order expression. Taking into account the constraints from neutrino experi-
ments, we can write (see also [267]) the more stringent bounds as,

|"↵�| <

0

B@
4.2 0.3 0.5

0.3 0.068 0.04

0.5 0.04 0.15

1

CA . (4.6)

3The SK collaboration uses a different normalization (nd) while writing the effective NSI parameter (see
Eq. (4.2)) and hence we need to multiply the bounds mentioned in Ref. [87] by a factor of 3.
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In this work, we will explore the relatively large effect of the NSI parameters even when
the tighter bounds (eq. 4.6) are taken into account. We consider |"eµ|, |"e⌧ | < 0.1 which are
consistent with Eq. 4.6 and also the NSI phases in the allowed range, �eµ,�e⌧ 2 (�⇡, ⇡). In
addition, we explore the collective effect of the dominant NSI parameters ("eµ, "e⌧ ) affect-
ing the particular channels ⌫µ ! ⌫e (and ⌫̄µ ! ⌫̄e) so that the impact can be understood in
totality.

All the plots presented in this paper are obtained by using GLoBES [189, 190] and for
the implementation of NSI into GLoBES, we have used an add-on [229] to the GLoBES
software. All the experimental details are same as that considered in chapter 3.

4.2 Modification of Pµe in presence of NSI in propagation

The approximate expression for oscillation probability for ⌫µ ! ⌫e for NSI case can be
obtained by retaining terms of O("↵�s13), O("↵�r�) , O(s

13

r�), O(r2�) and neglecting the
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higher order terms,

P (⌫µ ! ⌫e) ' 4s2
13

s2
23
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, (4.7)

where � =

�m2
31

2E , r� =

�m2
21

�m2
31
, rA =

A(x)
�m2

31
, A(x) = 2

p
2EGFne(x) and

J =

1

8

sin 2✓
12

sin 2✓
13

sin 2✓
23

cos ✓
13

sin �cp.

Jr = J / sin � and � = �eµ + �, ! = �e⌧ + �. Note that the two parameters, "eµ and "e⌧

enter in this leading order expression which implies that the rest of the NSI parameters
are expected to play a sub-dominant role. The approximate expression (Eq. 4.7) allows
us to illustrate the qualitative impact of the moduli and phases of NSI terms which can
in principle override effects due to the vacuum oscillation phase � for certain choice of
energies. Also, the above expression is strictly valid when r��L/2 ⌧ 1 i.e. L and E are
far away from the region where lower frequency oscillations dominate which is satisfied
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for long baseline experiments. For the case of DUNE, we have

r��L/2 ⇡ 0.05


1.267⇥ �m2

21

7.6⇥ 10

�5 eV 2

L

1300 km

2.5 GeV

E

�
< 1 (4.8)

Note that in addition to the vacuum oscillation frequency �L/2

�L/2 = 1.57


1.267⇥ �m2

31

2.4⇥ 10

�3 eV 2

L

1300 km

2.5 GeV

E

�
(4.9)

which has E�1-dependence on energy, matter (SI and NSI) introduces phase shifts such
as rA�L/2 (using A = 0.756⇥ 10

�4 eV 2 ⇢ (g/cc) E (GeV )):

rA�L/2 = 0.4


1.267⇥ 0.756⇥ 10

�4

⇢

3.0 g/cc

L

1300 km

�
, (4.10)

which is E-independent. The probability remains finite due to the (1� rA) and (1� rA)2

terms in the denominator of Eq. (4.7). Substituting � ! �� and rA ! �rA in Eq. 4.7, we
obtain P (⌫̄µ ! ⌫̄e). Now let us discuss different limiting cases of Eq. 4.7:

• Vacuum (rA ! 0, "↵� ! 0) :

When rA ! 0, we recover the vacuum limit as expected [50]. This vacuum expres-
sion is identical to eqn. 2.2 (in the limit rA ! 0). Note that this expression is upto
2nd order in sin ✓

13

and r�.

• SI ("↵� ! 0, rA 6= 0) :

Only the first and last three lines of Eq. 4.7 are non-zero in this case when only SI are
operating [210,268]. The CP violation sensitivity is due to the terms proportional to
r�s13 ⇠ 0.03 in this case as expected from standard matter case. When rA ! 1, we
are close to the resonance condition (rA = cos 2✓

13

since ✓
13

is small). Note that, this
limiting case is also consistent with eqn. 2.2.

• NSI-dominated regime (rA 6= 0 and "eµ, "e⌧ 6= 0) :

If we neglect terms of O(r�s13), O(r2�), we get the first four lines with non-zero terms
in Eq. 4.7. The sole sensitivity to CP violating phase comes from the NSI terms. In
this case, the CP violating effects appearing in second and third line are proportional
to s

13

|"eµ| or s
13

|"e⌧ |. We can note that NSI effects with |"↵�| ' 0.1 can in principle
override the standard CP violating effects in matter by one order of magnitude as
r� ' 0.03.

Another interesting aspect of this limit is that it would correspond to setting �m2

21

=

0, which means we are effectively describing a two flavour case. In such a situation,
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Figure 4.1: Effect of individual NSI terms in the Pµe and Pµµ as a function of � for E = 2.5 GeV and
L = 1300 km. The solid black curve represents SI case while the dashed (dotted) curves represent the case
of off-diagonal (diagonal) NSI parameters. The NSI phases �eµ and �e⌧ are set to zero.

as argued in Kikuchi et al. [269], phase reduction is possible as one ends up with
effectively one combination of phases such as � = � + �eµ (or, ! = � + �e⌧ ) rather
than individual phases � and �eµ. This implies that if we are in the NSI dominated
regime, it appears from the probability expression (Eq. 4.7) that there are degenera-
cies arising due to interplay of vacuum and NSI phases. We will refer to this as the
vacuum-NSI CP phase degeneracy. However, it turns out that once we take sub-
dominant terms due to r� 6= 0 into consideration, the individual vacuum CP phase
and NSI CP phase dependencies start showing up (through terms in lines 5-12 on
RHS of Eq. 4.7) and such terms clearly aid in breaking of these vacuum-NSI CP
phase degeneracies.

4.3 Result: Manifestations of NSI effects on probability
and events

We consider appearance (⌫µ ! ⌫e) and disappearance (⌫µ ! ⌫µ) channels that are rel-
evant in the context of accelerator-based neutrino oscillation experiments considered in
the present work. For the case of NSI, we discuss the differences arising due to the two
leading non-zero NSI parameters, viz., "eµ, "e⌧ affecting the probability, asymmetry and
events by a visual comparison of the plots for NSI case with those for the SI case. In order
to understand all the subtle effects arising due to non-zero NSI terms, we first discuss the
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Figure 4.2: P (⌫µ ! ⌫e) and P (⌫̄µ ! ⌫̄e) are plotted plotted as a function of energy for L = 1300 km
and the role of individual NSI parameters is depicted by varying the phases of NSI parameters keeping the
moduli fixed and assuming NH. The relevant phases (�,�eµ on the left side or �,�e⌧ on the right side) are
varied in the allowed range as specified in the figure. The cyan band corresponds to SI with � 2 (�⇡,⇡).
The solid black line depicts the case of SI with � = 0 and dashed black line depicts the case of NSI with
|"eµ| = 0.1 in the left panel and |"e⌧ | = 0.1 in the right panel.

isolated case (one NSI parameter non-zero at a time) and then collective case (the relevant
NSI parameters are taken non-zero simultaneously).

1. Impact of individual NSI terms:

In Fig. 4.1, the impact of individual NSI terms on Pµe and Pµµ is shown for the base-
line corresponding to DUNE (L = 1300 km) at a fixed value of energy E = 2.5 GeV.
We note from this figure that in presence of the off-diagonal NSI parameters, there
is a considerable shift in the position of the peak/ trough of the probability curves.
For the diagonal parameter "ee, for both Pµe and Pµµ, the effect is like a uniform en-
hancement (reduction) of the probability values from the SI case depending upon
the sign of "ee. Fig. 4.2 depicts the effect due to the variation of the individual SI/
NSI phases. The cyan band represents the SI case (� 2 (�⇡ : ⇡)) while the grey
band is for NSI(� 2 (�⇡ : ⇡), �eµ 2 (�⇡ : ⇡) or �e⌧ 2 (�⇡ : ⇡)). For the case of
NSI, we have used |"eµ| = 0.1 and |"e⌧ | = 0.1 in the left and right panel respectively.
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Figure 4.3: Combined effect of three NSI terms ("eµ, "e⌧ , "ee) in the electron appearance and muon dis-
appearance probability as a function of � (for fixed E and L for DUNE, NOVA and T2K). The solid black
curve represents SI while the dashed black curve represents NSI for the particular choice of absolute value
of NSI parameters as mentioned in the legend. The grey band shows the spread when in addition the NSI
phases are varied in the allowed range i.e., �eµ,�e⌧ 2 [�⇡,⇡].

The solid line (black) shows the SI case (� = 0) while the dashed line (black) depicts
the case of NSI with all phases set to zero for either |"eµ| = 0.1 or |"e⌧ | = 0.1. The
general effect of varying the phases is that it leads to a band (cyan) around the solid
black line in case of SI. For NSI case, there is further broadening of bands (shown in
grey) on both sides of the SI (cyan) band. From Eq. 4.7, the terms in lines 2-10 are
responsible for the grey band.

2. Impact of collective NSI terms: In Fig. 4.3, the collective impact of NSI terms is
shown for three different experiments at different fixed energies relevant to those
experiments. The largest effect of NSI terms can be seen for Pµe and for DUNE
and it diminishes as we go to T2K. For Pµµ, the effect is similar for all the three
experiments so the baseline does not seem to play much role here.
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Figure 4.4: Impact of collective NSI terms on the CP asymmetry bands as a function of energy for L =

1300 km for NH and IH. Only the moduli of NSI parameters (|"eµ|, |"e⌧ |) are varied in the top row and only
the phases (�,�eµ,�e⌧ ) for |"eµ| = |"e⌧ | = 0.1 are varied in the allowed range as specified in the figure in the
bottom row. The cyan band corresponds to SI with � 2 (�⇡,⇡). The solid black line depicts the case of SI
with � = 0 and dashed black line depicts the case of NSI with |"eµ| = |"e⌧ | = 0.1.

Having discussed the imprint of individual and collective NSI terms on the P (⌫µ ! ⌫e)

and P (⌫̄µ ! ⌫̄e), let us now turn to the CP asymmetry ACP
µe (�) �. In Fig. 4.4, the maximum

and minimum ACP
µe (�) � is plotted and the SI (NSI) cases are shown as cyan (grey) bands

as a function of E for the two hierarchies. The maximum and minimum values are ob-
tained by varying the relevant vacuum (the Dirac phase) and NSI parameters (moduli
and/ or phases) in the allowed range mentioned in the figure caption. Once again the
cyan band corresponds to the case of SI and the grey band corresponds to NSI. The solid
black line depicts the SI curve for � = 0 and dashed black line depicts the collective NSI
curve (|"eµ| = 0.1 and |"e⌧ | = 0.1) (see caption of Fig. 4.4). The discussion of P (⌫µ ! ⌫e)

and P (⌫̄µ ! ⌫̄e) above is reflected in the ACP
µe (�) �� curves. The top row in Fig. 4.4 shows

the impact of varying the moduli of collective NSI terms while the bottom row shows the
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Figure 4.5: Impact of individual NSI terms on the ⌫ and ⌫̄ events plotted as a function of energy at DUNE
far detector for NH. The cyan band depicts the case of SI with � 2 [�⇡ : ⇡] while the grey band depicts the
case of NSI with variation in the moduli and phase of the relevant NSI parameter as specified in the figure.
The black solid (dashed) line depicts the case of SI with � = 0 (NSI with all phases set to zero).

impact of varying the phases keeping the moduli fixed (|"eµ| = 0.1 and |"e⌧ | = 0.1). The
grey band in the top row depicts the fake CP effect in the same spirit as matter effects
arising due to SI while the grey band in the bottom row contain fake CP effect a la SI
along with the contributions to the intrinsic CP phase (�CP) arising due to non-zero NSI
CP phases. For E < 1.5 GeV , the two curves corresponding to SI and NSI almost coin-
cide. The difference in cyan and grey bands increases with increasing the energy beyond
1.5 GeV . The most dramatic aspect of NSI is that the naive argument of needing large
L/E (and hence small E for fixed value of L) in order to obtain large asymmetries due to
matter effects, does not work any more and we can obtain large asymmetries even at large
energies, as is reflected from the asymmetry plots in Fig. 4.4. This implies that detection
of large asymmetry (⇡ 1), especially at high energies (E ⇡ 8 � 10 GeV) will indicate to
the possible presence of nonstandard interactions. The case of NH and IH show opposite
sign of asymmetry in the grey band (top row). However, when phases are taken into ac-
count, the change of sign due to change of hierarchy is buried because the ACP

µe (�CP) band
spans almost throughout the entire range [�1 : 1]

In Fig. 4.5, we show electron neutrino and antineutrino event histograms for SI and
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NSI (when one single off-diagonal NSI parameter |"eµ| or |"e⌧ | are varied along with the
relevant CP phases.). These histograms show the maximum spread in the events when
the relevant parameters (in case of SI, � and in case of NSI, moduli and phases of the single
NSI parameter "eµ or "e⌧ ) are varied over the allowed range specified in the figure. The
region between maximum and the minimum event rates is shown as shaded cyan (grey)
band in case of SI (NSI). It should be noted that the set of varied oscillation parameters
(SI phase or NSI phases) that give the spread in the event rates in each bin in Fig. 4.5 are
in general different. We make the following observations from Fig. 4.5.

• The event spectrum follows the probability plots and there is large difference near
the first oscillation maximum of ⌫µ ! ⌫e probability even in the standard matter
case which gets enhanced in presence of NSI.

• Though the asymmetries are fairly large in the higher energy regime, the number of
events are not so large in high energy bins due to the small flux at those energies.
This holds for NH as well as IH.

• There are overlapping regions where SI and NSI results are consistent with one
another due to a certain favourable choice of parameters. We refer to these as the
NSI-SI degeneracies. Due to presence of these new degeneracies, it becomes hard to
ascribe the signal to SI alone or to NSI. The two bands corresponding to SI and NSI
phase variations respectively are overlapping for a wide range of energies including
those where the flux peaks.
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Parameter True value Marginalisation range

SI

✓
12

[deg] 33.5 -
✓
13

[deg] 8.5 -
✓
23

[deg] 45 -
�m2

21

[eV 2] 7.5⇥ 10

�5 -
�m2

31

(NH) [eV 2] +2.45⇥ 10

�3 -
�m2

31

(IH) [eV 2] �2.46⇥ 10

�3 -
� - [�⇡ : ⇡]

NSI

|"ee| 0.1, 0.4, 0.7 [0 : 1.00]

|"µµ| 0.05 [0 : 0.06]

|"⌧⌧ | 0.04, 0.08, 0.12 [0 : 0.15]

|"eµ| 0.01, 0.04, 0.07 [0 : 0.10]

|"e⌧ | 0.01, 0.04, 0.07 [0 : 0.10]

|"µ⌧ | 0.01, 0.04 [0 : 0.04]

�eµ - [�⇡ : ⇡]

�e⌧ - [�⇡ : ⇡]

�µ⌧ - [�⇡ : ⇡]

Table 4.1: SI and NSI parameters used in our study. For latest global fit to neutrino data see [16].
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4.4 Results: Sensitivity to CP Violation

In this section, we will illustrate how the CPV sensitivity, obtained by assuming the stan-
dard 3⌫ scenario gets severely affected when nonstandard interactions are present. The
�2 methodology implemented in GLoBES for this study follows similar procedures as in
chapter 3. In order to obtain the sensitivity to CP violation we need to ask the follow-
ing question4 - what is the sensitivity with which a particular experiment can discrimi-
nate between CP conserving (0, ⇡) and CP violating values (6= 0, ⇡) of the CP phase. In
the standard scenario, there is only one CP phase in the neutrino oscillation formalism.
However when we consider NSI, naturally more parameters in the form of moduli and
phases of NSI parameters enter the oscillation formalism which lead to genuine and fake
CP violating effects. In the standard 3+0 case (discussed in chapter 2), since there is only
one relevant CP phase (the Dirac CP phase �CP or �

13

), the source of CP violation is obvi-
ous. But the scenario becomes much more complicated in presence of additional NSI CP
phases. Like in chapter 3 we do not marginalise over the standard oscillation parameters
except � whose true value is unknown. As we are investigating the role of NSI in the
present study, we marginalize over the allowed range of moduli and phases of the rele-
vant NSI parameters (see table 4.1 for the true values and the range of marginalization of
the parameters considered.). Our choice of range of NSI parameters is consistent with the
existing constraints (Eq. 4.6).

4.4.1 Impact of individual and collective NSI terms on CPV sensitivity

Before we describe the impact of a particular NSI parameter (i.e. "eµ or "e⌧ ) we would like
to point out that there are two effects responsible for altering the value of the �2 which
compete with each other5. In general, we first note that NSI introduces more number
of parameters (in the form of moduli of NSI terms and the associated CP phases) in the
sensitivity analysis and also introduces more sources of CP violation. One can have the
following possibilities :

(a) Decrease in �2 due to additional test values - If marginalization is carried out over
more number of test parameters, it naturally results in a decreased value of �2. This
is purely a statistical effect.

4This question is similar to the one discussed in the context of CPV sensitivity studies as discussed in
section 3.5

5These two competing effects are similar to the ones guiding the value of �2 in presence of a sterile
neutrino,- see section 3.5.
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Figure 4.6: The impact of "eµ on the significance with which the CP violation can be determined as a
function of the value of � at DUNE for an exposure of 350 kt.MW.yr assuming NH. The solid black curve
represents the sensitivity for our reference design. Both the moduli and phases are varied as mentioned in
the legend. The appearance and disappearance channels are shown separately and the sensitivity obtained
by combining both the channels is also shown in the last column.

(b) Increase in �2 due to larger strength of true values - In addition to more parameters
in the test dataset (as mentioned in effect (a) above), one has to deal with a larger set
of parameters in the true dataset as well. The variation over the values of the true
NSI phases ('eµ or 'e⌧ ) tends to broaden the grey band provided the true value of
the moduli (|"eµ| or |"e⌧ |) of the relevant NSI term is large.

In Fig. 4.6, we show the sensitivity to CP violation by exploiting appearance and disap-
pearance channels (in isolation and combined) for the off-diagonal NSI parameter, "eµ
and compare it with the sensitivity obtained in case of SI as a benchmark. The 3� (5�)
value is shown as horizontal green dashed (solid) line to serve as a reference. Let us first
describe the SI case (shown as solid black curves). The Pµe channel naturally dominates
the sensitivity of CP violation The mild CP sensitivity of the Pµµ is increases the value �2

by a small amount. The maximum (minimum) sensitivity in case of SI is attained when
� ' ±⇡/2 (� = 0,±⇡). In presence of NSI, in general the maximum �2 is very slightly
shifted from the SI maximum, � = ±⇡/2. This is due to the shift in the position of peaks
and dips from the SI curve at the level of probability.
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Figure 4.7: The impact of "e⌧ on the significance with which the CP violation can be determined as a
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represents the sensitivity for reference design. Both the moduli and phases are varied as mentioned in the
legend. The combined sensitivity of appearance and disappearance channels is shown in the plot.

In Pµe, the presence of additional CP phases in presence of NSI makes it possible for
the effect (b) to overtake (a) if the value of the associated NSI amplitude/ modulus is
large enough. If we see the top row of Fig. 4.6, the value of NSI parameter is small (true
|"eµ| = 0.01) and the black dashed curve (true |"eµ| 6= 0) and the grey band (true |"eµ| 6= 0,
'eµ 2 [⇡ : ⇡]) are always below the SI case due to dominant effect (a) above. But for
true |"eµ| = 0.07, effect (b) becomes larger than effect (a) and we note that the NSI (with
|"eµ| 6= 0) overtakes SI. Consequently, the grey band spreads around the SI curve. The
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Figure 4.8: The impact of |"ee|, |"µµ| and |"⌧⌧ | on the significance with which the CP violation can be
determined as a function of true value of � at DUNE for an exposure of 350 kt.MW.yr assuming NH.
The solid black curve represents the SI sensitivity for our reference design. The sensitivity obtained by
combining the appearance and disappearance channels is shown.
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most surprising outcome is that there can be � 3� sensitivity to CP violation even when
� = 0,±⇡ (SI, CP conservation) for some (un)favourable choice of NSI moduli and phases.
We can see this in the bottom panel of left and right plot of Fig. 4.6. As can be seen from
the middle plots in the top and bottom rows of Fig. 4.6 corresponding to Pµµ, such an
overtaking is not possible due to the mild CP sensitivity of the ⌫µ ! ⌫µ channel even if
the NSI parameter is large.

In Fig. 4.7, the combined (appearance + disappearance) sensitivity to CP violation is
shown both for SI and when the NSI parameter "e⌧ is incorporated. The effects are com-
parable in strength and similar in nature to that of "eµ described above. The impact of
the off-diagonal NSI parameter "µ⌧ on the CP sensitivity is found to be negligible even if
we choose values close to the upper limit of the allowed range (⇠ 0.33) and hence is not
shown here.

Having described the effect of off-diagonal NSI terms, we now address the impact of
the diagonal ones - "ee, "µµ, "⌧⌧ . We show the impact of the three diagonal NSI parameters
("ee, "µµ and "⌧⌧ ) in Fig. 4.8. The effect of "µµ is very small as it is the most constrained
parameter (Eq. 4.6). For the choice of values of the NSI parameters, the CP sensitivity sees
a drop most likely due to the statistical effect (a) dominating in these cases.

After understanding the impact of individual diagonal as well as off-diagonal NSI
terms, we now address the collective effect of the most influential NSI terms as far as
CP sensitivity is concerned. In Fig. 4.9, we show the collective impact of the three terms
(|"ee|, |"eµ|, |"e⌧ |) which show the largest impact when considered in isolation. We note
that when the NSI terms are small (1st panel of Fig. 4.9), the associated phases of the NSI
terms (even if taken collectively) do not contribute in an observable manner to (b) and (a)
dominates. However when we take somewhat larger values, we see the interplay of the
two effects (a) and (b) with the possibility of second effect (b) overtaking the first (a) as
we go from small to large values keeping the marginalisation range intact.

We summarize the impact of NSI on the CP violation sensitivity at long baselines as
shown in Fig. 4.9 for DUNE. If we compare the solid and dashed black curves, we note
that for small values of parameters (0.01, 0.01, 0.1) NSI brings down the �2 from ⇠ 5� to
⇠ 3� at � ⇠ ±⇡/2 for the case of zero NSI phases. The impact of true non-zero NSI phases
can be seen in the form of grey bands for the choice of moduli of the NSI terms. For larger
values of parameters (0.07, 0.07, 0.7) NSI can drastically alter the �2 not only at � ' ±⇡/2
(SI, maximum) but at almost all values of � including at � = 0,±⇡ if we allow for phase
variation. For some particular choice of the NSI moduli and phases, we note that in this
case, the �2 may decrease from ⇠ 5� to ⇠ 2.5� or may also increase to >⇠ 5.5� not only
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Figure 4.9: CP sensitivity for collective NSI terms at DUNE.

at � ' ±⇡/2 but for most values of �. This can lead to a misleading inference that CP is
violated even when we have CP conservation in the SI case (� = 0,±⇡). Here the phases
have a bigger impact which can be seen as widening of the grey bands as we go from
smaller to larger moduli of NSI terms.
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Figure 4.10: The dependence of CP sensitivity on the value of ✓23 and �m2
31 varied in the allowed range.
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4.4.2 Dependence on ✓
23

and �m2

31

The variation in CP sensitivity due to different values of ✓
23

and �m2

31

in the allowed range
is shown in Fig. 4.10 for SI and NSI cases (zero NSI phases). For ✓

23

, as can be seen from
the solid curves for SI, the significance (in presence of diagonal and off-diagonal NSI)
decreases almost uniformly for all values of � as ✓

23

becomes larger. The Pµe increases
with ✓

23

and therefore the �2 decreases.
For �m2

31

, the solid curves for SI show that the sensitivity does not change significantly
for all values of �CP as �m2

31

is varied. The true value of �m2

31

does not impact Pµe and
therefore the �2 remains almost the same.

4.4.3 Comparison with T2K, NOvA, T2HK experiments

We have shown the CP violation sensitivity at DUNE in Fig. 4.9 and discussed the
features in subection 4.4.1. In Fig. 4.11, we show the CP sensitivity for T2K(top row),
NOVA(middle row) as well as a combination of T2K , NOVA, and DUNE(bottom row)6.
As in Fig. 4.9, the characteristic double peak is seen for all the three cases in Fig. 4.11. If
we now look at T2K and NOVA individually, we note that the CP violation sensitivity
almost never reaches 3� (it barely touches ⇠ 1.6� (for T2K) and ⇠ 1.8� (for NOVA)). This
means that these two current experiments considered in isolation are not so much inter-
esting as far as CP violation sensitivity is concerned. This does not come as a surprise as
these are not optimized for CP sensitivity. However, if we combine data from these two
experiments with DUNE, we note that CP violation sensitivity improves slightly (from
⇠ 5.1� to ⇠ 5.6� in the SI case near the peak. For NSI (zero NSI phases, dashed black
curve) it improves marginally from ⇠ 3� to >⇠ 3�. In general, we note that the if phases
are taken into account, the grey bands expand and even out as we go from small to large
NSI, the peaks at � ⇠ ±⇡/2 smoothen out which means that there is no clear demarkation
of CP conserving (� = 0,±⇡) and CP violating values of �.

In Fig. 4.12, we show the CP violation sensitivity for T2HK. We note that T2HK offers
CP sensitivity that is competitive with DUNE individually as well as T2K, NOVA and
DUNE combined (SI and NSI both). This can be ascribed to the high statistics offered
by the T2HK. Near the peak, we note that it can go upto ⇠ 8� for SI and >⇠ 5� for NSI
(zero phases). Another intriguing feature from T2HK panel is that the NSI phases do
not have as dramatic effect as seen for DUNE when the NSI terms are large - this can

6For T2K, NOVAand T2HK similar experimental specifications and simulation details as was used in
the context of sterile neutrinos (see chapter 3) has also been used here
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Figure 4.11: CP violation sensitivity at T2K, NOVA and T2K+NOVA+DUNE for collective NSI case
and SI as a function of true �.

be seen as shrinking of the grey regions in Fig. 4.12 (top panel, right most plot). This is
due to the fact that the baseline of 295 km is way too short for matter effects (SI and NSI
both) to develop and play a significant role7. This demonstrates the complementarity of
bigger detectors (T2HK) vis-a-vis the long baselines involved (DUNE) where no clear
demarkation of CP conserving (� = 0,±⇡) and CP violating values of � is noticed.
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Figure 4.12: CP violation sensitivity at T2HK and T2HK+DUNE for collective NSI case and SI as a
function of true �.

4.4.4 Optimal exposure for CP violation discovery

In this subsection, we discuss the CP fraction (f(� > 3)),- the fraction of the true �CP

space for which the CPV sensitivity is above 3�8 In Fig. 4.13, we show the CP fraction as
a function of exposure. For SI, we note that f(� > 3) rises from 0 to ⇠ 0.4 as a function
of exposure initially as we go from 50� 150 kt.MW.yr but saturates to a value f(� > 3) '
0.5� 0.55 as we go to exposures beyond ⇠ 350 kt.MW.yr. Increasing the exposure further
does not change this value drastically beyond f(� > 3) ' 0.5. This is not unexpected as
we have already noticed that it is challenging to exclude those values of CP phase which
lie close to the CP conserving values (i.e., 0 and ⇡). So, in case of SI, the choice of optimal
exposure is expected to be ' 350 kt.MW.yr.

Let us now discuss the impact of NSI on the choice of the optimal exposure. For the

7Similar feature can also be seen from the T2K panel in Fig. 4.11.
8See subsection ?? for the discussion of the CP fraction at DUNE in the context of SI only. Note that, a

slightly different configuration of DUNE was used there and the flux used was also different.
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Figure 4.13: The CP fraction f(� > 3) for which the sensitivity to CP violation is greater than 3� as
a function of exposure for SI and NSI case assuming NH. The three plots correspond to three different
NSI parameters taken one at a time with full phase variation. The red, green and blue shaded regions
correspond to different values of "eµ and "e⌧ .

NSI case, the three panels in Fig. 4.13 correspond to the three different NSI terms (taken
in isolation). There are three coloured regions (blue, green, red) for the off-diagonal NSI
terms which correspond to the three values of moduli of NSI parameters along with their
respective phase variation (analogous to the grey bands seen in Fig. 4.6 and 4.7). For
the diagonal NSI terms, there are three dashed lines (blue, green, red) corresponding
to three different values of diagonal NSI parameter "ee (see Fig. 4.8). The plot on the
left shows the impact of "eµ. Even with the phase variation, f(� > 3) (shown as red
band) remains below the SI curve for small value of "eµ (|"eµ| = 0.01). This is due to the
dominating statistical effect (a) mentioned in the subsection 4.4.1. For intermediate and
large values of "eµ (|"eµ| = 0.04, 0.07) on the other hand, f(� > 3) gets distributed over a
larger range of values for some favourable choice of parameters (due to the interplay of
the two competing effects (a) and (b) mentioned in subsection 4.4.1), as can be seen from
the green and blue bands.

Incorporating the phase variation of the NSI parameter leads to an increase in the
value of f(� > 3) and it can reach ⇠ 1 when the exposure is barely 200 kt.MW.yr (for
some choice of phases, some part of the grey band is above the 3� line in Fig. 4.6 and 4.7
for all true values of �). Similar effects are seen for the other off-diagonal parameter, "e⌧
which is shown in the middle panel. However for the diagonal NSI parameter "ee (which
is real), we note that the f(� > 3) (blue, green and red dashed lines) is always smaller
than in the SI case for a given choice of systematics (see also Fig. 4.8). This is again due to
the statistical effect.

We have checked that if we take the true hierarchy as inverted hierarchy (IH) instead
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NSI term NH IH
f(� > 3) (NSI) f(� > 3) (SI) f(� > 3) (NSI) f(� > 3) (SI)

|"eµ| = 0.01 0.32� 0.40 0.52 0.35� 0.42 0.58
|"eµ| = 0.04 0.30� 0.69 0.52 0.33� 0.78 0.58
|"eµ| = 0.07 0.27� 1.00 0.52 0.32� 1.00 0.58
|"e⌧ | = 0.01 0.26� 0.32 0.52 0.23� 0.32 0.58
|"e⌧ | = 0.04 0.24� 0.53 0.52 0.22� 0.84 0.58
|"e⌧ | = 0.07 0.23� 1.00 0.52 0.21� 1.00 0.58
"ee = 0.01 0.40 0.52 0.36 0.58
"ee = 0.04 0.36 0.52 0.30 0.58
"ee = 0.07 0.31 0.52 0.27 0.58

Table 4.2: f(� > 3) at an exposure of 350 kt.MW.yr for DUNE (see Fig. 4.13).

of NH, the impact of NSI shown in Fig. 4.13 is grossly the same (see Table 4.2). The impact
of individual NSI terms on the value of f(� > 3) at an exposure of 350 kt.MW.yr (which
is the optimal choice for SI) at DUNE is listed in Table 4.2 for NH and IH.

4.4.5 Role of systematics

The impact of different assumptions on systematics can be seen in Fig. 4.14. The nominal
and optimal set of systematics is mentioned in Table 4.3. The black solid curve represents
our nominal choice of systematics given in Table 4.3 while the blue solid curve is for an
optimal choice mentioned in [14]. The green (magenta) band corresponds to NSI case for
off-diagonal parameters "eµ, "e⌧ with full phase variation for nominal (optimal) choice of
systematics. The green (magenta) dashed curve is for "ee for nominal (optimal) choice of
systematics.

It can be seen that f(� > 3) nearly reaches its maximum (⇠ 0.55) possible value at
around 1300 km for SI (see Fig. 4.14). This implies that for the given configuration of the
far detector planned for DUNE (see Table 4.3), the optimal distance to be able to infer
the highest fraction of the values of the CP phase is ⇠ 1300 km. Clearly, even in case of
SI, better systematics is expected to lead to a larger f(� > 3) for a given baseline, say at
1300 km - it changes from ⇠ 0.55 to ⇠ 0.71. For the SI case, better systematics ensures
better detectability of CP violation quantified in terms of fraction f(� > 3) and at the
same time, does not alter the optimal baseline choice for CP violation sensitivity. In case
of NSI, the green (magenta) band shows the effect of two choices of systematics and there
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Figure 4.14: The CP fraction for which the sensitivity to CP violation is greater than 3� as a function
of baseline for SI and NSI case. The black and blue solid curves correspond to the different systematics
assumed for SI. The three plots correspond to three NSI parameters taken one at a time. The green (ma-
genta) band corresponds to the choice of nominal (optimal) systematics with full phase variation for the
off-diagonal NSI parameters while the green (magenta) dashed line corresponds to "ee for nominal (opti-
mal) systematics (also see table 4.3). NH is considered and the exposure taken is 350 kt.MW.yr.

is an overlap between them as well as with the SI values. These aspects play a crucial role

in altering the choice of best baseline for CP violation sensitivity. However, in presence
of NSI, for the choice of NSI phases representing the top (bottom) edge of the green or
magenta band (we have used the dashed green or magenta lines to depict the diagonal
NSI terms), the optimal choice of baseline (Lopt) that maximizes the CP fraction changes
as a function of systematics (see Table 4.3).

NSI term Nominal (sig:bckg=5% : 10%) Optimal (sig:bckg=1% : 5%)
NSI SI NSI SI

f(� > 3) Lopt f(� > 3) Lopt f(� > 3) Lopt f(� > 3) Lopt

km km km km
|"eµ| = 0.04 0.85 (1800� 2500) 0.52 (1300) 0.97 (1500� 3000) 0.71 ( 1300)

0.49 (800� 1300) 0.59 (800� 1300)
|"e⌧ | = 0.04 0.65 (2000� 3000) 0.52 (1300) 0.77 (1300� 1500) 0.71 (1300)

0.37 (1800� 2000) 0.40 (1800� 2000)
"ee = 0.04 0.43 (1900� 2100) 0.52 (1300) 0.52 (1900� 2100 ) 0.71 (1300)

Table 4.3: Maximum f(� > 3) and optimal baseline range (Lopt) for the nominal and optimal choices of
systematics (see Fig. 4.14) for NH. The values with larger (smaller) f(� > 3) correspond to upper (lower)
edge of the respective bands.
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4.4.6 Reconstruction of the CP phases
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Figure 4.15: Regions in 'test
eµ � �test plane. The black dot represents the pair of true values {'true

eµ , �true}
which are taken to be {⇡/2,⇡/2} (CP violating) in top row or {0, 0} (CP conserving) in the bottom row. The
value of NSI parameter is taken to be |"eµ| = 0.04. The plots on the left are for DUNE and those on the
right are for DUNE + T2HK.

Independent of the question of the CP violation sensitivity that we have addressed in
the preceding subsections, one can explore the capability long baseline experiments to
reconstruct the true values of the CP phases in presence of NSI. For the sake of simplicity,
we assume that only one NSI parameter contributes at a time (let us assume that this is
given by 'eµ)9. Let us now take some representative values of the true CP phases and
discuss how well we are able to reconstruct those values among the allowed test ranges.
In Fig. 4.15, for two possible choices of the pair of phases {�true,'true

eµ } = {⇡/2, ⇡/2} (max-
imal CP violation) and {�true,'true

eµ } = {0, 0} (CP conservation), we show the ability of
DUNE to reconstruct those phases assuming NH. For a comparison, we also show the

9For the other NSI parameter 'e⌧ , the results are similar.
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Figure 4.16: Oscillograms of generalized CP fraction in 'true
eµ � �true plane.

results for the combined case of DUNE +T2HK where we see that the regions enclosed
by the contours become narrower.

The region outside the 3� contour represents those values of the pair of test CP phases
which can be safely discarded above 3� while reconstructing their values for the spe-
cific choice of the true pair of CP phases. Smaller enclosed regions by the contours (see
Fig. 4.15, right panel) imply better measurement ability.

Let us define a generalized CP fraction at a given confidence level 10 as the ratio of the
area outside the contours to the full area. This quantity allows us to have an idea of how
well a pair of CP phases can be reconstructed at any given confidence level. Large CP
fraction implies better identification of the CP pair among the test values. To take into ac-
count all possible choices of the true pair of CP phases, we show in Fig. 4.16, oscillograms
of generalized CP fraction in 'true

eµ � �true and 'true
e⌧ � �true plane. The colours represent

values of the generalised CP fraction in the range 0.6�1. For the case of DUNE, the range
of generalised CP fraction is ' 0.6 � 0.8 while if we add T2HK to DUNE, the range of
CP fraction increases to ' 0.85� 1. This means that T2HK, when combined with DUNE
allows us to measure the CP phases much better.

10This is different from the CP fraction that we have introduced earlier which involves only the Dirac CP
phase (�).
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Figure 4.17: Mass ordering sensitivity at T2K, NOVA, and DUNE for collective NSI case and SI as a
function of true � (NH).

4.5 Results: Sensitivity to mass hierarchy

For the purpose of completing the analyses, we discuss a few important and relevant
results on mass mass hierarchy in the context of long baseline experiments in presence
of NSI [252]. Similar to the discussion of mass hierarchy in presence sterile neutrinos in
chapter 3, we explore the sensitivity of the experiment to distinguish the true hierarchy
from the test in the level of �2. The two similar competing effects discussed in subsection
4.4.1 also guide the value of �2 for mass hierarchy.
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4.5.1 Comparison with other long baseline experiments

The expected mass ordering sensitivity offered by different experiments with and without
NSI is illustrated in Figs. 4.17 and 4.18 for true NH and true NH respectively considering
the relevant NSI parameters collectively. We can immediately notice that the (solid black)
curves for SI resemble the characteristic shape based on the statistical definition of �2

described earlier (see Figs. 3.9 and 3.10.). In presence of NSI, the baseline-dependent
characteristic shape of the �2 for mass ordering sensitivity is spoiled depending upon the
baseline and the size of the NSI term. This distortion in shape is expectedly more for the
longer baselines considered. In presence of NSI, there is a suppression in the value of �2

for all values of �11. However for most values of �, it stays above ⇠ 5� if the NSI parameter
"ee is positive. If "ee < 0, the cyan band shows that the �2 can get further suppressed and
can lie in the range 3 � 5�. As usual, for T2K and NOvA, because of the shorter baseline
the mass hierarchy sensitivity is much smaller.

In Fig. 4.18, the mass ordering sensitivity is shown for the case of IH. The impact of
NSI is similar to that for the case of NH.

4.5.2 Role of systematics

The impact of different assumptions on systematics can be seen in Fig. 4.19. The black
solid curve represents our nominal choice of systematics while the blue solid curve is for
an optimal choice mentioned in the legend [14]. The green (magenta) band corresponds
to NSI case for off-diagonal parameters "eµ, "e⌧ with full phase variation for nominal (op-
timal) choice of systematics. The green (magenta) dashed curve is for "ee for nominal
(optimal) choice of systematics.

It can be seen that fMO
(� > 5) nearly reaches its maximum (⇠ 1) possible value at

around 1150 km for SI (see Fig. 4.19). This implies that for the given configuration of
the far detector planned for DUNE, the optimal distance to be able to infer the mass
ordering for the largest fraction of the values of the CP phase is � 1150 km. Clearly, in
case of SI, better systematics does not significantly change the optimal baseline for mass
ordering determination above 5�. For the SI case, therefore the optimal baseline choice
for mass ordering sensitivity remains the same for either choice of systematics. In case of

11In the �2 calculation for mass hierarchy, the test CP phases have been marginalized over their full
allowed range [�180

�, 180�]; whereas for CP violation sensitivity the marginalization was carried over the
CP violating values - 0� and 180

� only. This enhanced range of marginalization for mass hierarchy leads
to a larger statistical effect (see effect (a) in the subsection 4.4.1), leading to a generally reduced �2 for NSI
scenario, compared to the SI case.
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NSI, the green (magenta) band shows the effect of two choices of systematics and there
is an overlap between them as well as with the SI values. However, in presence of NSI,
for the choice of NSI phases representing the top (bottom) edge of the green or magenta
band (we have used the dashed green or magenta lines to depict the diagonal NSI terms),
the optimal choice of baseline that maximizes the mass ordering fraction changes as a
function of systematics.

123



CHAPTER 4. CP AND HIERARCHY MEASUREMENT IN THE LIGHT OF NON STANDARD
NEUTRINO INTERACTION (NSI) IN PROPAGATION

5σ

|εe μ|, |εe τ|, |εe e| = 0.01, 0.01, 0.1

σ
 =

 √
(Δ

 χ
2
)

0

0.5

1

1.5

2

2.5

3

δ / π (true)

−1 −0.5 0 0.5 1

|εe μ|, |εe τ|, |εe e| = 0.04, 0.04, 0.4

δ / π (true)

−1 −0.5 0 0.5 1

T2K (3+3) SI

NSI (true φeμ = φeτ = 0)

NSI (true φeμ, φeτ ∈ [-π : π])

|εe μ|, |εe τ|, |εe e| = 0.07, 0.07, 0.7

δ / π (true)

−1 −0.5 0 0.5 1

3σ

5σ

|εe μ|, |εe τ|, |εe e| = 0.01, 0.01, 0.1

σ
 =

 √
(Δ

 χ
2
)

0

1

2

3

4

5

6

δ / π (true)

−1 −0.5 0 0.5 1

|εe μ|, |εe τ|, |εe e| = 0.04, 0.04, 0.4

δ / π (true)

−1 −0.5 0 0.5 1

NoVA (3+3) SI

NSI (true φeμ = φeτ = 0)

NSI (true φeμ, φeτ ∈ [-π : π])

|εe μ|, |εe τ|, |εe e| = 0.07, 0.07, 0.7

δ / π (true)

−1 −0.5 0 0.5 1

3σ

5σ

|εe μ|, |εe τ|, εe e = 0.01, 0.01, ±0.1

σ
 =

 √
(Δ

 χ
2
)

0

5

10

15

20

25

δ / π (true)

−1 −0.5 0 0.5 1

|εe μ|, |εe τ|, εe e = 0.04, 0.04, ±0.4

δ / π (true)

−1 −0.5 0 0.5 1

DUNE (5+5)

|εe μ|, |εe τ|, εe e = 0.07, 0.07, ±0.7

δ / π (true)

−1 −0.5 0 0.5 1

SI

NSI (true φeμ = φeτ = 0; εee > 0)

NSI (true φeμ, φeτ ∈ [-π : π]; εee < 0)

NSI (true φeμ, φeτ ∈ [-π : π]; εee > 0)

Figure 4.18: Mass ordering sensitivity at T2K, NOVA, and DUNE for collective NSI case and SI as a
function of true � (IH).
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Figure 4.19: Mass ordering fraction fMO
(� > 5) plotted as a function of baseline for DUNE like detector

configuration and NO.
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Chapter 5

Conclusion

In this thesis, we have studied the capability of the long baseline experiments to resolve
CP Violation and mass hierarchy ambiguities. Later, we have also illustrated the effects
of new Beyond Standard Model physics such as the presence of a light sterile neutrino
or the presence of nonstandard neutrino interactions (NSI) on the CPV and mass hierar-
chy measurements. The main conclusions from these various studies are summarized as
follows.

5.1 Summary of CPV and mass hierarchy studies at long
baselines for standard oscillation

We have done this study (chapter 2) by focusing especially on the upcoming Deep Un-
derground Neutrino Experiment as either a 10 kt or 35 kt LAr far detector situated un-
derground at the Homestake mine and taking data in a high intensity neutrino beam for
5 years and in an antineutrino beam for another 5 years. For the 35 kt detector, we find
that reduced systematic uncertainties afforded by a near detector greatly benefit the sen-
sitivity to CP violation. However, although a near detector provides some help in the
determination of the mass hierarchy, the presence of it is redundant since the hierarchy
sensitivity without a near detector is well above 5�. While the sensitivity to the mass
hierarchy from atmospheric neutrinos gets enhanced to almost 3�, the combined beam
and atmospheric data is not much affected by magnetization. Since magnetization is not
currently feasible for a 35 kt detector, we only considered this possibility for a 10 kt detec-
tor. Also, magnetizing the detector does not help improve the sensitivity to CP violation
or mass hierarchy significantly. Additionally, we have shown that adding the data from
other long baseline experiments such as NOvA, T2K significantly help in breaking the
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CPV degeneracy.
We have also attempted to give a semi quantitative explanation for the typical �2

shapes for CPV and mass hierarchy, connecting the �2 expressions and the relevant prob-
abilities.

We can conclude from here that a 35 kt DUNE with a near detector augmented with a
far one is likely to break the CPV and the hierarchy ambiguities that plague long-baseline
beam experiments and will answer all the questions it is designed to address.

5.2 Summary of CPV and mass hierarchy studies at long
baselines in presence of a sterile neutrino

We have studied the effects of the additional mixing angles and CP phases in the case of
a 3+1 sterile sector on the determination and measurement of CPV at long baselines for
the DUNE experiment in chapter 3. First, from a probability analysis, we show that the
effects of the additional CP phases can be large at its chosen baseline of 1300 km. These
effects, which arise from large interference terms (between the 3+0 and 3+1 sectors) in
the appearance probability, are accentuated by the presence of matter, which additionally
brings in contributions from sterile-sector mixings and phases which are dormant at short
baselines. From event rate calculations, we show that the presence of a sterile sector
manifests itself in measurably altered rates in energy bins across the spectrum, without
significant distortion in the shape. This alteration in event rates increases, as expected,
for larger values of the mixing angles connecting the active and sterile sectors.

We then translate our analyses to the level of �2 and illustrate that the sensitivities of
long-baseline experiments to the mass hierarchy and CP Violation are affected and altered
significantly in the presence of a sterile neutrino. While we use DUNE as our benchmark
example, we study these sensitivities for T2K, T2HK, and NOvA also. Depending on
the values of sterile mixing angles and phases, the sensitivities can be both significantly
enhanced or suppressed compared to the 3+0 case. We explain qualitatively about the
two competing effects that guide the value of �2.

If sterile neutrinos are indeed shown to exist, or if their existence cannot be conclu-
sively ruled out by the short-baseline experiments, we ask how tightly one must then
bound the sterile-active mixing angles to ensure that DUNE data can be safely interpreted
without taking the possible existence of sterile neutrinos into account. In the process, we
find that DUNE may exhibit signals hinting at the presence of a sterile sector even if
the relevant mixing angles lie below the sensitivity of the planned short-baseline exper-
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iments. However, the ability of long-baseline efforts like DUNE to signal the presence
of this sector, while highly valuable, must remain complemenetary to an essential and
primary short-baseline thrust aimed at discovering evidence of short-wavelength oscilla-
tions with convincing redundancy.

Importantly, the presence of a sterile sector obfuscates conclusive determinations of CP
violation and mass hierarchy at the far detector, and makes uncertain the ability to ascribe
any perceived CPV to a unique phase in the 3+0 sector. Thus, the linkage between the
presently planned long and short baseline programs must be explored and strengthened.
Until the presence of an ⇠ eV2 sector is conclusively ruled out, our work emphasizes
the need for a complementary SBL sterile-search program and for a highly capable and
versatile near detector for DUNE, enabling it to reduce systematics to low levels so that it
may achieve its stated primary goals for CPV and hierarchy detection.

5.3 Impact of NSI on mass hierarchy and CPV studies at
long baselines

In chapter 4, we study the role of neutral current nonstandard neutrino interactions (NSI)
in determining CP Violation (CPV) and mass hierarchy in the context of long baseline
experiments. We work with the most relevant channel ⌫µ ! ⌫e and discuss the impact
of the NSI parameters both individually and collectively. We show that the additional
moduli and CP phases of the NSI parameters can potentially lead to large changes in the
probability and asymmetry curves near the peak of the P (⌫µ ! ⌫e) and P (⌫̄µ ! ⌫̄e) and
at higher energies in comparison to the SI case.

From the event rate analysis, we show that the alteration in event rates is most signif-
icant near the peak but exists all across the spectrum. There is no significant distortion
in the spectrum shape. However in terms of event rates, there is a certain wash out of
effects seen in the higher energy range. This is because the flux falls off and hence the
effects appearing in higher energy range are not cleanly observable. Interestingly, there
are overlapping regions where SI and NSI results are consistent with one another due to
a certain favourable choice of parameters. We refer to these as the NSI-SI degeneracies.
Due to presence of these new degeneracies, it becomes hard to ascribe the signal to SI
alone or to NSI.

We show the �2 sensitivities for CPV and mass hierarchy in presence of NSI for DUNE
and compared that result with other experiments T2K, NOvA and T2HK. We illustrate
that the longer baseline experiment DUNE gets much more affected by the presence of

129



CHAPTER 5. CONCLUSION

NSI, while shorter baseline experiment T2HK is less affected, owing to less matter ef-
fect. T2HK with the high statistics thus can play a complementary role to the former in
exploring leptonic CP Violation.

The relevant NSI parameters "eµ, "e⌧ , "ee can change the value of �2 for CPV and mass
hierarchy significantly depending on the interplay of two competing effects (similar to
the case of sterile neutrinos). Consequently, if the effects of NSI are not considered in the
interpretation of the DUNE data, one can potentially get completely misleading results.
For e.g., even in the case of CP conservation in the standard scenario, the �2 in presence of
NSI can point to a & 3� CP Violation sensitivity. The apparent increase/ decrease of mass
hierarchy sensitivity in presence of NSI should also be carefully interpreted to avoid any
wrong measurement.

Finally, it can be said that any conclusion regarding the CP phase/ hierarchy can not
be arrived at without a thorough analysis of correlations and degeneracies that arise due
to the extra parameters due to the presence of NSI, in addition to the standard three
flavour parameters where the only source of CP violation is the Dirac phase. Thus in
order to ascribe any result on the CP phase to the lone CP phase in the standard three
neutrino paradigm, it is crucial to rule out/ constrain new physics scenarios that can also
contribute to the signal.
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