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SYNOPSIS

This Ph.D. thesis can be divided into three parts. In the first part we construct
various types of non-special finite p-groups G such that the automorphism group
of GG is abelian. The second part deals with class-preserving automorphisms of
groups. We prove some structural properties of the group of class-preserving
automorphisms of a group. We then calculate the order of the group of class-
preserving outer automorphisms of groups of order p® and study the connection
between III-rigidity and Bogomolov multiplier of these groups. In the last part
we consider the group of those IA automorphisms of a group that fix the center of
the group element-wise and prove that for any two isoclinic groups these groups
of automorphisms are isomorphic. We also give an application of this result.

For a given group GG, we denote its center, commutator subgroup and Frattini
subgroup by 72(G), ®(G) and Z(G) respectively. The automorphism group and
inner automorphism group of G are denoted by Aut(G) and Inn(G) respectively.
By |G| we denote the order of the group G. If H is a subgroup (proper subgroup)
of G, then we write H < G (H < Q).

We now summarize our research work in the following sections.

1. Finite p-groups with abelian automorphism group

Throughout this section any unexplained p always denotes an odd prime. In
2008, Mahalanobis [48] published the following conjecture: For an odd prime p,
any finite p-group having abelian automorphism group is special. Jain and Yadav
[37] provided counter examples to this conjecture by constructing a class of non-

special finite p-groups G such that Aut(G) is abelian. These counter examples,



constructed in [37], enjoy the following properties: (i) |G| = p"*™®, where p is an
odd prime and n is an integer > 3; (ii) 72(G) is a proper subgroup of Z(G) = ®(G);
(iii) exponents of Z(G) and G/72(G) are same and it is equal to p"~!; (iv) Aut(G)
is abelian of exponent p" .

Though the conjecture of Mahalanobis has been proved false, one might expect
that some weaker form of the conjecture still holds true. Two obvious weaker
forms of the conjecture are: (WC1) For a finite p-group G with Aut(G) abelian,
Z(G) = ®(G) always holds true; (WC2) For a finite p-group G with Aut(G)
abelian and Z(G) # ®(G), 12(G) = Z(G) always holds true. So, on the way to
exploring some general structure on the class of such groups G, it is natural to
ask the following question:

Question. Does there exist a finite p-group G such that 1 (G) < Z(G) < ®(G)
and Aut(G) is abelian?

Disproving (WC1) and (WC2), we provide affirmative answer to this question
in the following theorem:

Theorem 1.0.1. For every positive integer n > 4 and every odd prime p, there

n+10

exists a group G of order p and exponent p" such that

1. forn =4, »(G) = Z(G) < ®(G) and Aut(G) is abelian;
2. form > 5, 1(G) < Z(G) < ®(G) and Aut(G) is abelian.

Moreover, the order of Aut(G) is p"2°.

One more weaker form of the above said conjecture is: (WC3) If Aut(G) is an
elementary abelian p-group, then G is special. Berkovich and Janko |5, Problem
722| published the following long standing problem: (Old problem) Study the

p-groups G with elementary abelian Aut(G).

We prove the following theorem which gives some structural information about
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G when Aut(QG) is elementary abelian.

Theorem 1.0.2. Let G be a finite p-group such that Aut(G) is elementary
abelian, where p is an odd prime. Then one of the following two conditions holds

true:
1. Z(G) = ®(G) is elementary abelian;
2. 72(G) = ®(G) is elementary abelian.
Moreover, the exponent of G is p>.

Now one might expect that for groups G' with Aut(G) elementary abelian,
both of the conditions in previous theorem hold true, i.e., WC(3) holds true, or,
a little less ambitiously, (1) always holds true or (2) always holds true. In the
following two theorems we show that none of the statements in the preceding

sentence holds true.

Theorem 1.0.3. There exists a group G of order p° such that Aut(G) is el-
ementary abelian of order p*°, ®(G) < Z(G) and v(G) = ®(G) is elementary

abelian.

Theorem 1.0.4. There exists a group G of order p® such that Aut(G) is el-
ementary abelian of order p'%, v (G) < ®(G) and Z(G) = ®(G) is elementary
abelian.

The results of this section has been published in the paper [36].

2. Class-preserving automorphisms of groups

Let G be a group. An automorphism « of G is called class-preserving if it maps

each group element to some conjugate of it. These automorphisms form a normal

subgroup of Aut(G) which we denote by Aut.(G). Obviously, Inn(G) < Aut.(G).
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The factor group Aut.(G)/Inn(G) is denoted by Out.(G). In 1911 Burnside |9
asked the following question: Does there exist any finite group G such that G
has a non-inner class-preserving automorphism? In 1913, he himself answered
this question affirmatively by constructing a group W of nilpotecy class 2 and
of order pb p an odd prime [10]. More groups with non-inner class-preserving

automorphisms were constructed in [8, 29, 31, 49, 69].

2.1 Some structural properties of Aut.(G)

In 1968, Sah [65], using homolgical techniques and some results of Schur and
Wedderburn, proved that Aut.(G) is solvable when G is finite solvable. Extending

the result of Sah to arbitrary groups we prove the following theorem.

Theorem 2.1.1.  Let G be a solvable group of length l. Then Aut.(G) is a

solvable group of length either | orl — 1.

Next for an arbitrary group G we investigate the nilpotency of Out.(G). Sah
using a result of Hall, noticed that if G is a nilpotent group of class k, then
Aut.(G) is a nilpotent group of class £ — 1. The obvious corollary is, if G is
a nilpotent group of class k, then Out.(G) is a nilpotent group of class at most
k—1. This bound on the nilpotency class of Out.(G) is best possible when k = 2.
Sah remarked in his paper [65] that for the large values of k the corollary could
presumably be improved. Yadav [73| and Malinowska [50] also asked in their
surveys to improve this bound on the nilpotency class of Out.(G).

Let Z;(G) denote the j-th term in the upper central series of G. As a corollary
of our following theorem we improve the bound on the nilpotency class of Out.(G)

in some cases, e.g., p-groups of maximal class.

Theorem 2.1.2. Let G be a group such that Out.(G/Z;(QG)) is a nilpotent group

v



of class k. Then Out.(G) is a nilpotent group of class at most j + k. Moreover,
if Out.(G/Z;(G)) is a trivial group, then Out.(G) is a nilpotent group of class at

most j.

Corollary 2.1.3. Let p be any prime and G be a finite p-group such that

|G/Z;(G)| < p*. Then Out.(G) is a nilpotent group of class at most j.

Corollary 2.1.4.  Let p be any prime and G be a p-group of maximal class

having order p", n > 5. Then the nilpotency class of Out.(G) is at most n — 4.

Let 7% (G) denote the k-th term in the lower central series of G. We investigate
the nilpotency of Out.(G) for an arbitrary group G when v,(G)/v(G) N Z;(G)

for some 7, k € N is cyclic and prove the following theorem.

Theorem 2.1.5. Let G be a group such that v, (G) /v (G)NZ;(G) is cyclic. Then
Out.(G) is nilpotent of class at most j+k-+1. Moreover, if vi,(G)/v(G)NZ;(G)
is an infinite cyclic or a finite cyclic p-group, then Out.(G) is nilpotent of class
at most j + k.

The results of this subsection are from the papers [60] and [61].

2.2 Ill-rigidity of groups of order p°

Let G be a group which acts on itself by conjugation, and let H*(G,G) be the
first cohomology pointed set. Denote by III(G) the subset of H(G, G) consisting
of the cohomology classes becoming trivial after restricting to every cyclic sub-
group of G. The set III(G), for a given group G, is called the Shafarevich-Tate
set of G. Following Kunyavskil [45], we say that G is a [II-rigid group if the set
III(G) consists of one element. The Bogomolov multiplier By(G) of a finite group
G is defined as the subgroup of the Schur multiplier consisting of the cohomology

classes vanishing after restriction to all abelian subgroups of G. Kang and Kun-



yavskil in [41] observed that By(G) = 0 for most of the known classes of finite

[MI-rigid groups G and asked the following question:

Question ([41, Question 3.2|). Let G be a finite I1I-rigid group. Is it true that

We study the rigidity property of groups of order p® for an odd prime p and
answer the above question in affirmative for most of these groups. Our viewpoint
on this study is a bit different. We study rigidity problem through automorphisms
of groups. We make it more precise here. Ono proved that there is a bijection
between Out.(G) and II(G) for any finite group G [57, 2.12]. Therefore a finite
group G is -rigid if and only if Out.(G) = 1.

Groups of order p°, for odd primes p, are classified in 43 isoclinism families
by James [39]. These isoclinism families are denoted by @y for 1 < k < 43. That
Aut.(G), for non-abelian finite groups, is independent (upto isomorphism) of the
choice of a group in a given isoclinism family is shown in |74, Theorem 4.1]. This
result allows us to select and work with any group from each of 43 isoclinism
families of groups of order p°. The rigid groups of order p° for odd primes p are
classified by Yadav [74]. In the following result we classify the rigid groups of
order p°® for odd primes p, and compute |III(G)| = | Out.(G)| for the groups G

which are not rigid.

Theorem 2.2.1. Let G be a group of order p® for an odd prime p. Then
Out.(G) # 1 if and only if G belongs to one of the isoclinism families ®y, for
k=17,10,13,15,18, 20, 21, 24, 30, 36, 38, 39. Moreover,

1. if G belongs to one of the isoclinism families @y, for k = 7,10, 24, 30, 36, 38, 39,
then | Out.(G)| = p,

2. if G belongs to one of the isoclinism families @, for k = 13,18, 20, then

vi



| Oute(G)| = p*, and

3. if G belongs to one of the isoclinism families @y for k = 15,21, then
| Out(G)| = p*.

Next we investigate the question of Kang and Kunyavskii for groups of order

p® and prove the following.

Theorem 2.2.2. Let G be a ll-rigid group of order p® for a prime p. If G
does not belong to the isoclinism families @y for k = 28,29, then its Bogomolov

multiplier By(G) is zero.

Both the above theorems are from the paper [63].

3. TA automorphisms that fix the center element-
wise

Let G be any group and o be an automorphism of G. Following Bachmuth [2],
we call o an TA automorphism if x7'o(x) € 12(G) for each x € G. The set of
all TA automorphisms of G form a normal subgroup of Aut(G) and is denoted by
IA(G). The set of all IA automorphisms that fix the center element-wise form a
normal subgroup of IA(G) and is denoted by IA,(G).

Notice that Aut.(G) < IA,(G). As we also have mentioned earlier, Yadav has
proved that if two finite groups G and H are isoclinic then Aut.(G) = Aut.(H).

In the following theorem we extend this result to IA,(G) for an arbitrary group

G.

Theorem 3.0.1. Let G and H be any two isoclinic groups. Then there exists an

isomorphism a: IA,(G) — IA,(H) such that a(Aut.(G)) = Aut.(H).

vii



An automorphism « of a group G is called a central automorphism if v *a(x) €
Z(G) for all x € G. The set of all central automorphisms form a normal subgroup
of Aut(G) and is denoted by Autcent(G).

As an application of Theorem 3.0.1, we prove the following theorem.

Theorem 3.0.2. Let G be a finite p-group.
1. Then IA,(G) = Autcent(G) if and only if 72(G) = Z(G).

2. If the nilpotency class of G is 2, then IA,(G) = Inn(G) if and only if v2(G)

15 cyclic.

The following result of Curran and McCaughan [15] can be obtained as a

consequence of Theorem 3.0.2.

Corrollary 3.0.3. Let G be a finite p-group. Then Inn(G) = Autcent(G) if and
only if v2(G) = Z(G) and v2(G) is cyclic.

The results of this section has been published in the paper [62].
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Conventions and Notations

Let G be a group and z,y,a € G. Then [z,y] denotes the commutator
v~y try, 2 denotes the conjugate of x by a, i.e., a~'za, 2% denotes the G-
conjugacy class of x and [z, G| denotes the set of all [z, z], for z € G. By (z)
we denote the cyclic subgroup generated by x. Let H and K be two subgroups
of a group G. Then [H, K| denotes the subgroup generated by all commutators
[h,k] for h € H k € K. By Z(G) we denote the center of G and by Cg(H) we
denote the centralizer of H in G. The commutator and Frattini subgroup of G
are denoted by 72(G) and ®(G), respectively. The group of all homomorphisms
from a group H to a group K is denoted by Hom(H, K). We write 7;(G) for
the i-th term in the lower central series of G, 6;(G) for the i-th term in the de-
rived series of G and Z;(G) for the i-th term in the upper central series of G.
Let p be a prime number. By (), we denote the cyclic group of order p. The
subgroup of G generated by all the elements of order p is denoted by €, (Z(G)).
Let G*' = <:r;pi |z € G> and G = <x €eG|a? = 1>, where ¢ > 1 is an integer.
If H is a subgroup (proper subgroup) of GG, then we write H < G (H < G) and if
H is a normal subgroup of G, then we write H <G . By Aut(G) and Inn(G) we
denote the group of all automorphisms and the group of all inner automorphisms
of G respectively. Let N < G, then by Aut"(G) we denote the group of those
automorphisms of G which induces the identity mapping on G/N. Finally, by a

class ¢ group we mean a group of nilpotency class c.

X






Chapter 1

Background and Preliminaries

In this chapter we collect some basic definitions and results which will be used in
subsequent chapters. We begin with some basic group theoretic results, then we
discuss central automorphisms and class-preserving automorphisms. The concept
of isoclinism of groups and the Bogomolov multiplier of a group are introduced.
We do not give many proofs in this chapter as most of the material presented, is

either well known or easily available from the references.

1.1 Basic group theoretic results
The following few results are very basic and easy to prove.
Lemma 1.1.1 Let G be a group and x,y,z € G. Then,

1. [xy, 2] = [z, 2]¥]y, 2], and

2. [z,xy] = [2,y][z, z]¥.

Lemma 1.1.2 Let A, B and C be finite abelian groups. Then Hom(Ax B, C) =
Hom(A, C) x Hom(B, C) and Hom(A, B x C) =2 Hom(A, B) x Hom(A, C).



Lemma 1.1.3 Let C,. and C; be two cyclic groups of order r and s respectively.

Then Hom(C,., Cy) = Cy, where d is the greatest common divisor of r and s.

Proposition 1.1.4 Let G be a finite cyclic p-group for an odd prime p, then
Aut(G) is cyclic.

Proposition 1.1.5 Let H be a subgroup of a group G. Then Ng(H)/Cq(H) is

isomorphic to a subgroup of Aut(H).

Lemma 1.1.6 Let H be cyclic normal subgroup of a group G. Then H centralizes

the commutator subgroup of G.

Lemma 1.1.7 Let G be a non-abelian finite p-group. If there is an element of
order p in the center but not in the Frattini subgroup then G has an abelian direct

factor.

The proof of following theorem can be found in [46, 2.1.2].

Theorem 1.1.8 Let G be a finite abelian group and H a cyclic subgroup of mazx-
imal order in G. Then there exists a complement K of H in G; in particular

G=HxK.

Let A be a group which acts on a group G. By [A, G| and |G, A] both, we
denote the subgroup generated by g~'¢® for all ¢ € G and a € A. The following

lemma can be found in [46, Page 176].

Lemma 1.1.9 Let A be a group acting on a group G and X,Y, Z be subgroups of
either G or A. Suppose that [[X,Y], Z] =Y, Z], X]| = 1. Then also [[Z,X],Y] =
1.

The following lemma can be found in [14].



Lemma 1.1.10 ([14], Lemma 2.8) Let A and B be abelian groups with C' a
proper subgroup or quotient of A, and D a proper subgroup or quotient of B, such
that |A|/|C| = |B|/|D| > 1. Then Hom(C, D) is isomorphic to a proper subgroup
of Hom(A, B).

1.2 Central automorphisms

Definition 1.2.1 An automorphism « of a group G is called a central automor-
phism if it induces the identity mapping on the central quotient G/Z(G). In
mathematical notations, if z 'a(r) € Z(G) for all x € G, then we say that « is

a central automorphism.

The set of all central automorphisms of G forms a normal subgroup of Aut(G).
We denote this subgroup by Autcent(G). The following lemma can be easily

proved.
Lemma 1.2.2 Let G be a group, then Autcent(G) = Cauyq)(Inn(G)).

Corollary 1.2.3 Let G be a group such that Aut(G) is abelian. Then all auto-

morphisms of the group G are central, i.e., Autcent(G) = Aut(G).

Definition 1.2.4 A group G is called a purely non-abelian group if it does not
have any non-trivial abelian direct factor, i.e., there does not exist any non-trivial

abelian subgroup A and a subgroup N such that G = A x .

The following theorem is due to Adney and Yen [1].

Theorem 1.2.5 Let G be a purely non-abelian finite p-group. Then | Autcent(G)|
= |Hom(G/72(G), Z(G))|.



Let A be an abelian p-group and a € A. For a positive integer n, p" is said
to be the height of a in A, denoted by ht(a), if a € A”" but a & A”""". Let H be
a p-group of class 2. We denote the exponents of Z(H), v2(H), H/v.(H) by p*,
PP, p° respectively and d = min(a, c). We define R := {z € Z(H) | |z| < p?} and
K = {z € H | ht(zv,(H)) > p’}. Notice that K = H”"~v,(H). Now we state the

following important result of Adney and Yen.

Theorem 1.2.6 ([1], Theorem 4) Let H be a purely non-abelian p-group of
class 2, p odd, and let H/vo(H) = 117, (x;72(H)). Then Autcent(H) is abelian
if and only if

1. R=K, and
2. eitherd=10 ord>b and R/v2(H) = <x11”b72(H)>.
The next two theorems were proved by Earnley in his Ph.D. thesis.

Theorem 1.2.7 ( [17], Corollary 3.3) Let G be a non-abelian finite p-group

of exponent p, where p is an odd prime. Then Aut(G) is non-abelian.

Theorem 1.2.8 ( [17], Theorem 2.3) Let G be a finite p-group such that G =
A x N with 1 # A abelian and N purely non-abelian. Then Aut(G) is abelian if

and only if A and N satisfy the following three conditions:
1. A is cyclic of order 2™ with n > 1;
2. N is a 2-group with Aut(N) abelian;
3. N 1is a special 2-group.

The next two theorems are due to Jafari.



Theorem 1.2.9 ( [35], Theorem 3.4) Let G be a finite purely nonabelian p-
group, p odd, then Autcent(G) is an elementary abelian p-group if and only if the

exponent of Z(G) is p or exponent of G/v2(G) is p.

A finite abelian p-group G is said to be ce-group if G can be written as a
direct product of a cyclic group A of order p"”, n > 1 and an elementary abelian

p-group B.

Theorem 1.2.10 ( [35], Theorem 3.5) Let G be a purely nonabelian 2-group.
Then Autcent(G) is elementary abelian if and only if one of the following condi-

tions holds:
1. the exponent of G/ (G) is 2;
2. the exponent of Z(G) is 2;

3. the greatest common divisor of the exponents of G /72 (G) and Z(G) is 4 and
G /7 (@), Z(G) are ce-groups having the properties that an elementary part
of Z(Q) is contained in vy2(G) and there exists an element z of order 4 in a
cyclic part of Z(G) with zy,(G) lying in a cyclic part of G /v2(G) such that

twice of the order of zy2(G) is equal to the exponent of G/v2(G).

1.3 Isoclinism of groups

The concept of isoclinism was first introduced by Hall [26]. We say that two
groups G and H are isoclinic if there exist isomorphisms ¢ of G/Z(G) onto

H/Z(H) and 0 of 75(G) onto v, (H ), such that the following diagram commutes.

G/Z2(G) x G/Z(G) 225 H/Z(H) x H/Z(H)

aal aHl

Y2(G) E— Y2 (H),



where ag(zZ(G),yZ(G)) = [z, y| for z,y € G and ay(kZ(H),lZ(H)) = [k,!] for

k,l € H. The pair (¢, ) is called an isoclinism of G' onto H.

In the same article [26] Hall proved the following result.

Theorem 1.3.1 In every family of isoclinic groups there exists a group G such

that Z(G) < 72(G).

The following lemma is due to Tappe.

Lemma 1.3.2 ( [70], Lemma 1.5) Let G and H be isoclinic groups and (¢, 0)

be an isoclinism of G onto H. Then,
1. p(gZ(G)) = 0(g)Z(H) for g € 72(G), and

2. 0002(G) N Z(G)) = v(H) N Z(H).

1.4 Class-preserving automorphisms

Definition 1.4.1 An automorphism « of a group G is called class-preserving if

it maps each group element to a cojugate of it

The set of all class-preserving automorphisms of G forms a normal subgroup
of Aut(G). We denote this subgroup by Aut.(G). The following three lemmas

can be easily proved.

Lemma 1.4.2 Let G be a finite group. Let o be an endomorphism of G such
that o(x) € 2% for all z € G. Then o € Aut.(G).

Lemma 1.4.3 Let G be a finite group. Let xq,xs,...,x4 be a minimal generating

d
set for G. Then | Aut.(G)| < I |z:%|.
i=1



Lemma 1.4.4 Let H and K be any two groups. Then Aut.(H x K) = Aut.(H) x
Aut.(K).

The next lemma is by Yadav which will be used frequently in Chapter 4.

Lemma 1.4.5 ([74], Lemma 2.2) Let G be a finite p-group such that Z(G) <
[z, G| for all x € G — v2(G). Then | Aut.(G)| > | Autcent(G)||G/Z5(G)]|.

It is obvious that all inner automorphisms are class-preserving. The factor
group Aut.(G)/Inn(G) is denoted by Out.(G). The following result is due to

Hertweck.

Proposition 1.4.6 ([31], Proposition 14.4) Let G be a finite group and H be

an abelian normal subgroup of G such that G/H is cyclic. Then Out.(G) = 1.

The following result is due to Cheng [12].

Theorem 1.4.7 Suppose that G is a finite p-group such that v(G) = (a) is

cyclic. Assume that either p > 2 or p =2 and [a,G] < (a*). Then Out.(G) = 1.

The following result of Yadav makes the study of group of class-preserving

automorphism independent of the choice of the group from an isoclinic family.

Theorem 1.4.8 ([74], Theorem 4.1) Let G and H be two finite isoclinic groups.
Then Aut.(G)) = Aut.(H).

Using the above theorem Yadav classified the group G of order p® with non-

trivial Out.(G) in the following theorem.

Theorem 1.4.9 ( [74], Theorem 5.5) Let p be an odd prime and G be a group

of order p°. Then Out.(G) is non-trivial if and only if G is isoclinic to one of



the following groups (For the meaning of the notation aP) | see Section 4.2):

A

®7(15) = <CY,041,Ct2,053,ﬁ | [Oél,Oé] = Q41, [alaﬁ] - Oé?noép = aj(tp) - ﬁp =

ol =1(i= 1,2)>.

®y(1°) = <Oé,0417-~-,044 | [, ] = g, o, ] = au,

o = ol —=al) =1(i=1,2,3)).

Moreover, if Out.(G) is non-trivial, then | Out.(G)| = p.

1.5 [IlI-rigid groups

Let G be a group which acts on itself by conjugation, and let H'(G, G) be the first
cohomology pointed set. Denote by III(G) the subset of H'(G, G) consisting of

the cohomology classes becoming trivial after restricting to every cyclic subgroup

of G. The set III(G), for a given group G, is called the Shafarevich-Tate set of G.

Definition 1.5.1 A group G is called a III-rigid group if the set II1(G) consists

of one element.

The following theorem, which establishes a relation between class-preserving

automorphisms and Shafarevich-Tate set, was proved by Ono:

Theorem 1.5.2 ( [57], Theorem 2.12) Let G be a finite group. Then there is
a bijection between Out.(G) and HI(G).

Corollary 1.5.3 Let G be a finite group. Then G is ll-rigid if and only if
Out.(G) = 1.



1.6 Bogomolov multiplier

Definition 1.6.1 The Bogomolov multiplier By(G) of a finite group G is defined
as the subgroup of the Schur multiplier H?*(G, C) consisting of the cohomology

classes vanishing after restriction to all abelian subgroups of G.

Bogomolov showed in |6, 7] that By(G) coincides with the unramified Brauer
group Br,,.(V/G) where V' is a vector space defined over an algebraically closed
field k of characteristic zero equipped with a faithful, linear, generically free ac-
tion of G. The latter group is an important birational invariant of the quotient
variety V/G; in particular, it equals zero whenever the variety V/G is k-rational
(or even retract k-rational). It was introduced by Saltman in [66, 67] and used
in constructing the first counter-example (for G of order p?) to a problem by
Emmy Noether on rationality of fields of invariants k(x, ..., x,)¢, where k is al-
gebraically closed and GG acts on the variables x; by permutations. The description
of By(G) provides a purely group-theoretic intrinsic recipe for the computation of
Br,.(V/G). Moravec proved that the smallest power of p for which there exists a
p-group G with By(G) # 0 is 5 (for odd p) and not 6, as claimed by Bogomolov.
He also classified groups G of order p® for which By(G) # 0 in [52] using the

following theorem [53].

Theorem 1.6.2 [f G and G4 are finite isoclinic groups, then By(G1) = Bo(G2).

Non-abelian groups of order p°, for odd primes p, are classified in 42 isoclinism
families by James [39], which are denoted by ®; for 2 < k < 43. Using this
classification Chen and Ma has tried to classify the non-abelian groups of order
p%, for primes p > 3, with By(G) = 0. They were unable to give the complete
classification, the Bogomolov multiplier for the families ®, for £ = 15,28,29 is

still not known. The following theorem follows from [11, Table 1].



Theorem 1.6.3 Letp > 3 be a prime number and G be a non-abelian group of or-
der p®. If G belongs to one of the isoclinism family ®;, fork =2,...,6,8,9,11,12, 14,

16,17,19,23,25,26,27, 31, ..., 35, 37,40, ..., 43, then By(G) = 0.
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Chapter 2

Finite p-Groups with Abelian

Automorphism Group

In this chapter we construct various types of specific non-special finite p-groups
having abelian automorphism group. We also find some structural information
about the groups whose automorphism groups are elementary abelian. Through-

out the chapter, any unexplained p always denotes an odd prime.

2.1 Abelian Automorphism Groups: Literature

Study of groups having abelian automorphism groups is an old problem in group
theory. Though a lot of work has been done by many on the subject, not very
significant is known about such groups. In this section we review the literature
about such groups and give motivation behind theorems presented in this chapter.
The story began in 1908 with the following question of Hilton [33]: Whether a
non-abelian group can have an abelian group of isomorphisms (automorphisms).
In 1913, Miller [51] constructed a non-abelian group G of order 64 such that

Aut(G) is an elementary abelian group of order 128. More examples of such 2-

11



groups were constructed in [13, 38, 68]. For an odd prime p, the first example of
a finite p-group G such that Aut(G) is abelian was constructed by Heineken and
Liebeck [28] in 1974. In 1975, Jonah and Konvisser [40] constructed 4-generated
groups of order p® such that Aut(G) is an elementary abelian group of order p',
where p is any prime. In 1975, by generalizing the constructions of Jonah and
Konvisser, Earnley [17, Section 4.2| constructed n-generated special p-groups G
such that Aut(G) is abelian, where n > 4 is an integer and p is any prime number.
Among other things, Earnley also proved that there is no p-group G of order p®
or less such that Aut(G) is abelian. On the way to constructing finite p-groups of
class 2 such that all normal subgroups of GG are characteristic, in 1979 Heineken
[29] produced groups G such that Aut(G) is abelian. In 1994, Morigi [54] proved
that there exists no group of order p® whose group of automorphisms is abelian
and constructed groups G of order p™ 33 such that Aut(G) is abelian, where
n is a positive integer. In particular, for n = 1, it provides a group of order p’
having an abelian automorphism group.

There have also been attempts to get structural information of finite groups
having abelian automorphism group. In 1927, Hopkins [34], among other things,
proved that a finite p-group G such that Aut(G) is abelian, can not have a
non-trivial abelian direct factor. In 1995, Morigi [55] proved that the minimal
number of generators for a p-group with abelian automorphism group is 4. In
1995, Hegarty [27] proved that if G is a non-abelian p-group such that Aut(G)
is abelian, then | Aut(G)| > p'?, and the minimum is obtained by the group of
order p” constructed by Morigi. Moreover, in 1998, Ban and Yu [3] obtained
independently the same result and proved that if G is a group of order p” such
that Aut(G) is abelian, then | Aut(G)| = p'2.

We remark here that all the examples (for an odd prime p) mentioned above

12



are special p-groups. In 2008, Mahalanobis [48] published the following conjec-
ture: For an odd prime p, any finite p-group having abelian automorphism group
is special. Jain and Yadav [37] provided counter examples to this conjecture by
constructing a class of non-special finite p-groups G such that Aut(G) is abelian.
These counter examples, constructed in [37], enjoy the following properties: (i)
|G| = p"*°, where p is an odd prime and n is an integer > 3; (ii) 72(G) is a proper
subgroup of Z(G) = ®(G); (iii) exponents of Z(G) and G/v,(G) are same and it
is equal to p"~1; (iv) Aut(G) is abelian of exponent p™~1.

Now we review non-special 2-groups having abelian automorphism group.
In contrast to p-groups for odd primes, there do exist finite 2-groups G with
Aut(G) abelian and G satisfies either of the following two properties: (P1) G
is 3-generated; (P2) G has a non-trivial abelian direct factor. The first 2-group
having abelian automorphism group was constructed by Miller [51] in 1913. This
is a 3-generated group and, as mentioned above, it has order 64 with elementary
abelian automorphism group of order 128. Earnley |[17] showed that there are two
more groups of order 64 having elementary abelian automorphism group. These
groups are also 3-generated. Further Earnley gave a complete description of 2-
groups satisfying (P2) and having abelian automorphism group and established

the existence of such groups (see 1.2.8).

2.2 Groups G with Aut(G) abelian

Though the conjecture of Mahalanobis has been proved false, one might expect
that some weaker form of the conjecture still holds true. Two obvious weaker
forms of the conjecture are: (WC1) For a finite p-group G with Aut(G) abelian,
Z(G) = ®(G) always holds true; (WC2) For a finite p-group G with Aut(G)
abelian and Z(G) # ®(G), 12(G) = Z(G) always holds true. So, on the way to

13



exploring some general structure on the class of such groups G, it is natural to
ask the following question:

Question. Does there exist a finite p-group G such that 1(G) < Z(G) < ¢(G)
and Aut(G) is abelian?

At the end of this section we will be able to answer this question.

Let G be a finite p-group of nilpotency class 2 generated by w1, xs,..., x4,
where d is a positive integer. Let e,, = z{"x5? - -z = nj_ 27", where z; € G
and a;; are non-negative integers for 1 <4, j < d. Since the nilpotency class of G

is 2, we have
[xka em] = [:Cka H?:lx?ij] = H;‘lzl[xka x(;ij] = H?:l[xka xj]aij (21)
and

leaps ex] = [T @™ T3] = Ty T1 2™, 2] (2.2)
e H?:ln;lzl [xh Ij]aklaij .
Equations (2.1) and (2.2) will be used for our calculations without any further
reference.

Let n > 4 be a positive integer and p be an odd prime. Consider the following

group:
4 4 2 2
G = <ZB1, To, X3, Ty | x’fﬂ =ab =af =a =1, [1,22] = 2f |
2 2 —2 2
[xlaxi%] = :LJQJ ’ [331,.%'4] = fg ’ [1'2,1'3] = xfn ; [x27$4] = 5U§ ;
2
[3, 14] = 2 > (2.3)
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It is easy to see that GG enjoys the properties given in the following lemma.

Lemma 2.2.1 The group G is a reqular p-group of nilpotency class 2 having
order p"t'° and exponent p". Forn =4, 1(G) = Z(G) < ®(G) and for n > 5,

7(G) < Z(G) < ®(G).

Let ey, = 2" a52a5"af" = mj_,x;"”, where 2; € G and a;; are non-negative

integers for 1 < 1,7 < 4. Let a be an automorphism of . Since the nilpotency
n—2 2 2

class of G is 2 and 72(G) is generated by =} ~, x5 | 2 , we can write a(x;) =

Q;q . . . .
Tiy, = l"m?:ﬁ?j” for some non-negative integers a;; for 1 <1,j5 < 4.

Proposition 2.2.2 Let G be the group defined in (2.3) and « be an automor-
phism of G such that o(z;) = x;e,, = :Bin?:lx?”, where a;; are some non-negative

integers for 1 < i,5 < 4. Then the following equations hold:

as1 =0 mod p" 2, (2.4)
—ag0 4 a15 + a3a44 =0  mod p?, (2.5)
—as3 + Q44 + a11 + 11044 + @12 + @12a44 =0 mod p27 (2.6)
a1 =0 mod p" 2, (2.7)
(g4 — g2 + 33 + azzaqs =0 mod p?, (2.8)
azy — ags + azgagy =0 mod p?, (2.9)
—a13 + a12a23 — a13a2 =0 mod p?, (2.10)
(g3 + Q11 + G11G93 + A11093 + Q13024 — G14a23 =0 mod p?, (2.11)
—ag3 + G4 + a11024 — Q14 + Q12024 — a14a22 =0 mod p?, (2.12)
12 + a12a33 — ajzase =0 mod p?, (2.13)

A3g + A3z + a11 — G2 — Q14 + Q11032 + Q11033 + 13034 — a14a33 (2.14)

=0 mod p?
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asq + a11a34 + @12a34 — G14a32 — a3 =0 mod an (2.15)

Q93 — a3 + agzass =0 mod p?, (2.16)
—ag3 + Qs + a9 + ag0a4s =0 mod p?, (2.17)
—aq] + ass —+ a9 + 92033 — A23A392 = 0 mod p2. (218)

Proof. Let a be the automorphism of G such that a(z;) = ze,,, 1 <i <4 as

n—2 2

. 2 . . .
defined above. Since G2 = (zf 2} 2% ,x4) is a characteristic subgroup of G,

a(xy) € Gp2. Thus we get the following set of equations:

Il
o

a4 mod p" 2, (2.19)

Il
o

g mod p?, for i =2, 3. (2.20)

We prove equations (2.4) - (2.6) by comparing the powers of x;’s in a([z1, 4]) =

a(x’gz).

a([zr,2d]) = [alzr), a(zd)] = (2160, 2162,]
= [$1,1’4HZL‘1,6554][6331,1‘4][6351,GM]

= [y, @] TTj_y (o0, @) 9Ty [, )T T [, ] 7200

_ aq2+aiiaa2—ai2aq1 a43+a11a443—a13a41
[.Tl,l’Q] [Ihl’g]

]1+a44+a11+a11a44—a14a41[ ]a12a43—a13a42

[$17$4 Lo, T3

]a12+a12a44—a14a42[ ]a13+a13a44—a14a43

(29, 24 T3, T4

n72(

P (12043—013042)

—= :L‘l

xpz (aa2+a43+a13+a11042—a12041+011043—013041+013044—014G43)
2

xpz (14+aqa+ar1+ai2+a11644—a14041+ 012044 —a14G42)
3 .
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On the other hand

2 2 2 2 2 2 2 2 2
_ p*\ _ .p° p’as1, p’azz, p’azz plaa _ _piaz1 piaszz  p°(l+ass)
a([zr, z4]) = a(af ) = of o7 oy al Py =T Iy I3 :
Comparing the powers of z; and using (2.20), we get az; = 0 mod p" 2

Comparing the powers of x5 and x3, and using (2.19) - (2.20), we get

_ 2
—agy + a3 + a3a44 =0 mod p°,

_ )
—a33 + Q44 + a11 + @11044 + @12 + a12a44 =0 mod p°.

Hence equations (2.4) - (2.6) hold.
Equations (2.7) - (2.9) are obtained by comparing the powers of z1, xs and
x3 in o[rs, x4)) = a(mlj) and using equations (2.4), (2.19) and (2.20). Equa-

tions (2.10) - (2.12) are obtained by comparing the powers of x;, xs and x3 in

af[zy, za]) = a(a:’;) and using equation (2.7). Equations (2.13) - (2.15) are ob-

tained by comparing the powers of x1, x5 and z3 in o[z, z3]) = oz(x’z’Z) and using
equations (2.4) and (2.7). Equations (2.16) - (2.17) are obtained by comparing
the powers of xo and z3 in a([ry, 74]) = a(mgz) and using equations (2.7), (2.19)
and (2.20). The last equation (2.18) is obtained by comparing the powers of z;

n—2

in a([ze, z3)) = alz] ).

Theorem 2.2.3 Let G be the group defined in (2.3). Then all automorphisms of

G are central.

Proof. We start with the claim that 1 4+ a4y # 0 mod p. For, let us assume the

contrary, i.e., p divides 1 + ayqq. Then
a(zh) = a(zy)? = xi(Ha“)(ﬂ“x;“%g“?’)p € Z(GQ),
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since ag; = 0 mod p* for 1 < j < 3 by equations (2.19) and (2.20). But this is
not possible as z} € Z(G). This proves our claim. Subtracting (2.16) from (2.5),

we get (1 + agq)(aiz — azz) =0 mod p?. Since p does not divide 1 + ayy, we get
a13 = ass  mod p. (2.21)

By equations (2.10) and (2.21) we have
ar3(1 — arg + ag) =0 mod p* (2.22)

Here we have three possibilities, namely (i) a;3 =0 mod p?, (ii) a;3 =0 mod p,
but a3 Z 0 mod p?, (iii) a;3 0 mod p. We are going to show that cases (ii)
and (iii) do not occur and in the case (i) a;; =0 mod p?, 1 <1i,j < 4.

Case (i). Assume that a;3 = 0 mod p*. Equations (2.9) and (2.21), together
with the fact that p does not divide 14 au4, gives ags = 0 mod p?. We claim that
14+as3 0 mod p. Suppose p divides 1+ as3. Since ags =0 mod p? and az; = 0
mod p"~? (equation (2.4)), we get a(xgg) = m’l’Sa:”lx§3a32x§3(1+a33)x§3a34 = 1, which
is not possible. This proves our claim. So by equation (2.13), we get a;s = 0
mod p?.

Subtracting (2.17) from (2.6), we get (a;; — az2)(1 + asy) =0 mod p*. This
implies that a1 —ase = 0 mod p?. Since a;3 =0 mod p? for i = 1,2, by equation
(2.11) we get aj1(1+ay;) =0 mod p?. Thus p? divides ay; or 1+ ay;. We claim
that p? can not divide 1+ay;. For, suppose the contrary, i. e., a;; = —1 mod p?.

Since n —2 > 2 and a2 = a13 = 0 mod p?, we get

n—2 n—2 1+a n—2 n—2 n—2
a(zy)P = aF ( 11)x121 iz B R b e
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This contradiction, to the fact that order of x; is p", proves our claim. Hence
p? divides ay;. Since a;; — az = 0 mod p?, by equation (2.17), it follows that
as3 = agy mod p?. Putting the values ags, aj; and ag in (2.18), we get azzs = 0
mod p?. Thus auy = 0 mod p?. Putting values of ass, ass, ai1, ase and a3 in
(2.14), we get a;4 = 0 mod p*. Putting values of aj, ai4, a1 and as3 in (2.15),
we get azg =0 mod p?. Putting above values in (2.12), we get ass =0 mod p*.
Hence a;; =0 mod p? for 1 <4,j < 4.

Case (ii). Assume that a;3 = 0 mod p, but a;3 # 0 mod p*. Equation (2.22)
implies that (1—aja+ag) =0 mod p. Now consider all the equations (2.7)-(2.18)
mod p. Repeating the arguments of Case (i) after replacing p* by p, we get the
following facts: (a) azgy = 0 mod p (by (2.9)); (b) a2 = 0 mod p (by (2.13));
(¢) a;1 —ax = 0 mod p (subtracting (2.17) from (2.6)); (d) an(l +apn) =0
mod p (by (2.11)). We claim that a;; =0 mod p. For, suppose that a;; +1 =0
mod p. Since n —1 > 3 and a1 = a;3 = 0 mod p, it follows that a(z,)?" ' =

pnfla

p"t(1+a1), p*larz, p"lais
Lo L3 Ly

3 " =1, which is a contradiction. This proves that
p can not divide a;; + 1. Hence p divides a;;, and therefore by fact (c), we have
aze = 0 mod p. This gives a contradiction to the fact that (1 — a2 + ag) =0
mod p. Thus Case (ii) does not occur.

Case (iii). Finally assume that a3 Z 0 mod p. Thus (1 — ajp + a) = 0
mod p?, i.e., 1 + ax = a;p mod p* (we'll use this information throughout the
remaining proof without referring). Notice that (a(zsz;?))? = 277 1F9 Since
the order of (av(za27))?” is p"~2, p does not divide (1+ay;). Putting the value of
azy from (2.16) into (2.9), we have ass = ag3(1 + aq4)*> mod p*. Since ass = a3
mod p? (equation (2.21)) and a;3 # 0 mod p, it follows that as3 Z 0 mod p.
Hence (1+a44)? =1 mod p?. This gives aq(asys+2) =0 mod p?. Thus we have

three cases (iii)(a) ags = 0 mod p?, (iii)(b) ays =0 mod p, but agyy Z 0 mod p?
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and (iii)(c) ags Z0 mod p. We are going to consider these cases one by one.
Case (iii)(a). Suppose that asy = 0 mod p?. Using this in (2.16) and (2.17),
we get asy = ass mod p? and ase = azs mod p? respectively. Putting the value
of ay in (2.6), we have ajp +ay; = ass mod p?. Further, replacing a;o by 1+ ag
and ass by ass, we have 1 4+ a;; =0 mod p?, which is a contradiction.

Case (iii)(b). Suppose that ays = 0 mod p, but ay # 0 mod p?. Notice that
by reading the equations mod p, arguments of Case (iii)(a) show that 1+a;; =0
mod p, which is again a contradiction.

Case (iii)(c). Suppose that ayy # 0 mod p. This implies that ay = —2
mod p?. Putting this value of ayq in the difference of (2.8) and (2.6), we get
a11+a12—ass =0 mod p?. Since 1+ass = a2 mod p?, this equation contradicts
the fact that 1+ a;; 0 mod p.

Thus Case (iii) can not occur. This completes the proof of the theorem.

The following theorem gives the answer to the question raised at the beginning

of this section.

Theorem 2.2.4 For every positive integer n > 4 and every odd prime p, there

n+10

exists a group G of order p and exponent p" such that

1. forn =4, »(G) = Z(G) < ®(G) and Aut(G) is abelian;
2. forn > 5, (G) < Z(G) < ®(G) and Aut(Q) is abelian.
Moreover, the order of Aut(G) is p"™2°.

Proof. Let G be the group defined in (2.3). By Lemma 2.2.1, we have |G| =
P % (G) = Z(G) < ®(G) for n = 4 and 1 (G) < Z(G) < ®(G) for n > 5.
By Theorem 2.2.3, we have Aut(G) = Autcent(G). Thus to complete the proof

of the theorem, it is sufficient to prove that Autcent(G) is an abelian group.
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Since Z(G) < ®(G), G is purely non-abelian. The exponents of Z(G), 72(G) and

G /72(G) are p"2, p* and p"~? respectively. Thus we get
R={z€Z(G)]| |z <p"?} = Z(G)

and

K = {z € G | ht(z7(G)) = p’} = G"'72(G) = Z(G).

This shows that R = K. Also R/ (G) = Z(G)/7(G) = <x11”272(G)>. Thus all
the conditions of Theorem 1.2.6 are now satisfied. Hence Autcent(G) is abelian.
That the order of Aut(G) is p"™° can be easily proved by using Lemmas 1.1.2,
1.1.3, Theorem 1.2.5 and the structures of G/v,(G) and Z(G). This completes

the proof of the theorem.

2.3 Groups G with Aut(G) elementary abelian

As mentioned in the Section 2.1, all p-groups G (except the ones in [37]) available
in the literature and having abelian automorphism group are special p-groups.
Thus it follows that Aut(G), for all such groups G, is elementary abelian. One
more weaker form of the conjecture of Mahalanobis is: (WC3) If Aut(G) is an
elementary abelian p-group, then G is special. Berkovich and Janko [5, Problem
722| published the following long standing problem: (Old problem) Study the

p-groups G with elementary abelian Aut(G).
The following theorem provides some structural information about a group G

for which Aut(G) is elementary abelian.

Theorem 2.3.1 Let G be a finite p-group such that Aut(G) is elementary abelian,

where p is an odd prime. Then one of the following two conditions holds true:
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1. Z(G) = ®(G) is elementary abelian;
2. v2(G) = ®(G) is elementary abelian.
Moreover, the exponent of G is p?.

Proof. Since Aut(G) is elementary abelian, G/Z(G) is elementary abelian and so
®(G) < Z(G). Also from Theorem 1.2.8 G is purely non-abelian. It follows from
Theorem 1.2.9 that either Z(G) or G/v2(G) is of exponent p. If the exponent
of Z(G) is p, then by Lemma 1.1.7 Z(G) < ®(G). Hence Z(G) = ®(G) is ele-
mentary abelian. If the exponent of G/72(G) is p, then obviously 12(G) = ®(G).
Since the exponent of 12(G) is equal to the exponent of G/ Z(G), it follows that
Y2(G) = ®(G) is elementary abelian. In any case the exponent of ®(G) is p. Thus
the exponent of GG is at most p?. That the exponent of G can not be p, follows
from Theorem 1.2.7. Hence the exponent of G is p*. This completes the proof of

the theorem.

Let G be an arbitrary finite p-group such that Aut(G) is elementary abelian.
Then it follows from the previous theorem that one of the following two conditions
necessarily holds true: (Cl) Z(G) = ®(G) is elementary abelian; (C2) 12(G) =
®(G) is elementary abelian. So one might expect that for such groups G both of
the conditions (C1) and (C2) hold true, i.e., WC(8) holds true, or, a little less
ambitiously, (C1) always holds true or (C2) always holds true. In the following
two theorems we show that none of the statements in the preceding sentence

holds true.

Theorem 2.3.2 There exists a group G of order p° such that Aut(G) is ele-
mentary abelian of order p*°, ®(G) < Z(G) and %(G) = ®(G) is elementary

abelian.
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Theorem 2.3.3 There exists a group G of order p® such that Aut(G) is ele-
mentary abelian of order p'®, v (G) < ®(G) and Z(G) = ®(G) is elementary

abelian.

First we proceed to construct p-group G as in Theorem 2.3.2

Let p be any prime, even or odd. Consider the group

2 2 2 2
Gr1 = (x1,x0,x3, 24,25 | 2] =ab =af =af =af =1,[21, 2] = 2,
(21, 23] = 28, [v1, 24] = 1, [0, 25] = @Y, [0, 23] = 25, [m9, 74] = 1,

[x27 I5] - .TZ, [$37$4] - 17 [x3,$5] - CL’Z, [$47 .7;5] - 1> (223>

It is easy to see the following properties of G.

Lemma 2.3.4 The group Gy is a p-group having order p°, %(G;) = ®(G;) <
Z(Gy), ®(Gy) is elementary abelian and the exponent of Z(G1) is p*, where p is

any prime. Moreover, if p is odd, then G is reqular.

It can be checked by using GAP [23] that for p = 2, Aut(G,) is elementary
abelian. So we assume that p is odd. Let a be an arbitrary automorphism of
(G1. Since the nilpotency class of Gy is 2 and ~5(G1) is generated by the set

{2 | 1 <1 < 4}, we can write
5
O[(.CCZ) = X; Hl’?ij (224)
j=1

for some non-negative integers a;; for 1 <14, j < 5.

Lemma 2.3.5 Let « be the automorphism of Gy defined in (2.24). Then
as; =0 modp for j=1,2,3,5. (2.25)
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Proof. Since x4 € Z(G)), it follows that a(xy) = ) ** 2" 282258 184 € Z(Gy).
This is possible only when as; =0 mod p for j = 1,2, 3,5, which completes the
proof of the lemma.

We’ll make use of the following table in the proof of Theorem 2.3.2, which
is produced in the following way. The equation in the kth row is obtained by
applying « on the relation in kth row, then comparing the powers of x; in the
same row, and using preceding equations in the table and equations (2.25). For
example, equation in 5th row is obtained by applying a on [z1,z3] = %, then

comparing the powers of x5 and using equations in 2nd and 3rd row.

Table 2.1: Table for the group G,

’ No. H equations (read =0 mod p) \ relations \ x;'s
1 as;, 1< 7 <4 =1 Ti,...,74
2 a1z (21, 25] = 2] 9
3 a3 (1, 5] = f T3
4 a4 [x1, 5] = of T4
o a3z [x1, 23] = o To
6 ass(1 + an) (71, 25] = 2} !
7 ag3(1 + ar) (1, o] = 2f T3
8 Qo1 + a21055 (g, x5] = o] 1
9 az + azass (23, 25] = ) T
10 ass + a11a3s — a15a31 — A31 (1, 23] = 2§ X
11 a (1 + ass) (1, x3] = o Ts
12 ags(1 4 ag) (1o, x3] = b To
13 55 + a3z + A33055 — Gug (x5, 5] = o} 74
14 || ass + ag + aseass + ass(1 + ass) — agy | [0, 25] = 2 T4
15 (age + ass)(1 + ain) — a15an (21, xo] = o 1
16 || ass(1 4 ags + age) — ags(1 + ass) — agy | [0, 23] = 25 T4
17 —@15 — G152 — Q15023 [x1, 29] = 2f T4
18 —Q15 — Q15033 — A34 [$1, :L'g] = x§ Ty

Now we are ready to prove Theorem 2.3.2. In the following proof, by (k) we

mean the equation in the kth row of Table 2.1.

Proof of Theorem 2.3.2. Consider the group (; defined in 2.23. It follows
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from Lemma 2.3.4 that Gy is of order p°, ®(G;) < Z(G;) and 1»(Gy) = ®(Gy)
is elementary abelian. It is easy to show that the order of Autcent(Gy) is p*°.
As mentioned earlier, it can be checked using GAP that Aut(G,) is elementary
abelian for p = 2. We therefore assume that p is odd. We now prove that all
automorphisms of GG; are central. Let o be the automorphism of G; defined in
(2.24), i.e., a(z;) = x; H?:1 z;" ) where a;; are non-negative integers for 1 <i,j <
5. Since G1/Z(G1) is elementary abelian, it is sufficient to prove that a;; = 0
mod p for 1 <i4,5 < 5.

Since a(z?) = 2?0 H?:2 28 £ 1, 28 =1land a;; =0 mod p for 2 < j <
4, it follows that 1 + a;; is not divisible by p. Therefore (6) and (7) give az5 =0
mod p and as3 =0 mod p respectively. Thus by (8) and (9) respectively, we get
az; = 0 mod p and az; = 0 mod p. Using the fact that az; = 0 mod p, (10)
reduces to the equation ags(1 + aj3) = 0 mod p. Since 1 + ay; is not divisible
by p, we get azs = 0 mod p. Observe that 1 + asz is not divisible by p. For,
suppose p divides 1 + ags. Since asy, ase, ass are divisible by p and x4 € Z(Gy),
it follows that «(z3) € Z(Gy), which is not true. Using this fact, it follows from
(11) that a;; = 0 mod p. Using above information, (13), (14) and (15) reduce,

respectively, to the following equations.

azs3 —ags =0 mod p, (2.26)
(g —agyy =0 mod p, (2.27)
a9 +ass =0 mod p. (2.28)

Subtracting equation (2.27) from equation (2.26), we get azz — ass = 0 mod p.
Adding this to equation (2.28) gives asz + ass = 0 mod p. Using this fact after

adding (12) to equation (2.28), we get a(1 + azs) =0 mod p. Since 1+ ags is
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not divisible by p, aze = 0 mod p. Thus equations (2.27) and (2.28) give aqy =0
mod p and as; = 0 mod p respectively. So azz = 0 mod p from equation 2.26.
Now (16) and (17) give asy =0 mod p and a;5 =0 mod p respectively. Finally,
from (18) we get agy =0 mod p. Hence all a;;'s are divisible by p, which shows
that « is a central automorphism of G;. Since o was an arbitrary automorphism
of Gy, we get Aut(G1) = Autcent(G).

It now remains to prove that Aut(G;) is elementary abelian. Notice that G,
is purely non-abelian. Since 7,(G1) = ®(G1), the exponent of G1/72(Gy) is p.
That Aut(G;) = Autcent(G;) is elementary abelian now follows from Theorem

1.2.9. This completes the proof of the theorem.

Now we proceed to construct a finite p-group G such that Aut(G) is elementary
abelian, 12(G) < ®(G) and ®(G) = Z(G) is elementary abelian. Let p be any

prime, even or odd. Define the group

2 2 2 2
G2 — <$1,[L‘2,x371’4 | le) :xg :xg :IZ - 17[$17$2] - 1,[1’1,$3] :CCZ,
[$1,$4] - I’Z, [1'2, .1'3] = xllja [an l’4] = .Tg, [‘T37 1’4] = ‘,EZ> (229)

It is easy to prove the following lemma.

Lemma 2.3.6 The group Go is a p-group of order pb, 75(Gy) < ®(Gs) and
Z(Gy) = ®(Gs9) is elementary abelian, where p is any prime. Moreover, if p is

odd, then Gy is reqular.

Again, It can be checked by using GAP that for p = 2, Aut(G3) is elementary
abelian. So from now onwards, we assume that p is odd. Let a be an arbitrary

automorphism of G5. Since the nilpotency class of Gy is 2 and v2(Gs) is generated
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by the set {z!, 25, 21}, we can write
a(x;) = x; H s (2.30)

for some non-negative integers a;; for 1 <i,j5 < 4.
The following table, which will be used in the proof of Theorem 2.3.3 below,

is produced in a similar fashion as Table 1.

Table 2.2: Table for the group Gs

’ No. H equations \ relations \ xi's ‘
1 a;3=0 mod p [, 3] = 2 | 3
2 as3 =0 mod p [, 4] = 25 | 3
3 as3 =0 mod p (1, 23] = 2} | 3
4 as1 =0 mod p (1, 4] = 2l | 21
5 as; =0 mod p [xo, x4] = b | a4
6 ass =0 mod p [xg, x4) = b | x4
7 a4 =0 mod p [, 3] = 2 | x4
8 asu(l +axp) =0 mod p (22, 14 = 75 | @
9 ajy + ajpass =0 mod p (21, 4] = 2 | 24
10 gz + agazz + azz —a;n =0 mod p (2, z3) =2} | a1
11 —ag(l+azz) =0 mod p (3, 4] = 2l | 21
12 a12 + 12044 — ago =0 mod p [z, 24) = 2 | 29
13 a32 + A32044 — (34042 — ago = 0 mod p [z, 24) = 2} | 29
14 ass(1 4 as) — a2 =0 mod p (o, 3] = 2 | o
15 | a11(1+ ags + ass) + ags + asg —ags =0 mod p | [y, 23] = 2} | 24
16 asi + aziaqq + asz + aszass =0 mod p (3, 4] = 2} | x4

Now we are ready to prove Theorem 2.3.3. By (k), in the following proof, we

mean the equation in the kth row of Table 2.2.

Proof of Theorem 2.3.3. Consider the group G, defined in 2.29. It follows
from Lemma 2.3.6 that Gy is of order p®, 72(Gs) < ®(Gy) and Z(G3) = ®(Gy)
is elementary abelian. It is again easy to show that the order of Autcent(Gs2) is
p'®. Since Aut(Gs) is elementary abelian for p = 2, assume that p is odd. As in

the proof of Theorem 2.3.2, to show that all automorphisms of G5 are central, it
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is sufficient to show that a;; =0 mod p for 1 <i,5 < 4.

Since ag, ag3, asy are divisible by p, it follows that (1 + agy) is not divisible by
p. For, if p divides (1 + a22), then a(x2) € Z(G3), which is not possible. Using
this fact, (8) gives agyy = 0 mod p. Thus from (9) we get a;; =0 mod p. Now
we observe from (10) that (1 + as3) is not divisible by p. For, suppose, (1+ as3) is
divisible by p, then using the fact that a;; =0 mod p, (10) gives azs =0 mod p,
which is not possible. Thus (11) gives aso = 0 mod p. Now using that a4 and
a4y are divisible by p, (12) and (13) give a;2 = 0 mod p and azs = 0 mod p
respectively. Since a;p =0 mod p and (1 + ag) is not divisible by p, (14) gives
azs =0 mod p. Using that ay;, azs and ayy are divisible by p, (15) gives ag3 =0
mod p. Now using that ass and a4y are divisible by p, equation (16) gives ag; =0
mod p. Since aj; and asz are divisible by p, equation (10) gives ass =0 mod p.
Hence a;; =0 mod p for 1 <i,5 <4.

Since Z(G9) is elementary abelian, Aut(Gs) = Autcent(Gy) is elementary

abelian by Theorem 1.2.9. This completes the proof of the theorem.

Let G be a purely non-abelian finite 2-group such that Aut(G) is elementary
abelian. Thus Aut(G) = Autcent(G). Then G satisfies one of the three conditions
of Theorem 1.2.10. We here record that there exist groups G which satisfy exactly
one condition of this theorem. It is easy to show that the 2-group G constructed
in (2.23) satisfies only the first condition of Theorem 1.2.10 and the 2-group Go
constructed in (2.29) satisfies only the second condition of Theorem 1.2.10. That
Aut(Gy) and Aut(G,) are elementary abelian, can be checked using GAP. The
examples of 2-groups G satisfying only the third condition of Theorem 1.2.10

with Aut(G) elementary abelian were constructed by Miller [51] and Curran [13].

The examples constructed in Theorems 2.2.4; 2.3.2 and 2.3.3 indicate that it
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is difficult to put an obvious structure on the class of groups G such that Aut(G)
is abelian or even elementary abelian. We remark that many non-isomorphic
groups, satisfying the conditions of the above theorems, can be obtained by mak-
ing suitable changes in the presentations given in (2.3), (2.23) and (2.29). We
conclude this chapter with a further remark that the kind of examples constructed

in this chapter may be useful in cryptography (see [48] for more details).
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Chapter 3

Class-preserving Automorphisms of

Groups

In this chapter we will investigate some structural properties of groups of class-

preserving automorphisms.

3.1 Class-preserving Automorphisms: Literature

Recall from Chapter 1 that an automorphism of a group G is called class-preserving
if it maps each group element to a conjugate of it. The set of all class-preserving
automorphisms form a normal subgroup of Aut(G) and we denote it by Aut.(G).
In 1911, Burnside 9] asked the following question: Does there exist a finite group
G such that G has a non-inner class-preserving automorphism? In 1913, he him-

self gave an affirmative answer to this question. He constructed a group G of
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order p® isomorphic to the group W consisting of all 3 x 3 matrices

1 00
z 1 0

z y 1

with 2,9, z in the field F,2 of p* elements, where p is an odd prime. This group
G is of nilpotency class 2 with elementary abelian Aut.(G) of order p®, while
order of Out.(G) is p*. In 1947, Wall constructed finite groups G having non-
inner class-preserving automorphism [71]. His examples also contain 2 groups
smallest of which is a group of order 2°. These groups are in fact the general
linear group GL(1,Z/m) where m is divisible by 8. In 1979, Heineken on the
way to producing examples of finite group in which all normal subgroups are
characteristic, constructed finite p-groups G of nilpotency class 2 with Aut(G) =
Aut.(G) and Out.(G) # 1 [29]. So the group of class-preserving automorphisms
can be as big as the whole automorphism group. One more example of such finite
p-group G, having order p® and nilpotency class 3, was constructed by Malinowska
[49]. She also constructed p-groups G of arbitrary nilpotency class r > 2 for any
prime p > 5 such that Out.(G) # 1. In 2001, Hertweck constructed a family
of Frobenius groups as subgroups of affine semi-linear groups AI'(IF) where F is
is a finite field, which possess class-preserving automorphisms that are not inner
[31]. Many classes of groups, which do not have any non-inner class-preserving
automorphism, also have been explored in the past. We will see examples of such
groups in Chapter 4.

Given some structure on a group G, there also have been attempts to get some
structural information about Aut.(G). In 1968, Sah [65], using a result of Hall,

noticed that if G is nilpotent of class ¢, then Aut.(G) is nilpotent of class ¢ — 1.
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He, using homolgical techniques and some results of Schur and Wedderburn, also
proved that Aut.(G) is solvable when G is finite solvable. Further he proved that
if G is a group admitting a composition series and for each composition factor
F of G, the group Aut(F)/Inn(F) is solvable, then Out.(G) is solvable. An
immediate corollary of this result and Schreier hypothesis (i.e., Aut(S)/Inn(S)
is solvable for every finite simple group S) is that, Out.(G) is solvable for every
finite group G. More results on the structure of Aut.(G) were established in
1976 by Laue [47] who proved that, if G is a finite supersolvable group, then
so is Aut.(G). Further he proved that if G is a finite supersolvable group and
®(G) = 1, then Out.(G) is nilpotent. He also proved that if G is a finite solvable
group and each chief factor of GG is complemented, then Out.(G) is supersolvable.
An optimal bound on | Aut.(G)| for finite p-groups G was obtained by Yadav
[72]. He proved that if G is group of order p”, then | Aut,(G)| < p™~9/4 if n is
even, otherwise | Aut.(G)| < p™*~1/%. He also classified all finite p-groups which
attain this bound. We refer the reader to 73] for a more comprehensive survey

on the topic.

3.2 Solvability of Aut.(G)

Sah noticed that Out.(G) is a non-abelian simple group if G is a restricted sym-
metric group on a countably infinite set. So the solvability of Aut.(G)/Inn(G)
can not be extended to infinite groups G. In this section we investigate whether
the other result of Sah, i.e., Aut.(G) is solvable when G is finite solvable, can be

extended to arbitrary groups.

We start with the following key lemma.
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Lemma 3.2.1 Let G be a group and o € 0,(Aut.(G)) for some k > 1. Then for

each © € G there exists b, € 0,(G) such that a(z) = b, xb,.

Proof. Notice that, it is enough to prove the lemma for generators of oy, (Aut.(G)).
We apply induction here. For k£ = 1, the lemma holds true. Suppose that for
k =i, the lemma is true. Let o, 8 € §;(Aut.(G)). For z € G, let a(z) = y~lay

and ((z) = 2 lzz for some vy, z € 6;(G). Then

o, B)(x) = a ' ab(x)

— a7'pla(xa2)

= a ' a(zTa(x)a(2))

= a7 ez )y ayal2))

= a ' la)a By e BT (@)a T BT y)a T B al2)

= a ' a(z o BTNy e (BT ()28 ()T BT ()
a ' al(2)

= o 'plalz"a B (y Do BT (2)a T ()T BT (T
a BN (y)a" B a(z)

= a 'flalz a8 (y a8 (R)a T (y)ea T (v

a Bz a8 (y)a B alz).

Put

bt = o tae e B o (e )

= a ' N a(z" Yy ' 2B())
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= a ' N alz 2z Ty 2yy  B(y))

= a ' a(z Y2z, yly 1 B(Y)).

Thus [a, 8](x) = b, 'zb,. Since y,z € §;(G), [z,y] € di21(G). Now by induc-
tion hypothesis, notice that a(z71)z, y~'8(y) € 6;4+1(G). Thus it follows that

b, € §;41(G). This completes the proof.

The following theorem extends Sah’s result to an arbitrary group and also

gives additional information on the solvability length of Aut.(G).

Theorem 3.2.2 Let G be a solvable group of length l. Then Aut.(G) is a solvable

group of length either l orl — 1.

Proof. Let G be a solvable group of length [. Then §;41(G) = 1. By Lemma
3.2.1 it follows that 0;41(Aut.(G)) = 1, which shows that Aut.(G) is solvable of
length at most [. When §,(G) < Z(G), using Lemma 3.2.1 again, it follows that
the solvable length of Aut.(G) is [ — 1. Since Inn(G) is contained in Aut.(G) and
the solvable length of Inn(G) is at least [ — 1, the solvable length of Aut.(G) can

not be less than [ — 1. This proves the theorem.

We have the following direct consequence of Theorem 3.2.2.

Corollary 3.2.3 If G is a metabelian group, then so is Aut.(G).

The following lemma can be proved on the lines of the Lemma 3.2.1.

Lemma 3.2.4 Let G be a group and a € v, (Aut.(G)) for some k > 1. Then for

each x € G there exists b, € (G) such that a(z) = b, zb,.
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The following theorem can be easily proved using Lemma 3.2.4.

Theorem 3.2.5 Let G be a nilpotent group of class c. Then Aut.(G) is a nilpo-
tent group of class ¢ — 1. Moreover, if G is residually nilpotent, then Aut.(G) is

also residually nilpotent.

We have mentioned in the preceding section that if G is finite supersolvable
group, then Aut.(G) is supersolvable. The following theorem (which is true for
arbitrary groups) puts some additional structure on Aut.(G) when G is a finite

supersolvable group.

Theorem 3.2.6 Let G be a supersolvable group. Then Aut.(G) is a nilpotent-

by-abelian group.

Proof. Since G is a supersolvable group, v,(G) is nilpotent. Using Lemma 3.2.4
and applying the same technique as in the proof of Lemma 3.2.1, we can see that

v2(Aut.(G)) is nilpotent. It now follows that Aut.(G) is a nilpotent-by-abelian

group.

3.3 Nilpotency of Out.(G)

In this section we investigate about the nilpotency of Out.(G) for a given group G.
We shall first establish a relation between the nilpotency of Out.(G) and nilpo-
tency of Out.(G/Z;(G)). We start with the following lemma which generalizes a

lemma of Gumber and Sharma [25].

Lemma 3.3.1 Let G be a group and N < G. If v;(Aut.(G/N)) < ~,(Inn(G/N))
for some j,k € N, then v;(Aut.(G)) < (ve(Aut(G)) N Aut™ (G)) 7y (Inn(G)).
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Proof. Let a € v;(Aut.(G)). We will show that a € (vx(Aut.(G)) N Aut™ (G))
7 (Inn(G)). Without loss of generality we can assume o = [ag, o, . .., o], where
a; € Aut.(G) for i = 1,...,7. Let @ denotes the automorphism induced by « on
G/N. Note that & = [ay, ao, ..., q;]. Therefore & € v;(Aut.(G/N)). Hence by
the given hypothesis there exists some a € 7;(G) such that a(xN) = axa™'N
for all z € G. Tt follows that a(x) = axa 'n, for some n, € N. Con-
sider the automorphism = o,a, where o, denotes the inner automorphism
induced by a, i.e., 04(x) = a 'wa. Note that 27'8(z) = a"'n,a € N. There-
fore B € Aut(G). Without loss of generality we can assume that k < j.
Therefore a € v;(Aut’(G)) < y(Aut.(G)). Also, since a € 7,(G), we have
0a € (Inn(G)) < (Aut®(G)). Hence B € yi(Aut.(G)) N Aut” (G). Since
a = (0,)7'B, it follows that o € (. (Aut.(G))NAut™ (G))ve(Inn(G)). This proves

the lemma.

An automorphism « of a group G is called an A automorphism if it induces
the identity mapping on the abelianization of the group, i.e., on G/v2(G). We
consider here the set of those IA automorphisms that fix the center element-wise.
This set forms a normal subgroup of Aut(G) and we denote it by IA,(G). Clearly,
Aut.(G) < TA,(G). Let Z;(G), for i < 0, denote the trivial group. We prove the

following lemmas.

Lemma 3.3.2 Let G be any group. Then for j,k € N,
L (@), AwtP Q)] < Zj144(G),
2. 1Z;(G), w(IA:(G))] < Z;—4(G).

Proof. (1) Obviously [G, Aut% 9 (G)] < Z;(G). Now we apply induction on k.

Suppose [1i(G), AutZ((G)] < Z;_i11(G). Note that [G, Aut? D (G),v(G)] <
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Z; (@) and [Aut% (@), 7(G),G] < Z;_i(G). Therefore by Lemma 1.1.9, we
get [yi41(G), Aut? D ()] < Z;_i(G). This proves the result for all k.

(2) Note that if we prove the result for £ = 1, then applying induction
on k and Lemma 1.1.9, the result easily follows. So let us assume that k =
1. Let a € 1A,(G). Clearly [Z(G),a] < {1}. We will apply induction on j.
Suppose [Z;(G),a] < Z;_1(G), in other words let o induces the identity mapping
on Z;(G)/Z;—1(G). Let x € Z;11(G) and y € G. Then [z,y] € Z;(G). Therefore
(2,5 Zi1(G) = [5,51Z:+(G). So that a(z ™)y yalya(@)a(y) Z1(G) =
[7,y]Zi-1(G). But ya(y™!) € %(G), a(z) € Zi(G) and [1(G), Zi(G)] <
Z;_1(Q), therefore we have a(z ™)y~ a(z)yZ;_1(G) = [x,y]Z;_1(G). This implies
that

la(z)a™ yly ey Zi1(G) =y~ ey Zia (G).

Therefore [a(z)z~,y] € Z;_1(G). Since z,y and « were chosen arbitrarily, we

get [Z;11(G),IAL(G)] < Z;(G). This completes the proof of the lemma.

Lemma 3.3.3 Let G be a group and A be a subgroup of Aut(G) such that

Inn(G) < A < TA.(G). Then AN Aut% D (G) = Z;(A).

Proof. First we prove that Aut?(“)(G) = Cauya)(A). Since Inn(G) < A, the in-
clusion Caui(ey(A) < Aut?“ (@) is obvious. Now suppose that a € Aut?(@(G)
and 8 € A. Since a fixes 75(G) element-wise and z7'3(z) € 1»(G), we get
af(z) = a(zz™f(z)) = a(z)z™'B(x). But B fixes Z(G) element-wise and
a(z)z™! € Z(G), hence we get afB(x) = Ba(z)z!)B(z) = Pa(z). Since a
and 8 were chosen arbitrarily, this shows that Aut?“)(G) < Cauye)(A), and
hence Aut?(@(G) = Cau(c)(A). It now follows that AN Aut? (@) = Z(A).
We now apply induction on j. Suppose that A N Aut?(9(G) = Z;(A). Let

a € AN AutZ (@) and B € A. Let z € G and a(z) = 22, and B(z) = zgs

38



for some 2 € Z;1(G) and g € 7(G). Note that a~*(z) = za~'(2;!) and

B~Yx) =287 g, "). Now consider

[, 8)(x) = a B raf(x)
= o ' a(zg)
= a7 (z2a(g2))
= o (87N (@)B 7 (21)B alg2))
= a Nz (g )BT (z1)8  alg2))
= za ' (z7Na ' B gz Na ' B (z1)a B alge)
= 2z ' BBz ) gs ' 21a(ga))

= za BBz D alz golgs Talge))-

So that z7'a, B](z) = a B~ Y(B(2 2121, 92)95 '(g2)). By Lemma 3.3.2
we have B(z; Yz, g5 a(ge) € Zi(G). Clearly [21,92] € Zi(G). Therefore
we get 7o, f](z) € Zi(G). Hence [o, 5] € AN AutZD(G). By induction
hypothesis we get [, 8] € Z;(A). Since § was chosen arbitrarily, we have
o € Zi41(A). This shows that AN AutZ+1((G) < Z;1(A). Now assume that
a € Zi1(A). Therefore for all g € A, [, ] € Z;(A). By induction hypoth-
esis [a, ] € AN AutZD(Q). Therefore, for all z € G, 7o, B](z) € Zi(Q).
Let B be the inner automorphism induced by some y € G. It follows that
[z, ya (y™")] € Zi(G) for all 2,y € G. Therefore a € Aut?+@(qG). Since
a was chosen arbitrarily, we get Z;11(A) < AN AutZ+1(@ (@), This proves that

AN Aut?+ (@) = Z;11(A) and the proof is complete.
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The following corollary is a direct consequence of Lemma 3.3.3.

Corollary 3.3.4 Let G be a group. Then Aut.(G)NAut? (@ (G) = Z;(Aut.(Q)).

Now we are ready to prove the following theorem which establishes a relation

between nilpotency of Out.(G) and Out.(G/Z;(G)).

Theorem 3.3.5 Let G be a group such that Out.(G/Z;(G)) is a nilpotent group
of class k. Then Out.(G) is a nilpotent group of class at most j + k. Moreover,
if Out.(G/Z;(G)) is a trivial group, then Out.(G) is a nilpotent group of class at

most j.

Proof. Since Out.(G/Z;(G)) is a nilpotent group of class k, we have

T (Aute(G/Z;(G))) < Inn(G/Z;(G)).

Therefore by Lemma 3.3.1 we have

Yre1(Aute(@)) < (Aut(G) N Aut? (@) Inn(G).

Now applying Lemma 3.3.4 we get that v,41(Aut.(G)) < Z;(Aut.(G)) Inn(G).
It follows that v,+x41(Aut.(G)) < v;41(Inn(G)). This proves that Out.(G) is a
nilpotent group of class at most j + k. Also one can prove on the same lines that
if Out.(G/Z;(G)) is a trivial group, then Out.(G) is nilpotent group of class at

most j.

In the previous section we have seen that if GG is a nilpotent group of class k,
then Aut.(G) is a nilpotent group of class k — 1. The obvious corollary is, if G is
a nilpotent group of class k, then Out.(G) is nilpotent of class k — 1. This bound

on the nilpotency class of Out.(G) is best possible when k& = 2. Sah remarked
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in his paper [65] that for the large values of k the corollary could presumably be
improved. Yadav 73] and Malinowska [50] also asked in their surveys to improve
this bound on the nilpotency class of Out.(G). We note here that Out.(G) is
trivial for all the groups of order less than or equal to p* for any prime p [43].
Having this in mind, the following corollary is an easy consequence of Theorem
3.3.5 and improves the bound on the nilpotency class of Out.(G) in some cases,

e.g., p-groups of maximal class.

Corollary 3.3.6 Letp be any prime and G be a finite p-group such that |G/Z;(G)|

< p*. Then Out.(G) is a nilpotent group of class at most j.

Corollary 3.3.7 Let p be any prime and G be a p-group of maximal class having

order p™, n > 5. Then the nilpotency class of Out.(G) is at most n — 4.

Now we will investigate the nilpotency of Out.(G) for an arbitrary group G
when v,(G)/v(G) N Z;(G) for some j,k € N is cyclic and prove the following

theorem.

Theorem 3.3.8 Let G be a group such that vi(G)/v(G) N Z;(G) is cyclic then
Out.(G) is nilpotent of class at most j+k~+1. Moreover, if vi(G)/v(G)NZ;(G)
is an infinite cyclic or a finite cyclic p-group, then Out.(G) is nilpotent of class

at most j + k.

Theorem 3.3.8 easily follows form Theorem 3.3.12 which we shall prove at the
end of this section.

A subgroup H of a group G is said to be c-closed (in G) if any two elements of
H which are conjugate in GG are also conjugate in H. We now prove the following

lemma.
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Lemma 3.3.9 Let G be any group. Then v;(Inn(QG)) is c-closed in v;(Aut.(G))

foralli > 1.

Proof. Let a € v;(Aut.(G)) and o, € 7;(Inn(G)) induced by x € G. Since
Inn(G) is normal in Aut.(G), let a~to,a0 = 0, the inner automorphism induced

by y € G. Now for any arbitrary element g € GG, we have

oy(9) = (™ oz0)(g) = ™ (z 7 a(g)x) = o~ (z7 )ga (x).

Since a € 7;(Aut.(G)), by Lemma 3.2.4 there exists an element a, € v;(G) such
that a(r) = a;'ra,. Let o denote the inner automorphism of G induced by
a(a,) € 1(G). Thus o € v;(Inn(G)) and

o '0,0(9) = 0 (2 o (g)z) = oM@ Vg (&) = a2 Yga M @) = 0, (9)

1 1

for all g € G. Hence a™o,a = 0~ 0,0. This proves the lemma.

The next lemma can be proved on the lines of proof of Lemma 3.3.9.

Lemma 3.3.10 For any group G, [vi(Aut.(G)),v;(Inn(G))] < 7it;(Inn(G)) for

all i,7 > 1.

Lemma 3.3.11 For a group G, Cay.(c)(Inn(G)) = Z(Aut.(G)).

Proof. Since Z(Aut.(G)) < Caw.(c)(Inn(G)), it is sufficient to show that any
class-preserving automorphism « of GG, which centralizes Inn(G), lies in the center
of Aut.(G). Let § be an arbitrary element of Aut.(G). Then for each z € G,

there exist a, such that 8(x) = z%. Notice that x'a(z) € Z(G). Thus it follows
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that fa(z) = a(x)*. Let o,, be the inner automorphism induced by a,. Then

af(z) = ao,, () = 04, a(r) = 04, ((2)) = f(e(2)) = o).

Since = was arbitrary, af = fa. This proves that o € Z(Aut.(G)).

Theorem 3.3.8 is a direct consequence of the following theorem.

Theorem 3.3.12 Let G be a group such that v,(G)/v(G) N Z;(G) is cyclic.
Then jik+1(Aute(G)) = vjspr1(Inn(G)). Moreover, if v, (G) is infinte cyclic or

a finite cyclic p-group for an odd prime p, then vjik(Aut.(G)) = vj4x(Inn(G)).

Proof. First we will prove the theorem for j = 0. So let G be a group such
that v (G) is cyclic for some k& > 1. Suppose that v,(G) is infinite cyclic. Then
Aut(v,(G)) is cyclic of order 2. But then, by 1.1.5, Ng(v(G))/Ca(v(G)) =
G/Cq(m(G)) is also cyclic, generated by (say) 2Cq(71(G)). Thus G = (z, Ca(7x(
G))). From Lemma 3.2.4 it follows that 7y (Aut.(G)) = v,(Inn(G)) and hence
by Lemma 3.3.10, Y41 (Aut.(G)) = 7+1(Inn(G)). Now suppose that v, (G) is
a finite cyclic group. Since v,(G) is finite, Aut(yx(G)) is finite and therefore
by Proposition 1.1.5 G/Cq(v(G)) is finite. Let G = (x1, 29, ..., x, Ca(1(G)))
and a € Y, (Aut.(G)). Then by Lemma 3.2.4, « fixes Cg(7(G)) element-wise
and since 7;(G) is finite there are only finite no of choices for each zs to get
mapped to, under a. It follows that ~x(Aut.(G)) is finite. Using Lemma 3.2.4
and applying the same technique as in it’s proof, it is easy to see that if ;(G) is
abelian for some 4, then 7;(Aut.(G)) is abelian. So we have v, (Aut.(G)) abelian.
Also, since v,(G) is cyclic, v(Inn(G)) is cyclic. Notice that the exponents of
Yk (Aut.(G)) and v, (Inn(G)) are equal, because by Lemma 3.2.4 each element

in v, (Aut.(G)) fixes 7,(G) elementwise. Therefore from Theorem 1.1.8, we get
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Yk (Aut.(G)) = 1 (Inn(G)) x T for some T < v, (Aut.(G). Next we want to show
that [T, Inn(G)] < T. Let % (G) = (y) and a € yx(Aut.(G)). Let 2,z € G. By
Lemma 3.2.4, we can assume that a(z) = y "2y" and «a(z) = y~'zy" for some

r,t € Z. Thus by Lemma 1.1.6, we have y € Z(7,(G)). Now consider

a(lz, z]) = a(zHa(z"Ha(z)a(z)
_ y—rl,—lyry—tz—lyty—rxyry—tzyt
— y—tyt—rx—1yr—t2—1yt—rxyr—tzyt

t r—t —1]

=y ey ey e ey

_ y—tm—l [[yr—t’w—l]’ Z} z_lxzyt

1 1 1

Lyt xr Zz xZ

=y o [y e, 2] e eyt

t

= y_tz_lz_lxzytz_lzr_lz[[yr_ Y, z}z_lxz

t

e, Ay e e [y e 2]

—t 1

= [z, 2]z 2 [y 2, 2] 2 e

=z ! [[yr’t, 7, z} 271z,

But a € v (Aut.(G)) and y € Z(72(G)), so we have o[z, z]) = [z, z]. It follows
that [z71,y""] € Cg(z). Similarly, [271,y'"] € Cg(x). Now, let 8 € Inn(G) be

induced by z. Then,

B af(x) = B a(z w2)

=B o=y ey a(2))

= za(z Yy "wy alz) 2

— Zy_tZ_lyt_rlEyT_tzytZ_l

— Zy—rz—lZyr—tz—lyt—rxyr—tzyt—rz—lzyrz—l
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=2y "2 way 2L

27 = y=™. Then f'af(z) = y ™ zy™ . Since « fixes y, we have

Let zy~
B~ taf(z) = a™(z). Notice that m does not depend on the arbitrarily chosen z,
which shows that 3~'af8 = a™. Since z was chosen arbitrarily, for all ¢ € Inn(G),
we get o 'ac € (). This proves that, for any subgroup S of 7, (Aut.(G)),
[S,Inn(G)] < S. In particular, [T,Inn(G)] < T. Now by Lemma 3.3.10, we
have [yx(Aut.(G)),Inn(G)] = Yr1(Inn(G)), ie., [v(Inn(G)) x T,Inn(G)] =
Ye+1(Inn(G)). But then, [T, Inn(G)] < v (Inn(G)) N T = {1}. Thus by Lemma

3.3.11, we have T' < Z(Aut.(G)). Now

Ter1(Aute(G)) = [vp(Aute(G)), Aute(G)]
= [v(Inn(G)) x T, Aut.(G)]
= [(Inn(G)), Aut(G)]

= Vi1 (Inn(G)).

Furthermore, if v, (G) is a cyclic p-group for an odd prime p, then by Propo-
sition 1.1.4 Aut(yx(G)) is cyclic and hence G/Cq(v:(G)) is cyclic. It then follows
from Lemma 3.2.4, that v, (Aut.(G)) = 1 (Inn(G)). Now suppose that j is any
arbitrary natural number and v, (G)/7(G) N Z;(G) is cyclic. It is a basic fact
that v (G)/v(G) N Z;(G) = v (G/Z;(G)). Therefore, by what we just proved
Yer1(Aut(G/Z;(G))) = vk+1(Inn(G/Z;(G))). Hence By Lemma 3.3.1 we get

Y1 (Aute(@)) < (e (Aut (@) N AW D) (Inn(G)).
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Therefore By Lemma 3.3.3 we get vi11(Aut.(G)) < Z;(Aut.(G))ve+1(Inn(G)).
Now it follows that v;15+1(Aute(G)) = Vj4r+1(Inn(G)). Finally if 4 (G)/v(G) N
Z;(G) is infinite cyclic or a finite cyclic p-group for an odd prime p, then v, (Aut.(G/
Z;(G))) = w(Inn(G/Z;(G))). Applying the same arguments as before we get that

Vi+k(Aut.(G)) = vj4x(Inn(G)). This completes the proof.

We would like to remark here that for a finite p-group GG, p an odd prime,
the result of Cheng stated in Theorem 1.4.7 gives a more general statement when

j=0and k = 2.
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Chapter 4

[1I-rigidity of Groups of Order p°

In this chapter we calculate | Out,(G)| for all the groups G of order p° for a prime
p and study the connection between I1I-rigidity and Bogomolov multiplier of these

groups. Throughout the chapter, III-rigid groups will be called rigid groups.

4.1 Ill-rigidity and Bogomolov multiplier

Recall (Theorem 1.5.2) that a finite group G is I1I-rigid if and only if Out.(G) = 1.
Many mathematicians have studied the Ill-rigidity of various classes of groups.
Some have used the Shafarevich-Tate set approach while some have taken the
route of calculating Out.(G). The following list tries to collect some known

classes of Ill-rigid groups.
e symmetric groups [59];
e finite simple groups [20];
e p-groups of order at most p* [43];

e p-groups having a cyclic maximal subgroup [43];
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e p-groups having a cyclic subgroup of index p* [44, 22];
e finite abelian-by-cyclic groups [31];

e groups such that the Sylow p-subgroups are cyclic for odd p, and either

cyclic, or dihedral, or generalized quaternion for p = 2 [32];
e Blackburn groups [30];
e extraspecial p-groups [42];
e primitive supersolvable groups [47];

e unitriangular matrix groups over I, and the quotients of their lower central

series [4];
e Free groups [58];

e Free product of groups [56].

Kang and Kunyavskii in [41]| observed that the Bogomolov multiplier By(G) =
0 for most of the known classes of finite Ill-rigid groups G and asked following

question:

Question([41, Question 3.2|). Let G be a finite [ll-rigid group. Is it true that

However this question does not have a positive solution in general (negative
answer for a group of order 256 is now known), Kang and Kunyavskil writes
that it is tempting to understand whether there exists some intrinsic relationship

between IIl-rigidity and Bogomolov multiplier.
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4.2 Groups of order p°

This chapter is devoted to studying the rigidity property of groups of order p°
for a prime p and answering the above question in affirmative for most of these
groups. We study rigidity problem through class-preserving automorphisms of
groups.

As we also have mentioned earlier in the first chapter that non-abelian groups
of order p°®, p odd prime, are classified in 42 isoclinism families by R. James
which are denoted by ®;, for 2 < k < 43. Theorem 1.4.8 allows us to select and
work with any group from each of 42 isoclinism families of non-abelian groups
of order p%. We list here the selected group from each isoclinic family with
which we shall work. The presentation (o, g, ..., | w1 = wy = -+ = wy = 1)
for the group G means that G is the largest group generated by the symbols
aq,Q, ...y, subject to the conditions wy(ay, ag, ... q,) = we(ay, e, ... ) =

- = wi(aq, g, ... a,) = 1, where w;'s represent words in at most n variables.

(») (%) (%)

: . P A .
In particular, a;; will denote the word oy, a7y -+ a)y -+ - uyy, Where i is a

it
positive integer and oo, ..., @4, are suitably defined. All relations of the form
[a, B] = 1 (with «, 8 generators) have been omitted from the list and should

be assumed when reading the list. Throughout the list v denotes the smallest
positive integer which is a non-quadratic residue (mod p) and ¢ denotes the

smallest positive integer which is a primitive root (mod p).

(2)  ®5(1%) = ®,5(1°) x C,,  where
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(4)

()

(6)

(7)

D3(1°) = <a,a1,a2,a3 | [, a] = iy, 0? =aP =af =1 (i = 1,2)> x Cp.

Dy(1%) = ®4(1°) x Cp,  where

2,(1) = (@ 01,0201, B2 | [ow,0] = B =of = =1 (i =1.2)).

®5(1%) = @5(1°) x C),  where

D5(1°) = <a1,az,a3,a4,6 | [ou, 0] = [as,04] = B,aP = P =1 (i = 1,2,3,4)>.

Dg(2211) = Dg(221)a x C,,  where

@5(221)a = (01,02, 8,61, | [or, 0] = B, [8,00] = B, af = 6
=B =1(i=172)

®,(1%) = ®;(1°) x C,,  where
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®7<]~5) - <Oé,O{170627063,6 | [O{laa} = 41, [0517/6] - a37ap - O‘gp) - /BP -

ol =1(i= 1,2)>.
(8)  ®s(321)a = Pg(32) x C),,  where
Dg(32) = <a1,a2,5| [ag, 0] = = a’f,ﬁﬁ = a§2 = 1>.
(9)  @y(1%) = ®g(1°) x C,,  where
Py(1°) = <a,a1, ooy | o, = aiyq, o = aﬁ”) = 0%@1 =1(@G= 1,2,3)>.

(10) @10(16> = (1)10(15) X Op, where

D1p(1°) = <CY, a1,y 0 | [0y, 0] = agpr, [0, as) = au,

o =alP) =) =1 (i = 1,2,3)>.

(11) @4,(1%) = <041751, o3, B3 | o, an] = B3, [, az] = By, [az, cu] = B,

o =f =1 (¢:1,2,3)>.

(12) ®15(1%) = @y (111) x ®y(111),  where
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@2(111) = <Oé,0617042 | [041,04] = 0427051) = 05117 = 04127 = 1>

(13) ‘1)13(16) = <0417 s Qg B, Bo ‘ [041,04i+1] = b, [042,@4] = [,

of=af=af =B =1(i=

(14) ®14(222) = (o103, 8 | [ar, 00] = B0t = ot = 7" =

).

1,2)>.

(15) ®@15(1°) = <041, 0, P, Ba | [oa, aiqa] = B [as, au] = Bi, (o, au] = B,

== =p"=1(i

(16) @17(16) = <04704170l2,043757’7 | [Oéi,Oé] = 41, [5705] =7,

p__ (P _ ogp_ P
(8% —Oél _Oéi-‘rl

(1

:’yp:

(17) @17(16) = <04,0417042,043,5,’Y ‘ [0%04] = 41, [57041] =7,

p_ P _3p_ P  _ .p_
=)= =, =7"=

1,2)>.

1,2)>.

(18) CI)IS(lG) = <O‘7a1704270537ﬂ77 | [Oéi,Oé] = 41, [O‘hﬁ] = O3, [avﬁ] =7

p_ P _pp_ p _ .p_
=) = =a, =" =1

(i=

52

1,2)>.



(19) P1(1°) = <Oé,051704275;ﬁ1,52 | [, o] = B, [8, il = Bi, [, au] = By,
P =al = =p0 =1 (z’:l,2)>.
Note : In the following presentation of the group ®44(1°%) we have a2 =abB, ®) .
(20)  @y(1°) = <Oé,0417042,5,51752 | o, o] = 8,8, i) = By, [, cqn] = o,
ozp:o/f:ocgp) =pr=pr=1(i= 1,2)>.
Note : In the following presentation of the group ®;(1°) we have ozl =afB, %)
and a2 = azﬁl( )
(21) @21(16) = <OZ, a, G2, Ba Bl?ﬂ? | [Ofla O@] = 6a [/37 ai] = ﬁ’b [Oé, al] = ﬁQ?
o, 05] = 8,07 = o) = 57 = B =1 (i = 1,2)).
(22) ®n(1°%) = <Oé,0417042,043>51,52 | i, @] = aiya, [Br, Bo] = s,
o = o) =B = ol =1 (i=1,2)).
(23) @23(16) = <Od, Qp, Olg, O3, Oy, 7y | [aiu O{] = 041, [Oély 052] =7,
of = olP) = oA =9"=1(@G= 1,2,3)>.
(24) @24(16) = <O[, ay, G, a3, O[47/6 | [ai) Oé] = W1, [alu 6] = Oy,

o =l =g =al =1 (i= 1,2,3)>.
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(25) and (26) ®95,,(222) = <a,a1,a2, asz, g | [ag, o] = aipg, [as, o] = ay,

ol = oé/”,apz =al,=1(@G= 1,2)>,

where y = v* and o = 0 (for ®g5) or x =1 (for Pg).

(27) (I)27(16) = <04,041>Oé2,0437044,5 | [0%04] = Qy1, [04175} = [0417042] = Qy,

o = o = g =) =1 (i = 1,2,3)>.

(28) and (29) Pog.,(222) = <oz,oz1,oz2,043,a4 | [, ] = aiyq, [as, ] = [, s

— a4,og£p) — O‘?+27Ckp2 — 0454_2 =1 (@ = 172)>,

where y = * and o = 0 (for o) or x =1 (for Pyy).

(30) ®30(1°) = <a,a1,a2,a3,o¢4,ﬁ | [, o] = qiga, [y, B] = aigo, [s, 0 = au,

o =aP =pr=ab,=1 (i:1,2)>.

(31) and (32) (I)31+x(16) = <a,a1,a2,61,ﬁ2,7 | [aw, @] = By, [, Bi] =,

[a27ﬂ2] :7@/7@1):&?:5;::713: (12172)>7
where y = v* and = = 0 (for ®3;) or x =1 (for P35).

Note : In the following presentation of the group ®s3(1°) we have af?) =
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P
a7

()

(33) ‘1333(16) = <Oé,041,062,51,52,’7 | [Oéz',Oé] = f3i, [52704] = [041,51] =7,

(35)

(36)

ap:azf:agp):ﬁfzvpzl(i:1,2)>.

P34(321)a = <047061,Oé2751;52a7 | [, o) = B (1 =1,2),[B2,a] = [, f1]

:ﬁfz’}/,ap:/81,05572627055:/852’}/1): >

(p) (p)

P35 (1°) = <a,a1, cnos | (o, 0] = i, = o = =1

(i = 1,2,3,4)>.

(1)36(16) = <04,0417 <y Q5 \ [041704] = Oliy1, [041,042] = s,

o =a® = =1 (i = 1,2,3,4)>.

Note: The following three families (37), (38) and (39) does not exist for p = 3.

(37) ‘1337(16) = <04,0417 ey Q5 | [OénOé] = 41, [042,043] = [043,041] = [0447041] = O,

o = =al =at=1 (i:1,2,3)>.

(38) ®s5(1°) = <Ol,041, s | [, o] = aiyy, [ar, o) = agast [an, as) = as,

af = a?’) = agﬁ)l =1(G= 1,2,3,4)>.
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(41)

(42)

q’39(16) = <Oé7041; ey Ol | [041‘,04] = Q441, [0417042] = Qy, [0427043] = [0437041] =

g, on] =a5, P =of =o'  =at =1 (i = 1,2,3)>.

P10(1°) = (e, 02,8, 81, B2, | [, 2] = B, [8,01) = i, By, 2] =

[Bonoa] = y,0f = B = B =P =1 (i=1,2)).

$41(1%) = <0417042,5,51,ﬁ2,’7 | [on, 0] = B,[B, 5] = Biy [on, Br] ™ =

g, ] =y, = B = B =47 =1 (i =1,2)).

$42(222)ag = <0417042,5,51,B2,7 | [, a0] = B,[B, il = Bi, [an, Ba] =
[0427 Bl] = ﬁp =7, allj = 5171’771/27

ab = Bgvl/z,ﬁf ="=10G= 1,2)>.

43(222)ag = <Oé17042,5751,52,7 | o, 0] = B, [B, i) = Bi, [ou, Br] ™ =
[as, Bo] =777, f = B,

0412) = 61”717/81) :’Vn,ﬁf :’7p =1 (l = 172)>7

where n = v+ (g’), and k,[ are the smallest positive integers satisfying (k —v)? —

v(l+v)*=0 (mod p).
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4.3 Groups G with trivial Out.(G)

In this section, we list those groups G for which Out.(G) is trivial. We begin

with the following lemma.

Lemma 4.3.1 Let G be a purely non-abelian p-group, minimally generated by
aq, g, ...y . Suppose that G /v2(G) is elementary abelian. If 5; € Qi (Z(Q)) for
i=1,...,t, then the map ¢ : {aq, 0, ..., } — G, defined as 0(a;) = «;fB;, extends

to a central automorphism of G.

Proof. Note that the map f5 : {a;7%(G)| i = 1,...,t} — Q1(Z(G)) defined as
a;72(G) — B; for i =1, ..., t, extends to a homomorphism from G/v(G) to Z(G)
because G/v2(G) is elementary abelian. Now it follows from the proof of Theorem
1.2.5 that the map g — ¢fs(g) for all g € G is a central automorphism of G. This
proves the lemma.

Let G be a group minimally generated by aq, ao, ..., ;. Then note that any
clement of G' can be written as nal'as?..af* for some 7 € 7,(G) and some
ki, ko, ...,k € Z. Also note that any conjugate of an «a; can be written as
a;lag, nalfla];?...aft] for some ) € 75(G) and some ki, ko, ..., ky € Z. It follows that,
an automorphism ¢§ of G is class-preserving if and only if for every ki, ko, ..., k; € Z

and for all 77 € 1, (G), there exist Iy, ly,...,l; € Z and 1y € (@) (depending on
ki, ks, ...,k and 1) such that

t t t —1 t
[mH@fﬁ 772H04?} = (ﬁlHafi) 5<771H04§i)‘
=1 =1

=1 i=1

We shall be using these facts and Lemma 1.1.1 very frequently in the proofs,

without any further reference.

Lemma 4.3.2 Let G be the group ®11(1°). Then Out.(G) = 1.
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Proof. The group G is a special p-group, minimally generated by ay,as and
az. The commutator subgroup 72(G) is generated by (1 = [ag, as],[2 =
[z, an], B3 := [a1, ). The conjugates of oy, ay and ag are a1 6555, B8] and
a3 3557 respectively, where r, s and ¢ vary over Z. Since the exponent of vo(G) is
p, it follows that |a¥| = p? for i = 1,2, 3. Therefore by Lemma 1.4.3, | Aut.(G)| <
p°. Define a map 6 : {ay, @, a3} — G such that a; — a1 85851, g +— B8

and ag — azf5°f1?, for some sy, ty,79,t9,73, 53 € Z. By Lemma 4.3.1, this map
extends to a central automorphism of G. Since § fixes v,(G) element-wise, for

kb llaml S Z a‘nd n € VQ(G%

5(770/161 al21 agnl) = nat 0/21 ml/8117"2+m17'3/6k131+m153/8k1t1+llt2

Therefore § extends to a class-preserving automorphism if and only if for every
ki,li,my € Z, and 11 € 12(G) there exist ks, ly, my (depending on ky, 1y, m;) and

N2 € 72(G) such that

101 m1 ko 2 lira+mirs pkisi+miss pkiti+lits
[771041 g g’ mpatas ag®] = B B3 B3 .

Expanding the left hand side, we get

lima—lamy gkami—kima gkilo—koli __ plira+mirs pgkisi+miss pkiti+lits
By Bs B3 =0 B B3 :

Comparing the powers of (;’s, we have that, 0 extends to a class-preserving

automorphism if and only if the following equations hold true:

limg — lomy = lyry +myrs  (mod p)

komy — kymo = ki1s1 +mys3  (mod p)
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]{leg — k)gll = kltl + lltg (IHOd p).

Let 4 be a class-preserving automorphism. Choose k; = 0 and mq,[; to be non-
zero modulo p. Then komy = myss (mod p) and —kyly = It (mod p). It follows
that to = —s3 (mod p). Similarly if we choose [; to be zero and k1, m; to be non-
zero modulo p, then r3 = —t; (mod p), and if m; to be zero and Iy, k; to be
non-zero modulo p, then ry = —s; (mod p). It follows that | Aut.(G)| < p* =
| Inn(G)|. Therefore Out.(G) = 1.

Lemma 4.3.3 Let G be the group ®17(1°). Then Out.(G) = 1.

Proof. The group G is a class 3 p-group, minimally generated by «, a; and f.
The commutator subgroup v2(G) is abelian and generated by oy := [aq, o, ag ==
(g, @] and v := [3,a;]. The center Z(G) is of order p?, generated by as and
7. It is easy to see that |af| < p?, |a“] < p? and |¢| = p. Therefore, applying
Lemma 1.4.3, we have | Aut.(G)| < p°. Define amap § : {«, a1, 3} — G such that
a > a,a; > ap and B — a5 'Ba; = Bv. Suppose that | Aut.(G)| = p°. Then §
must extend to a class-preserving automorphism of G. Hence there exist elements
m(= ab as'yh say) € 1(G) and ki, 1, m; € Z such that [af, nafalpm] = 1.

It is a routine calculation to show that

l P
[@ﬁ>nlakla115ml] =y ag r17117

which can not be equal to v for any value of [; and r;. Therefore ¢ is not a

class-preserving automorphism, and hence | Aut.(G)| < p*. But |Inn(G)| = p,

so we have Aut.(G) = Inn(G).

Lemma 4.3.4 Let G be the group ®19(1%). Then Out.(G) = 1.
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Proof. The group G is a class 3 p-group, minimally generated by «,a; and
ay. Note that the commutator subgroup v2(G) is abelian and generated by 5 :=
(a1, as), B1 == [B, 1] and By := B, ap]. The center Z(G) is of order p?, generated
by 8 and 3. It is easy to see that |af| < p?, [a§| < p? and |a®| = p. Therefore
| Aut.(G)| < p°. Define a map 6 : {a,a1,as} — G such that a — aj'aa; =
afy, a; — ap and ag — ay. Suppose that | Aut.(G)| = p°. Then ¢ must extend to
a class-preserving automorphism of . Hence there exist elements 1, (= 57 3} 35!

hom) =

say) € 72(GQ) and ki, 1, m; € Z such that [asa, nia*aiay™] = By. It is a routine

calculation that

k1)t hmi—r1 a—ly ali—li(l1—1)/2
[052047 o 1Oélloé£nl] :B2 1my Tlﬁ 1511 1(li-1)/

)

which can not be equal to 5y for any value of l;,m; and . Therefore § does
not extend to a class-preserving automorphism, and hence | Aut.(G)| < p*. But

| Inn(G)| = p*, therefore Aut.(G) = Inn(G).

Lemma 4.3.5 Let G be the group ®3(1°%). Then Out.(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by a,a;. The
commutator subgroup ,(G) is abelian and generated by «; 1 := [y, a] for 1 <
i < 3 and 7 := [a1,as]. The center Z(G) is of order p?, generated by ay and
7. Tt is easy to check that [a%] < p? and |af| < p?. Therefore | Aut.(G| < p°.
Let H = (ay). Since ay € Z(G), H is normal. Consider the quotient group
G/H. One can check that the group G/H belongs to the family ®g. Therefore
it follows from Theorem 1.4.9 that Aut.(G/H) = Inn(G/H). Now define a map
§: {a,a;} = G, such that 6(a) = a and 6(ay) = a; 'ajay = ayy. Suppose that
| Aut.(G)| = p°. Then ¢ must extend to a class-preserving automorphism of G.

Then it also induces a non-trivial class-preserving automorphism (say &) of G/H.
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But then § is an inner automorphism of G /H because Aut.(G/H) = Inn(G/H).
Now note that ¢ is also a central automorphism of G/H. Tt follows that it is
induced by some element in Zy(G/H) = (ayH, Z(G/H)). Let § be induced by

abH for some t € Z. Hence

S(aH) = (abH) 'aH(abH) = aaz"H.

This must be equal to aH. But then t = 0 (mod p) and hence d(aH) = oy H,
a contradiction. Therefore we have | Aut.(G)| < p*. But |Inn(G)| = p*, hence

Out.(G) = 1.

Lemma 4.3.6 Let G be the group ®97(1%). Then Out.(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by «, aq, 5. The
commutator subgroup (@) is abelian and generated by «;1 := [ay, o] for 1 <
i < 2and aq = |ag,a] = [aq,0] = [a1,as]. The center Z(G) is of order p,
generated by 4. It is easy to check that [a%| < p? |af| < p? and |BY| =
p. Therefore |Aut.(G)] < pS. Define § : {a,a;,8} — G such that §(a) =
a,8(c) = a1 and §(B) = a1fa;' = Bay. Suppose |Aut.(G)| = pS. Then &
extends to a class-preserving automorphism of G. Also note that ¢ fixes ao,
therefore 0(a871) = ayf~ta;’. Since § is a class-preserving automorphism,
there exist some g € G such that [ap87",g] = a;'. Note that Cg(axB™') =
(o, g, (i, g, ). Therefore without loss of generality we can assume that g =
a*1. Tt can be calculated that

(o371, o/“l] = a’glail(krl)/z,
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which, for any value of k1, can never be equal to o; . Hence, we get a contradic-

tion. Therefore | Aut.(G)| < p°. But |Inn(G) = p®, therefore Out.(G) = 1.

Lemma 4.3.7 Let G € {@28(222), (1)29(222)} Then OutC(G) =1.

Proof. The group G is a class 4 p-group, minimally generated by a and ay.

The commutator subgroup 7>(G) is abelian and generated by «;1 := [y, o for

1 <i<2and oy := [as,a] = [a1, as]. The center Z(G) is of order p, generated by

ay. Note that (o, ay) < Cg(a) and hence |Cg(a)| > p?, therefore |a“| < p®. Now
(p)

: -1
note that, since a;’ = o, we have for p = 3,05 = o, and for p > 3,05 = .

Following is a routine calculation.

p—2
> n(n—1)/2
(a1, 0] = agag(p_l)/2a221 _ agaz(lp—2)(p—1)p/37

which, for p = 3, equals o™, and for p > 3, equals o. But we have oy, o] = a,
therefore o a™? € Cg(ay) for p = 3 and ada € Cu(ay) for p > 3. Now it is
easy to see that |Cg(ap)| > p*. Hence |af| < p?. Tt follows from Lemma 1.4.3

that | Aut.(G)| < p°. But |G/Z(G)| = p°, therefore Aut.(G) = Inn(G).

Lemma 4.3.8 Let G € {®1,(1°), ®34(321)a | k = 31,...,33}. Then Out.(G) = 1.

Proof. The group G is a class 3 p-group, minimally generated by «, a; and «s.
The commutator subgroup 7»(G) is abelian and generated by f; := [, a] for
i=1,2 and v := [ay, £1]. Also for k = 31,32, [ag, f3] = +¥ and for k = 33 and
the group ®34(321)a, v = [B2, ). The center Z(G) is of order p, generated by
7. It is easy to see that, if G € {®,(1°) | k = 31,32}, then |af| < p?|af]| <
P3| < p?, and if G € {®33(15), ®34(321)a}, then |af| < p? |a§| = p and
|a%| < p3. Therefore for all the four groups G, |Aut.(G)| < pS. Define a

map § : {a,a;, s} — G such that @ — a,a; = a; and @y — a lasa =
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az. Suppose that | Aut.(G)| = p®. Then ¢ must extend to a class-preserving
automorphism of G. Hence there exist elements 17, € v2(G) and ky,l;,m; € Z

such that (o, ma ozlloz;’“] = (5. It is a routine calculation that

(g, ma 04[1104;”1] = fl 517a
for some a € Z. Clearly it can not be equal to g for any value of kq, [y, my,r; and
s1. Therefore ¢ is not a class-preserving automorphism, and hence | Aut.(G)| <

p°. Since |Inn(G)| = p°, Aut.(G) = Inn(G).

Lemma 4.3.9 Let G € {®,(1), 0,,(222)ao | k = 40,41, k' = 42,43}, Then
Out.(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by a7 and ay. The
commutator subgroup (@) is abelian and generated by 3 := a1, as], 5; := [, ay]
for i = 1,2 and ~, where, for k = 40, v = [, 0] = [B2, ], for k =

vV = |, Bo] = [, 1] 7Y, for K =42, v 1= [aq, fa] = [ag, f1] and for k' = 43,
vV = [ag, B2 = a1, f1]77. The center Z(G) is of order p, generated by v. It
is easy to see that |af| < p® and |a§| < p3. Therefore | Aut.(G)| < pS. Define
a map 0 : {ag,as} — G such that a; — ay and ay — «ayf3. Suppose that
| Aut.(G)| = p®. Then ¢ must extend to a class-preserving automorphism of G.
Hence there exist elements 7, (= 837" 85y say) € 12(G) and k1,1, € Z such

that [ayaq, matal] = B,. Tt is a routine calculation to show that,

l l1—ky1 p—k1(k1— 1/2 r1 pli(li+1)/2—kili—r1
[ g, 7710z110421] = 0B B v

for some a € 7Z. It is easy to see that, if powers of 5 and [3; in the above expression

are 0 modulo p, then the power of 35 is also 0 modulo p. It follows that ¢ is not a
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class-preserving automorphism and hence | Aut.(G)| < p°. Since |Inn(G)| = p®,

we have Out.(G) = 1.

Now we are ready to prove the following theorem.

Theorem 4.3.10 Let G belongs to one of the isoclinism family @, for k =
2,...,6,8,9,11,12, 14,16, 17,19, 23,25, ..., 29, 31, ..., 35,37, 40, ..., 43. Then Out.(G)
=1.

Proof. Let G € {®4(1%), ®5(321)a, | k = 2,...,6,9}, then, since @, (1°) =
1 (1°) x C,, Pg(321)a = P5(32) x C), it follows from Lemma 1.4.4 and Theorem
1.4.9 that Out.(G) = 1. The group ®;5(1%) is a direct product of groups of order
p3. Since all class-preserving automorphism of a group of order p® are inner, it
follows that Out.(®;5(1%)) = 1. Since the commutator subgroup vo(®14(1°)) is
cyclic, from Theorem 1.4.7, we have Out.(®14(1°)) = 1. Next, we consider the
group ®14(1%) and note that the subgroup H = (8, a1, a2, a3,7) of ®15(1°) is a
normal abelian subgroup such that ®,4(1°)/H is cyclic. It follows from Proposi-
tion 1.4.6 that Out.(®14(1°%)) = 1. Similarly, the subgroup H = <a1,a2,a3,a4>
of ®4(222), for k = 25,26, is a normal abelian subgroup of ®;(222), such that
1 (222)/H is cyclic, therefore Out. (P, (222)) = 1 for k = 25,26. Next we consider
the group ®9,(1%). The group ®,5(1°) is minimally generated by «, a1, 81, B2 It is
easy to check that |a®2(1")] < p?, \af22(16)| =, !5?22(16)\ = p, and |ﬁ§>22(16)’ =D
It follows from Lemma 1.4.3 that | Aut.(®92(1°%))| < p°. But |Inn(Pg(19))| = p°.

Therefore Out,(Py(1%)) = 1. Similarly, in the group ®s5(1°), |a®50%| < p

and ]a‘f35(16)| = p, and in the group ®37(19), |a®7(")| < p? and ]a‘f”(l(j)\ < p*

Therefore if G € {®35(1°%), @37(1%)}, then | Aut.(G)| < p°. But |Inn(G)| = p®,
hence Out.(G) = 1. This, along with lemmas 4.3.2-4.3.9, completes the proof of

theorem.

64



4.4 Groups G with non-trivial Out.(G)

In this section we list those groups of order p°® for which there exist a non-inner

class-preserving automorphism.

Lemma 4.4.1 Let G be the group ®94(1°). Then | Out.(G)| = p.

Proof. The group G is a class 4 p-group, minimally generated by «, a; and f.
The commutator subgroup 7»(G) is abelian and generated by «;1 := [, o for
i = 1,2 and a4 := [a3,a] = [a1, 5]. The center Z(G) is of order p, generated
by 4. We will show that for every element g € G — 1 (G), Z(G) < [g,G]. Let

g =ma*al ™. Then
l9, 6] = [ma*ay 5™, 5] = ajt™.

Therefore, if [; is non-zero modulo p, we have Z(G) < [¢,G]. Let [; =0 (mod p).
Then, since of € 1%(G),

5,08 = [l 57, o] = o
Therefore, if k; is non-zero modulo p, Z(G) < [¢9,G]. Now let k; = 0 (mod p).
Then

[970/1712] — [,’71/87711’0[;”2] — a;mlmQ.

Therefore, if m; is non-zero modulo p, Z(G) < [g,G]. It follows that for every
g € G—7(G),Z(G) < [g,G]. Hence by Lemma 1.4.5 and Theorem 1.2.5 we
have,

| Aute(G)] > | Auteent(G)| |G|/ Z2(G)| = p°p°/p* = p".
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But, |9 < p?, |af| < p? and |3¢] = p. Therefore we have | Aut.(G)| < p°.

Hence | Aut.(G)| = p°. Since |G/Z(G)| = p°, | Out.(G)| = p.
Lemma 4.4.2 Let G be the group ®30(1°). Then | Out.(G)| = p.

Proof. The group G is a class 4 p-group, minimally generated by «,a; and
f. The commutator subgroup v2(G) is abelian and generated by s := [ay, al,
az = [ag,a] = [ay, 5] and ay = [as,a] = [ag, f]. The center Z(G) is of order
p, generated by ay. It is easy to see that [a®| < p3, |af| < p?, and |39 <
p?. Therefore | Aut.(G)| < p’. Define a map § : {a,a;,8} — G such that
a — aay,o; — ap and 8 — fay. By Lemma 4.3.1, the map § extends to a
central automorphism. We will show that ¢ is also a non-inner class-preserving

automorphism. Let g = nlozklozlfﬁml. Then

9-087) = [pa® a7, o =

Therefore, if k; is non-zero modulo p, we have Z(G) < [g, G]. Hence § maps g to

a conjugate of g. Now let k&; =0 (mod p), then

[9,05] = [may 6™, a5?] = ag ™™

It follows that, if m; is non-zero modulo p, d maps g to a conjugate of g. Now let
my = 0 (mod p). But then, 6(nal!) = nalt, because being a central automor-
phism 0 fixes 72(G) element-wise. We have shown that for every g € G, §(g) is a
conjugate of g. Therefore ¢§ is a class-preserving automorphism. Now suppose ¢
is an inner automorphism. Then being central, § is induced by some element in
Z3(G) = (a3, a4). Since ay € Z(G), we can assume that ¢ is induced by of for

some integer t. But then 6(3) = 3, a contradiction. Therefore § is non-inner class-

66



preserving automorphism. Since |Inn(G)| = p°, it follows that | Aut.(G)| > p°.
Now define a map o : {a, a1, 3} — G such that a = o] 'aa; = acsy !, o = ay
and 3 — 3. Suppose | Aut.(G)| = p”. Then o extends to a class-preserving
automorphism. But then, 1 = §([a, 8]) = [aay ', ] = a; ! which is not possible.

Therefore, we have | Aut.(G)| = p°. Since |G/Z(G)| = p°, | Out.(G)| = p.
Lemma 4.4.3 Let G be the group ®35(1°). Then | Out.(G)| = p.

Proof. The group G is of maximal class, minimally generated by a and ;.
The commutator subgroup 72(G) is abelian and generated by «;1 := [, o] for
i=1,..,3 and a5 := [a4, a] = [a1, az]. The center Z(G) is of order p, generated
by as. We will show that for every element g € G — 1»(G), Z(G) < [g,G]. Let
g= 7710/“0/11. Then
0] = Imatal o] = gt

Therefore, if k; is non-zero modulo p, we have Z(G) < [g,G]. Let k; = 0 (mod p).
Then

g, %) = [mat, af] = abb.

Therefore, if [; is non-zero modulo p, Z(G) < [¢,G]. Let [; = 0 (mod p), then
we have g € 72(G) because of € ,(G). It follows that, for every g € G —
(@), Z(G) < [g,G]. Hence by Lemma 1.4.5 and Theorem 1.2.5 we get

| Aut(G)] > | Auteent(G)||G|/| Z2(G)| = p*p°/p* = p".

But it is easy to see that |a®| < p* and |af| < p?. Therefore | Aut.(G)| < p°.

Hence | Aut.(G)| = p°. Since |G/Z(G)| = p°, we have | Out.(G)| = p.

Lemma 4.4.4 Let G be the group ®353(1°). Then | Out.(G)| = p.
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Proof. The group G is of maximal class, minimally generated by «a, «;. The
commutator subgroup v9(G) is abelian and generated by o, := [y, ] for i =
1,..,3 and as := |ay,a] = [a1,a3]. Also a1, as] = agaz’. The center Z(G) is
generated by as. We show that for every element g € G — 1 (G), Z(G) < [g,G].
Let g = ma*al’. Then
9.0] = [ma¥alt, o) = a1,

Therefore, if k; is non-zero modulo p, Z(G) < [g, G]. Hence, let k; =0 (mod p).
Then

[gv Oéilf] = [7]10/117 Oéé?] = 0/51[2_

Therefore, if [; is non-zero modulo p, we have Z(G) < [¢,G]. If [; =0 (mod p),
then we have g € 72(G) because of € v (G). It follows that, for every g €
G — %(G), Z(G) < |g,G|. Therefore applying Lemma 1.4.5 and Theorem 1.2.5
we get

| Aut,(G)] 2 | Auteent(G)][G1/| Z(G)| = 05" /0> = #°.

It is easy to check that, |a“| < p* and |a§| < p?, hence the upper bound on
| Aut.(G)| is p”. Suppose that | Aut.(G)| = p”. Then, § defined on the generators
{a, a1} as §(a) = a and §(a;) = oy ajas = ajagas;’ must extend to a class-

preserving automorphism. Note that

§(ar) = 6([ar, a]) = [aauas !, o] = asas.

Since 0 is a class-preserving automorphism, there exist 7; € v2(G) and ky,l; € Z
such that

[, a* all] = as.
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We have that

ky—2
lhi—kili+ n(n—1)/2

kil ky ki(k1—-1)/2—1 ,;1 ( )/
[az, ma™ait] = ag'ay A5 ’

which for no value of k, k; can be equal to 5. This gives a contradiction. Hence

| Aut.(G)| = p°. Since |G/Z(G)| = p°, we have | Out.(G)| = p.

Lemma 4.4.5 Let G be the group ®39(1°). Then | Out.(G)| = p.

Proof. The group G is of maximal class, minimally generated by o, a;. The com-
mutator subgroup 72(G) is generated by a1 1= [y, o) for i = 1,2, ay = [az, a] =
[ag, ag], and a5 = [ag, as] = [as,a1] = oy, aq]. Note that any element of v, (G)
can be written as abafalal for some r, s,t,u € Z. The center Z(G) is generated
by as. It is easy to see that [a“| < p? and |a§| < p®. Therefore | Aut.(G)| < p°.
Define a map 0 : {a,@;} — G such that a — «, and a; — ay ajan = ajay. We
will show that ¢ extends to a class-preserving automorphism. It is easy to check
that 0 preserves all the defining relations of the group. Hence ¢ extends to an
endomorphism. Note that ¢ fixes 7,(G) element-wise, therefore for ki, l; € Z and
m = ajayaliat € 1(G),

5(77 o Oél ) = o Oéllafilloéll(ll 1)/2 )

It is a routine calculation that

r1se—li1sa—lita—l1k1sa  —kis2

[ Mol ]_0‘5 Gy

ma a17a3a4

Since 6 (na®') = n1a®, which is obviously a conjugate of 7,0, let I; be non-zero

modulo p. Now if k1 is non-zero modulo p, then clearly there exist s, and t5 such
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that

—kiso =1 (mod p)

and

1S9 — l1$2 — l1t2 — l1k132 = ll(ll — 1)/2 (HlOd p)

Suppose k1 = 0 (mod p), then it can be calculated that

—s1ro+roli(l1—1)/2—11t
Qo512 2l1(l1-1)/ 12allr2

I o tz] —
5 4

[771041 y Qo Oy

Since [y is non-zero modulo p, clearly there exist ry and ¢y such that

117"2 = ll (IHOd p)

and

—8179 + T'Qll(ll — 1)/2 — lltg = ll(ll — 1)/2 (HlOd p)

It follows that § maps every element of G to a conjugate of itself. Therefore §

is a bijection, and hence a class-preserving automorphism. Now we show that

0 is a non-inner automorphism. On the contrary, suppose that § is an inner

automorphism. Note that ¢g7'6(g) € Zo(G). Thus it follows that ¢ is induced

by some element in Z3(G) = (a3, ay, Z(G)). Let it be induced by a3'af. Since

d(a) = a, we have o *'aas' = «, which implies that s; = 0 (mod p). But then

§(ar) = a0} = apaz ", a contradiction. Therefore § is a non-inner class

preserving automorphism. Since |Inn(G)| = p°, we have | Aut.G)| = pb and

| Out.(G)| = p.

Lemma 4.4.6 Let G be the group ®13(1°%). Then | Out.(G)| = p?.
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Proof. The group G is a special p-group, minimally generated by aq, as, az and
ay. The commutator subgroup v2(G) is generated by (i := [a1,as] and [y :=
[, 3] = [, o). The conjugates of oy, an, g and oy are oy ]85, an ] Ps, ass
and ay[35 respectively, where r and s vary over Z. Since the exponent of v,(G)
is p, it follows that || = |af| = p? and |a§| = |a§| = p. Therefore by Lemma
1.4.3, | Aut.(@)] < p°.

Define a map ¢ : {1, a9, 3,04} — G such that ag — 16765, ag +—
a2 P57, ag — agfs® and ay — ayuf3t, for some 1y, s1,79,89,53,54 € Z. By
Lemma 4.3.1, this map extends to a central automorphism of G. Since ¢§ fixes

(@) element-wise, for ki, l;, my,ny € Z and m € y(G),

ly ,m1 mi l1

k1 _ k1 my n1 gkiri+Hirs gkisi+liso+misz+nisy
d(mai oy g™ ay) = naytay ™ ot By B .

Therefore § extends to a class-preserving automorphism if and only if for ev-
ery ki,li,my,ny € Z, and n; € Y2(G), there exist ks, ls, mo,ny (depending on

]Cl, ll, ml,nl) and Mo € ’YQ(G) such that

kil m1_mi ko la ma ma] __
[maq" oy ag oyt may?ay ay?ay?] =

ﬁklrl+llr2 6k181+1182+m183+n134
1 2 .

Expanding the left hand side, we get

/Bkll2_k211/Bklm2_k2ml+lln2_l2n1 _ ﬁk17"1+llr25k1$1+1182+m183+ms4
1 2 - M 2 .

Comparing the powers of [3;’s, we see that § extends to a class-preserving auto-

morphism if the following equations hold:

kily — koly = kyry + Lire (mod p),
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k1m2 — k2m1 + llng — lin = ]{7181 + l182 + mi1S3 —+ N84 (IIlOd p)

It is easy to see that for any given kq, 1, m1,ny there exist ko, l5, mo, ny such that
the above two equations are satisfied. Thus it follows that | Aut.(G)| = p°. Since
|G/Z(G)| = p',| Oute(G)| = p*.

Lemma 4.4.7 Let G be the group ®15(1°). Then | Out.(G)| = p?.

Proof. The group G is a class 3 p-group, minimally generated by o, aq, 3. The
commutator subgroup v,(G) is abelian and generated by oy := [aq,al, a3 =
(e, a] = [y, B8] and 7 := [a, B]. The center Z(G) is of order p?, generated by as
and 7. Note that [a%] < p?, |af| < p? and |3Y| < p?. Tt follows from Lemma
1.4.3 that | Aut.(G)| < p’. Now define a map § : {a,a;,3} — G such that
a = aog' Yy o = aqay? and = Bay® for some ry, $1,79, 73 € Z. By Lemma
4.3.1 this map extends to a central automorphism of G. Let g = maklalf £,
where 71 € Y (G) and ki, l;,m; € Z. Let ki = 0 (mod p), then note that

d(g) = gaj for some r € Z and

lg, 8] = [mal 8™, 5] = az™.

Therefore if [; is non-zero modulo p, we have (a3) < [g,G]. Let [; =0 (mod p).

Note that of € Z(G), hence

lg, @] = [mB™, a™] = az ™™,

Therefore if m; is non-zero modulo p, we have (a3) < [¢g, G]. Thus we have shown

that, if k; =0 (mod p), then g~'d(g) € [g, G]. It follows that, if & = 0 (mod p),
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0 maps ¢ to a conjugate of g. Now suppose k; is non-zero modulo p. Then

[97 0652] = [77104’4710/11&7711’ 0/262] — agkle’

so that (a3) < [g, Z2(G)]. Also, we have
[g,ﬁm] _ [mak1a1116m175n2] _ aé}m,ykmz‘

Since 8 € Z3(G) and [g, Z2(G)] is a subgroup, it follows that Z(G) < [g, G]. Be-
cause 4 is a central automorphism, we have g7'6(g) € [g, G]. We have shown that,
for every g € G, g7'0(g) € [g, G]. Tt follows that ¢ is a class-preserving automor-
phism. Since r1, $1, 79, r3 were arbitrary, we have that | Aut.(G) N Autcent(G)| >
p'. Applying Lemma 3.3.11 we get |Z(Aut.(G))| > p*. Note that Aut.(G) is
non-abelian because G is a class 3 group. Therefore | Aut.(G)| > p°. Now sup-
pose that | Aut.(G)| = p”. Then the map o defined on the generators {a, oy, 3}

1

as a — a,aq — a1 and 8 — afa " = [v extends to a class-preserving auto-

morphism. Hence there exist elements 7y € 7,(G) and ko, Iy, my € Z such that

(o1 3, mea®2al23m2] =+, but by a routine calculation it can be checked that
[0415 7]20/420/1267@] — 041262ﬂ&?2_l2+k2(k2_1)/27*k2

which can not be equal to v for any values of ks, I3, mo. Therefore we get a contra-

diction. Tt follows that | Aut.(G)| = p®. Hence | Out.(G)| = p? as |Inn(G)| = p*.

Lemma 4.4.8 Let G be the group ®o(1°%). Then | Out.(G)| = p®.

Proof. The group G is a class 3 p-group, minimally generated by «, a1, as. The

commutator subgroup 7o(G) is abelian and generated by £ = [ay,as], 51 =

73



[8,a1] and By := [B, as] = [a, a1]. The center Z(G) is of order p?, generated by
B1 and 3y. Note that [a%| = p,|af| < p? and |af| < p?. Tt follows from Lemma
1.4.3 that | Aut.(G)| < p°. Now define a map § : {a, 1,2} — G such that

a > aflt o = B2 6Y and ag = By for some t, 59,1, t5 € Z. By Lemma

4.3.1 this map extends to a central automorphism of G. Let g = na™ allaml

where 11 = 157 85" and ky, 1y, my, uy,v1,w; € Z. Note that, if ; =0 (mod p),

then 0(g) = g4 for some r € Z. Consider

(9, 8™2] = [ma™az™, 2] = g™,

Therefore if m; is non-zero modulo p, we have (52) < [g, G]. Let m; =0 (mod p).

Note that of € Z(G), hence

l9.05°] = [ma™, a3?] = [ B By o™, ag?] = By,

Therefore if u; is non-zero modulo p, we have (53) < [g,G]. Let uy =0 (mod p).

Then

(9, 007] = [a™, 0] = B3,

so that if k; is non-zero modulo p, then (3) < [g, G]. Thus we have shown that,
if I = 0 (mod p), we have g~'6(g) € [g,G]. Tt follows that, if I; = 0 (mod p), &

maps g to a conjugate of g. Now suppose [/; is non-zero modulo p, then

[gval ] [77 «Q O‘llla;nlv lz] - 62_lll27

so that (f82) < [g, Z2(G)]. Also we have

[g, Bn?'] [77104 Oéllla;nl’ 5"2] — 61—l1n2ﬁ2—m1n2'
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Since f € Z5(G) and [g, Z2(G)] is a subgroup, it follows that Z(G) < [g,G].
Because 4§ is a central automorphism we have ¢~'d(g) € [g, G]. Tt follows that § is
a class-preserving automorphism. Since t1, so, 9, t3 were arbitrary, we have that
| Aut.(G)NAutcent(G)| > p*. Applying Lemma 3.3.11 we get | Z(Aut.(G))| > p*.
But Aut,(G) is non-abelian since G is of class 3. Therefore | Aut.(G)| > p®. Hence

| Aut.(G)| = p®. Since |G/Z(G)| = p*, we have | Out.(G)| = p*.

Now we are ready to prove the following theorem.

Theorem 4.4.9 Let G be a group of order p°.

1. If G belongs to one of the isoclinism family ®, for k = 7,10, 24, 30, 36, 38, 39,
then | Out.(G)| = p.

2. If G belongs to one of the isoclinism family ®p for k = 13,18,20, then

| Out.(G)| = p*.

3. If G belongs to one of the isoclinism family @y, for k = 15,21, then | Out.(G)| =

pt.

Proof. Let G be either the group ®;(1°) or the group ®0(1%). Then since
P,(1%) = P,(1°) x C, and P19(1°) = P0(1°) x C,, it follows from Theorem
1.4.9 that |Out.(G)| = p. With this observation in hands, (i) follows from
Lemmas 4.4.1-4.4.5. It is readily seen that (ii) follows from Lemmas 4.4.6-
4.4.8. Now let G be the group ®;5(1°). We observe that the James’ list of
groups of order p® and class 2 consists of exactly 5 isoclinism families ®;, for
k=11...,15. For k = 11, ..., 14 we have seen that | Aut.(®;)| # p®. But as shown
by Burnside [10] there exists a group W of order p® and of nilpotency class 2
such that | Aut.(W)| = p®. Therefore G must be isoclinic to the group W and
| Aut.(G)| = p8. Since |G/Z(G)| = p*, we have | Out.(G)| = p*. Next, it follows
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from [72, Proposition 5.8, that | Out.(®4;(1%))| = p*. This completes the proof

of the theorem.

Theorem 4.3.10 and Theorem 4.4.9 can be combined to state the following

result:

Theorem 4.4.10 Let G be a group of order pS for an odd prime p. Then
Out.(G) # 1 if and only if G belongs to one of the isoclinism families ®y, for
k=17,10,13,15,18, 20,21, 24, 30, 36, 38,39. Moreover,

1. if G belongs to one of the isoclinism families @y for k = 7,10, 24, 30, 36, 38, 39,
then | Out.(G)| = p,

2. if G belongs to one of the isoclinism families @y for k = 13,18, 20, then

| Out(G)| = p?, and

3. if G belongs to one of the isoclinism families ® for k = 15,21, then

| Out.(G)| = p*.

Using GAP [24] it can be verified that the question of Kang and Kunyavskil
has an affirmative answer for groups of order 2% and 3% (Bogomolov multiplier of
groups of order 25 is also computed in [16]). With this information the follow-
ing theorem which provides an affirmative answer of the question of Kang and
Kunyavskii for most of the groups of order p°, follows from Theorem 1.6.3 and

Theorem 4.4.10.

Theorem 4.4.11 Let G be a ll-rigid group of order p® for a prime p. If G
does not belong to the isoclinism families @y, for k = 28,29, then its Bogomolov

multiplier Bo(G) is zero.
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Chapter 5

IA Automorphisms of Groups

In this chapter we study the group of those IA automorphisms which fix the center
element-wise and prove that these groups are isomorphic for any two isoclinic

groups. We also see some applications of this result for finite p-groups.

5.1 IA automorphisms that fix the center element-
wise

Let G be any group and o be an automorphism of G. Following Bachmuth [2|, we
call o an TA automorphism if 27 o (z) € 72(G) for each z € G. Bachmuth writes,
explaining the reason behind the name IA, that “the letters I and A are used to
remind the reader that these automorphisms are those which induce the identity
automorphism in the abelianized group”. The set of all IA automorphisms of
G form a normal subgroup of Aut(G) and is denoted by IA(G). The set of all
[A automorphisms that fix the center element-wise forms a normal subgroup of
[A(G) and is denoted by IA,(G). We note that Autcent(G) centralizes not only
Inn(G), but also IA,(G). Thus Autcent(G) = Cawye) (IAL(G)).
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Notice that any class-preserving automorphism is an IA automorphism which
fixes the center element-wise and hence Aut.(G) < IA,(G). We know from Theo-
rem 1.5.2 that if two finite groups G and H are isoclinic then Aut.(G) = Aut.(H).
In the following theorem we extend this result of Yadav to the group IA,(G) for

any arbitrary group G.

Theorem 5.1.1 Let G and H be any two isoclinic groups. Then there exists an

isomorphism a: 1A,(G) — IA,(H) such that a(Aut.(G)) = Aut.(H).

We first prove the following lemma.

Lemma 5.1.2 Let G and H be isoclinic groups and (p,0) be an isoclinism of G
onto H. Then for b € v2(G) and a € G such that p(aZ(G)) = kZ(H), we have
O(b*)F " = 0(b).

Proof. Let ¢(bZ(G)) =1Z(H), then
000" = kO([a, b~ 1)Ob)k Y = K[k, I710(b)k" = IkI~0(b)k ",

But from Lemma 1.3.2, [7'6(b) € Z(H). Hence by the preceding equation
O(b*)F " = 6(b).

Proof of Theorem 5.1.1. Let (p,0) be an isoclinism of G onto H. Let o €
IA,(G). Define a map 7, by 7,(h) = hf(g 'o(g)) for h € H, where g is
given by ¢ ' (hZ(H)) = gZ(G). Notice that 7, is well-defined because o fixes
Z(@) element-wise. Next we show that 7, € IA,(H). Let hy,hy € H and

o Y (hiZ(H)) = ¢;:Z(Q) for i = 1,2. Then,

To(hiha) = hiho0(g5 g7 o (g192))
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= hiho0(95" 97 0(91) 9295 "0 (g2))

= hihof(95 97 0 (91)g2)hg thabf(g5 o (g2)).

Applying Lemma 5.1.2, we obtain

To(hihy) = hiB(g; o(g1))ha0(g5 ' 0(g2))

= 75(h1)7,(h2).

Thus 7, is a homomorphism.

Now we show that 7, is a bijection. Let 7,(h) = 1 and ¢ '(hZ(H)) =
gZ(@). Then hf(g'o(g)) = 1. This implies that h € v2(H) and hence g €
Y (G)Z(G). Without loss of generality we can assume that g € v(G). Then
we have hf(g~1)0(c(g)) = 1. However, by Lemma 1.3.2, hf(g~') € Z(H), so
that 6(c(g)) € Z(H) N~2(H). Using Lemma 1.3.2 again, o(g) € Z(G), which
implies g € Z(G). Hence o(g) = g, as o fixes the center element-wise. Thus
h = 1 and hence 7, is an injective map. To show that it is a surjection, let
h e H and o ' (hZ(H)) = gZ(G). Since g~*o71(g) € 72(G), by Lemma 1.3.2 we
have p(g~'0™(9)Z(G)) = 0(g~ 0~ (g))Z(H) so that ¢~ (0(9~ 0™ (9))Z(H)) =
g0 (9)Z(G). Therefore by the definition of 7, we have
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Let W/ =6(g 'c7(g)). Since 7, is a homomorphism, we get

7o (') = 75 (h) 7o (W) = h8(g~ " (9))0(o (97" (9)) = h.

As h was chosen arbitrarily, it follows that 7, is surjective and hence bijective. It
is easy to see that 7, fixes Z(H) element-wise, so that 7, € IA,(H).

Define o as a(0) = 7,. We show that « is an isomorphism. Let 01,09 € TA,(G)
and let h € H with o' (hZ(H)) = gZ(G). Then, 7,,74,(h) = 75, (h0(g 02(g))).
Using Lemma 1.3.2, we have o ' (hf(g '02(9))Z(H)) = 02(9)Z(G). Therefore
To,Ton(N) = hO(g 2 02(9))0(02(g ) o102(g)), which equals hf(g 'o109(g)), which
iS T,,0,(h). Since h was arbitrary, we have 7,,, = 7,7, and hence « is a
homomorphism.

To show that « is a bijection, notice that (¢~!,671) is an isoclinism of H
onto G. So given a 7 € IA,(H), in the similar manner as above, o, € IA,(G)
can be defined. Define g: IA,(H) — [A.(G) as B(7) = o,. Let g € G and
©(9Z(G)) = hZ(H), then

Ba(o)(g) = B(7.)(g)

Since g was arbitrary, this shows that Sa(o) = 0. However, as o was arbitrary,
fa = 1. Similarly «f = 1. Thus « is an isomorphism between IA,(G) and
IA.(H).

It now remains to show that a(Aut.(G)) = Aut.(H). Let o € Aut.(G).
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To show that 7, € Aut.(H), let h € H with ¢~ '(hZ(H)) = gZ(G). Then
7o(h) = hO(g7'o(g)). However, o is a class-preserving automorphism and so
there exists an a € G such that o(g) = a~'ga. Hence, we have 7,(h) = hé([g, a]).
Suppose p(aZ(G)) = bZ(H), then by commutativity of the diagram in the def-
inition of isoclinism we get 7,(h) = h[h,b], i.e., 7,(h) = b~'hb. This shows that
T, € Aut.(H). So we have a(Aut.(G)) < Aut.(H). Similarly we can show that
B(Aut.(H)) < Aut.(G). We have already shown that a8 = Sa = 1, therefore
a(Aut.(G)) = Aut.(H).

5.2 A necessary and sufficient condition for the
equlity of TA,(G) and Autcent(G)

In the following theorem we give a necessary and sufficient condition to ensure

that IA,(G) = Autcent(G), for a finite p-group G.

Theorem 5.2.1 Let G be a finite p-group.
1. Then IA,(G) = Autcent(Q) if and only if v2(G) = Z(G).

2. If the nilpotency class of G is 2, then IA,(G) = Inn(G) if and only if y2(QG)

18 cyclic.

Proof. (1) First suppose that 72(G) = Z(G), then clearly IA(G) = Autcent(G).
Now each central automorphism fixes v2(G) = Z(G) element-wise, therefore
each TA automorphism fixes Z(G) element-wise. This shows that TA,(G) =
Autcent(G).

Conversely, suppose IA,(G) = Autcent(G). Then, since Inn(G) < IA,(G),
G must be a group of class 2. Now, we prove that G is purely non-abelian.

Suppose to the contrary that G = A x N, where A is non-trivial and abelian
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and N is purely non-abelian. Clearly IA,(G) = IA,(N). Next, | Autcent(G)| >
| Autcent(A)|| Autcent(N)| > | Autcent(N)|. Therefore,

|TAL(G)| = |TAL(N)| < | Autcent(N)| < | Autcent(G)|,

which is a contradiction to the assumption that IA,(G) = Autcent(G). Hence G
is purely non-abelian. Now by Theorem 1.3.1, there exists a group H isoclinic
to G such that Z(H) < ~o(H). Since G is of class 2, H is also of class 2 and
therefore vo(H) = Z(H). By what we just proved, IA,(H) = Autcent(H). Now,

since Z(H) < ~(H), H is purely non-abelian, and hence by Theorem 1.2.5,

[TA.(H)| = |Hom(H/(H), Z(H))|
= |Hom(H/Z(H), v (H))|

= |Hom(G/Z(G),72(G))|-

However, by Theorem 5.1.1, |IA,(H)| = |IA,(G)|, which, by the hypothesis
and Theorem 1.2.5 equals | Hom(G/v2(G), Z(G))|. Therefore, we have

| Hom(G/Z(G),72(G))| = | Hom(G/2(G), Z(G))|.

It now follows from Lemma 1.1.10 that 12(G) = Z(G).

(2) By Theorem 1.3.1, there exists a group H isoclinic to G such that Z(H) <
vo(H). Since G is of class 2, H is also of class 2 and v (H) = Z(H). Thus
IA,(H) = Autcent(H) and hence by Theorem 1.2.5,

[TA:(H)| = [Hom(H/Z(H), v2(H))|,
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which in turn equals |Hom(G/Z(G),72(G))| using the definition of isoclinism.
Applying Theorem 5.1.1 we also have that |IA,(H)| = |IA.(G)|.
Now suppose that IA,(G) = Inn(G). Then

[TAL(G)] = [G/2(G)| = |Hom(G/Z(G), 72(G))]-

However, since G is of class 2, the exponents of G/Z(G) and v2(G) are the same.
Hence the preceding equality gives that v2(G) is cyclic.

Conversly, suppose that v,(G) is cyclic. Then

| Hom(H/Z(H),v2(H))| = [H/Z(H)| = |G/Z(G)| = [Inn(G)],

since 72(G) = vo(H). This gives that IA,(G) = Inn(G).
The following corollary is a result of Curran and McCaughan [15], and is a

consequence of Theorem 5.2.1.

Corollary 5.2.2 Let G be a finite p-group. Then Inn(G) = Autcent(G) if and
only if v(G) = Z(G) and v(G) is cyclic.

83



84



Bibliography

[1] J. E. Adney, T. Yen, Automorphisms of a p-group, Illinois J. Math. 9 (1965),
137 - 143.

[2] S. Bachmuth, Automorphisms of free metabelian groups, Trans. Amer.

Math. Soc. 118 (1965), 93-104.

[3] G. Ban, S. Yu, Minimal abelian groups that are not automorphism groups,

Arch. Math. (Basel) 70 (1998), 427 - 434.

[4] V. G. Bardakov, A. Y. Vesnin and M. K. Yadav, Class preserving automor-
phisms of unitriangular groups, Internat. J. Algebra Comput., 22 (2012),
No. 3, DOI: 10.1142/ S0218196712500233.

[5] Y. Berkovich, Z. Janko, Groups of prime power order - Volume 2 (Walter
de Gruyter, Berlin, New York 2008).

[6] F. A. Bogomolov, The Brauer group of quotient spaces by linear group ac-

tions, Izv. Akad. Nauk SSSR Ser. Mat. 51 (1987), 485-516.

[7] F. A. Bogomolov, The Brauer group of quotient spaces by linear group ac-

tions, English transl. in Math. USSR Izv. 30 (1988), 455-485.

[8] P. A. Brooksbank and M.S. Mizuhara, On groups with a class-preserving

outer automorphism. Involve, 7 (2013), No. 2, 171-179.

85



19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

W. Burnside, Theory of groups of finite order, 2nd Ed. Dover Publications,

Inc., 1955. Reprint of the 2nd edition (Cambridge, 1911).

W. Burnside, On the outer automorphism of a p-group, Proc. London Math.
Soc. (2) 11 (1913), 40-42.

Y. Chen and R. Ma, Some groups of order p® with trivial Bogomolov mul-
tipliers, (Available at arXiv:1302.0584v5).

Y. Cheng, On finite p-groups with cyclic commutator subgroup, Arch. Math.
39, 295-298 (1982).

M. J. Curran, Semidirect product groups with abelian automorphism groups,

J. Austral. Math. Soc. Ser. A 42 (1987), 84 - 91.

M. J. Curran, Finite groups with central automorphism group of minimal

order, Math. Proc. Royal Irish Acad. 104 A(2) (2004), 223-229.

M. J. Curran and D. J. McCaughan, Central automorphisms that are almost

inner, Comm. Algebra 29 (2001), 2081-2087.

H. Chu, S. Hu, M. Kang and B. Kunyavskii, Noether’s problem and the
unramified Brauer groups for groups of order 64, Intern. Math. Res. Notices

12 (2010), 2329-2366.

B. E. Earnley, On finite groups whose group of automorphisms is abelian
(Ph. D. thesis, Wayne State University, 1975), Dissertation Abstracts, V.

36, p. 2269 B.

G. Ellis, GAP package HAP - Homological Algebra Programming, Version

1.10.15; 2014, (http://www.gap-system.org/Packages/hap.html).

86



[19] G. Endimioni, Automorphisms fixing every normal subgroup of a nilpotent-

by-abelian group, Rend. Sem. Mat. Univ. Padova 120, 73-77 (2008).

[20] W. Feit and G. M. Seitz, On finite rational groups and related topics, Illinois

J. Math. 33 (1989), no. 1, 103-131.

[21] S. Franciosi and F. de Giovanni, On automorphisms fizing normal subgroups

of milpotent groups, Boll. Un. Mat. Ital. B7, 1161-1170 (1987).

[22] M. Fuma and Y. Ninomiya, “Hasse principle” for finite p-groups with cyclic
subgroups of index p?, Math. J. Okayama Univ. 46 (2004), 31-38.

[23] The GAP Group, GAP - Groups, Algorithms, and Programming (Version
4.4.12, 2008) (http://www.gap-system.org).

[24] The GAP Group, GAP - Groups, Algorithms, and Programming, Version

4.7.2; 2013, (http://www.gap-system.org).

[25] D. Gumber and M. Sharma, Class-preserving automorphisms of some finite

p-groups, arXiv:1407.5921.

[26] P. Hall, The classification of prime power groups, J. Reine Angew. Math.
182 (1940), 130-141.

[27] P. Hegarty, Minimal abelian automorphism groups of finite groups, Rend.
Sem. Mat. Univ. Padova 94 (1995), 121 - 135.

[28] H. Heineken, H. Liebeck, The occurrence of finite groups in the automor-
phism group of nilpotent groups of class 2, Arch. Math. (Basel) 25 (1974),
8 - 16.

[29] H. Heineken, Nilpotente Gruppen, deren samtliche Normalteiler charakter-

istisch sind, Arch. Math. (Basel) 33 (1979/80), 497 - 503.

87



[30]

[31]

32|

33]

[34]

35]

[36]

[37]

38]

[39]

A. Herman and Y. Li, class preserving automorphisms of Blackburn groups,

J. Aust. Math. Soc. 80 (2006), 351-358.

M. Hertweck, Contributions to the integral representation theory of
groups, Habilitationss-chrift, University of Stuttgart (2004). Available at

http://elib.uni-stuttgart.de/opus/volltexte /2004 /1638.

M. Hertweck, Class-preserving automorphisms of finite groups, J. Algebra
241 (2001), 1-26.

H. Hilton, An introduction to the theory of groups of finite order (Oxford,

Clarendon Press,1908).

C. Hopkins, Non-abelian groups whose groups of isomorphisms are abelian,

The Annals of Mathematics, 2nd Ser., 29, No. 1/4. (1927 - 1928), 508-520.

M. H. Jafari, Elementary abelian p-groups as central automorphism groups,

Comm. Algebra 34 (2006), 601 -607.

Vivek K. Jain, Pradeep K. Rai and Manoj K. Yadav, On finite p-groups
with abelian automorphism group, Internat. J. Algebra Comput., Vol. 23,
no. 35, (2013), 1063-1077

V. K. Jain, M. K. Yadav, On finite p-groups whose automorphisms are all
central, Israel J. Math. 189 (2012), 225 - 236.

A. Jamali, Some new non-abelian 2-groups with abelian automorphism

groups, J. Group Theory, 5 (2002), 53 - 57.

R. James, The groups of order p® (p an odd prime), Math. Comp. 34 (1980),

613-637.

88



[40] D. Jonah, M. Konvisser, Some non-abelian p-groups with abelian automor-

phism groups, Arch. Math. (Basel) 26 (1975), 131 - 133.

[41] M. Kang, B. Kunyavskii, The Bogomolov multiplier of rigid finite groups,
Arch. Math., 102 (2014), 209-218.

[42] M. Kumar and L. R. Vermani, “Hasse principle” for extraspecial p-groups,

Proc. Japan Acad. Ser. A Math. Sci. 76 (2000), 123-125.

[43] M. Kumar and L. R. Vermani, “Hasse principle” for groups of order p*,
Proc. Japan Acad. Ser. A Math. Sci. 77 (2001), 95-98.

[44] M. Kumar and L. R. Vermani, On automorphisms of some p-groups, Proc.

Japan Acad. Ser. A Math. Sci. 78 (2002), 46-50.

[45] B. Kunyavskii, Local-global invariants of finite and infinite groups: Around
Burnside from another side, Expo. Math. 31 (2013), 256-273.

[46] H. Kurzweil and B. Stellmacher, The theory of finite groups, Springer-
Verlag, (2004).

[47] R. Laue, On outer automorphism groups, Math. Z. 148 (1976), 177-188.

[48] A. Mahalanobis, The Diffie-Hellman Key FExchange Protocol and non-

abelian nilpotent groups, Israel J. Math., 165 (2008), 161 - 187.

[49] 1. Malinowska, On quasi-inner automorphisms of a finite p-group, Publ.

Math. Debrecen 41 (1992), No. 1-2, 73-77.

[50] I. Malinowska, p-automorphisms of finite p-groups: problems and questions,

Advances in Group Theory (1992), 111-127.

89



[51]

52|

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

G. A. Miller, A non-abelian group whose group of isomorphism is abelian,

Mess. of Math. 43 (1913-1914), 124 - 125.

P. Moravec, Groups of order p° and their unramified Brauer groups, J.

Algebra 372 (2012), 320-327.

P. Moravec, Unramified Brauer groups and isoclinism, Ars Math. Contemp.

7 (2014), 337-340.

M. Morigi, On p-groups with abelian automorphism group, Rend. Sem. Mat.
Univ. Padova 92 (1994), 47 - 58.

M. Morigi, On the minimal number of generators of finite non-abelian p-
groups having an abelian automorphism group, Comm. Algebra 23 (1995),
2045 - 2065.

M. V. Neshadim, Free products of groups have no outer normal automor-

phisms, Algebra and logic 35 (1996), 316-318.

T. Ono, “Shafarevich-Tate sets” for profinite groups, Proc. Japan Acad. Ser.
A 75 (1999), 96-97.

T. Ono and H. Wada, “Hasse principle” for free groups, Proc. Japan Acad.
Ser. A 75 (1999), 1-2.

T. Ono and H. Wada, “Hasse principle” for symmetric and alternating

groups, Proc. Japan Acad. Ser. A 75 (1999), 61-62.

P. K. Rai, On class-preserving automorphisms of groups, Ricerche Mat.,

Vol. 63, no. 2, (2014), 189-194.

P. K. Rai, On nilpotency of the group of outer class-preserving automor-

phisms of a group, Accepted for publication in J. Algebra Appl..

90



[62] P. K. Rai, On IA-automorphisms that fix the center element-wise, Proc.
Indian Acad. Sci. (Math. Sci.) Vol. 124, no. 2, (2014), 169-173.

[63] P. K. Rai and M. K. Yadav, On I-rigidity of groups of order p®, J. Algebra,
Vol. 428, (2015), 26-42.

[64] D. J. S. Robinson, A course in the theory of groups, Springer-Verlag (1996).

[65] C. H. Sah, Automorphisms of finite groups, Journal of Algebra 10, 47-68
(1968).

[66] D. J. Saltman, Noether’s problem over an algebraically closed field, Invent.
Math. 77 (1984), 71-84.

[67] D. J. Saltman, The Brauer group and the center of generic matrices, J.

Algebra 97 (1985) 53-67.

[68] R.R. Struik, Some non-abelian 2-groups with abelian automorphism groups,

Arch. Math. (Basel) 39 (1982), 299 - 302.

[69] F. Szechtman, n-inner automorphisms of finite groups, Proc. Amer. Math.

Soc. 131 (2003), 3657-3664.
[70] J. Tappe, On isoclinic groups, Math. Z. 148 (1976), 147-153.

[71] G. E. Wall, Finite groups with class preserving outer automorphisms, J.

London Math. Soc. 22 (1947), 315-320.

[72] M. K. Yadav, Class preserving automorphisms of finite p-groups, J. London
Math. Soc. 75(3) (2007), 755-772.

[73] M. K. Yadav, Class preserving automorphisms of finite p-groups - A Sur-
vey, Proc. Groups St. Andrews (Bath) 2009, LMS Lecture Note Series 388
(2011), 569 - 579.

91



[74] M. K. Yadav, On automorphisms of some finite p-groups, Proc. Indian
Acad. Sci. (Math. Sci.) 118(1) (2008), 1-11.

92



	Synopsis
	Conventions and Notations
	Background and Preliminaries
	Basic group theoretic results
	Central automorphisms
	Isoclinism of groups
	Class-preserving automorphisms
	-rigid groups
	Bogomolov multiplier

	Finite p-Groups with Abelian Automorphism Group
	Abelian Automorphism Groups: Literature
	Groups G with Aut (G) abelian
	Groups G with Aut (G) elementary abelian

	Class-preserving Automorphisms of Groups
	Class-preserving Automorphisms: Literature
	Solvability of Aut c(G)
	Nilpotency of Out c(G)

	-rigidity of Groups of Order p6
	-rigidity and Bogomolov multiplier
	Groups of order p6
	Groups G with trivial Out c(G)
	Groups G with non-trivial Out c(G)

	IA Automorphisms of Groups
	IA automorphisms that fix the center element-wise
	A necessary and sufficient condition for the equlity of IA z(G) and Autcent (G)

	Bibliography

