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SYNOPSIS

This Ph.D. thesis can be divided into three parts. In the first part we construct

various types of non-special finite p-groups G such that the automorphism group

of G is abelian. The second part deals with class-preserving automorphisms of

groups. We prove some structural properties of the group of class-preserving

automorphisms of a group. We then calculate the order of the group of class-

preserving outer automorphisms of groups of order p6 and study the connection

between Ш-rigidity and Bogomolov multiplier of these groups. In the last part

we consider the group of those IA automorphisms of a group that fix the center of

the group element-wise and prove that for any two isoclinic groups these groups

of automorphisms are isomorphic. We also give an application of this result.

For a given group G, we denote its center, commutator subgroup and Frattini

subgroup by γ2(G), Φ(G) and Z(G) respectively. The automorphism group and

inner automorphism group of G are denoted by Aut(G) and Inn(G) respectively.

By |G| we denote the order of the group G. If H is a subgroup (proper subgroup)

of G, then we write H ≤ G (H < G).

We now summarize our research work in the following sections.

1. Finite p-groups with abelian automorphism group

Throughout this section any unexplained p always denotes an odd prime. In

2008, Mahalanobis [48] published the following conjecture: For an odd prime p,

any finite p-group having abelian automorphism group is special. Jain and Yadav

[37] provided counter examples to this conjecture by constructing a class of non-

special finite p-groups G such that Aut(G) is abelian. These counter examples,
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constructed in [37], enjoy the following properties: (i) |G| = pn+5, where p is an

odd prime and n is an integer≥ 3; (ii) γ2(G) is a proper subgroup of Z(G) = Φ(G);

(iii) exponents of Z(G) and G/γ2(G) are same and it is equal to pn−1; (iv) Aut(G)

is abelian of exponent pn−1.

Though the conjecture of Mahalanobis has been proved false, one might expect

that some weaker form of the conjecture still holds true. Two obvious weaker

forms of the conjecture are: (WC1) For a finite p-group G with Aut(G) abelian,

Z(G) = Φ(G) always holds true; (WC2) For a finite p-group G with Aut(G)

abelian and Z(G) 6= Φ(G), γ2(G) = Z(G) always holds true. So, on the way to

exploring some general structure on the class of such groups G, it is natural to

ask the following question:

Question. Does there exist a finite p-group G such that γ2(G) ≤ Z(G) < Φ(G)

and Aut(G) is abelian?

Disproving (WC1) and (WC2), we provide affirmative answer to this question

in the following theorem:

Theorem 1.0.1. For every positive integer n ≥ 4 and every odd prime p, there

exists a group G of order pn+10 and exponent pn such that

1. for n = 4, γ2(G) = Z(G) < Φ(G) and Aut(G) is abelian;

2. for n ≥ 5, γ2(G) < Z(G) < Φ(G) and Aut(G) is abelian.

Moreover, the order of Aut(G) is pn+20.

One more weaker form of the above said conjecture is: (WC3) If Aut(G) is an

elementary abelian p-group, then G is special. Berkovich and Janko [5, Problem

722] published the following long standing problem: (Old problem) Study the

p-groups G with elementary abelian Aut(G).

We prove the following theorem which gives some structural information about
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G when Aut(G) is elementary abelian.

Theorem 1.0.2. Let G be a finite p-group such that Aut(G) is elementary

abelian, where p is an odd prime. Then one of the following two conditions holds

true:

1. Z(G) = Φ(G) is elementary abelian;

2. γ2(G) = Φ(G) is elementary abelian.

Moreover, the exponent of G is p2.

Now one might expect that for groups G with Aut(G) elementary abelian,

both of the conditions in previous theorem hold true, i.e., WC(3) holds true, or,

a little less ambitiously, (1) always holds true or (2) always holds true. In the

following two theorems we show that none of the statements in the preceding

sentence holds true.

Theorem 1.0.3. There exists a group G of order p9 such that Aut(G) is el-

ementary abelian of order p20, Φ(G) < Z(G) and γ2(G) = Φ(G) is elementary

abelian.

Theorem 1.0.4. There exists a group G of order p8 such that Aut(G) is el-

ementary abelian of order p16, γ2(G) < Φ(G) and Z(G) = Φ(G) is elementary

abelian.

The results of this section has been published in the paper [36].

2. Class-preserving automorphisms of groups

Let G be a group. An automorphism α of G is called class-preserving if it maps

each group element to some conjugate of it. These automorphisms form a normal

subgroup of Aut(G) which we denote by Autc(G). Obviously, Inn(G) ≤ Autc(G).
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The factor group Autc(G)/ Inn(G) is denoted by Outc(G). In 1911 Burnside [9]

asked the following question: Does there exist any finite group G such that G

has a non-inner class-preserving automorphism? In 1913, he himself answered

this question affirmatively by constructing a group W of nilpotecy class 2 and

of order p6, p an odd prime [10]. More groups with non-inner class-preserving

automorphisms were constructed in [8, 29, 31, 49, 69].

2.1 Some structural properties of Autc(G)

In 1968, Sah [65], using homolgical techniques and some results of Schur and

Wedderburn, proved that Autc(G) is solvable when G is finite solvable. Extending

the result of Sah to arbitrary groups we prove the following theorem.

Theorem 2.1.1. Let G be a solvable group of length l. Then Autc(G) is a

solvable group of length either l or l − 1.

Next for an arbitrary group G we investigate the nilpotency of Outc(G). Sah

using a result of Hall, noticed that if G is a nilpotent group of class k, then

Autc(G) is a nilpotent group of class k − 1. The obvious corollary is, if G is

a nilpotent group of class k, then Outc(G) is a nilpotent group of class at most

k−1. This bound on the nilpotency class of Outc(G) is best possible when k = 2.

Sah remarked in his paper [65] that for the large values of k the corollary could

presumably be improved. Yadav [73] and Malinowska [50] also asked in their

surveys to improve this bound on the nilpotency class of Outc(G).

Let Zj(G) denote the j-th term in the upper central series of G. As a corollary

of our following theorem we improve the bound on the nilpotency class of Outc(G)

in some cases, e.g., p-groups of maximal class.

Theorem 2.1.2. Let G be a group such that Outc(G/Zj(G)) is a nilpotent group
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of class k. Then Outc(G) is a nilpotent group of class at most j + k. Moreover,

if Outc(G/Zj(G)) is a trivial group, then Outc(G) is a nilpotent group of class at

most j.

Corollary 2.1.3. Let p be any prime and G be a finite p-group such that

|G/Zj(G)| ≤ p4. Then Outc(G) is a nilpotent group of class at most j.

Corollary 2.1.4. Let p be any prime and G be a p-group of maximal class

having order pn, n ≥ 5. Then the nilpotency class of Outc(G) is at most n− 4.

Let γk(G) denote the k-th term in the lower central series of G. We investigate

the nilpotency of Outc(G) for an arbitrary group G when γk(G)/γk(G) ∩ Zj(G)

for some j, k ∈ N is cyclic and prove the following theorem.

Theorem 2.1.5. Let G be a group such that γk(G)/γk(G)∩Zj(G) is cyclic. Then

Outc(G) is nilpotent of class at most j+k+1. Moreover, if γk(G)/γk(G)∩Zj(G)

is an infinite cyclic or a finite cyclic p-group, then Outc(G) is nilpotent of class

at most j + k.

The results of this subsection are from the papers [60] and [61].

2.2 Ш-rigidity of groups of order p6

Let G be a group which acts on itself by conjugation, and let H1(G,G) be the

first cohomology pointed set. Denote by Ш(G) the subset of H1(G,G) consisting

of the cohomology classes becoming trivial after restricting to every cyclic sub-

group of G. The set Ш(G), for a given group G, is called the Shafarevich-Tate

set of G. Following Kunyavskĭı [45], we say that G is a Ш-rigid group if the set

Ш(G) consists of one element. The Bogomolov multiplier B0(G) of a finite group

G is defined as the subgroup of the Schur multiplier consisting of the cohomology

classes vanishing after restriction to all abelian subgroups of G. Kang and Kun-
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yavskĭı in [41] observed that B0(G) = 0 for most of the known classes of finite

Ш-rigid groups G and asked the following question:

Question ([41, Question 3.2]). Let G be a finite Ш-rigid group. Is it true that

B0(G) = 0?

We study the rigidity property of groups of order p6 for an odd prime p and

answer the above question in affirmative for most of these groups. Our viewpoint

on this study is a bit different. We study rigidity problem through automorphisms

of groups. We make it more precise here. Ono proved that there is a bijection

between Outc(G) and Ш(G) for any finite group G [57, 2.12]. Therefore a finite

group G is Ш-rigid if and only if Outc(G) = 1.

Groups of order p6, for odd primes p, are classified in 43 isoclinism families

by James [39]. These isoclinism families are denoted by Φk for 1 ≤ k ≤ 43. That

Autc(G), for non-abelian finite groups, is independent (upto isomorphism) of the

choice of a group in a given isoclinism family is shown in [74, Theorem 4.1]. This

result allows us to select and work with any group from each of 43 isoclinism

families of groups of order p6. The rigid groups of order p5 for odd primes p are

classified by Yadav [74]. In the following result we classify the rigid groups of

order p6 for odd primes p, and compute |Ш(G)| = |Outc(G)| for the groups G

which are not rigid.

Theorem 2.2.1. Let G be a group of order p6 for an odd prime p. Then

Outc(G) 6= 1 if and only if G belongs to one of the isoclinism families Φk for

k = 7, 10, 13, 15, 18, 20, 21, 24, 30, 36, 38, 39. Moreover,

1. if G belongs to one of the isoclinism families Φk for k = 7, 10, 24, 30, 36, 38, 39,

then |Outc(G)| = p,

2. if G belongs to one of the isoclinism families Φk for k = 13, 18, 20, then

vi



|Outc(G)| = p2, and

3. if G belongs to one of the isoclinism families Φk for k = 15, 21, then

|Outc(G)| = p4.

Next we investigate the question of Kang and Kunyavskĭı for groups of order

p6 and prove the following.

Theorem 2.2.2. Let G be a Ш-rigid group of order p6 for a prime p. If G

does not belong to the isoclinism families Φk for k = 28, 29, then its Bogomolov

multiplier B0(G) is zero.

Both the above theorems are from the paper [63].

3. IA automorphisms that fix the center element-

wise

Let G be any group and σ be an automorphism of G. Following Bachmuth [2],

we call σ an IA automorphism if x−1σ(x) ∈ γ2(G) for each x ∈ G. The set of

all IA automorphisms of G form a normal subgroup of Aut(G) and is denoted by

IA(G). The set of all IA automorphisms that fix the center element-wise form a

normal subgroup of IA(G) and is denoted by IAz(G).

Notice that Autc(G) ≤ IAz(G). As we also have mentioned earlier, Yadav has

proved that if two finite groups G and H are isoclinic then Autc(G) ∼= Autc(H).

In the following theorem we extend this result to IAz(G) for an arbitrary group

G.

Theorem 3.0.1. Let G and H be any two isoclinic groups. Then there exists an

isomorphism α : IAz(G)→ IAz(H) such that α(Autc(G)) = Autc(H).
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An automorphism α of a groupG is called a central automorphism if x−1α(x) ∈

Z(G) for all x ∈ G. The set of all central automorphisms form a normal subgroup

of Aut(G) and is denoted by Autcent(G).

As an application of Theorem 3.0.1, we prove the following theorem.

Theorem 3.0.2. Let G be a finite p-group.

1. Then IAz(G) = Autcent(G) if and only if γ2(G) = Z(G).

2. If the nilpotency class of G is 2, then IAz(G) = Inn(G) if and only if γ2(G)

is cyclic.

The following result of Curran and McCaughan [15] can be obtained as a

consequence of Theorem 3.0.2.

Corrollary 3.0.3. Let G be a finite p-group. Then Inn(G) = Autcent(G) if and

only if γ2(G) = Z(G) and γ2(G) is cyclic.

The results of this section has been published in the paper [62].
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Conventions and Notations

Let G be a group and x, y, a ∈ G. Then [x, y] denotes the commutator

x−1y−1xy, xa denotes the conjugate of x by a, i.e., a−1xa, xG denotes the G-

conjugacy class of x and [x,G] denotes the set of all [x, z], for z ∈ G. By 〈x〉

we denote the cyclic subgroup generated by x. Let H and K be two subgroups

of a group G. Then [H,K] denotes the subgroup generated by all commutators

[h, k] for h ∈ H, k ∈ K. By Z(G) we denote the center of G and by CG(H) we

denote the centralizer of H in G. The commutator and Frattini subgroup of G

are denoted by γ2(G) and Φ(G), respectively. The group of all homomorphisms

from a group H to a group K is denoted by Hom(H,K). We write γi(G) for

the i-th term in the lower central series of G, δi(G) for the i-th term in the de-

rived series of G and Zi(G) for the i-th term in the upper central series of G.

Let p be a prime number. By Cp we denote the cyclic group of order p. The

subgroup of G generated by all the elements of order p is denoted by Ω1(Z(G)).

Let Gpi =
〈
xp

i | x ∈ G
〉
and Gpi =

〈
x ∈ G | xpi = 1

〉
, where i ≥ 1 is an integer.

If H is a subgroup (proper subgroup) of G, then we write H ≤ G (H < G) and if

H is a normal subgroup of G, then we write H �G . By Aut(G) and Inn(G) we

denote the group of all automorphisms and the group of all inner automorphisms

of G respectively. Let N � G, then by AutN(G) we denote the group of those

automorphisms of G which induces the identity mapping on G/N . Finally, by a

class c group we mean a group of nilpotency class c.
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Chapter 1

Background and Preliminaries

In this chapter we collect some basic definitions and results which will be used in

subsequent chapters. We begin with some basic group theoretic results, then we

discuss central automorphisms and class-preserving automorphisms. The concept

of isoclinism of groups and the Bogomolov multiplier of a group are introduced.

We do not give many proofs in this chapter as most of the material presented, is

either well known or easily available from the references.

1.1 Basic group theoretic results

The following few results are very basic and easy to prove.

Lemma 1.1.1 Let G be a group and x, y, z ∈ G. Then,

1. [xy, z] = [x, z]y[y, z], and

2. [z, xy] = [z, y][z, x]y.

Lemma 1.1.2 Let A, B and C be finite abelian groups. Then Hom(A×B, C) ∼=

Hom(A, C)× Hom(B, C) and Hom(A, B × C) ∼= Hom(A, B)× Hom(A, C).

1



Lemma 1.1.3 Let Cr and Cs be two cyclic groups of order r and s respectively.

Then Hom(Cr, Cs) ∼= Cd, where d is the greatest common divisor of r and s.

Proposition 1.1.4 Let G be a finite cyclic p-group for an odd prime p, then

Aut(G) is cyclic.

Proposition 1.1.5 Let H be a subgroup of a group G. Then NG(H)/CG(H) is

isomorphic to a subgroup of Aut(H).

Lemma 1.1.6 Let H be cyclic normal subgroup of a group G. Then H centralizes

the commutator subgroup of G.

Lemma 1.1.7 Let G be a non-abelian finite p-group. If there is an element of

order p in the center but not in the Frattini subgroup then G has an abelian direct

factor.

The proof of following theorem can be found in [46, 2.1.2].

Theorem 1.1.8 Let G be a finite abelian group and H a cyclic subgroup of max-

imal order in G. Then there exists a complement K of H in G; in particular

G = H ×K.

Let A be a group which acts on a group G. By [A,G] and [G,A] both, we

denote the subgroup generated by g−1ga for all g ∈ G and a ∈ A. The following

lemma can be found in [46, Page 176].

Lemma 1.1.9 Let A be a group acting on a group G and X, Y, Z be subgroups of

either G or A. Suppose that [[X, Y ], Z] = [[Y, Z], X] = 1. Then also [[Z,X], Y ] =

1.

The following lemma can be found in [14].
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Lemma 1.1.10 ([14], Lemma 2.8) Let A and B be abelian groups with C a

proper subgroup or quotient of A, and D a proper subgroup or quotient of B, such

that |A|/|C| = |B|/|D| > 1. Then Hom(C,D) is isomorphic to a proper subgroup

of Hom(A,B).

1.2 Central automorphisms

Definition 1.2.1 An automorphism α of a group G is called a central automor-

phism if it induces the identity mapping on the central quotient G/Z(G). In

mathematical notations, if x−1α(x) ∈ Z(G) for all x ∈ G, then we say that α is

a central automorphism.

The set of all central automorphisms of G forms a normal subgroup of Aut(G).

We denote this subgroup by Autcent(G). The following lemma can be easily

proved.

Lemma 1.2.2 Let G be a group, then Autcent(G) = CAut(G)(Inn(G)).

Corollary 1.2.3 Let G be a group such that Aut(G) is abelian. Then all auto-

morphisms of the group G are central, i.e., Autcent(G) = Aut(G).

Definition 1.2.4 A group G is called a purely non-abelian group if it does not

have any non-trivial abelian direct factor, i.e., there does not exist any non-trivial

abelian subgroup A and a subgroup N such that G = A×N .

The following theorem is due to Adney and Yen [1].

Theorem 1.2.5 Let G be a purely non-abelian finite p-group. Then |Autcent(G)|

= |Hom(G/γ2(G),Z(G))|.
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Let A be an abelian p-group and a ∈ A. For a positive integer n, pn is said

to be the height of a in A, denoted by ht(a), if a ∈ Apn but a 6∈ Apn+1 . Let H be

a p-group of class 2. We denote the exponents of Z(H), γ2(H), H/γ2(H) by pa,

pb, pc respectively and d = min(a, c). We define R := {z ∈ Z(H) | |z| ≤ pd} and

K := {x ∈ H | ht(xγ2(H)) ≥ pb}. Notice that K = Hpbγ2(H). Now we state the

following important result of Adney and Yen.

Theorem 1.2.6 ([1], Theorem 4) Let H be a purely non-abelian p-group of

class 2, p odd, and let H/γ2(H) = Πn
i=1 〈xiγ2(H)〉. Then Autcent(H) is abelian

if and only if

1. R = K, and

2. either d = b or d > b and R/γ2(H) =
〈
xp

b

1 γ2(H)
〉
.

The next two theorems were proved by Earnley in his Ph.D. thesis.

Theorem 1.2.7 ( [17], Corollary 3.3) Let G be a non-abelian finite p-group

of exponent p, where p is an odd prime. Then Aut(G) is non-abelian.

Theorem 1.2.8 ( [17], Theorem 2.3) Let G be a finite p-group such that G =

A×N with 1 6= A abelian and N purely non-abelian. Then Aut(G) is abelian if

and only if A and N satisfy the following three conditions:

1. A is cyclic of order 2n with n > 1;

2. N is a 2-group with Aut(N) abelian;

3. N is a special 2-group.

The next two theorems are due to Jafari.
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Theorem 1.2.9 ( [35], Theorem 3.4) Let G be a finite purely nonabelian p-

group, p odd, then Autcent(G) is an elementary abelian p-group if and only if the

exponent of Z(G) is p or exponent of G/γ2(G) is p.

A finite abelian p-group G is said to be ce-group if G can be written as a

direct product of a cyclic group A of order pn, n > 1 and an elementary abelian

p-group B.

Theorem 1.2.10 ( [35], Theorem 3.5) Let G be a purely nonabelian 2-group.

Then Autcent(G) is elementary abelian if and only if one of the following condi-

tions holds:

1. the exponent of G/γ2(G) is 2;

2. the exponent of Z(G) is 2;

3. the greatest common divisor of the exponents of G/γ2(G) and Z(G) is 4 and

G/γ2(G), Z(G) are ce-groups having the properties that an elementary part

of Z(G) is contained in γ2(G) and there exists an element z of order 4 in a

cyclic part of Z(G) with zγ2(G) lying in a cyclic part of G/γ2(G) such that

twice of the order of zγ2(G) is equal to the exponent of G/γ2(G).

1.3 Isoclinism of groups

The concept of isoclinism was first introduced by Hall [26]. We say that two

groups G and H are isoclinic if there exist isomorphisms ϕ of G/Z(G) onto

H/Z(H) and θ of γ2(G) onto γ2(H), such that the following diagram commutes.

G/Z(G)×G/Z(G)
ϕ×ϕ−−−→ H/Z(H)×H/Z(H)

aG

y aH

y
γ2(G)

θ−−−→ γ2(H),
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where aG(xZ(G), yZ(G)) = [x, y] for x, y ∈ G and aH(kZ(H), lZ(H)) = [k, l] for

k, l ∈ H. The pair (ϕ, θ) is called an isoclinism of G onto H.

In the same article [26] Hall proved the following result.

Theorem 1.3.1 In every family of isoclinic groups there exists a group G such

that Z(G) ≤ γ2(G).

The following lemma is due to Tappe.

Lemma 1.3.2 ( [70], Lemma 1.5) Let G and H be isoclinic groups and (ϕ, θ)

be an isoclinism of G onto H. Then,

1. ϕ(gZ(G)) = θ(g)Z(H) for g ∈ γ2(G), and

2. θ(γ2(G) ∩ Z(G)) = γ2(H) ∩ Z(H).

1.4 Class-preserving automorphisms

Definition 1.4.1 An automorphism α of a group G is called class-preserving if

it maps each group element to a cojugate of it

The set of all class-preserving automorphisms of G forms a normal subgroup

of Aut(G). We denote this subgroup by Autc(G). The following three lemmas

can be easily proved.

Lemma 1.4.2 Let G be a finite group. Let σ be an endomorphism of G such

that σ(x) ∈ xG for all x ∈ G. Then σ ∈ Autc(G).

Lemma 1.4.3 Let G be a finite group. Let x1, x2, ..., xd be a minimal generating

set for G. Then |Autc(G)| ≤
d∏
i=1

|xiG|.
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Lemma 1.4.4 Let H and K be any two groups. Then Autc(H×K) ∼= Autc(H)×

Autc(K).

The next lemma is by Yadav which will be used frequently in Chapter 4.

Lemma 1.4.5 ([74], Lemma 2.2) Let G be a finite p-group such that Z(G) ≤

[x,G] for all x ∈ G− γ2(G). Then |Autc(G)| ≥ |Autcent(G)||G/Z2(G)|.

It is obvious that all inner automorphisms are class-preserving. The factor

group Autc(G)/ Inn(G) is denoted by Outc(G). The following result is due to

Hertweck.

Proposition 1.4.6 ([31], Proposition 14.4) Let G be a finite group and H be

an abelian normal subgroup of G such that G/H is cyclic. Then Outc(G) = 1.

The following result is due to Cheng [12].

Theorem 1.4.7 Suppose that G is a finite p-group such that γ2(G) = 〈a〉 is

cyclic. Assume that either p > 2 or p = 2 and [a,G] ≤ 〈a4〉. Then Outc(G) = 1.

The following result of Yadav makes the study of group of class-preserving

automorphism independent of the choice of the group from an isoclinic family.

Theorem 1.4.8 ([74], Theorem 4.1) Let G and H be two finite isoclinic groups.

Then Autc(G)) ∼= Autc(H).

Using the above theorem Yadav classified the group G of order p5 with non-

trivial Outc(G) in the following theorem.

Theorem 1.4.9 ( [74], Theorem 5.5) Let p be an odd prime and G be a group

of order p5. Then Outc(G) is non-trivial if and only if G is isoclinic to one of
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the following groups (For the meaning of the notation α(p)
i , see Section 4.2):

Φ7(15) =
〈
α, α1, α2, α3, β | [αi, α] = αi+1, [α1, β] = α3, α

p = α
(p)
1 = βp =

αpi+1 = 1 (i = 1, 2)
〉
.

Φ10(15) =
〈
α, α1, ..., α4 | [αi, α] = αi+1, [α1, α2] = α4,

αp = α
(p)
1 = α

(p)
i+1 = 1 (i = 1, 2, 3)

〉
.

Moreover, if Outc(G) is non-trivial, then |Outc(G)| = p.

1.5 Ш-rigid groups

Let G be a group which acts on itself by conjugation, and let H1(G,G) be the first

cohomology pointed set. Denote by Ш(G) the subset of H1(G,G) consisting of

the cohomology classes becoming trivial after restricting to every cyclic subgroup

of G. The set Ш(G), for a given group G, is called the Shafarevich-Tate set of G.

Definition 1.5.1 A group G is called a Ш-rigid group if the set Ш(G) consists

of one element.

The following theorem, which establishes a relation between class-preserving

automorphisms and Shafarevich-Tate set, was proved by Ono:

Theorem 1.5.2 ( [57], Theorem 2.12) Let G be a finite group. Then there is

a bijection between Outc(G) and Ш(G).

Corollary 1.5.3 Let G be a finite group. Then G is Ш-rigid if and only if

Outc(G) = 1.
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1.6 Bogomolov multiplier

Definition 1.6.1 The Bogomolov multiplier B0(G) of a finite group G is defined

as the subgroup of the Schur multiplier H2(G,C) consisting of the cohomology

classes vanishing after restriction to all abelian subgroups of G.

Bogomolov showed in [6, 7] that B0(G) coincides with the unramified Brauer

group Brnr(V/G) where V is a vector space defined over an algebraically closed

field k of characteristic zero equipped with a faithful, linear, generically free ac-

tion of G. The latter group is an important birational invariant of the quotient

variety V/G; in particular, it equals zero whenever the variety V/G is k-rational

(or even retract k-rational). It was introduced by Saltman in [66, 67] and used

in constructing the first counter-example (for G of order p9) to a problem by

Emmy Noether on rationality of fields of invariants k(x1, ..., xn)G, where k is al-

gebraically closed andG acts on the variables xi by permutations. The description

of B0(G) provides a purely group-theoretic intrinsic recipe for the computation of

Brnr(V/G). Moravec proved that the smallest power of p for which there exists a

p-group G with B0(G) 6= 0 is 5 (for odd p) and not 6, as claimed by Bogomolov.

He also classified groups G of order p5 for which B0(G) 6= 0 in [52] using the

following theorem [53].

Theorem 1.6.2 If G1 and G2 are finite isoclinic groups, then B0(G1) ∼= B0(G2).

Non-abelian groups of order p6, for odd primes p, are classified in 42 isoclinism

families by James [39], which are denoted by Φk for 2 ≤ k ≤ 43. Using this

classification Chen and Ma has tried to classify the non-abelian groups of order

p6, for primes p > 3, with B0(G) = 0. They were unable to give the complete

classification, the Bogomolov multiplier for the families Φk for k = 15, 28, 29 is

still not known. The following theorem follows from [11, Table 1].
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Theorem 1.6.3 Let p > 3 be a prime number and G be a non-abelian group of or-

der p6. If G belongs to one of the isoclinism family Φk for k = 2, ..., 6, 8, 9, 11, 12, 14,

16, 17, 19, 23, 25, 26, 27, 31, ..., 35, 37, 40, ..., 43, then B0(G) = 0.
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Chapter 2

Finite p-Groups with Abelian

Automorphism Group

In this chapter we construct various types of specific non-special finite p-groups

having abelian automorphism group. We also find some structural information

about the groups whose automorphism groups are elementary abelian. Through-

out the chapter, any unexplained p always denotes an odd prime.

2.1 Abelian Automorphism Groups: Literature

Study of groups having abelian automorphism groups is an old problem in group

theory. Though a lot of work has been done by many on the subject, not very

significant is known about such groups. In this section we review the literature

about such groups and give motivation behind theorems presented in this chapter.

The story began in 1908 with the following question of Hilton [33]: Whether a

non-abelian group can have an abelian group of isomorphisms (automorphisms).

In 1913, Miller [51] constructed a non-abelian group G of order 64 such that

Aut(G) is an elementary abelian group of order 128. More examples of such 2-
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groups were constructed in [13, 38, 68]. For an odd prime p, the first example of

a finite p-group G such that Aut(G) is abelian was constructed by Heineken and

Liebeck [28] in 1974. In 1975, Jonah and Konvisser [40] constructed 4-generated

groups of order p8 such that Aut(G) is an elementary abelian group of order p16,

where p is any prime. In 1975, by generalizing the constructions of Jonah and

Konvisser, Earnley [17, Section 4.2] constructed n-generated special p-groups G

such that Aut(G) is abelian, where n ≥ 4 is an integer and p is any prime number.

Among other things, Earnley also proved that there is no p-group G of order p5

or less such that Aut(G) is abelian. On the way to constructing finite p-groups of

class 2 such that all normal subgroups of G are characteristic, in 1979 Heineken

[29] produced groups G such that Aut(G) is abelian. In 1994, Morigi [54] proved

that there exists no group of order p6 whose group of automorphisms is abelian

and constructed groups G of order pn2+3n+3 such that Aut(G) is abelian, where

n is a positive integer. In particular, for n = 1, it provides a group of order p7

having an abelian automorphism group.

There have also been attempts to get structural information of finite groups

having abelian automorphism group. In 1927, Hopkins [34], among other things,

proved that a finite p-group G such that Aut(G) is abelian, can not have a

non-trivial abelian direct factor. In 1995, Morigi [55] proved that the minimal

number of generators for a p-group with abelian automorphism group is 4. In

1995, Hegarty [27] proved that if G is a non-abelian p-group such that Aut(G)

is abelian, then |Aut(G)| ≥ p12, and the minimum is obtained by the group of

order p7 constructed by Morigi. Moreover, in 1998, Ban and Yu [3] obtained

independently the same result and proved that if G is a group of order p7 such

that Aut(G) is abelian, then |Aut(G)| = p12.

We remark here that all the examples (for an odd prime p) mentioned above
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are special p-groups. In 2008, Mahalanobis [48] published the following conjec-

ture: For an odd prime p, any finite p-group having abelian automorphism group

is special. Jain and Yadav [37] provided counter examples to this conjecture by

constructing a class of non-special finite p-groups G such that Aut(G) is abelian.

These counter examples, constructed in [37], enjoy the following properties: (i)

|G| = pn+5, where p is an odd prime and n is an integer ≥ 3; (ii) γ2(G) is a proper

subgroup of Z(G) = Φ(G); (iii) exponents of Z(G) and G/γ2(G) are same and it

is equal to pn−1; (iv) Aut(G) is abelian of exponent pn−1.

Now we review non-special 2-groups having abelian automorphism group.

In contrast to p-groups for odd primes, there do exist finite 2-groups G with

Aut(G) abelian and G satisfies either of the following two properties: (P1) G

is 3-generated; (P2) G has a non-trivial abelian direct factor. The first 2-group

having abelian automorphism group was constructed by Miller [51] in 1913. This

is a 3-generated group and, as mentioned above, it has order 64 with elementary

abelian automorphism group of order 128. Earnley [17] showed that there are two

more groups of order 64 having elementary abelian automorphism group. These

groups are also 3-generated. Further Earnley gave a complete description of 2-

groups satisfying (P2) and having abelian automorphism group and established

the existence of such groups (see 1.2.8).

2.2 Groups G with Aut(G) abelian

Though the conjecture of Mahalanobis has been proved false, one might expect

that some weaker form of the conjecture still holds true. Two obvious weaker

forms of the conjecture are: (WC1) For a finite p-group G with Aut(G) abelian,

Z(G) = Φ(G) always holds true; (WC2) For a finite p-group G with Aut(G)

abelian and Z(G) 6= Φ(G), γ2(G) = Z(G) always holds true. So, on the way to
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exploring some general structure on the class of such groups G, it is natural to

ask the following question:

Question. Does there exist a finite p-group G such that γ2(G) ≤ Z(G) < Φ(G)

and Aut(G) is abelian?

At the end of this section we will be able to answer this question.

Let G be a finite p-group of nilpotency class 2 generated by x1, x2, . . . , xd,

where d is a positive integer. Let exi = xai11 xai22 · · ·x
aid
d = ∏d

j=1x
aij
j , where xi ∈ G

and aij are non-negative integers for 1 ≤ i, j ≤ d. Since the nilpotency class of G

is 2, we have

[xk, exi ] = [xk,
∏d
j=1x

aij
j ] = ∏d

j=1[xk, x
aij
j ] = ∏d

j=1[xk, xj]
aij (2.1)

and

[exk , exi ] = [∏d
l=1x

akl
l ,∏d

j=1x
aij
j ] = ∏d

j=1
∏d
l=1[xakll , x

aij
j ] (2.2)

= ∏d
j=1

∏d
l=1[xl, xj]

aklaij .

Equations (2.1) and (2.2) will be used for our calculations without any further

reference.

Let n ≥ 4 be a positive integer and p be an odd prime. Consider the following

group:

G =
〈
x1, x2, x3, x4 | xp

n

1 = xp
4

2 = xp
4

3 = xp
2

4 = 1, [x1, x2] = xp
2

2 ,

[x1, x3] = xp
2

2 , [x1, x4] = xp
2

3 , [x2, x3] = xp
n−2

1 , [x2, x4] = xp
2

3 ,

[x3, x4] = xp
2

2

〉
. (2.3)
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It is easy to see that G enjoys the properties given in the following lemma.

Lemma 2.2.1 The group G is a regular p-group of nilpotency class 2 having

order pn+10 and exponent pn. For n = 4, γ2(G) = Z(G) < Φ(G) and for n ≥ 5,

γ2(G) < Z(G) < Φ(G).

Let exi = xai11 xai22 xai33 xai44 = ∏4
j=1x

aij
j , where xi ∈ G and aij are non-negative

integers for 1 ≤ i, j ≤ 4. Let α be an automorphism of G. Since the nilpotency

class of G is 2 and γ2(G) is generated by xp
n−2

1 , xp
2

2 , xp
2

3 , we can write α(xi) =

xiexi = xi
∏4
j=1x

aij
j for some non-negative integers aij for 1 ≤ i, j ≤ 4.

Proposition 2.2.2 Let G be the group defined in (2.3) and α be an automor-

phism of G such that α(xi) = xiexi = xi
∏4
j=1x

aij
j , where aij are some non-negative

integers for 1 ≤ i, j ≤ 4. Then the following equations hold:

a31 ≡ 0 mod pn−2, (2.4)

−a32 + a13 + a13a44 ≡ 0 mod p2, (2.5)

−a33 + a44 + a11 + a11a44 + a12 + a12a44 ≡ 0 mod p2, (2.6)

a21 ≡ 0 mod pn−2, (2.7)

a44 − a22 + a33 + a33a44 ≡ 0 mod p2, (2.8)

a32 − a23 + a32a44 ≡ 0 mod p2, (2.9)

−a13 + a12a23 − a13a22 ≡ 0 mod p2, (2.10)

a23 + a11 + a11a22 + a11a23 + a13a24 − a14a23 ≡ 0 mod p2, (2.11)

−a23 + a24 + a11a24 − a14 + a12a24 − a14a22 ≡ 0 mod p2, (2.12)

a12 + a12a33 − a13a32 ≡ 0 mod p2, (2.13)

a32 + a33 + a11 − a22 − a14 + a11a32 + a11a33 + a13a34 − a14a33 (2.14)

≡ 0 mod p2,
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a34 + a11a34 + a12a34 − a14a32 − a23 ≡ 0 mod p2, (2.15)

a23 − a32 + a23a44 ≡ 0 mod p2, (2.16)

−a33 + a44 + a22 + a22a44 ≡ 0 mod p2, (2.17)

−a11 + a33 + a22 + a22a33 − a23a32 ≡ 0 mod p2. (2.18)

Proof. Let α be the automorphism of G such that α(xi) = xiexi , 1 ≤ i ≤ 4 as

defined above. Since Gp2 = 〈xp
n−2

1 , xp
2

2 , x
p2

3 , x4〉 is a characteristic subgroup of G,

α(x4) ∈ Gp2 . Thus we get the following set of equations:

a41 ≡ 0 mod pn−2, (2.19)

a4i ≡ 0 mod p2, for i = 2, 3. (2.20)

We prove equations (2.4) - (2.6) by comparing the powers of xi’s in α([x1, x4]) =

α(xp
2

3 ).

α([x1, x4]) = [α(x1), α(x4)] = [x1ex1 , x4ex4 ]

= [x1, x4][x1, ex4 ][ex1 , x4][ex1 , ex4 ]

= [x1, x4]∏4
j=1[x1, xj]

a4j∏4
j=1[x4, xj]

−a1j∏4
j=1

∏4
l=1[xl, xj]

a1la4j

= [x1, x2]a42+a11a42−a12a41 [x1, x3]a43+a11a43−a13a41

[x1, x4]1+a44+a11+a11a44−a14a41 [x2, x3]a12a43−a13a42

[x2, x4]a12+a12a44−a14a42 [x3, x4]a13+a13a44−a14a43

= x
pn−2(a12a43−a13a42)
1

x
p2(a42+a43+a13+a11a42−a12a41+a11a43−a13a41+a13a44−a14a43)
2

x
p2(1+a44+a11+a12+a11a44−a14a41+a12a44−a14a42)
3 .
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On the other hand

α([x1, x4]) = α(xp
2

3 ) = xp
2

3 x
p2a31
1 xp

2a32
2 xp

2a33
3 xp

2a24
4 = xp

2a31
1 xp

2a32
2 x

p2(1+a33)
3 .

Comparing the powers of x1 and using (2.20), we get a31 ≡ 0 mod pn−2.

Comparing the powers of x2 and x3, and using (2.19) - (2.20), we get

−a32 + a13 + a13a44 ≡ 0 mod p2,

−a33 + a44 + a11 + a11a44 + a12 + a12a44 ≡ 0 mod p2.

Hence equations (2.4) - (2.6) hold.

Equations (2.7) - (2.9) are obtained by comparing the powers of x1, x2 and

x3 in α([x3, x4]) = α(xp
2

2 ) and using equations (2.4), (2.19) and (2.20). Equa-

tions (2.10) - (2.12) are obtained by comparing the powers of x1, x2 and x3 in

α([x1, x2]) = α(xp
2

2 ) and using equation (2.7). Equations (2.13) - (2.15) are ob-

tained by comparing the powers of x1, x2 and x3 in α([x1, x3]) = α(xp
2

2 ) and using

equations (2.4) and (2.7). Equations (2.16) - (2.17) are obtained by comparing

the powers of x2 and x3 in α([x2, x4]) = α(xp
2

3 ) and using equations (2.7), (2.19)

and (2.20). The last equation (2.18) is obtained by comparing the powers of x1

in α([x2, x3]) = α(xp
n−2

1 ).

Theorem 2.2.3 Let G be the group defined in (2.3). Then all automorphisms of

G are central.

Proof. We start with the claim that 1 + a44 6≡ 0 mod p. For, let us assume the

contrary, i.e., p divides 1 + a44. Then

α(xp4) = α(x4)p = x
p(1+a44)
4 (xa411 xa422 xa433 )p ∈ Z(G),
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since a4j ≡ 0 mod p2 for 1 ≤ j ≤ 3 by equations (2.19) and (2.20). But this is

not possible as xp4 6∈ Z(G). This proves our claim. Subtracting (2.16) from (2.5),

we get (1 + a44)(a13 − a23) ≡ 0 mod p2. Since p does not divide 1 + a44, we get

a13 ≡ a23 mod p2. (2.21)

By equations (2.10) and (2.21) we have

a13(1− a12 + a22) ≡ 0 mod p2. (2.22)

Here we have three possibilities, namely (i) a13 ≡ 0 mod p2, (ii) a13 ≡ 0 mod p,

but a13 6≡ 0 mod p2, (iii) a13 6≡ 0 mod p. We are going to show that cases (ii)

and (iii) do not occur and in the case (i) aij ≡ 0 mod p2, 1 ≤ i, j ≤ 4.

Case (i). Assume that a13 ≡ 0 mod p2. Equations (2.9) and (2.21), together

with the fact that p does not divide 1+a44, gives a32 ≡ 0 mod p2. We claim that

1+a33 6≡ 0 mod p. Suppose p divides 1+a33. Since a32 ≡ 0 mod p2 and a31 ≡ 0

mod pn−2 (equation (2.4)), we get α(xp
3

3 ) = xp
3a31

1 xp
3a32

2 x
p3(1+a33)
3 xp

3a34
4 = 1, which

is not possible. This proves our claim. So by equation (2.13), we get a12 ≡ 0

mod p2.

Subtracting (2.17) from (2.6), we get (a11 − a22)(1 + a44) ≡ 0 mod p2. This

implies that a11−a22 ≡ 0 mod p2. Since ai3 ≡ 0 mod p2 for i = 1, 2, by equation

(2.11) we get a11(1 + a11) ≡ 0 mod p2. Thus p2 divides a11 or 1 + a11. We claim

that p2 can not divide 1+a11. For, suppose the contrary, i. e., a11 ≡ −1 mod p2.

Since n− 2 ≥ 2 and a12 ≡ a13 ≡ 0 mod p2, we get

α(x1)p
n−2

= x
pn−2(1+a11)
1 xp

n−2a12
2 xp

n−2a13
3 xp

n−2a14
4 = 1.
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This contradiction, to the fact that order of x1 is pn, proves our claim. Hence

p2 divides a11. Since a11 − a22 ≡ 0 mod p2, by equation (2.17), it follows that

a33 ≡ a44 mod p2. Putting the values a23, a11 and a22 in (2.18), we get a33 ≡ 0

mod p2. Thus a44 ≡ 0 mod p2. Putting values of a32, a33, a11, a22 and a13 in

(2.14), we get a14 ≡ 0 mod p2. Putting values of a12, a14, a11 and a23 in (2.15),

we get a34 ≡ 0 mod p2. Putting above values in (2.12), we get a24 ≡ 0 mod p2.

Hence aij ≡ 0 mod p2 for 1 ≤ i, j ≤ 4.

Case (ii). Assume that a13 ≡ 0 mod p, but a13 6≡ 0 mod p2. Equation (2.22)

implies that (1−a12+a22) ≡ 0 mod p. Now consider all the equations (2.7)-(2.18)

mod p. Repeating the arguments of Case (i) after replacing p2 by p, we get the

following facts: (a) a32 ≡ 0 mod p (by (2.9)); (b) a12 ≡ 0 mod p (by (2.13));

(c) a11 − a22 ≡ 0 mod p (subtracting (2.17) from (2.6)); (d) a11(1 + a11) ≡ 0

mod p (by (2.11)). We claim that a11 ≡ 0 mod p. For, suppose that a11 + 1 ≡ 0

mod p. Since n − 1 ≥ 3 and a12 ≡ a13 ≡ 0 mod p, it follows that α(x1)p
n−1

=

x
pn−1(1+a11)
1 xp

n−1a12
2 xp

n−1a13
3 xp

n−1a14
4 = 1, which is a contradiction. This proves that

p can not divide a11 + 1. Hence p divides a11, and therefore by fact (c), we have

a22 ≡ 0 mod p. This gives a contradiction to the fact that (1 − a12 + a22) ≡ 0

mod p. Thus Case (ii) does not occur.

Case (iii). Finally assume that a13 6≡ 0 mod p. Thus (1 − a12 + a22) ≡ 0

mod p2, i.e., 1 + a22 ≡ a12 mod p2 (we’ll use this information throughout the

remaining proof without referring). Notice that (α(x2x
−1
1 ))p

2
= x

−p2(1+a11)
1 . Since

the order of (α(x2x
−1
1 ))p

2 is pn−2, p does not divide (1+a11). Putting the value of

a32 from (2.16) into (2.9), we have a23 = a23(1 + a44)2 mod p2. Since a23 ≡ a13

mod p2 (equation (2.21)) and a13 6≡ 0 mod p, it follows that a23 6≡ 0 mod p.

Hence (1+a44)2 ≡ 1 mod p2. This gives a44(a44 +2) ≡ 0 mod p2. Thus we have

three cases (iii)(a) a44 ≡ 0 mod p2, (iii)(b) a44 ≡ 0 mod p, but a44 6≡ 0 mod p2
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and (iii)(c) a44 6≡ 0 mod p. We are going to consider these cases one by one.

Case (iii)(a). Suppose that a44 ≡ 0 mod p2. Using this in (2.16) and (2.17),

we get a32 ≡ a23 mod p2 and a22 ≡ a33 mod p2 respectively. Putting the value

of a44 in (2.6), we have a12 + a11 ≡ a33 mod p2. Further, replacing a12 by 1 + a22

and a22 by a33, we have 1 + a11 ≡ 0 mod p2, which is a contradiction.

Case (iii)(b). Suppose that a44 ≡ 0 mod p, but a44 6≡ 0 mod p2. Notice that

by reading the equations mod p, arguments of Case (iii)(a) show that 1+a11 ≡ 0

mod p, which is again a contradiction.

Case (iii)(c). Suppose that a44 6≡ 0 mod p. This implies that a44 ≡ −2

mod p2. Putting this value of a44 in the difference of (2.8) and (2.6), we get

a11+a12−a22 ≡ 0 mod p2. Since 1+a22 ≡ a12 mod p2, this equation contradicts

the fact that 1 + a11 6≡ 0 mod p.

Thus Case (iii) can not occur. This completes the proof of the theorem.

The following theorem gives the answer to the question raised at the beginning

of this section.

Theorem 2.2.4 For every positive integer n ≥ 4 and every odd prime p, there

exists a group G of order pn+10 and exponent pn such that

1. for n = 4, γ2(G) = Z(G) < Φ(G) and Aut(G) is abelian;

2. for n ≥ 5, γ2(G) < Z(G) < Φ(G) and Aut(G) is abelian.

Moreover, the order of Aut(G) is pn+20.

Proof. Let G be the group defined in (2.3). By Lemma 2.2.1, we have |G| =

pn+10, γ2(G) = Z(G) < Φ(G) for n = 4 and γ2(G) < Z(G) < Φ(G) for n ≥ 5.

By Theorem 2.2.3, we have Aut(G) = Autcent(G). Thus to complete the proof

of the theorem, it is sufficient to prove that Autcent(G) is an abelian group.
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Since Z(G) < Φ(G), G is purely non-abelian. The exponents of Z(G), γ2(G) and

G/γ2(G) are pn−2, p2 and pn−2 respectively. Thus we get

R = {z ∈ Z(G) | |z| ≤ pn−2} = Z(G)

and

K = {x ∈ G | ht(xγ2(G)) ≥ p2} = Gp2γ2(G) = Z(G).

This shows that R = K. Also R/γ2(G) = Z(G)/γ2(G) =
〈
xp

2

1 γ2(G)
〉
. Thus all

the conditions of Theorem 1.2.6 are now satisfied. Hence Autcent(G) is abelian.

That the order of Aut(G) is pn+20 can be easily proved by using Lemmas 1.1.2,

1.1.3, Theorem 1.2.5 and the structures of G/γ2(G) and Z(G). This completes

the proof of the theorem.

2.3 Groups G with Aut(G) elementary abelian

As mentioned in the Section 2.1, all p-groups G (except the ones in [37]) available

in the literature and having abelian automorphism group are special p-groups.

Thus it follows that Aut(G), for all such groups G, is elementary abelian. One

more weaker form of the conjecture of Mahalanobis is: (WC3) If Aut(G) is an

elementary abelian p-group, then G is special. Berkovich and Janko [5, Problem

722] published the following long standing problem: (Old problem) Study the

p-groups G with elementary abelian Aut(G).

The following theorem provides some structural information about a group G

for which Aut(G) is elementary abelian.

Theorem 2.3.1 Let G be a finite p-group such that Aut(G) is elementary abelian,

where p is an odd prime. Then one of the following two conditions holds true:
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1. Z(G) = Φ(G) is elementary abelian;

2. γ2(G) = Φ(G) is elementary abelian.

Moreover, the exponent of G is p2.

Proof. Since Aut(G) is elementary abelian, G/Z(G) is elementary abelian and so

Φ(G) ≤ Z(G). Also from Theorem 1.2.8 G is purely non-abelian. It follows from

Theorem 1.2.9 that either Z(G) or G/γ2(G) is of exponent p. If the exponent

of Z(G) is p, then by Lemma 1.1.7 Z(G) ≤ Φ(G). Hence Z(G) = Φ(G) is ele-

mentary abelian. If the exponent of G/γ2(G) is p, then obviously γ2(G) = Φ(G).

Since the exponent of γ2(G) is equal to the exponent of G/Z(G), it follows that

γ2(G) = Φ(G) is elementary abelian. In any case the exponent of Φ(G) is p. Thus

the exponent of G is at most p2. That the exponent of G can not be p, follows

from Theorem 1.2.7. Hence the exponent of G is p2. This completes the proof of

the theorem.

Let G be an arbitrary finite p-group such that Aut(G) is elementary abelian.

Then it follows from the previous theorem that one of the following two conditions

necessarily holds true: (C1) Z(G) = Φ(G) is elementary abelian; (C2) γ2(G) =

Φ(G) is elementary abelian. So one might expect that for such groups G both of

the conditions (C1) and (C2) hold true, i.e., WC(3) holds true, or, a little less

ambitiously, (C1) always holds true or (C2) always holds true. In the following

two theorems we show that none of the statements in the preceding sentence

holds true.

Theorem 2.3.2 There exists a group G of order p9 such that Aut(G) is ele-

mentary abelian of order p20, Φ(G) < Z(G) and γ2(G) = Φ(G) is elementary

abelian.
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Theorem 2.3.3 There exists a group G of order p8 such that Aut(G) is ele-

mentary abelian of order p16, γ2(G) < Φ(G) and Z(G) = Φ(G) is elementary

abelian.

First we proceed to construct p-group G as in Theorem 2.3.2

Let p be any prime, even or odd. Consider the group

G1 = 〈x1, x2, x3, x4, x5 | xp
2

1 = xp
2

2 = xp
2

3 = xp
2

4 = xp5 = 1, [x1, x2] = xp1,

[x1, x3] = xp3, [x1, x4] = 1, [x1, x5] = xp1, [x2, x3] = xp2, [x2, x4] = 1,

[x2, x5] = xp4, [x3, x4] = 1, [x3, x5] = xp4, [x4, x5] = 1〉. (2.23)

It is easy to see the following properties of G1.

Lemma 2.3.4 The group G1 is a p-group having order p9, γ2(G1) = Φ(G1) <

Z(G1), Φ(G1) is elementary abelian and the exponent of Z(G1) is p2, where p is

any prime. Moreover, if p is odd, then G1 is regular.

It can be checked by using GAP [23] that for p = 2, Aut(G1) is elementary

abelian. So we assume that p is odd. Let α be an arbitrary automorphism of

G1. Since the nilpotency class of G1 is 2 and γ2(G1) is generated by the set

{xpi | 1 ≤ i ≤ 4}, we can write

α(xi) = xi

5∏
j=1

x
aij
j (2.24)

for some non-negative integers aij for 1 ≤ i, j ≤ 5.

Lemma 2.3.5 Let α be the automorphism of G1 defined in (2.24). Then

a4j ≡ 0 mod p for j = 1, 2, 3, 5. (2.25)
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Proof. Since x4 ∈ Z(G1), it follows that α(x4) = x1+a44
4 xa411 xa422 xa433 xa455 ∈ Z(G1).

This is possible only when a4j ≡ 0 mod p for j = 1, 2, 3, 5, which completes the

proof of the lemma.

We’ll make use of the following table in the proof of Theorem 2.3.2, which

is produced in the following way. The equation in the kth row is obtained by

applying α on the relation in kth row, then comparing the powers of xi in the

same row, and using preceding equations in the table and equations (2.25). For

example, equation in 5th row is obtained by applying α on [x1, x3] = xp3, then

comparing the powers of x2 and using equations in 2nd and 3rd row.

Table 2.1: Table for the group G1

No. equations (read ≡ 0 mod p) relations xi’s
1 a5j, 1≤ j ≤ 4 xp5 = 1 x1, . . . , x4

2 a12 [x1, x5] = xp1 x2

3 a13 [x1, x5] = xp1 x3

4 a14 [x1, x5] = xp1 x4

5 a32 [x1, x3] = xp3 x2

6 a55(1 + a11) [x1, x5] = xp1 x1

7 a23(1 + a11) [x1, x2] = xp1 x3

8 a21 + a21a55 [x2, x5] = xp4 x1

9 a31 + a31a55 [x3, x5] = xp4 x1

10 a35 + a11a35 − a15a31 − a31 [x1, x3] = xp3 x1

11 a11(1 + a33) [x1, x3] = xp3 x3

12 a33(1 + a22) [x2, x3] = xp2 x2

13 a55 + a33 + a33a55 − a44 [x3, x5] = xp4 x4

14 a55 + a22 + a22a55 + a23(1 + a55)− a44 [x2, x5] = xp4 x4

15 (a22 + a25)(1 + a11)− a15a21 [x1, x2] = xp1 x1

16 a35(1 + a23 + a22)− a25(1 + a33)− a24 [x2, x3] = xp2 x4

17 −a15 − a15a22 − a15a23 [x1, x2] = xp1 x4

18 −a15 − a15a33 − a34 [x1, x3] = xp3 x4

Now we are ready to prove Theorem 2.3.2. In the following proof, by (k) we

mean the equation in the kth row of Table 2.1.

Proof of Theorem 2.3.2. Consider the group G1 defined in 2.23. It follows
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from Lemma 2.3.4 that G1 is of order p9, Φ(G1) < Z(G1) and γ2(G1) = Φ(G1)

is elementary abelian. It is easy to show that the order of Autcent(G1) is p20.

As mentioned earlier, it can be checked using GAP that Aut(G1) is elementary

abelian for p = 2. We therefore assume that p is odd. We now prove that all

automorphisms of G1 are central. Let α be the automorphism of G1 defined in

(2.24), i.e., α(xi) = xi
∏5

j=1 x
aij
i , where aij are non-negative integers for 1 ≤ i, j ≤

5. Since G1/Z(G1) is elementary abelian, it is sufficient to prove that aij ≡ 0

mod p for 1 ≤ i, j ≤ 5.

Since α(xp1) = x
p(1+a11)
1

∏5
j=2 x

pa1j
j 6= 1, xp5 = 1 and a1j ≡ 0 mod p for 2 ≤ j ≤

4, it follows that 1 + a11 is not divisible by p. Therefore (6) and (7) give a55 ≡ 0

mod p and a23 ≡ 0 mod p respectively. Thus by (8) and (9) respectively, we get

a21 ≡ 0 mod p and a31 ≡ 0 mod p. Using the fact that a31 ≡ 0 mod p, (10)

reduces to the equation a35(1 + a11) ≡ 0 mod p. Since 1 + a11 is not divisible

by p, we get a35 ≡ 0 mod p. Observe that 1 + a33 is not divisible by p. For,

suppose p divides 1 + a33. Since a31, a32, a35 are divisible by p and x4 ∈ Z(G1),

it follows that α(x3) ∈ Z(G1), which is not true. Using this fact, it follows from

(11) that a11 ≡ 0 mod p. Using above information, (13), (14) and (15) reduce,

respectively, to the following equations.

a33 − a44 ≡ 0 mod p, (2.26)

a22 − a44 ≡ 0 mod p, (2.27)

a22 + a25 ≡ 0 mod p. (2.28)

Subtracting equation (2.27) from equation (2.26), we get a33 − a22 ≡ 0 mod p.

Adding this to equation (2.28) gives a33 + a25 ≡ 0 mod p. Using this fact after

adding (12) to equation (2.28), we get a22(1 + a33) ≡ 0 mod p. Since 1 + a33 is
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not divisible by p, a22 ≡ 0 mod p. Thus equations (2.27) and (2.28) give a44 ≡ 0

mod p and a25 ≡ 0 mod p respectively. So a33 ≡ 0 mod p from equation 2.26.

Now (16) and (17) give a24 ≡ 0 mod p and a15 ≡ 0 mod p respectively. Finally,

from (18) we get a34 ≡ 0 mod p. Hence all aij ′s are divisible by p, which shows

that α is a central automorphism of G1. Since α was an arbitrary automorphism

of G1, we get Aut(G1) = Autcent(G1).

It now remains to prove that Aut(G1) is elementary abelian. Notice that G1

is purely non-abelian. Since γ2(G1) = Φ(G1), the exponent of G1/γ2(G1) is p.

That Aut(G1) = Autcent(G1) is elementary abelian now follows from Theorem

1.2.9. This completes the proof of the theorem.

Now we proceed to construct a finite p-groupG such that Aut(G) is elementary

abelian, γ2(G) < Φ(G) and Φ(G) = Z(G) is elementary abelian. Let p be any

prime, even or odd. Define the group

G2 = 〈x1, x2, x3, x4 | xp
2

1 = xp
2

2 = xp
2

3 = xp
2

4 = 1, [x1, x2] = 1, [x1, x3] = xp4,

[x1, x4] = xp4, [x2, x3] = xp1, [x2, x4] = xp2, [x3, x4] = xp4〉. (2.29)

It is easy to prove the following lemma.

Lemma 2.3.6 The group G2 is a p-group of order p8, γ2(G2) < Φ(G2) and

Z(G2) = Φ(G2) is elementary abelian, where p is any prime. Moreover, if p is

odd, then G2 is regular.

Again, It can be checked by using GAP that for p = 2, Aut(G2) is elementary

abelian. So from now onwards, we assume that p is odd. Let α be an arbitrary

automorphism of G2. Since the nilpotency class of G2 is 2 and γ2(G2) is generated
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by the set {xp1, x
p
2, x

p
4}, we can write

α(xi) = xi

4∏
j=1

x
aij
j (2.30)

for some non-negative integers aij for 1 ≤ i, j ≤ 4.

The following table, which will be used in the proof of Theorem 2.3.3 below,

is produced in a similar fashion as Table 1.

Table 2.2: Table for the group G2

No. equations relations xi’s
1 a13 ≡ 0 mod p [x2, x3] = xp1 x3

2 a23 ≡ 0 mod p [x2, x4] = xp2 x3

3 a43 ≡ 0 mod p [x1, x3] = xp4 x3

4 a41 ≡ 0 mod p [x1, x4] = xp4 x1

5 a21 ≡ 0 mod p [x2, x4] = xp2 x1

6 a24 ≡ 0 mod p [x2, x4] = xp2 x4

7 a14 ≡ 0 mod p [x2, x3] = xp1 x4

8 a44(1 + a22) ≡ 0 mod p [x2, x4] = xp2 x2

9 a11 + a11a44 ≡ 0 mod p [x1, x4] = xp4 x4

10 a22 + a22a33 + a33 − a11 ≡ 0 mod p [x2, x3] = xp1 x1

11 −a42(1 + a33) ≡ 0 mod p [x3, x4] = xp4 x1

12 a12 + a12a44 − a42 ≡ 0 mod p [x1, x4] = xp4 x2

13 a32 + a32a44 − a34a42 − a42 ≡ 0 mod p [x3, x4] = xp4 x2

14 a34(1 + a22)− a12 ≡ 0 mod p [x2, x3] = xp1 x2

15 a11(1 + a33 + a34) + a33 + a34 − a44 ≡ 0 mod p [x1, x3] = xp4 x4

16 a31 + a31a44 + a33 + a33a44 ≡ 0 mod p [x3, x4] = xp4 x4

Now we are ready to prove Theorem 2.3.3. By (k), in the following proof, we

mean the equation in the kth row of Table 2.2.

Proof of Theorem 2.3.3. Consider the group G2 defined in 2.29. It follows

from Lemma 2.3.6 that G2 is of order p8, γ2(G2) < Φ(G2) and Z(G2) = Φ(G2)

is elementary abelian. It is again easy to show that the order of Autcent(G2) is

p16. Since Aut(G2) is elementary abelian for p = 2, assume that p is odd. As in

the proof of Theorem 2.3.2, to show that all automorphisms of G2 are central, it

27



is sufficient to show that aij ≡ 0 mod p for 1 ≤ i, j ≤ 4.

Since a21, a23, a24 are divisible by p, it follows that (1 + a22) is not divisible by

p. For, if p divides (1 + a22), then α(x2) ∈ Z(G2), which is not possible. Using

this fact, (8) gives a44 ≡ 0 mod p. Thus from (9) we get a11 ≡ 0 mod p. Now

we observe from (10) that (1+a33) is not divisible by p. For, suppose, (1+a33) is

divisible by p, then using the fact that a11 ≡ 0 mod p, (10) gives a33 ≡ 0 mod p,

which is not possible. Thus (11) gives a42 ≡ 0 mod p. Now using that a42 and

a44 are divisible by p, (12) and (13) give a12 ≡ 0 mod p and a32 ≡ 0 mod p

respectively. Since a12 ≡ 0 mod p and (1 + a22) is not divisible by p, (14) gives

a34 ≡ 0 mod p. Using that a11, a34 and a44 are divisible by p, (15) gives a33 ≡ 0

mod p. Now using that a33 and a44 are divisible by p, equation (16) gives a31 ≡ 0

mod p. Since a11 and a33 are divisible by p, equation (10) gives a22 ≡ 0 mod p.

Hence aij ≡ 0 mod p for 1 ≤ i, j ≤ 4.

Since Z(G2) is elementary abelian, Aut(G2) = Autcent(G2) is elementary

abelian by Theorem 1.2.9. This completes the proof of the theorem.

Let G be a purely non-abelian finite 2-group such that Aut(G) is elementary

abelian. Thus Aut(G) = Autcent(G). Then G satisfies one of the three conditions

of Theorem 1.2.10. We here record that there exist groups G which satisfy exactly

one condition of this theorem. It is easy to show that the 2-group G1 constructed

in (2.23) satisfies only the first condition of Theorem 1.2.10 and the 2-group G2

constructed in (2.29) satisfies only the second condition of Theorem 1.2.10. That

Aut(G1) and Aut(G2) are elementary abelian, can be checked using GAP. The

examples of 2-groups G satisfying only the third condition of Theorem 1.2.10

with Aut(G) elementary abelian were constructed by Miller [51] and Curran [13].

The examples constructed in Theorems 2.2.4, 2.3.2 and 2.3.3 indicate that it
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is difficult to put an obvious structure on the class of groups G such that Aut(G)

is abelian or even elementary abelian. We remark that many non-isomorphic

groups, satisfying the conditions of the above theorems, can be obtained by mak-

ing suitable changes in the presentations given in (2.3), (2.23) and (2.29). We

conclude this chapter with a further remark that the kind of examples constructed

in this chapter may be useful in cryptography (see [48] for more details).
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Chapter 3

Class-preserving Automorphisms of

Groups

In this chapter we will investigate some structural properties of groups of class-

preserving automorphisms.

3.1 Class-preserving Automorphisms: Literature

Recall from Chapter 1 that an automorphism of a groupG is called class-preserving

if it maps each group element to a conjugate of it. The set of all class-preserving

automorphisms form a normal subgroup of Aut(G) and we denote it by Autc(G).

In 1911, Burnside [9] asked the following question: Does there exist a finite group

G such that G has a non-inner class-preserving automorphism? In 1913, he him-

self gave an affirmative answer to this question. He constructed a group G of
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order p6 isomorphic to the group W consisting of all 3× 3 matrices


1 0 0

x 1 0

z y 1


with x, y, z in the field Fp2 of p2 elements, where p is an odd prime. This group

G is of nilpotency class 2 with elementary abelian Autc(G) of order p8, while

order of Outc(G) is p4. In 1947, Wall constructed finite groups G having non-

inner class-preserving automorphism [71]. His examples also contain 2 groups

smallest of which is a group of order 25. These groups are in fact the general

linear group GL(1,Z/m) where m is divisible by 8. In 1979, Heineken on the

way to producing examples of finite group in which all normal subgroups are

characteristic, constructed finite p-groups G of nilpotency class 2 with Aut(G) =

Autc(G) and Outc(G) 6= 1 [29]. So the group of class-preserving automorphisms

can be as big as the whole automorphism group. One more example of such finite

p-group G, having order p6 and nilpotency class 3, was constructed by Malinowska

[49]. She also constructed p-groups G of arbitrary nilpotency class r > 2 for any

prime p > 5 such that Outc(G) 6= 1. In 2001, Hertweck constructed a family

of Frobenius groups as subgroups of affine semi-linear groups AΓ(F) where F is

is a finite field, which possess class-preserving automorphisms that are not inner

[31]. Many classes of groups, which do not have any non-inner class-preserving

automorphism, also have been explored in the past. We will see examples of such

groups in Chapter 4.

Given some structure on a group G, there also have been attempts to get some

structural information about Autc(G). In 1968, Sah [65], using a result of Hall,

noticed that if G is nilpotent of class c, then Autc(G) is nilpotent of class c− 1.
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He, using homolgical techniques and some results of Schur and Wedderburn, also

proved that Autc(G) is solvable when G is finite solvable. Further he proved that

if G is a group admitting a composition series and for each composition factor

F of G, the group Aut(F )/ Inn(F ) is solvable, then Outc(G) is solvable. An

immediate corollary of this result and Schreier hypothesis (i.e., Aut(S)/ Inn(S)

is solvable for every finite simple group S) is that, Outc(G) is solvable for every

finite group G. More results on the structure of Autc(G) were established in

1976 by Laue [47] who proved that, if G is a finite supersolvable group, then

so is Autc(G). Further he proved that if G is a finite supersolvable group and

Φ(G) = 1, then Outc(G) is nilpotent. He also proved that if G is a finite solvable

group and each chief factor of G is complemented, then Outc(G) is supersolvable.

An optimal bound on |Autc(G)| for finite p-groups G was obtained by Yadav

[72]. He proved that if G is group of order pn, then |Autc(G)| ≤ p(n2−4)/4, if n is

even, otherwise |Autc(G)| ≤ p(n2−1)/4. He also classified all finite p-groups which

attain this bound. We refer the reader to [73] for a more comprehensive survey

on the topic.

3.2 Solvability of Autc(G)

Sah noticed that Outc(G) is a non-abelian simple group if G is a restricted sym-

metric group on a countably infinite set. So the solvability of Autc(G)/ Inn(G)

can not be extended to infinite groups G. In this section we investigate whether

the other result of Sah, i.e., Autc(G) is solvable when G is finite solvable, can be

extended to arbitrary groups.

We start with the following key lemma.
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Lemma 3.2.1 Let G be a group and α ∈ δk(Autc(G)) for some k ≥ 1. Then for

each x ∈ G there exists bx ∈ δk(G) such that α(x) = b−1
x xbx.

Proof. Notice that, it is enough to prove the lemma for generators of δk(Autc(G)).

We apply induction here. For k = 1, the lemma holds true. Suppose that for

k = i, the lemma is true. Let α, β ∈ δi(Autc(G)). For x ∈ G, let α(x) = y−1xy

and β(x) = z−1xz for some y, z ∈ δi(G). Then

[α, β](x) = α−1β−1αβ(x)

= α−1β−1α(z−1xz)

= α−1β−1(α(z−1)α(x)α(z))

= α−1β−1(α(z−1)y−1xyα(z))

= α−1β−1α(z−1)α−1β−1(y−1)α−1β−1(x)α−1β−1(y)α−1β−1α(z)

= α−1β−1α(z−1)α−1β−1(y−1)α−1(β−1(z)xβ−1(z−1))α−1β−1(y)

α−1β−1α(z)

= α−1β−1α(z−1)α−1β−1(y−1)α−1β−1(z)α−1(x)α−1β−1(z−1)

α−1β−1(y)α−1β−1α(z)

= α−1β−1α(z−1)α−1β−1(y−1)α−1β−1(z)α−1(y)xα−1(y−1)

α−1β−1(z−1)α−1β−1(y)α−1β−1α(z).

Put

b−1
x = α−1β−1α(z−1)α−1β−1(y−1)α−1β−1(z)α−1(y)

= α−1β−1(α(z−1)y−1zβ(y))
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= α−1β−1(α(z−1)zz−1y−1zyy−1β(y))

= α−1β−1(α(z−1)z[z, y]y−1β(y)).

Thus [α, β](x) = b−1
x xbx. Since y, z ∈ δi(G), [z, y] ∈ δi+1(G). Now by induc-

tion hypothesis, notice that α(z−1)z, y−1β(y) ∈ δi+1(G). Thus it follows that

b−1
x ∈ δi+1(G). This completes the proof.

The following theorem extends Sah’s result to an arbitrary group and also

gives additional information on the solvability length of Autc(G).

Theorem 3.2.2 Let G be a solvable group of length l. Then Autc(G) is a solvable

group of length either l or l − 1.

Proof. Let G be a solvable group of length l. Then δl+1(G) = 1. By Lemma

3.2.1 it follows that δl+1(Autc(G)) = 1, which shows that Autc(G) is solvable of

length at most l. When δl(G) ≤ Z(G), using Lemma 3.2.1 again, it follows that

the solvable length of Autc(G) is l− 1. Since Inn(G) is contained in Autc(G) and

the solvable length of Inn(G) is at least l− 1, the solvable length of Autc(G) can

not be less than l − 1. This proves the theorem.

We have the following direct consequence of Theorem 3.2.2.

Corollary 3.2.3 If G is a metabelian group, then so is Autc(G).

The following lemma can be proved on the lines of the Lemma 3.2.1.

Lemma 3.2.4 Let G be a group and α ∈ γk(Autc(G)) for some k ≥ 1. Then for

each x ∈ G there exists bx ∈ γk(G) such that α(x) = b−1
x xbx.
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The following theorem can be easily proved using Lemma 3.2.4.

Theorem 3.2.5 Let G be a nilpotent group of class c. Then Autc(G) is a nilpo-

tent group of class c− 1. Moreover, if G is residually nilpotent, then Autc(G) is

also residually nilpotent.

We have mentioned in the preceding section that if G is finite supersolvable

group, then Autc(G) is supersolvable. The following theorem (which is true for

arbitrary groups) puts some additional structure on Autc(G) when G is a finite

supersolvable group.

Theorem 3.2.6 Let G be a supersolvable group. Then Autc(G) is a nilpotent-

by-abelian group.

Proof. Since G is a supersolvable group, γ2(G) is nilpotent. Using Lemma 3.2.4

and applying the same technique as in the proof of Lemma 3.2.1, we can see that

γ2(Autc(G)) is nilpotent. It now follows that Autc(G) is a nilpotent-by-abelian

group.

3.3 Nilpotency of Outc(G)

In this section we investigate about the nilpotency of Outc(G) for a given group G.

We shall first establish a relation between the nilpotency of Outc(G) and nilpo-

tency of Outc(G/Zj(G)). We start with the following lemma which generalizes a

lemma of Gumber and Sharma [25].

Lemma 3.3.1 Let G be a group and N � G. If γj(Autc(G/N)) ≤ γk(Inn(G/N))

for some j, k ∈ N, then γj(Autc(G)) ≤ (γk(Autc(G)) ∩ AutN(G))γk(Inn(G)).
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Proof. Let α ∈ γj(Autc(G)). We will show that α ∈ (γk(Autc(G)) ∩ AutN(G))

γk(Inn(G)). Without loss of generality we can assume α = [α1, α2, . . . , αj], where

αi ∈ Autc(G) for i = 1, ..., j. Let ᾱ denotes the automorphism induced by α on

G/N . Note that ᾱ = [ᾱ1, ᾱ2, . . . , ᾱj]. Therefore ᾱ ∈ γj(Autc(G/N)). Hence by

the given hypothesis there exists some a ∈ γk(G) such that ᾱ(xN) = axa−1N

for all x ∈ G. It follows that α(x) = axa−1nx for some nx ∈ N . Con-

sider the automorphism β = σaα, where σa denotes the inner automorphism

induced by a, i.e., σa(x) = a−1xa. Note that x−1β(x) = a−1nxa ∈ N . There-

fore β ∈ AutN(G). Without loss of generality we can assume that k ≤ j.

Therefore α ∈ γj(Autc(G)) ≤ γk(Autc(G)). Also, since a ∈ γk(G), we have

σa ∈ γk(Inn(G)) ≤ γk(Autc(G)). Hence β ∈ γk(Autc(G)) ∩ AutN(G). Since

α = (σa)
−1β, it follows that α ∈ (γk(Autc(G))∩AutN(G))γk(Inn(G)). This proves

the lemma.

An automorphism α of a group G is called an IA automorphism if it induces

the identity mapping on the abelianization of the group, i.e., on G/γ2(G). We

consider here the set of those IA automorphisms that fix the center element-wise.

This set forms a normal subgroup of Aut(G) and we denote it by IAz(G). Clearly,

Autc(G) ≤ IAz(G). Let Zi(G), for i < 0, denote the trivial group. We prove the

following lemmas.

Lemma 3.3.2 Let G be any group. Then for j, k ∈ N,

1. [γk(G),AutZj(G)(G)] ≤ Zj−k+1(G),

2. [Zj(G), γk(IAz(G))] ≤ Zj−k(G).

Proof. (1) Obviously [G,AutZj(G)(G)] ≤ Zj(G). Now we apply induction on k.

Suppose [γi(G),AutZj(G)(G)] ≤ Zj−i+1(G). Note that [G,AutZj(G)(G), γi(G)] ≤
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Zj−i(G) and [AutZj(G)(G), γi(G), G] ≤ Zj−i(G). Therefore by Lemma 1.1.9, we

get [γi+1(G),AutZj(G)(G)] ≤ Zj−i(G). This proves the result for all k.

(2) Note that if we prove the result for k = 1, then applying induction

on k and Lemma 1.1.9, the result easily follows. So let us assume that k =

1. Let α ∈ IAz(G). Clearly [Z(G), α] ≤ {1}. We will apply induction on j.

Suppose [Zi(G), α] ≤ Zi−1(G), in other words let α induces the identity mapping

on Zi(G)/Zi−1(G). Let x ∈ Zi+1(G) and y ∈ G. Then [x, y] ∈ Zi(G). Therefore

α([x, y])Zi−1(G) = [x, y]Zi−1(G). So that α(x−1)y−1yα(y−1)α(x)α(y)Zi−1(G) =

[x, y]Zi−1(G). But yα(y−1) ∈ γ2(G), α(x) ∈ Zi+1(G) and [γ2(G), Zi+1(G)] ≤

Zi−1(G), therefore we have α(x−1)y−1α(x)yZi−1(G) = [x, y]Zi−1(G). This implies

that

[α(x)x−1, y]y−1xyZi−1(G) = y−1xyZi−1(G).

Therefore [α(x)x−1, y] ∈ Zi−1(G). Since x, y and α were chosen arbitrarily, we

get [Zi+1(G), IAz(G)] ≤ Zi(G). This completes the proof of the lemma.

Lemma 3.3.3 Let G be a group and A be a subgroup of Aut(G) such that

Inn(G) ≤ A ≤ IAz(G). Then A ∩ AutZj(G)(G) = Zj(A).

Proof. First we prove that AutZ(G)(G) = CAut(G)(A). Since Inn(G) ≤ A, the in-

clusion CAut(G)(A) ≤ AutZ(G)(G) is obvious. Now suppose that α ∈ AutZ(G)(G)

and β ∈ A. Since α fixes γ2(G) element-wise and x−1β(x) ∈ γ2(G), we get

αβ(x) = α(xx−1β(x)) = α(x)x−1β(x). But β fixes Z(G) element-wise and

α(x)x−1 ∈ Z(G), hence we get αβ(x) = β(α(x)x−1)β(x) = βα(x). Since α

and β were chosen arbitrarily, this shows that AutZ(G)(G) ≤ CAut(G)(A), and

hence AutZ(G)(G) = CAut(G)(A). It now follows that A ∩ AutZ(G)(G) = Z(A).

We now apply induction on j. Suppose that A ∩ AutZi(G)(G) = Zi(A). Let

α ∈ A ∩ AutZi+1(G)(G) and β ∈ A. Let x ∈ G and α(x) = xz1 and β(x) = xg2
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for some z1 ∈ Zi+1(G) and g2 ∈ γ2(G). Note that α−1(x) = xα−1(z−1
1 ) and

β−1(x) = xβ−1(g−1
2 ). Now consider

[α, β](x) = α−1β−1αβ(x)

= α−1β−1α(xg2)

= α−1β−1(xz1α(g2))

= α−1(β−1(x)β−1(z1)β−1α(g2))

= α−1(xβ−1(g−1
2 )β−1(z1)β−1α(g2))

= xα−1(z−1
1 )α−1β−1(g−1

2 )α−1β−1(z1)α−1β−1α(g2)

= xα−1β−1(β(z−1
1 )g−1

2 z1α(g2))

= xα−1β−1(β(z−1
1 )z1[z1, g2]g−1

2 α(g2)).

So that x−1[α, β](x) = α−1β−1(β(z−1
1 )z1[z1, g2]g−1

2 α(g2)). By Lemma 3.3.2

we have β(z−1
1 )z1, g−1

2 α(g2) ∈ Zi(G). Clearly [z1, g2] ∈ Zi(G). Therefore

we get x−1[α, β](x) ∈ Zi(G). Hence [α, β] ∈ A ∩ AutZi(G)(G). By induction

hypothesis we get [α, β] ∈ Zi(A). Since β was chosen arbitrarily, we have

α ∈ Zi+1(A). This shows that A ∩ AutZi+1(G)(G) ≤ Zi+1(A). Now assume that

α ∈ Zi+1(A). Therefore for all β ∈ A, [α, β] ∈ Zi(A). By induction hypoth-

esis [α, β] ∈ A ∩ AutZi(G)(G). Therefore, for all x ∈ G, x−1[α, β](x) ∈ Zi(G).

Let β be the inner automorphism induced by some y ∈ G. It follows that

[x, yα−1(y−1)] ∈ Zi(G) for all x, y ∈ G. Therefore α ∈ AutZi+1(G)(G). Since

α was chosen arbitrarily, we get Zi+1(A) ≤ A ∩ AutZi+1(G)(G). This proves that

A ∩ AutZi+1(G)(G) = Zi+1(A) and the proof is complete.
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The following corollary is a direct consequence of Lemma 3.3.3.

Corollary 3.3.4 Let G be a group. Then Autc(G)∩AutZj(G)(G) = Zj(Autc(G)).

Now we are ready to prove the following theorem which establishes a relation

between nilpotency of Outc(G) and Outc(G/Zj(G)).

Theorem 3.3.5 Let G be a group such that Outc(G/Zj(G)) is a nilpotent group

of class k. Then Outc(G) is a nilpotent group of class at most j + k. Moreover,

if Outc(G/Zj(G)) is a trivial group, then Outc(G) is a nilpotent group of class at

most j.

Proof. Since Outc(G/Zj(G)) is a nilpotent group of class k, we have

γk+1(Autc(G/Zj(G))) ≤ Inn(G/Zj(G)).

Therefore by Lemma 3.3.1 we have

γk+1(Autc(G)) ≤ (Autc(G) ∩ AutZj(G)(G)) Inn(G).

Now applying Lemma 3.3.4 we get that γk+1(Autc(G)) ≤ Zj(Autc(G)) Inn(G).

It follows that γj+k+1(Autc(G)) ≤ γj+1(Inn(G)). This proves that Outc(G) is a

nilpotent group of class at most j+ k. Also one can prove on the same lines that

if Outc(G/Zj(G)) is a trivial group, then Outc(G) is nilpotent group of class at

most j.

In the previous section we have seen that if G is a nilpotent group of class k,

then Autc(G) is a nilpotent group of class k− 1. The obvious corollary is, if G is

a nilpotent group of class k, then Outc(G) is nilpotent of class k− 1. This bound

on the nilpotency class of Outc(G) is best possible when k = 2. Sah remarked
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in his paper [65] that for the large values of k the corollary could presumably be

improved. Yadav [73] and Malinowska [50] also asked in their surveys to improve

this bound on the nilpotency class of Outc(G). We note here that Outc(G) is

trivial for all the groups of order less than or equal to p4 for any prime p [43].

Having this in mind, the following corollary is an easy consequence of Theorem

3.3.5 and improves the bound on the nilpotency class of Outc(G) in some cases,

e.g., p-groups of maximal class.

Corollary 3.3.6 Let p be any prime and G be a finite p-group such that |G/Zj(G)|

≤ p4. Then Outc(G) is a nilpotent group of class at most j.

Corollary 3.3.7 Let p be any prime and G be a p-group of maximal class having

order pn, n ≥ 5. Then the nilpotency class of Outc(G) is at most n− 4.

Now we will investigate the nilpotency of Outc(G) for an arbitrary group G

when γk(G)/γk(G) ∩ Zj(G) for some j, k ∈ N is cyclic and prove the following

theorem.

Theorem 3.3.8 Let G be a group such that γk(G)/γk(G) ∩ Zj(G) is cyclic then

Outc(G) is nilpotent of class at most j+k+1. Moreover, if γk(G)/γk(G)∩Zj(G)

is an infinite cyclic or a finite cyclic p-group, then Outc(G) is nilpotent of class

at most j + k.

Theorem 3.3.8 easily follows form Theorem 3.3.12 which we shall prove at the

end of this section.

A subgroup H of a group G is said to be c-closed (in G) if any two elements of

H which are conjugate in G are also conjugate in H. We now prove the following

lemma.
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Lemma 3.3.9 Let G be any group. Then γi(Inn(G)) is c-closed in γi(Autc(G))

for all i ≥ 1.

Proof. Let α ∈ γi(Autc(G)) and σx ∈ γi(Inn(G)) induced by x ∈ G. Since

Inn(G) is normal in Autc(G), let α−1σxα = σy, the inner automorphism induced

by y ∈ G. Now for any arbitrary element g ∈ G, we have

σy(g) = (α−1σxα)(g) = α−1(x−1α(g)x) = α−1(x−1)gα−1(x).

Since α ∈ γi(Autc(G)), by Lemma 3.2.4 there exists an element ax ∈ γi(G) such

that α(x) = a−1
x xax. Let σ denote the inner automorphism of G induced by

α−1(ax) ∈ γi(G). Thus σ ∈ γi(Inn(G)) and

σ−1σxσ(g) = σ−1(x−1σ(g)x) = σ−1(x−1)gσ−1(x) = α−1(x−1)gα−1(x) = σy(g)

for all g ∈ G. Hence α−1σxα = σ−1σxσ. This proves the lemma.

The next lemma can be proved on the lines of proof of Lemma 3.3.9.

Lemma 3.3.10 For any group G, [γi(Autc(G)), γj(Inn(G))] ≤ γi+j(Inn(G)) for

all i, j ≥ 1.

Lemma 3.3.11 For a group G, CAutc(G)(Inn(G)) = Z(Autc(G)).

Proof. Since Z(Autc(G)) ≤ CAutc(G)(Inn(G)), it is sufficient to show that any

class-preserving automorphism α of G, which centralizes Inn(G), lies in the center

of Autc(G). Let β be an arbitrary element of Autc(G). Then for each x ∈ G,

there exist ax such that β(x) = xax . Notice that x−1α(x) ∈ Z(G). Thus it follows
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that βα(x) = α(x)ax . Let σax be the inner automorphism induced by ax. Then

αβ(x) = ασax(x) = σaxα(x) = σax(α(x)) = β(α(x)) = βα(x).

Since x was arbitrary, αβ = βα. This proves that α ∈ Z(Autc(G)).

Theorem 3.3.8 is a direct consequence of the following theorem.

Theorem 3.3.12 Let G be a group such that γk(G)/γk(G) ∩ Zj(G) is cyclic.

Then γj+k+1(Autc(G)) = γj+k+1(Inn(G)). Moreover, if γk(G) is infinte cyclic or

a finite cyclic p-group for an odd prime p, then γj+k(Autc(G)) = γj+k(Inn(G)).

Proof. First we will prove the theorem for j = 0. So let G be a group such

that γk(G) is cyclic for some k ≥ 1. Suppose that γk(G) is infinite cyclic. Then

Aut(γk(G)) is cyclic of order 2. But then, by 1.1.5, NG(γk(G))/CG(γk(G)) =

G/CG(γk(G)) is also cyclic, generated by (say) xCG(γk(G)). Thus G =
〈
x,CG(γk(

G))
〉
. From Lemma 3.2.4 it follows that γk(Autc(G)) = γk(Inn(G)) and hence

by Lemma 3.3.10, γk+1(Autc(G)) = γk+1(Inn(G)). Now suppose that γk(G) is

a finite cyclic group. Since γk(G) is finite, Aut(γk(G)) is finite and therefore

by Proposition 1.1.5 G/CG(γk(G)) is finite. Let G = 〈x1, x2, ..., xt, CG(γk(G))〉

and α ∈ γk(Autc(G)). Then by Lemma 3.2.4, α fixes CG(γk(G)) element-wise

and since γk(G) is finite there are only finite no of choices for each x′is to get

mapped to, under α. It follows that γk(Autc(G)) is finite. Using Lemma 3.2.4

and applying the same technique as in it’s proof, it is easy to see that if γi(G) is

abelian for some i, then γi(Autc(G)) is abelian. So we have γk(Autc(G)) abelian.

Also, since γk(G) is cyclic, γk(Inn(G)) is cyclic. Notice that the exponents of

γk(Autc(G)) and γk(Inn(G)) are equal, because by Lemma 3.2.4 each element

in γk(Autc(G)) fixes γk(G) elementwise. Therefore from Theorem 1.1.8, we get
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γk(Autc(G)) = γk(Inn(G))× T for some T ≤ γk(Autc(G). Next we want to show

that [T, Inn(G)] ≤ T . Let γk(G) = 〈y〉 and α ∈ γk(Autc(G)). Let x, z ∈ G. By

Lemma 3.2.4, we can assume that α(x) = y−rxyr and α(z) = y−tzyt for some

r, t ∈ Z. Thus by Lemma 1.1.6, we have y ∈ Z(γ2(G)). Now consider

α([x, z]) = α(x−1)α(z−1)α(x)α(z)

= y−rx−1yry−tz−1yty−rxyry−tzyt

= y−tyt−rx−1yr−tz−1yt−rxyr−tzyt

= y−tx−1[x−1, yr−t]z−1[yr−t, x−1]xzyt

= y−tx−1
[
[yr−t, x−1], z

]
z−1xzyt

= y−tx−1
[
[yr−t, x−1], z

]
z−1xzytz−1x−1zz−1xz

= y−tx−1z−1xzytz−1x−1z
[
[yr−t, x−1], z

]
z−1xz

= y−t[x, z]ytz−1x−1z
[
[yr−t, x−1], z

]
z−1xz

= [x, z]z−1x−1z
[
[yr−t, x−1], z

]
z−1xz

= x−1
[
[yr−t, x−1], z

]
z−1xz.

But α ∈ γk(Autc(G)) and y ∈ Z(γ2(G)), so we have α([x, z]) = [x, z]. It follows

that [x−1, yr−t] ∈ CG(z). Similarly, [z−1, yt−r] ∈ CG(x). Now, let β ∈ Inn(G) be

induced by z. Then,

β−1αβ(x) = β−1α(z−1xz)

= β−1(α(z−1)y−rxyrα(z))

= zα(z−1)y−rxyrα(z)z−1

= zy−tz−1yt−rxyr−tzytz−1

= zy−rz−1zyr−tz−1yt−rxyr−tzyt−rz−1zyrz−1
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= zy−rz−1[z−1, yt−r]x[yt−r, z−1]zyrz−1

= zy−rz−1xzyrz−1.

Let zy−1z−1 = y−m. Then β−1αβ(x) = y−mrxymr. Since α fixes y, we have

β−1αβ(x) = αm(x). Notice that m does not depend on the arbitrarily chosen x,

which shows that β−1αβ = αm. Since z was chosen arbitrarily, for all σ ∈ Inn(G),

we get σ−1ασ ∈
〈
α
〉
. This proves that, for any subgroup S of γk(Autc(G)),

[S, Inn(G)] ≤ S. In particular, [T, Inn(G)] ≤ T . Now by Lemma 3.3.10, we

have [γk(Autc(G)), Inn(G)] = γk+1(Inn(G)), i.e., [γk(Inn(G)) × T, Inn(G)] =

γk+1(Inn(G)). But then, [T, Inn(G)] ≤ γk(Inn(G)) ∩ T = {1}. Thus by Lemma

3.3.11, we have T ≤ Z(Autc(G)). Now

γk+1(Autc(G)) = [γk(Autc(G)),Autc(G)]

= [γk(Inn(G))× T,Autc(G)]

= [γk(Inn(G)),Autc(G)]

= γk+1(Inn(G)).

Furthermore, if γk(G) is a cyclic p-group for an odd prime p, then by Propo-

sition 1.1.4 Aut(γk(G)) is cyclic and hence G/CG(γk(G)) is cyclic. It then follows

from Lemma 3.2.4, that γk(Autc(G)) = γk(Inn(G)). Now suppose that j is any

arbitrary natural number and γk(G)/γk(G) ∩ Zj(G) is cyclic. It is a basic fact

that γk(G)/γk(G) ∩ Zj(G) ∼= γk(G/Zj(G)). Therefore, by what we just proved

γk+1(Autc(G/Zj(G))) = γk+1(Inn(G/Zj(G))). Hence By Lemma 3.3.1 we get

γk+1(Autc(G)) ≤ (γk+1(Autc(G)) ∩ AutZj(G))γk+1(Inn(G)).
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Therefore By Lemma 3.3.3 we get γk+1(Autc(G)) ≤ Zj(Autc(G))γk+1(Inn(G)).

Now it follows that γj+k+1(Autc(G)) = γj+k+1(Inn(G)). Finally if γk(G)/γk(G)∩

Zj(G) is infinite cyclic or a finite cyclic p-group for an odd prime p, then γk(Autc(G/

Zj(G))) = γk(Inn(G/Zj(G))). Applying the same arguments as before we get that

γj+k(Autc(G)) = γj+k(Inn(G)). This completes the proof.

We would like to remark here that for a finite p-group G, p an odd prime,

the result of Cheng stated in Theorem 1.4.7 gives a more general statement when

j = 0 and k = 2.
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Chapter 4

Ш-rigidity of Groups of Order p6

In this chapter we calculate |Outc(G)| for all the groups G of order p6 for a prime

p and study the connection betweenШ-rigidity and Bogomolov multiplier of these

groups. Throughout the chapter, Ш-rigid groups will be called rigid groups.

4.1 Ш-rigidity and Bogomolov multiplier

Recall (Theorem 1.5.2) that a finite group G is Ш-rigid if and only if Outc(G) = 1.

Many mathematicians have studied the Ш-rigidity of various classes of groups.

Some have used the Shafarevich-Tate set approach while some have taken the

route of calculating Outc(G). The following list tries to collect some known

classes of Ш-rigid groups.

• symmetric groups [59];

• finite simple groups [20];

• p-groups of order at most p4 [43];

• p-groups having a cyclic maximal subgroup [43];
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• p-groups having a cyclic subgroup of index p2 [44, 22];

• finite abelian-by-cyclic groups [31];

• groups such that the Sylow p-subgroups are cyclic for odd p, and either

cyclic, or dihedral, or generalized quaternion for p = 2 [32];

• Blackburn groups [30];

• extraspecial p-groups [42];

• primitive supersolvable groups [47];

• unitriangular matrix groups over Fp and the quotients of their lower central

series [4];

• Free groups [58];

• Free product of groups [56].

Kang and Kunyavskĭı in [41] observed that the Bogomolov multiplier B0(G) =

0 for most of the known classes of finite Ш-rigid groups G and asked following

question:

Question([41, Question 3.2]). Let G be a finite Ш-rigid group. Is it true that

B0(G) = 0?

However this question does not have a positive solution in general (negative

answer for a group of order 256 is now known), Kang and Kunyavskĭı writes

that it is tempting to understand whether there exists some intrinsic relationship

between Ш-rigidity and Bogomolov multiplier.
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4.2 Groups of order p6

This chapter is devoted to studying the rigidity property of groups of order p6

for a prime p and answering the above question in affirmative for most of these

groups. We study rigidity problem through class-preserving automorphisms of

groups.

As we also have mentioned earlier in the first chapter that non-abelian groups

of order p6, p odd prime, are classified in 42 isoclinism families by R. James

which are denoted by Φk for 2 ≤ k ≤ 43. Theorem 1.4.8 allows us to select and

work with any group from each of 42 isoclinism families of non-abelian groups

of order p6. We list here the selected group from each isoclinic family with

which we shall work. The presentation 〈α1, α2, ..., αn| w1 = w2 = · · · = wk = 1〉

for the group G means that G is the largest group generated by the symbols

α1, α2, . . . αn subject to the conditions w1(α1, α2, . . . αn) = w2(α1, α2, . . . αn) =

· · · = wk(α1, α2, . . . αn) = 1, where wi′s represent words in at most n variables.

In particular, α(p)
i+1 will denote the word αpi+1α

(p
2)
i+2 · · ·α

(p
k)
i+k · · ·αi+p, where i is a

positive integer and αi+2, . . . , αi+p are suitably defined. All relations of the form

[α, β] = 1 (with α, β generators) have been omitted from the list and should

be assumed when reading the list. Throughout the list ν denotes the smallest

positive integer which is a non-quadratic residue (mod p) and g denotes the

smallest positive integer which is a primitive root (mod p).

(1) Cp.

(2) Φ2(16) = Φ2(15)× Cp, where
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Φ2(15) =
〈
α, α1, α2 | [α1, α] = α2, α

p = αp1 = αp2 = 1
〉
× Cp × Cp.

(3) Φ3(16) = Φ3(15)× Cp, where

Φ3(15) =
〈
α, α1, α2, α3 | [αi, α] = αi+1, α

p = α
(p)
i = αp3 = 1 (i = 1, 2)

〉
× Cp.

(4) Φ4(16) = Φ4(15)× Cp, where

Φ4(15) =
〈
α, α1, α2, β1, β2 | [αi, α] = βi, α

p = αpi = βpi = 1 (i = 1, 2)
〉
.

(5) Φ5(16) = Φ5(15)× Cp, where

Φ5(15) =
〈
α1, α2, α3, α4, β | [α1, α2] = [α3, α4] = β, αpi = βp = 1 (i = 1, 2, 3, 4)

〉
.

(6) Φ6(2211) = Φ6(221)a× Cp, where

Φ6(221)a =
〈
α1, α2, β, β1, β2 | [α1, α2] = β, [β, αi] = βi, α

p
i = βp

= βpi = 1 (i = 1, 2)
〉
.

(7) Φ7(16) = Φ7(15)× Cp, where
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Φ7(15) =
〈
α, α1, α2, α3, β | [αi, α] = αi+1, [α1, β] = α3, α

p = α
(p)
1 = βp =

αpi+1 = 1 (i = 1, 2)
〉
.

(8) Φ8(321)a = Φ8(32)× Cp, where

Φ8(32) =
〈
α1, α2, β| [α1, α2] = β = αp1, β

p2 = αp
2

2 = 1
〉
.

(9) Φ9(16) = Φ9(15)× Cp, where

Φ9(15) =
〈
α, α1, ..., α4 | [αi, α] = αi+1, αp = α

(p)
1 = α

(p)
i+1 = 1 (i = 1, 2, 3)

〉
.

(10) Φ10(16) = Φ10(15)× Cp, where

Φ10(15) =
〈
α, α1, ..., α4 | [αi, α] = αi+1, [α1, α2] = α4,

αp = α
(p)
1 = α

(p)
i+1 = 1 (i = 1, 2, 3)

〉
.

(11) Φ11(16) =
〈
α1, β1, ..., α3, β3 | [α1, α2] = β3, [α2, α3] = β1, [α3, α1] = β2,

αpi = βpi = 1 (i = 1, 2, 3)
〉
.

(12) Φ12(16) = Φ2(111)× Φ2(111), where
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Φ2(111) =
〈
α, α1, α2 | [α1, α] = α2, α

p = αp1 = αp2 = 1
〉
.

(13) Φ13(16) =
〈
α1, ..., α4, β1, β2 | [α1, αi+1] = βi, [α2, α4] = β2,

αpi = αp3 = αp4 = βpi = 1 (i = 1, 2)
〉
.

(14) Φ14(222) =
〈
α1, α2, β | [α1, α2] = β, αp

2

1 = αp
2

2 = βp
2

= 1
〉
.

(15) Φ15(16) =
〈
α1, ..., α4, β1, β2 | [α1, αi+1] = βi, [α3, α4] = β1, [α2, α4] = βg2 ,

αpi = αp3 = αp4 = βpi = 1 (i = 1, 2)
〉
.

(16) Φ17(16) =
〈
α, α1, α2, α3, β, γ | [αi, α] = αi+1, [β, α] = γ,

αp = α
(p)
1 = βp = αpi+1 = γp = 1 (i = 1, 2)

〉
.

(17) Φ17(16) =
〈
α, α1, α2, α3, β, γ | [αi, α] = αi+1, [β, α1] = γ,

αp = αp1 = βp = αpi+1 = γp = 1 (i = 1, 2)
〉
.

(18) Φ18(16) =
〈
α, α1, α2, α3, β, γ | [αi, α] = αi+1, [α1, β] = α3, [α, β] = γ,

αp = α
(p)
1 = βp = αpi+1 = γp = 1 (i = 1, 2)

〉
.
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(19) Φ19(16) =
〈
α, α1, α2, β, β1, β2 | [α1, α2] = β, [β, αi] = βi, [α, α1] = β1,

αp = αpi = βp = βpi = 1 (i = 1, 2)
〉
.

Note : In the following presentation of the group Φ20(16) we have α(p)
2 = αp2β

−(p
3)

1 .

(20) Φ20(16) =
〈
α, α1, α2, β, β1, β2 | [α1, α2] = β, [β, αi] = βi, [α, α1] = β2,

αp = αp1 = α
(p)
2 = βp = βpi = 1 (i = 1, 2)

〉
.

Note : In the following presentation of the group Φ21(16) we have α(p)
1 = αp1β

−(p
3)

2

and α(p)
2 = αp2β

(p
3)

1 .

(21) Φ21(16) =
〈
α, α1, α2, β, β1, β2 | [α1, α2] = β, [β, αi] = βi, [α, α1] = β2,

[α, α2] = βν1 , α
p = α

(p)
i = βp = βpi = 1 (i = 1, 2)

〉
.

(22) Φ22(16) =
〈
α, α1, α2, α3, β1, β2 | [αi, α] = αi+1, [β1, β2] = α3,

αp = α
(p)
1 = βpi = αpi+1 = 1 (i = 1, 2)

〉
.

(23) Φ23(16) =
〈
α, α1, α2, α3, α4, γ | [αi, α] = αi+1, [α1, α2] = γ,

αp = α
(p)
1 = αpi+1 = γp = 1 (i = 1, 2, 3)

〉
.

(24) Φ24(16) =
〈
α, α1, α2, α3, α4, β | [αi, α] = αi+1, [α1, β] = α4,

αp = α
(p)
1 = βp = αpi+1 = 1 (i = 1, 2, 3)

〉
.
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(25) and (26) Φ25+x(222) =
〈
α, α1, α2, α3, α4 | [αi, α] = αi+1, [α3, α] = α4,

α
(p)
i = αyi+2, α

p2 = αpi+2 = 1 (i = 1, 2)
〉
,

where y = νx and x = 0 (for Φ25) or x = 1 (for Φ26).

(27) Φ27(16) =
〈
α, α1, α2, α3, α4, β | [αi, α] = αi+1, [α1, β] = [α1, α2] = α4,

αp = α
(p)
1 = βp = α

(p)
i+1 = 1 (i = 1, 2, 3)

〉
.

(28) and (29) Φ28+x(222) =
〈
α, α1, α2, α3, α4 | [αi, α] = αi+1, [α3, α] = [α1, α2]

= α4, α
(p)
i = αyi+2, α

p2 = αpi+2 = 1 (i = 1, 2)
〉
,

where y = νx and x = 0 (for Φ28) or x = 1 (for Φ29).

(30) Φ30(16) =
〈
α, α1, α2, α3, α4, β | [αi, α] = αi+1, [αi, β] = αi+2, [α3, α] = α4,

αp = α
(p)
i = βp = αpi+2 = 1 (i = 1, 2)

〉
.

(31) and (32) Φ31+x(1
6) =

〈
α, α1, α2, β1, β2, γ | [αi, α] = βi, [α1, β1] = γ,

[α2, β2] = γy, αp = αpi = βp = γp = 1 (i = 1, 2)
〉
,

where y = νx and x = 0 (for Φ31) or x = 1 (for Φ32).

Note : In the following presentation of the group Φ33(16) we have α(p)
2 =
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αp2γ
(p
3)

1 .

(33) Φ33(16) =
〈
α, α1, α2, β1, β2, γ | [αi, α] = βi, [β2, α] = [α1, β1] = γ,

αp = αp1 = α
(p)
2 = βpi = γp = 1 (i = 1, 2)

〉
.

(34) Φ34(321)a =
〈
α, α1, α2, β1, β2, γ | [αi, α] = βi (i = 1, 2), [β2, α] = [α1, β1]

= βp1 = γ, αp = β1, α
p
1 = β2, α

p
2 = βp2 = γp = 1

〉
.

(35) Φ35(16) =
〈
α, α1, ..., α5 | [αi, α] = αi+1, α

p = α
(p)
1 = α

(p)
i+1 = 1

(i = 1, 2, 3, 4)
〉
.

(36) Φ36(16) =
〈
α, α1, ..., α5 | [αi, α] = αi+1, [α1, α2] = α5,

αp = α
(p)
1 = α

(p)
i+1 = 1 (i = 1, 2, 3, 4)

〉
.

Note: The following three families (37), (38) and (39) does not exist for p = 3.

(37) Φ37(16) =
〈
α, α1, ..., α5 | [αi, α] = αi+1, [α2, α3] = [α3, α1] = [α4, α1] = α5,

αp = αp1 = αpi+1 = αp5 = 1 (i = 1, 2, 3)
〉
.

(38) Φ38(16) =
〈
α, α1, ..., α5 | [αi, α] = αi+1, [α1, α2] = α4α

−1
5 , [α1, α3] = α5,

αp = α
(p)
1 = α

(p)
i+1 = 1 (i = 1, 2, 3, 4)

〉
.
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(39) Φ39(16) =
〈
α, α1, ..., α5 | [αi, α] = αi+1, [α1, α2] = α4, [α2, α3] = [α3, α1] =

[α4, α1] = α5, α
p = αp1 = αpi+1 = αp5 = 1 (i = 1, 2, 3)

〉
.

(40) Φ40(16) =
〈
α1, α2, β, β1, β2, γ | [α1, α2] = β, [β, αi] = βi, [β1, α2] =

[β2, α1] = γ, αpi = βp = βpi = γp = 1 (i = 1, 2)
〉
.

(41) Φ41(16) =
〈
α1, α2, β, β1, β2, γ | [α1, α2] = β, [β, αi] = βi, [α1, β1]−ν =

[α2, β2] = γ−ν , αpi = βp = βpi = γp = 1 (i = 1, 2)
〉
.

(42) Φ42(222)a0 =
〈
α1, α2, β, β1, β2, γ | [α1, α2] = β, [β, αi] = βi, [α1, β2] =

[α2, β1] = βp = γ, αp1 = β−1
1 γ−1/2,

αp2 = β2γ
1/2, βpi = γp = 1 (i = 1, 2)

〉
.

(43) Φ43(222)a0 =
〈
α1, α2, β, β1, β2, γ | [α1, α2] = β, [β, αi] = βi, [α1, β1]−ν =

[α2, β2] = γ−ν , αp1 = β2γ
k,

αp2 = β1νγ
l, βp = γn, βpi = γp = 1 (i = 1, 2)

〉
,

where n = ν+
(
p
3

)
, and k, l are the smallest positive integers satisfying (k− ν)2−

ν(l + ν)2 ≡ 0 (mod p).
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4.3 Groups G with trivial Outc(G)

In this section, we list those groups G for which Outc(G) is trivial. We begin

with the following lemma.

Lemma 4.3.1 Let G be a purely non-abelian p-group, minimally generated by

α1, α2, ..., αt. Suppose that G/γ2(G) is elementary abelian. If βi ∈ Ω1(Z(G)) for

i = 1, ..., t, then the map δ : {α1, α2, ..., αt} → G, defined as δ(αi) = αiβi, extends

to a central automorphism of G.

Proof. Note that the map fδ : {αiγ2(G)| i = 1, ..., t} → Ω1(Z(G)) defined as

αiγ2(G)→ βi for i = 1, ..., t, extends to a homomorphism from G/γ2(G) to Z(G)

because G/γ2(G) is elementary abelian. Now it follows from the proof of Theorem

1.2.5 that the map g → gfδ(g) for all g ∈ G is a central automorphism of G. This

proves the lemma.

Let G be a group minimally generated by α1, α2, ..., αt. Then note that any

element of G can be written as ηαk11 α
k2
2 ...α

kt
t for some η ∈ γ2(G) and some

k1, k2, ..., kt ∈ Z. Also note that any conjugate of an αi can be written as

αi[αi, ηα
k1
1 α

k2
2 ...α

kt
t ] for some η ∈ γ2(G) and some k1, k2, ..., kt ∈ Z. It follows that,

an automorphism δ of G is class-preserving if and only if for every k1, k2, ..., kt ∈ Z

and for all η1 ∈ γ2(G), there exist l1, l2, ..., lt ∈ Z and η2 ∈ γ2(G) (depending on

k1, k2, ..., kt and η1) such that

[
η1

t∏
i=1

αkii , η2

t∏
i=1

αlii

]
=

(
η1

t∏
i=1

αkii

)−1

δ

(
η1

t∏
i=1

αkii

)
.

We shall be using these facts and Lemma 1.1.1 very frequently in the proofs,

without any further reference.

Lemma 4.3.2 Let G be the group Φ11(16). Then Outc(G) = 1.
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Proof. The group G is a special p-group, minimally generated by α1, α2 and

α3. The commutator subgroup γ2(G) is generated by β1 := [α2, α3], β2 :=

[α3, α1], β3 := [α1, α2]. The conjugates of α1, α2 and α3 are α1β
t
3β

s
2, α2β

t
3β

r
1 and

α3β
s
2β

r
1 respectively, where r, s and t vary over Z. Since the exponent of γ2(G) is

p, it follows that |αGi | = p2 for i = 1, 2, 3. Therefore by Lemma 1.4.3, |Autc(G)| ≤

p6. Define a map δ : {α1, α2, α3} → G such that α1 7→ α1β
t1
3 β

s1
2 , α2 7→ α2β

t2
3 β

r2
1

and α3 7→ α3β
s3
2 β

r3
1 , for some s1, t1, r2, t2, r3, s3 ∈ Z. By Lemma 4.3.1, this map

extends to a central automorphism of G. Since δ fixes γ2(G) element-wise, for

k1, l1,m1 ∈ Z and η ∈ γ2(G),

δ(ηαk11 α
l1
2 α

m1
3 ) = ηαk11 α

l1
2 α

m1
3 βl1r2+m1r3

1 βk1s1+m1s3
2 βk1t1+l1t2

3 .

Therefore δ extends to a class-preserving automorphism if and only if for every

k1, l1,m1 ∈ Z, and η1 ∈ γ2(G) there exist k2, l2,m2 (depending on k1, l1,m1) and

η2 ∈ γ2(G) such that

[η1α
k1
1 α

l1
2 α

m1
3 , η2α

k2
1 α

l2
2 α

m2
3 ] = βl1r2+m1r3

1 βk1s1+m1s3
2 βk1t1+l1t2

3 .

Expanding the left hand side, we get

βl1m2−l2m1
1 βk2m1−k1m2

2 βk1l2−k2l13 = βl1r2+m1r3
1 βk1s1+m1s3

2 βk1t1+l1t2
3 .

Comparing the powers of βi’s, we have that, δ extends to a class-preserving

automorphism if and only if the following equations hold true:

l1m2 − l2m1 ≡ l1r2 +m1r3 (mod p)

k2m1 − k1m2 ≡ k1s1 +m1s3 (mod p)
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k1l2 − k2l1 ≡ k1t1 + l1t2 (mod p).

Let δ be a class-preserving automorphism. Choose k1 = 0 and m1, l1 to be non-

zero modulo p. Then k2m1 ≡ m1s3 (mod p) and −k2l1 ≡ l1t2 (mod p). It follows

that t2 ≡ −s3 (mod p). Similarly if we choose l1 to be zero and k1,m1 to be non-

zero modulo p, then r3 ≡ −t1 (mod p), and if m1 to be zero and l1, k1 to be

non-zero modulo p, then r2 ≡ −s1 (mod p). It follows that |Autc(G)| ≤ p3 =

| Inn(G)|. Therefore Outc(G) = 1.

Lemma 4.3.3 Let G be the group Φ17(16). Then Outc(G) = 1.

Proof. The group G is a class 3 p-group, minimally generated by α, α1 and β.

The commutator subgroup γ2(G) is abelian and generated by α2 := [α1, α], α3 :=

[α2, α] and γ := [β, α1]. The center Z(G) is of order p2, generated by α3 and

γ. It is easy to see that |αG1 | ≤ p2, |αG| ≤ p2 and |βG| = p. Therefore, applying

Lemma 1.4.3, we have |Autc(G)| ≤ p5. Define a map δ : {α, α1, β} → G such that

α 7→ α, α1 7→ α1 and β 7→ α−1
1 βα1 = βγ. Suppose that |Autc(G)| = p5. Then δ

must extend to a class-preserving automorphism of G. Hence there exist elements

η1(= αr12 α
s1
3 γ

t1 say) ∈ γ2(G) and k1, l1,m1 ∈ Z such that [αβ, η1α
k1αl11 β

m1 ] = γ.

It is a routine calculation to show that

[αβ, η1α
k1αl11 β

m1 ] = α−l12 α−r13 γl1 ,

which can not be equal to γ for any value of l1 and r1. Therefore δ is not a

class-preserving automorphism, and hence |Autc(G)| ≤ p4. But | Inn(G)| = p4,

so we have Autc(G) = Inn(G).

Lemma 4.3.4 Let G be the group Φ19(16). Then Outc(G) = 1.
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Proof. The group G is a class 3 p-group, minimally generated by α, α1 and

α2. Note that the commutator subgroup γ2(G) is abelian and generated by β :=

[α1, α2], β1 := [β, α1] and β2 := [β, α2]. The center Z(G) is of order p2, generated

by β1 and β2. It is easy to see that |αG1 | ≤ p2, |αG2 | ≤ p2 and |αG| = p. Therefore

|Autc(G)| ≤ p5. Define a map δ : {α, α1, α2} → G such that α 7→ α−1
1 αα1 =

αβ1, α1 7→ α1 and α2 7→ α2. Suppose that |Autc(G)| = p5. Then δ must extend to

a class-preserving automorphism of G. Hence there exist elements η1(= βr1βs11 β
t1
2

say) ∈ γ2(G) and k1, l1,m1 ∈ Z such that [α2α, η1α
k1αl11 α

m1
2 ] = β1. It is a routine

calculation that

[α2α, η1α
k1αl11 α

m1
2 ] = β−l1m1−r1

2 β−l1β
l1−l1(l1−1)/2
1 ,

which can not be equal to β1 for any value of l1,m1 and r1. Therefore δ does

not extend to a class-preserving automorphism, and hence |Autc(G)| ≤ p4. But

| Inn(G)| = p4, therefore Autc(G) = Inn(G).

Lemma 4.3.5 Let G be the group Φ23(16). Then Outc(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by α, α1. The

commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for 1 ≤

i ≤ 3 and γ := [α1, α2]. The center Z(G) is of order p2, generated by α4 and

γ. It is easy to check that |αG| ≤ p3 and |αG1 | ≤ p2. Therefore |Autc(G| ≤ p5.

Let H = 〈α4〉. Since α4 ∈ Z(G), H is normal. Consider the quotient group

G/H. One can check that the group G/H belongs to the family Φ6. Therefore

it follows from Theorem 1.4.9 that Autc(G/H) = Inn(G/H). Now define a map

δ : {α, α1} → G, such that δ(α) = α and δ(α1) = α−1
2 α1α2 = α1γ. Suppose that

|Autc(G)| = p5. Then δ must extend to a class-preserving automorphism of G.

Then it also induces a non-trivial class-preserving automorphism (say δ̄) of G/H.
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But then δ̄ is an inner automorphism of G/H because Autc(G/H) = Inn(G/H).

Now note that δ̄ is also a central automorphism of G/H. It follows that it is

induced by some element in Z2(G/H) = 〈α2H,Z(G/H)〉. Let δ̄ be induced by

αt2H for some t ∈ Z. Hence

δ̄(αH) = (αt2H)−1αH(αt2H) = αα−t3 H.

This must be equal to αH. But then t = 0 (mod p) and hence δ̄(α1H) = α1H,

a contradiction. Therefore we have |Autc(G)| ≤ p4. But | Inn(G)| = p4, hence

Outc(G) = 1.

Lemma 4.3.6 Let G be the group Φ27(16). Then Outc(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by α, α1, β. The

commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for 1 ≤

i ≤ 2 and α4 := [α3, α] = [α1, β] = [α1, α2]. The center Z(G) is of order p,

generated by α4. It is easy to check that |αG| ≤ p3, |αG1 | ≤ p2 and |βG| =

p. Therefore |Autc(G)| ≤ p6. Define δ : {α, α1, β} → G such that δ(α) =

α, δ(α1) = α1 and δ(β) = α1βα
−1
1 = βα4. Suppose |Autc(G)| = p6. Then δ

extends to a class-preserving automorphism of G. Also note that δ fixes α2,

therefore δ(α2β
−1) = α2β

−1α−1
4 . Since δ is a class-preserving automorphism,

there exist some g ∈ G such that [α2β
−1, g] = α−1

4 . Note that CG(α2β
−1) =

〈α1, α2, α3, α4, β〉. Therefore without loss of generality we can assume that g =

αk1 . It can be calculated that

[α2β
−1, αk1 ] = αk13 α

k1(k1−1)/2
4 ,
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which, for any value of k1, can never be equal to α−1
4 . Hence, we get a contradic-

tion. Therefore |Autc(G)| ≤ p5. But | Inn(G) = p5, therefore Outc(G) = 1.

Lemma 4.3.7 Let G ∈ {Φ28(222),Φ29(222)}. Then Outc(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by α and α1.

The commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for

1 ≤ i ≤ 2 and α4 := [α3, α] = [α1, α2]. The center Z(G) is of order p, generated by

α4. Note that 〈α, α4〉 ≤ CG(α) and hence |CG(α)| ≥ p3, therefore |αG| ≤ p3. Now

note that, since α(p)
2 = αy4, we have for p = 3, αp2 = αy−1

4 , and for p > 3, αp2 = αy4.

Following is a routine calculation.

[α1, α
p] = αp2α

p(p−1)/2
3 α

p−2∑
n=1

n(n−1)/2

4 = αp2α
(p−2)(p−1)p/3
4 ,

which, for p = 3, equals αy+1
4 , and for p > 3, equals αy4. But we have [α1, α

t
2] = αt4,

therefore αy+1
2 α−p ∈ CG(α1) for p = 3 and αy2α−p ∈ CG(α1) for p > 3. Now it is

easy to see that |CG(α1)| ≥ p4. Hence |αG1 | ≤ p2. It follows from Lemma 1.4.3

that |Autc(G)| ≤ p5. But |G/Z(G)| = p5, therefore Autc(G) = Inn(G).

Lemma 4.3.8 Let G ∈ {Φk(1
6), Φ34(321)a | k = 31, ..., 33}. Then Outc(G) = 1.

Proof. The group G is a class 3 p-group, minimally generated by α, α1 and α2.

The commutator subgroup γ2(G) is abelian and generated by βi := [αi, α] for

i = 1, 2 and γ := [α1, β1]. Also for k = 31, 32, [α2, β2] = γy and for k = 33 and

the group Φ34(321)a, γ = [β2, α]. The center Z(G) is of order p, generated by

γ. It is easy to see that, if G ∈ {Φk(1
6) | k = 31, 32}, then |αG1 | ≤ p2, |αG2 | ≤

p2, |αG| ≤ p2, and if G ∈ {Φ33(16),Φ34(321)a}, then |αG1 | ≤ p2, |αG2 | = p and

|αG| ≤ p3. Therefore for all the four groups G, |Autc(G)| ≤ p6. Define a

map δ : {α, α1, α2} → G such that α 7→ α, α1 7→ α1 and α2 7→ α−1α2α =

62



α2β2. Suppose that |Autc(G)| = p6. Then δ must extend to a class-preserving

automorphism of G. Hence there exist elements η1 ∈ γ2(G) and k1, l1,m1 ∈ Z

such that [α1α2, η1α
k1αl11 α

m1
2 ] = β2. It is a routine calculation that

[α1α2, η1α
k1αl11 α

m1
2 ] = βk11 β

k1
2 γ

a

for some a ∈ Z. Clearly it can not be equal to β2 for any value of k1, l1,m1, r1 and

s1. Therefore δ is not a class-preserving automorphism, and hence |Autc(G)| ≤

p5. Since | Inn(G)| = p5, Autc(G) = Inn(G).

Lemma 4.3.9 Let G ∈ {Φk(1
6),Φk′(222)a0 | k = 40, 41, k′ = 42, 43}. Then

Outc(G) = 1.

Proof. The group G is a class 4 p-group, minimally generated by α1 and α2. The

commutator subgroup γ2(G) is abelian and generated by β := [α1, α2], βi := [β, αi]

for i = 1, 2 and γ, where, for k = 40, γ := [β1, α2] = [β2, α1], for k = 41,

γ−ν := [α2, β2] = [α1, β1]−ν , for k′ = 42, γ := [α1, β2] = [α2, β1] and for k′ = 43,

γ−ν := [α2, β2] = [α1, β1]−ν . The center Z(G) is of order p, generated by γ. It

is easy to see that |αG1 | ≤ p3 and |αG2 | ≤ p3. Therefore |Autc(G)| ≤ p6. Define

a map δ : {α1, α2} → G such that α1 7→ α1 and α2 7→ α2β2. Suppose that

|Autc(G)| = p6. Then δ must extend to a class-preserving automorphism of G.

Hence there exist elements η1(= βr1βs11 β
t1
2 γ

u1 say) ∈ γ2(G) and k1, l1 ∈ Z such

that [α1α2, η1α
k1
1 α

l1
2 ] = β2. It is a routine calculation to show that,

[α1α2, η1α
k1
1 α

l1
2 ] = βl1−k1β

−k1(k1−1)/2−r1
1 β

l1(l1+1)/2−k1l1−r1
2 γa

for some a ∈ Z. It is easy to see that, if powers of β and β1 in the above expression

are 0 modulo p, then the power of β2 is also 0 modulo p. It follows that δ is not a
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class-preserving automorphism and hence |Autc(G)| ≤ p5. Since | Inn(G)| = p5,

we have Outc(G) = 1.

Now we are ready to prove the following theorem.

Theorem 4.3.10 Let G belongs to one of the isoclinism family Φk for k =

2, ..., 6, 8, 9, 11, 12, 14, 16, 17, 19, 23, 25, ..., 29, 31, ..., 35, 37, 40, ..., 43. Then Outc(G)

= 1.

Proof. Let G ∈ {Φk(1
6), Φ8(321)a, | k = 2, ..., 6, 9}, then, since Φk(1

6) =

Φk(1
5)×Cp, Φ8(321)a = Φ8(32)×Cp, it follows from Lemma 1.4.4 and Theorem

1.4.9 that Outc(G) = 1. The group Φ12(16) is a direct product of groups of order

p3. Since all class-preserving automorphism of a group of order p3 are inner, it

follows that Outc(Φ12(16)) = 1. Since the commutator subgroup γ2(Φ14(16)) is

cyclic, from Theorem 1.4.7, we have Outc(Φ14(16)) = 1. Next, we consider the

group Φ16(16) and note that the subgroup H =
〈
β, α1, α2, α3, γ

〉
of Φ16(16) is a

normal abelian subgroup such that Φ16(16)/H is cyclic. It follows from Proposi-

tion 1.4.6 that Outc(Φ16(16)) = 1. Similarly, the subgroup H =
〈
α1, α2, α3, α4

〉
of Φk(222), for k = 25, 26, is a normal abelian subgroup of Φk(222), such that

Φk(222)/H is cyclic, therefore Outc(Φk(222)) = 1 for k = 25, 26. Next we consider

the group Φ22(16). The group Φ22(16) is minimally generated by α, α1, β1, β2. It is

easy to check that |αΦ22(16)| ≤ p2, |αΦ22(16)
1 | = p, |βΦ22(16)

1 | = p, and |βΦ22(16)
2 | = p.

It follows from Lemma 1.4.3 that |Autc(Φ22(16))| ≤ p5. But | Inn(Φ22(16))| = p5.

Therefore Outc(Φ22(16)) = 1. Similarly, in the group Φ35(16), |αΦ35(16)| ≤ p4

and |αΦ35(16)
1 | = p, and in the group Φ37(16), |αΦ37(16)| ≤ p3 and |αΦ37(16)

1 | ≤ p2.

Therefore if G ∈ {Φ35(16),Φ37(16)}, then |Autc(G)| ≤ p5. But | Inn(G)| = p5,

hence Outc(G) = 1. This, along with lemmas 4.3.2-4.3.9, completes the proof of

theorem.
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4.4 Groups G with non-trivial Outc(G)

In this section we list those groups of order p6 for which there exist a non-inner

class-preserving automorphism.

Lemma 4.4.1 Let G be the group Φ24(16). Then |Outc(G)| = p.

Proof. The group G is a class 4 p-group, minimally generated by α, α1 and β.

The commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for

i = 1, 2 and α4 := [α3, α] = [α1, β]. The center Z(G) is of order p, generated

by α4. We will show that for every element g ∈ G − γ2(G), Z(G) ≤ [g,G]. Let

g = η1α
k1αl11 β

m1 . Then

[g, βl2 ] = [η1α
k1αl11 β

m1 , βl2 ] = αl1l24 .

Therefore, if l1 is non-zero modulo p, we have Z(G) ≤ [g,G]. Let l1 ≡ 0 (mod p).

Then, since αp1 ∈ γ2(G),

[g, αk23 ] = [η1α
k1αl11 β

m1 , αk23 ] = αk1k24 .

Therefore, if k1 is non-zero modulo p, Z(G) ≤ [g,G]. Now let k1 ≡ 0 (mod p).

Then

[g, αm2
1 ] = [η1β

m1 , αm2
1 ] = α−m1m2

4 .

Therefore, if m1 is non-zero modulo p, Z(G) ≤ [g,G]. It follows that for every

g ∈ G − γ2(G), Z(G) ≤ [g,G]. Hence by Lemma 1.4.5 and Theorem 1.2.5 we

have,

|Autc(G)| ≥ |Autcent(G)||G|/|Z2(G)| = p3p6/p3 = p6.

65



But, |αG| ≤ p3, |αG1 | ≤ p2 and |βG| = p. Therefore we have |Autc(G)| ≤ p6.

Hence |Autc(G)| = p6. Since |G/Z(G)| = p5, |Outc(G)| = p.

Lemma 4.4.2 Let G be the group Φ30(16). Then |Outc(G)| = p.

Proof. The group G is a class 4 p-group, minimally generated by α, α1 and

β. The commutator subgroup γ2(G) is abelian and generated by α2 := [α1, α],

α3 := [α2, α] = [α1, β] and α4 := [α3, α] = [α2, β]. The center Z(G) is of order

p, generated by α4. It is easy to see that |αG| ≤ p3, |αG1 | ≤ p2, and |βG| ≤

p2. Therefore |Autc(G)| ≤ p7. Define a map δ : {α, α1, β} → G such that

α 7→ αα4, α1 7→ α1 and β 7→ βα4. By Lemma 4.3.1, the map δ extends to a

central automorphism. We will show that δ is also a non-inner class-preserving

automorphism. Let g = η1α
k1αl11 β

m1 . Then

[g, αk23 ] = [η1α
k1αl11 β

m1 , αk23 ] = αk1k24 .

Therefore, if k1 is non-zero modulo p, we have Z(G) ≤ [g,G]. Hence δ maps g to

a conjugate of g. Now let k1 ≡ 0 (mod p), then

[g, αm2
2 ] = [η1α

l1
1 β

m1 , αm2
2 ] = α−m1m2

4 .

It follows that, if m1 is non-zero modulo p, δ maps g to a conjugate of g. Now let

m1 ≡ 0 (mod p). But then, δ(η1α
l1
1 ) = η1α

l1
1 , because being a central automor-

phism δ fixes γ2(G) element-wise. We have shown that for every g ∈ G, δ(g) is a

conjugate of g. Therefore δ is a class-preserving automorphism. Now suppose δ

is an inner automorphism. Then being central, δ is induced by some element in

Z2(G) = 〈α3, α4〉. Since α4 ∈ Z(G), we can assume that δ is induced by αt3 for

some integer t. But then δ(β) = β, a contradiction. Therefore δ is non-inner class-
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preserving automorphism. Since | Inn(G)| = p5, it follows that |Autc(G)| ≥ p6.

Now define a map σ : {α, α1, β} → G such that α 7→ α−1
1 αα1 = αα−1

2 , α1 7→ α1

and β 7→ β. Suppose |Autc(G)| = p7. Then σ extends to a class-preserving

automorphism. But then, 1 = δ([α, β]) = [αα−1
2 , β] = α−1

4 which is not possible.

Therefore, we have |Autc(G)| = p6. Since |G/Z(G)| = p5, |Outc(G)| = p.

Lemma 4.4.3 Let G be the group Φ36(16). Then |Outc(G)| = p.

Proof. The group G is of maximal class, minimally generated by α and α1.

The commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for

i = 1, ..., 3 and α5 := [α4, α] = [α1, α2]. The center Z(G) is of order p, generated

by α5. We will show that for every element g ∈ G − γ2(G), Z(G) ≤ [g,G]. Let

g = η1α
k1αl11 . Then

[g, αk24 ] = [η1α
k1αl11 , α

k2
4 ] = α−k1k24 .

Therefore, if k1 is non-zero modulo p, we have Z(G) ≤ [g,G]. Let k1 ≡ 0 (mod p).

Then

[g, αl22 ] = [η1α
l1
1 , α

l2
2 ] = αl1l25 .

Therefore, if l1 is non-zero modulo p, Z(G) ≤ [g,G]. Let l1 ≡ 0 (mod p), then

we have g ∈ γ2(G) because αp1 ∈ γ2(G). It follows that, for every g ∈ G −

γ2(G), Z(G) ≤ [g,G]. Hence by Lemma 1.4.5 and Theorem 1.2.5 we get

|Autc(G)| ≥ |Autcent(G)||G|/|Z2(G)| = p2p6/p2 = p6.

But it is easy to see that |αG| ≤ p4 and |αG1 | ≤ p2. Therefore |Autc(G)| ≤ p6.

Hence |Autc(G)| = p6. Since |G/Z(G)| = p5, we have |Outc(G)| = p.

Lemma 4.4.4 Let G be the group Φ38(16). Then |Outc(G)| = p.
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Proof. The group G is of maximal class, minimally generated by α, α1. The

commutator subgroup γ2(G) is abelian and generated by αi+1 := [αi, α] for i =

1, ..., 3 and α5 := [α4, α] = [α1, α3]. Also [α1, α2] = α4α
−1
5 . The center Z(G) is

generated by α5. We show that for every element g ∈ G− γ2(G), Z(G) ≤ [g,G].

Let g = η1α
k1αl11 . Then

[g, αk24 ] = [η1α
k1αl11 , α

k2
4 ] = α−k1k25 .

Therefore, if k1 is non-zero modulo p, Z(G) ≤ [g,G]. Hence, let k1 ≡ 0 (mod p).

Then

[g, αl23 ] = [η1α
l1
1 , α

l2
3 ] = αl1l25 .

Therefore, if l1 is non-zero modulo p, we have Z(G) ≤ [g,G]. If l1 ≡ 0 (mod p),

then we have g ∈ γ2(G) because αp1 ∈ γ2(G). It follows that, for every g ∈

G − γ2(G), Z(G) ≤ [g,G]. Therefore applying Lemma 1.4.5 and Theorem 1.2.5

we get

|Autc(G)| ≥ |Autcent(G)||G|/|Z2(G)| = p2p6/p2 = p6.

It is easy to check that, |αG| ≤ p4 and |αG1 | ≤ p3, hence the upper bound on

|Autc(G)| is p7. Suppose that |Autc(G)| = p7. Then, δ defined on the generators

{α, α1} as δ(α) = α and δ(α1) = α−1
2 α1α2 = α1α4α

−1
5 must extend to a class-

preserving automorphism. Note that

δ(α2) = δ([α1, α]) = [α1α4α
−1
5 , α] = α2α5.

Since δ is a class-preserving automorphism, there exist η1 ∈ γ2(G) and k1, l1 ∈ Z

such that

[α2, η1α
k1αl11 ] = α5.
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We have that

[α2, η1α
k1αl11 ] = αk13 α

k1(k1−1)/2−l1
4 α

l1−k1l1+
k1−2∑
n=1

n(n−1)/2

5 ,

which for no value of k, k1 can be equal to α5. This gives a contradiction. Hence

|Autc(G)| = p6. Since |G/Z(G)| = p5, we have |Outc(G)| = p.

Lemma 4.4.5 Let G be the group Φ39(16). Then |Outc(G)| = p.

Proof. The group G is of maximal class, minimally generated by α, α1. The com-

mutator subgroup γ2(G) is generated by αi+1 := [αi, α] for i = 1, 2, α4 := [α3, α] =

[α1, α2], and α5 := [α2, α3] = [α3, α1] = [α4, α1]. Note that any element of γ2(G)

can be written as αr2αs3αt4αu5 for some r, s, t, u ∈ Z. The center Z(G) is generated

by α5. It is easy to see that |αG| ≤ p3 and |αG1 | ≤ p3. Therefore |Autc(G)| ≤ p6.

Define a map δ : {α, α1} → G such that α 7→ α, and α1 7→ α−1
2 α1α2 = α1α4. We

will show that δ extends to a class-preserving automorphism. It is easy to check

that δ preserves all the defining relations of the group. Hence δ extends to an

endomorphism. Note that δ fixes γ2(G) element-wise, therefore for k1, l1 ∈ Z and

η1 = αr12 α
s1
3 α

t1
4 α

u1
5 ∈ γ2(G),

δ(η1α
k1αl11 ) = η1α

k1αl11 α
l1
4 α

l1(l1−1)/2
5 .

It is a routine calculation that

[η1α
k1αl11 , α

s2
3 α

t2
4 ] = αr1s2−l1s2−l1t2−l1k1s25 α−k1s24 .

Since δ(η1α
k1) = η1α

k1 , which is obviously a conjugate of η1α
k1 , let l1 be non-zero

modulo p. Now if k1 is non-zero modulo p, then clearly there exist s2 and t2 such
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that

−k1s2 ≡ l1 (mod p)

and

r1s2 − l1s2 − l1t2 − l1k1s2 ≡ l1(l1 − 1)/2 (mod p).

Suppose k1 ≡ 0 (mod p), then it can be calculated that

[η1α
l1
1 , α

r2
2 α

t2
4 ] = α

−s1r2+r2l1(l1−1)/2−l1t2
5 αl1r24 .

Since l1 is non-zero modulo p, clearly there exist r2 and t2 such that

l1r2 ≡ l1 (mod p)

and

−s1r2 + r2l1(l1 − 1)/2− l1t2 ≡ l1(l1 − 1)/2 (mod p).

It follows that δ maps every element of G to a conjugate of itself. Therefore δ

is a bijection, and hence a class-preserving automorphism. Now we show that

δ is a non-inner automorphism. On the contrary, suppose that δ is an inner

automorphism. Note that g−1δ(g) ∈ Z2(G). Thus it follows that δ is induced

by some element in Z3(G) = 〈α3, α4, Z(G)〉. Let it be induced by αs13 α
t1
4 . Since

δ(α) = α, we have α−s13 ααs13 = α, which implies that s1 ≡ 0 (mod p). But then

δ(α1) = α−t14 α1α
t1
4 = α1α

−t1
5 , a contradiction. Therefore δ is a non-inner class

preserving automorphism. Since | Inn(G)| = p5, we have |AutcG)| = p6, and

|Outc(G)| = p.

Lemma 4.4.6 Let G be the group Φ13(16). Then |Outc(G)| = p2.
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Proof. The group G is a special p-group, minimally generated by α1, α2, α3 and

α4. The commutator subgroup γ2(G) is generated by β1 := [α1, α2] and β2 :=

[α1, α3] = [α2, α4]. The conjugates of α1, α2, α3 and α4 are α1β
r
1β

s
2, α2β

r
1β

s
2, α3β

s
2

and α4β
s
2 respectively, where r and s vary over Z. Since the exponent of γ2(G)

is p, it follows that |αG1 | = |αG2 | = p2 and |αG3 | = |αG4 | = p. Therefore by Lemma

1.4.3, |Autc(G)| ≤ p6.

Define a map δ : {α1, α2, α3, α4} → G such that α1 7→ α1β
r1
1 β

s1
2 , α2 7→

α2β
r2
1 β

s2
2 , α3 7→ α3β

s3
2 and α4 7→ α4β

s4
2 , for some r1, s1, r2, s2, s3, s4 ∈ Z. By

Lemma 4.3.1, this map extends to a central automorphism of G. Since δ fixes

γ2(G) element-wise, for k1, l1,m1, n1 ∈ Z and η1 ∈ γ2(G),

δ(η1α
k1
1 α

l1
2 α

m1
3 αn1

4 ) = ηαk11 α
l1
2 α

m1
3 αn1

4 β
k1r1+l1r2
1 βk1s1+l1s2+m1s3+n1s4

2 .

Therefore δ extends to a class-preserving automorphism if and only if for ev-

ery k1, l1,m1, n1 ∈ Z, and η1 ∈ γ2(G), there exist k2, l2,m2, n2 (depending on

k1, l1,m1, n1) and η2 ∈ γ2(G) such that

[η1α
k1
1 α

l1
2 α

m1
3 αn1

4 , η2α
k2
1 α

l2
2 α

m2
3 αn2

4 ] = βk1r1+l1r2
1 βk1s1+l1s2+m1s3+n1s4

2 .

Expanding the left hand side, we get

βk1l2−k2l11 βk1m2−k2m1+l1n2−l2n1
2 = βk1r1+l1r2

1 βk1s1+l1s2+m1s3+n1s4
2 .

Comparing the powers of βi’s, we see that δ extends to a class-preserving auto-

morphism if the following equations hold:

k1l2 − k2l1 ≡ k1r1 + l1r2 (mod p),
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k1m2 − k2m1 + l1n2 − l2n1 ≡ k1s1 + l1s2 +m1s3 + n1s4 (mod p).

It is easy to see that for any given k1, l1,m1, n1 there exist k2, l2,m2, n2 such that

the above two equations are satisfied. Thus it follows that |Autc(G)| = p6. Since

|G/Z(G)| = p4, |Outc(G)| = p2.

Lemma 4.4.7 Let G be the group Φ18(16). Then |Outc(G)| = p2.

Proof. The group G is a class 3 p-group, minimally generated by α, α1, β. The

commutator subgroup γ2(G) is abelian and generated by α2 := [α1, α], α3 :=

[α2, α] = [α1, β] and γ := [α, β]. The center Z(G) is of order p2, generated by α3

and γ. Note that |αG| ≤ p3, |αG1 | ≤ p2 and |βG| ≤ p2. It follows from Lemma

1.4.3 that |Autc(G)| ≤ p7. Now define a map δ : {α, α1, β} → G such that

α 7→ ααr13 γ
s1 , α1 7→ α1α

r2
3 and β 7→ βαr33 for some r1, s1, r2, r3 ∈ Z. By Lemma

4.3.1 this map extends to a central automorphism of G. Let g = η1α
k1αl11 β

m1 ,

where η1 ∈ γ2(G) and k1, l1,m1 ∈ Z. Let k1 ≡ 0 (mod p), then note that

δ(g) = gαr3 for some r ∈ Z and

[g, βl2 ] = [η1α
l1
1 β

m1 , βl2 ] = αl1l23 .

Therefore if l1 is non-zero modulo p, we have 〈α3〉 ≤ [g,G]. Let l1 ≡ 0 (mod p).

Note that αp1 ∈ Z(G), hence

[g, αm2
1 ] = [η1β

m1 , αm2
1 ] = α−m1m2

3 .

Therefore if m1 is non-zero modulo p, we have 〈α3〉 ≤ [g,G]. Thus we have shown

that, if k1 ≡ 0 (mod p), then g−1δ(g) ∈ [g,G]. It follows that, if k1 ≡ 0 (mod p),
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δ maps g to a conjugate of g. Now suppose k1 is non-zero modulo p. Then

[g, αk22 ] = [η1α
k1αl11 β

m1 , αk22 ] = α−k1k23 ,

so that 〈α3〉 ≤ [g, Z2(G)]. Also, we have

[g, βn2 ] = [η1α
k1αl11 β

m1 , βn2 ] = αl1n2
3 γk1n2 .

Since β ∈ Z2(G) and [g, Z2(G)] is a subgroup, it follows that Z(G) ≤ [g,G]. Be-

cause δ is a central automorphism, we have g−1δ(g) ∈ [g,G]. We have shown that,

for every g ∈ G, g−1δ(g) ∈ [g,G]. It follows that δ is a class-preserving automor-

phism. Since r1, s1, r2, r3 were arbitrary, we have that |Autc(G)∩Autcent(G)| ≥

p4. Applying Lemma 3.3.11 we get |Z(Autc(G))| ≥ p4. Note that Autc(G) is

non-abelian because G is a class 3 group. Therefore |Autc(G)| ≥ p6. Now sup-

pose that |Autc(G)| = p7. Then the map σ defined on the generators {α, α1, β}

as α 7→ α, α1 7→ α1 and β 7→ αβα−1 = βγ extends to a class-preserving auto-

morphism. Hence there exist elements η2 ∈ γ2(G) and k2, l2,m2 ∈ Z such that

[α1β, η2α
k2αl21 β

m2 ] = γ, but by a routine calculation it can be checked that

[α1β, η2α
k2αl21 β

m2 ] = αk22 βα
m2−l2+k2(k2−1)/2
3 γ−k2 ,

which can not be equal to γ for any values of k2, l2,m2. Therefore we get a contra-

diction. It follows that |Autc(G)| = p6. Hence |Outc(G)| = p2 as | Inn(G)| = p4.

Lemma 4.4.8 Let G be the group Φ20(16). Then |Outc(G)| = p2.

Proof. The group G is a class 3 p-group, minimally generated by α, α1, α2. The

commutator subgroup γ2(G) is abelian and generated by β := [α1, α2], β1 :=
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[β, α1] and β2 := [β, α2] = [α, α1]. The center Z(G) is of order p2, generated by

β1 and β2. Note that |αG| = p, |αG1 | ≤ p3 and |αG2 | ≤ p2. It follows from Lemma

1.4.3 that |Autc(G)| ≤ p6. Now define a map δ : {α, α1, α2} → G such that

α 7→ αβt12 , α1 7→ α1β
s2
1 β

t2
2 and α2 7→ α2β

t3
2 for some t1, s2, t2, t3 ∈ Z. By Lemma

4.3.1 this map extends to a central automorphism of G. Let g = η1α
k1αl11 α

m1
2 ,

where η1 = βu1βv11 β
w1
2 and k1, l1,m1, u1, v1, w1 ∈ Z. Note that, if l1 ≡ 0 (mod p),

then δ(g) = gβr2 for some r ∈ Z. Consider

[g, βm2 ] = [η1α
k1αm1

2 , βm2 ] = β−m1m2
2 .

Therefore ifm1 is non-zero modulo p, we have 〈β2〉 ≤ [g,G]. Letm1 ≡ 0 (mod p).

Note that αp2 ∈ Z(G), hence

[g, αu22 ] = [η1α
k1 , αu22 ] = [βu1βv11 β

w1
2 αk1 , αu22 ] = βu1u22 .

Therefore if u1 is non-zero modulo p, we have 〈β2〉 ≤ [g,G]. Let u1 ≡ 0 (mod p).

Then

[g, αk21 ] = [αk1 , αk21 ] = βk1k22 ,

so that if k1 is non-zero modulo p, then 〈β〉 ≤ [g,G]. Thus we have shown that,

if l1 ≡ 0 (mod p), we have g−1δ(g) ∈ [g,G]. It follows that, if l1 ≡ 0 (mod p), δ

maps g to a conjugate of g. Now suppose l1 is non-zero modulo p, then

[g, αl2 ] = [η1α
k1αl11 α

m1
2 , αl2 ] = β−l1l22 ,

so that 〈β2〉 ≤ [g, Z2(G)]. Also we have

[g, βn2 ] = [η1α
k1αl11 α

m1
2 , βn2 ] = β−l1n2

1 β−m1n2
2 .
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Since β ∈ Z2(G) and [g, Z2(G)] is a subgroup, it follows that Z(G) ≤ [g,G].

Because δ is a central automorphism we have g−1δ(g) ∈ [g,G]. It follows that δ is

a class-preserving automorphism. Since t1, s2, t2, t3 were arbitrary, we have that

|Autc(G)∩Autcent(G)| ≥ p4. Applying Lemma 3.3.11 we get |Z(Autc(G))| ≥ p4.

But Autc(G) is non-abelian sinceG is of class 3. Therefore |Autc(G)| ≥ p6. Hence

|Autc(G)| = p6. Since |G/Z(G)| = p4, we have |Outc(G)| = p2.

Now we are ready to prove the following theorem.

Theorem 4.4.9 Let G be a group of order p6.

1. If G belongs to one of the isoclinism family Φk for k = 7, 10, 24, 30, 36, 38, 39,

then |Outc(G)| = p.

2. If G belongs to one of the isoclinism family Φk for k = 13, 18, 20, then

|Outc(G)| = p2.

3. If G belongs to one of the isoclinism family Φk for k = 15, 21, then |Outc(G)| =

p4.

Proof. Let G be either the group Φ7(16) or the group Φ10(16). Then since

Φ7(16) = Φ7(15) × Cp and Φ10(16) = Φ10(15) × Cp, it follows from Theorem

1.4.9 that |Outc(G)| = p. With this observation in hands, (i) follows from

Lemmas 4.4.1-4.4.5. It is readily seen that (ii) follows from Lemmas 4.4.6-

4.4.8. Now let G be the group Φ15(16). We observe that the James’ list of

groups of order p6 and class 2 consists of exactly 5 isoclinism families Φk, for

k = 11..., 15. For k = 11, ..., 14 we have seen that |Autc(Φk)| 6= p8. But as shown

by Burnside [10] there exists a group W of order p6 and of nilpotency class 2

such that |Autc(W )| = p8. Therefore G must be isoclinic to the group W and

|Autc(G)| = p8. Since |G/Z(G)| = p4, we have |Outc(G)| = p4. Next, it follows
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from [72, Proposition 5.8], that |Outc(Φ21(16))| = p4. This completes the proof

of the theorem.

Theorem 4.3.10 and Theorem 4.4.9 can be combined to state the following

result:

Theorem 4.4.10 Let G be a group of order p6 for an odd prime p. Then

Outc(G) 6= 1 if and only if G belongs to one of the isoclinism families Φk for

k = 7, 10, 13, 15, 18, 20, 21, 24, 30, 36, 38, 39. Moreover,

1. if G belongs to one of the isoclinism families Φk for k = 7, 10, 24, 30, 36, 38, 39,

then |Outc(G)| = p,

2. if G belongs to one of the isoclinism families Φk for k = 13, 18, 20, then

|Outc(G)| = p2, and

3. if G belongs to one of the isoclinism families Φk for k = 15, 21, then

|Outc(G)| = p4.

Using GAP [24] it can be verified that the question of Kang and Kunyavskĭı

has an affirmative answer for groups of order 26 and 36 (Bogomolov multiplier of

groups of order 26 is also computed in [16]). With this information the follow-

ing theorem which provides an affirmative answer of the question of Kang and

Kunyavskĭı for most of the groups of order p6, follows from Theorem 1.6.3 and

Theorem 4.4.10.

Theorem 4.4.11 Let G be a Ш-rigid group of order p6 for a prime p. If G

does not belong to the isoclinism families Φk for k = 28, 29, then its Bogomolov

multiplier B0(G) is zero.

76



Chapter 5

IA Automorphisms of Groups

In this chapter we study the group of those IA automorphisms which fix the center

element-wise and prove that these groups are isomorphic for any two isoclinic

groups. We also see some applications of this result for finite p-groups.

5.1 IA automorphisms that fix the center element-

wise

Let G be any group and σ be an automorphism of G. Following Bachmuth [2], we

call σ an IA automorphism if x−1σ(x) ∈ γ2(G) for each x ∈ G. Bachmuth writes,

explaining the reason behind the name IA, that “the letters I and A are used to

remind the reader that these automorphisms are those which induce the identity

automorphism in the abelianized group”. The set of all IA automorphisms of

G form a normal subgroup of Aut(G) and is denoted by IA(G). The set of all

IA automorphisms that fix the center element-wise forms a normal subgroup of

IA(G) and is denoted by IAz(G). We note that Autcent(G) centralizes not only

Inn(G), but also IAz(G). Thus Autcent(G) = CAut(G)(IAz(G)).
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Notice that any class-preserving automorphism is an IA automorphism which

fixes the center element-wise and hence Autc(G) ≤ IAz(G). We know from Theo-

rem 1.5.2 that if two finite groups G and H are isoclinic then Autc(G) ∼= Autc(H).

In the following theorem we extend this result of Yadav to the group IAz(G) for

any arbitrary group G.

Theorem 5.1.1 Let G and H be any two isoclinic groups. Then there exists an

isomorphism α : IAz(G)→ IAz(H) such that α(Autc(G)) = Autc(H).

We first prove the following lemma.

Lemma 5.1.2 Let G and H be isoclinic groups and (ϕ, θ) be an isoclinism of G

onto H. Then for b ∈ γ2(G) and a ∈ G such that ϕ(aZ(G)) = kZ(H), we have

θ(ba)k
−1

= θ(b).

Proof. Let ϕ(bZ(G)) = lZ(H), then

θ(ba)k
−1

= kθ([a, b−1])θ(b)k−1 = k[k, l−1]θ(b)k−1 = lkl−1θ(b)k−1.

But from Lemma 1.3.2, l−1θ(b) ∈ Z(H). Hence by the preceding equation

θ(ba)k
−1

= θ(b).

Proof of Theorem 5.1.1. Let (ϕ, θ) be an isoclinism of G onto H. Let σ ∈

IAz(G). Define a map τσ by τσ(h) = hθ(g−1σ(g)) for h ∈ H, where g is

given by ϕ−1(hZ(H)) = gZ(G). Notice that τσ is well-defined because σ fixes

Z(G) element-wise. Next we show that τσ ∈ IAz(H). Let h1, h2 ∈ H and

ϕ−1(hiZ(H)) = giZ(G) for i = 1, 2. Then,

τσ(h1h2) = h1h2θ(g
−1
2 g−1

1 σ(g1g2))
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= h1h2θ(g
−1
2 g−1

1 σ(g1)g2g
−1
2 σ(g2))

= h1h2θ(g
−1
2 g−1

1 σ(g1)g2)h−1
2 h2θ(g

−1
2 σ(g2)).

Applying Lemma 5.1.2, we obtain

τσ(h1h2) = h1θ(g
−1
1 σ(g1))h2θ(g

−1
2 σ(g2))

= τσ(h1)τσ(h2).

Thus τσ is a homomorphism.

Now we show that τσ is a bijection. Let τσ(h) = 1 and ϕ−1(hZ(H)) =

gZ(G). Then hθ(g−1σ(g)) = 1. This implies that h ∈ γ2(H) and hence g ∈

γ2(G)Z(G). Without loss of generality we can assume that g ∈ γ2(G). Then

we have hθ(g−1)θ(σ(g)) = 1. However, by Lemma 1.3.2, hθ(g−1) ∈ Z(H), so

that θ(σ(g)) ∈ Z(H) ∩ γ2(H). Using Lemma 1.3.2 again, σ(g) ∈ Z(G), which

implies g ∈ Z(G). Hence σ(g) = g, as σ fixes the center element-wise. Thus

h = 1 and hence τσ is an injective map. To show that it is a surjection, let

h ∈ H and ϕ−1(hZ(H)) = gZ(G). Since g−1σ−1(g) ∈ γ2(G), by Lemma 1.3.2 we

have ϕ(g−1σ−1(g)Z(G)) = θ(g−1σ−1(g))Z(H) so that ϕ−1(θ(g−1σ−1(g))Z(H)) =

g−1σ−1(g)Z(G). Therefore by the definition of τσ we have

τσ(θ(g−1σ−1(g))) = θ(g−1σ−1(g))θ(σ−1(g−1)gσ(g−1σ−1(g)))

= θ(g−1σ−1(g))θ(σ−1(g−1)gσ(g−1)g)

= θ(σ(g−1)g)
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Let h′ = θ(g−1σ−1(g)). Since τσ is a homomorphism, we get

τσ(hh′) = τσ(h)τσ(h′) = hθ(g−1σ(g))θ(σ(g−1(g)) = h.

As h was chosen arbitrarily, it follows that τσ is surjective and hence bijective. It

is easy to see that τσ fixes Z(H) element-wise, so that τσ ∈ IAz(H).

Define α as α(σ) = τσ. We show that α is an isomorphism. Let σ1, σ2 ∈ IAz(G)

and let h ∈ H with ϕ−1(hZ(H)) = gZ(G). Then, τσ1τσ2(h) = τσ1(hθ(g
−1σ2(g))).

Using Lemma 1.3.2, we have ϕ−1(hθ(g−1σ2(g))Z(H)) = σ2(g)Z(G). Therefore

τσ1τσ2(h) = hθ(g−1σ2(g))θ(σ2(g−1)σ1σ2(g)), which equals hθ(g−1σ1σ2(g)), which

is τσ1σ2(h). Since h was arbitrary, we have τσ1σ2 = τσ1τσ2 and hence α is a

homomorphism.

To show that α is a bijection, notice that (ϕ−1, θ−1) is an isoclinism of H

onto G. So given a τ ∈ IAz(H), in the similar manner as above, στ ∈ IAz(G)

can be defined. Define β : IAz(H) → IAz(G) as β(τ) = στ . Let g ∈ G and

ϕ(gZ(G)) = hZ(H), then

βα(σ)(g) = β(τσ)(g)

= gθ−1(h−1τσ(h))

= gθ−1(h−1hθ(g−1σ(g)))

= σ(g).

Since g was arbitrary, this shows that βα(σ) = σ. However, as σ was arbitrary,

βα = 1. Similarly αβ = 1. Thus α is an isomorphism between IAz(G) and

IAz(H).

It now remains to show that α(Autc(G)) = Autc(H). Let σ ∈ Autc(G).
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To show that τσ ∈ Autc(H), let h ∈ H with ϕ−1(hZ(H)) = gZ(G). Then

τσ(h) = hθ(g−1σ(g)). However, σ is a class-preserving automorphism and so

there exists an a ∈ G such that σ(g) = a−1ga. Hence, we have τσ(h) = hθ([g, a]).

Suppose ϕ(aZ(G)) = bZ(H), then by commutativity of the diagram in the def-

inition of isoclinism we get τσ(h) = h[h, b], i.e., τσ(h) = b−1hb. This shows that

τσ ∈ Autc(H). So we have α(Autc(G)) ≤ Autc(H). Similarly we can show that

β(Autc(H)) ≤ Autc(G). We have already shown that αβ = βα = 1, therefore

α(Autc(G)) = Autc(H).

5.2 A necessary and sufficient condition for the

equlity of IAz(G) and Autcent(G)

In the following theorem we give a necessary and sufficient condition to ensure

that IAz(G) = Autcent(G), for a finite p-group G.

Theorem 5.2.1 Let G be a finite p-group.

1. Then IAz(G) = Autcent(G) if and only if γ2(G) = Z(G).

2. If the nilpotency class of G is 2, then IAz(G) = Inn(G) if and only if γ2(G)

is cyclic.

Proof. (1) First suppose that γ2(G) = Z(G), then clearly IA(G) = Autcent(G).

Now each central automorphism fixes γ2(G) = Z(G) element-wise, therefore

each IA automorphism fixes Z(G) element-wise. This shows that IAz(G) =

Autcent(G).

Conversely, suppose IAz(G) = Autcent(G). Then, since Inn(G) ≤ IAz(G),

G must be a group of class 2. Now, we prove that G is purely non-abelian.

Suppose to the contrary that G = A × N , where A is non-trivial and abelian
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and N is purely non-abelian. Clearly IAz(G) ∼= IAz(N). Next, |Autcent(G)| >

|Autcent(A)||Autcent(N)| ≥ |Autcent(N)|. Therefore,

| IAz(G)| = | IAz(N)| ≤ |Autcent(N)| < |Autcent(G)|,

which is a contradiction to the assumption that IAz(G) = Autcent(G). Hence G

is purely non-abelian. Now by Theorem 1.3.1, there exists a group H isoclinic

to G such that Z(H) ≤ γ2(H). Since G is of class 2, H is also of class 2 and

therefore γ2(H) = Z(H). By what we just proved, IAz(H) = Autcent(H). Now,

since Z(H) ≤ γ2(H), H is purely non-abelian, and hence by Theorem 1.2.5,

| IAz(H)| = |Hom(H/γ2(H), Z(H))|

= |Hom(H/Z(H), γ2(H))|

= |Hom(G/Z(G), γ2(G))|.

However, by Theorem 5.1.1, | IAz(H)| = | IAz(G)|, which, by the hypothesis

and Theorem 1.2.5 equals |Hom(G/γ2(G), Z(G))|. Therefore, we have

|Hom(G/Z(G), γ2(G))| = |Hom(G/γ2(G), Z(G))|.

It now follows from Lemma 1.1.10 that γ2(G) = Z(G).

(2) By Theorem 1.3.1, there exists a group H isoclinic to G such that Z(H) ≤

γ2(H). Since G is of class 2, H is also of class 2 and γ2(H) = Z(H). Thus

IAz(H) = Autcent(H) and hence by Theorem 1.2.5,

| IAz(H)| = |Hom(H/Z(H), γ2(H))|,
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which in turn equals |Hom(G/Z(G), γ2(G))| using the definition of isoclinism.

Applying Theorem 5.1.1 we also have that | IAz(H)| = | IAz(G)|.

Now suppose that IAz(G) = Inn(G). Then

| IAz(G)| = |G/Z(G)| = |Hom(G/Z(G), γ2(G))|.

However, since G is of class 2, the exponents of G/Z(G) and γ2(G) are the same.

Hence the preceding equality gives that γ2(G) is cyclic.

Conversly, suppose that γ2(G) is cyclic. Then

|Hom(H/Z(H), γ2(H))| = |H/Z(H)| = |G/Z(G)| = | Inn(G)|,

since γ2(G) ∼= γ2(H). This gives that IAz(G) = Inn(G).

The following corollary is a result of Curran and McCaughan [15], and is a

consequence of Theorem 5.2.1.

Corollary 5.2.2 Let G be a finite p-group. Then Inn(G) = Autcent(G) if and

only if γ2(G) = Z(G) and γ2(G) is cyclic.
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