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We are what our thoughts have us;

so take care about what you think.

Words are secondary. Thoughts live;

they travel far...

Swami Vivekanada

Every good mathematician is at least half a
philosopher, and every good philosopher

is at least half a mathematician.

Friedrich Ludwig Gottlob Frege

To improve is to change;

To be perfect is to change often.

Winston Churchill
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SYNOPSIS

The following summary contains some of my works on Liouville numbers and Mahler

U-numbers during my stay at Harish-Chandra Research Institute as a research scholar.

In Section 2 (resp. in Section 3), we discuss some of the work done in the paper [24]

(resp. in [26]). In Sections 1 and 4, we discuss some of the work done in the paper [25].

1. Baire’s theorem and Liouville numbers

1.1 Definitions and some basic results. In this section, we discuss some

consequences for Liouville numbers from Baire’s Theorem. We start with the following:

Definition 0.0.1 (Liouville number). A Liouville number is a real number & such that,
for each integer n > 1, there exists a rational number p,/q, with g, > 2 such that
Pn

0<fo-
an

1
qn

<

Following [17], any Liouville number is transcendental. The set of all Liouville numbers is

denoted by L. This set L is an uncountable, dense subset of R having Lebesgue measure 0.

Definition 0.0.2 (Gs—subset). A Gs—subset of a topological space X is defined to be the

countable intersection of dense open subsets of X.

One can easily see that, L is a Gs—subset of R.

Let Z be an interval of R with at least two points.

Definition 0.0.3 (Nowhere locally constant). A real function f : T — R is nowhere
locally constant if, for every nonempty open interval J contained in I, the restriction to
J of f is not constant.

Definition 0.0.4 (Algebraically dependent). A set of complex numbers 1, ..., x, (n > 1)

is said to be algebraically dependent if there exists a nonzero polynomial P € Z[ X1, Xo, ..., X,]

such that P(xy,...,x,) = 0.

A subset S of C is said to be algebraically independent if no finite subset of S is
algebraically dependent. Note that by our definition, the empty set () is algebraically

independent.



Definition 0.0.5 (Algebraic set). A subset X C R™ is called an algebraic set if X
is the zero locus of a finite set {Py, Py, ..., Py} of polynomials in n variables with real
coefficients. We denote X by Z(Py, Py, ..., Py), if X is an algebraic set defined by the
polynomials Py, Py, ..., P,,-

The Baire’s Theorem states the following:

Theorem (Baire’s Theorem). In a complete or locally compact space X, any Gs-subset

18 dense.

The main result of [4], which extended the earlier results of [21] and [23], deals with

(Gs—subsets, and reads as follows:

Proposition 0.0.6 (Alniagik—Saias). Let Z be an interval of R with nonempty interior,
G a Gs—subset of R and (f,)n>0 a sequence of real maps on L, which are continuous and

nowhere locally constant. Then

£, '(G)

n>0

18 a Gg—subset of L.

As pointed out by the authors of [4], the proofs of several papers on this topic just
reproduce the proof of Baire’s Theorem. Here we use Baire’s Theorem and deduce a

number of consequences related with Liouville numbers in the next section.

Most results in this chapter are not specific to Liouville numbers: They hold with any
Gs—subset of R instead of L. We pay attention to use the fact that L is a Gs—subset of R
rather than other Diophantine properties of L.

The following Proposition 0.0.7 is a generalization of Proposition 0.0.6, where we can
replace the interval Z (resp. R) in Proposition 0.0.6 by a topological space X (resp. an
interval J of R).

Proposition 0.0.7. Let X be a complete, locally connected topological space, J an interval
in R and N a set which is either finite or else countable. For each n € N, let G,, be a
Gs—subset of J and let f, : X — J be a continuous function which is nowhere locally
constant. Then (e fo '(Gr) is a Gs—subset of X.

Let X be a (nonempty) complete metric space without isolated point. Then the
following Lemma says that, any Gs—subset of X will remain a G5—subset after removing

a countable subset from it.

vi



Lemma 0.0.8. Let X be a (nonempty) complete metric space without isolated point and
let E be a Gs—subset of X. Let F' be a countable subset of E. Then E\ F is a Gs—subset
of X.

As a consequence we prove the following:

Corollary 0.0.9. Let X be a (nonempty) complete metric space without isolated point
and let E be a Gs—subset of X. Then E is uncountable.

Note 0.0.10. The Lemma 0.0.8 and Corollary 0.0.9 were quoted in [4].

Let Zy,...,Z, be non-empty open subsets of R. Suppose that for each j = 1,...,n,
let Gij be a Gs—subset of Z;. By Corollary 0.0.9, the sets G’s are uncountable. Naturally

one can ask the following question.

Question 1. Can we find uncountably many n-tuples (&1,...,&,) € G X --- X Gy, such
that &1, ..., &, are algebraically independent (over Q)7

We show that the answer to Question 1 is true. More precisely, we prove the following:

Lemma 0.0.11. LetZ,,...,Z, be non-empty open subsets of R. For eachj=1,...,n, let
G, be a Gs—subset of T;. Then there exists uncountably many (&1,...,&,) € G1x -+ x G,
such that &, ..., &, are algebraically independent (over Q).

1.2 Applications of Proposition 0.0.6 to Liouville numbers. Let
fn : R — R be a nonconstant continuous function for each n € N. In this section, we are
interested to study the following questions:
Question 2. Under what conditions on the functions f, : R = R (n € N) which ensure
the existence of uncountably many Liouville numbers £ such that f,(£) is also a Liouville
number for each n € N?
Question 3. Let n > 2 be an integer and let P € R[X;, Xy,...,X,]. Under what
conditions on P which ensure that, the set Z(P) contains uncountably many points £ =
(&1,&a, ..., &) such that s are Liouville numbers for i = 1,2,...,n?

Since the set of Liouville numbers is a Gg—subset in R, a direct consequence of Propo-

sition 0.0.6 and Corollary 0.0.9 answers Question 2 affirmatively:

Corollary 0.0.12. Let T be an interval of R with nonempty interior and (f,)n>1 a se-

quence of real maps on I, which are continuous and nowhere locally constant. Then there

Vil



exists an uncountable subset E of TNL such that f,(§) is a Liowville number for alln > 1
and all € € E.

We deduce some consequences of Corollary 0.0.12. By taking all the f/s are same
functions, say f, we get the following Corollary which says that, nowhere locally constant

functions takes uncountably many Liouville numbers to Liouville numbers. More precisely,

Corollary 0.0.13. Let Z be an interval of R with nonempty interior and f : Z — R a
continuous map which is nowhere locally constant. Then there exists an uncountable set
of Liouville numbers & € T such that f(§) is a Liouville number.

Simple examples of consequence of Corollary 0.0.13 are obtained with Z = (0, +00)
and either f(z) =t—ux, for t € R, or else with f(z) = t/z, for t € R*, which yields Erdés

[11] result on the decomposition of real number:

Theorem (Erdés). To each real number x (x # 0) there correspond Liouville numbers
&,m, p, C such that

x=E&+n=pC.

2

Here after the “Erdds result ”we mean the above theorem “Theorem (Erdés)

We deduce also from Corollary 0.0.13 that any positive real number t is the sum of

two squares of Liouville numbers. This follows by applying Corollary 0.0.13 with
7=(0,vt) and f(z)=+t— a2

Similar examples can be derived from Corollary 0.0.13 involving transcendental functions:
for instance, any real number can be written e + n with & and n Liouville numbers; any
positive real number can be written €5 + €7 with & and n Liouville numbers.

Using the implicit function theorem, we deduce from Corollary 0.0.13 the following

generalization of Erdos’s result which answers the Question 3 for the case n = 2.

Corollary 0.0.14. Let P € R[X, Y] be an irreducible polynomial such that (0/0X)P # 0
and (0/0Y )P # 0. Assume that there exist two nonempty open intervals T and J of R
such that, for any x € I, there exists y € J with P(x,y) =0, and, for any y € J, there

exists x € T with P(x,y) = 0. Then there exist uncountably many pairs (£,m) of Liouville
numbers in T x J such that P(§,n) = 0.

viil



The following Corollary 0.0.15 is a generalization of Corollary 0.0.14 to more than 2

variables, which answers the Question 3 for n > 2.

Corollary 0.0.15. Let ¢ > 2 and let P € R[Xy,...,Xy| be an irreducible polyno-
mial such that (0/0X1)P # 0 and (0/0X3)P # 0. Assume that there exist nonempty
open subsets I; of R (i = 1,...,¢) such that, for any i € {1,2} and any (¢ — 1)-
tuple (1, ..., %1, Tix1, ..., ) € Iy X -+ X Ly X Liyq X -+ X Iy, there exists x; € I;
such that P(x1,...,x2¢) = 0. Then there exist uncountably many tuples (&1,&a,...,&) €
Ty X Iy x - -+ X Iy of Liouville numbers such that P(&1,&s,...,&) = 0.

In [9], using a counting argument together with an application of Bézout’s Theorem,
E.B. Burger proved that an irrational number t is transcendental if and only if there
exist two Q-algebraically independent Liouville numbers & and n such that t = £ + .
Extending the method of [9], we prove:

Proposition 0.0.16. Let FI(X,Y) € Q[X,Y] be a nonconstant polynomial with rational
coefficients and t a real number. Assume that there is an uncountable set of pairs of
Liouville numbers (&,m) such that F(&,n) = t. Then the two following conditions are
equivalent.

(1) t is transcendental.

(1) there exist two Q-algebraically independent Liouville numbers (&,m) with F(&,n) = t.

One can easily see that: For any nonzero rational number q and any Liouville number
&, both the numbers q+& and g are Liouville numbers. Therefore, we have an uncountable
subset of Liouville numbers £ such that ¢g+¢& and g€ are Liouville numbers for each nonzero

q € Q. One can ask the following question.

Question 4. For any countable subset £ of R, can we find an uncountable subset S of L
such that t + & and t€ are Liouville numbers for allt € € and £ € S?
As a consequence of Corollary 0.0.12, we answer Question 4 affirmatively. In fact, we

prove a more general result.

Corollary 0.0.17. Let £ be a countable subset of R. Then there exists an uncountable
set of positive Liouville numbers £ having simultaneously the following properties.

(1) For any t € &, the number £ +t is a Liouville number.

(i1) For any nonzero t € £, the number &t is a Liouville number.

(iii) Let t € £, t # 0. Define inductively & = € and &, = e for n > 1. Then all

1X



numbers of the sequence (£,)n>0 are Liouville numbers.

(iv) For any rational number r # 0, the number £ is a Liouville number.

In [19], E. Maillet gave a necessary and sufficient condition for a positive Liouville
number ¢ to have a p—th root (for a given positive integer p > 1) which is also a Liouville
number: Among the convergents in the continued fraction expansion of £, infinitely many
should be p—th powers. He provided explicit examples of Liouville numbers having a p—th
root which is not a Liouville number.

Let Z be an interval of R with nonempty interior and ¢ : Z — 7 a continuous bijective
map (hence ¢ is nowhere locally constant). Let 1) : Z — Z denotes the inverse bijective
map of ¢. For n € Z, we denote by ¢" the bijective map Z — Z defined inductively as
usual: ¥ is the identity, " = " top for n > 1, and =" = 9" for n > 1. Using Corollary
0.0.12, we prove the following result which provides an uncountable set of elements £ in
7 such that the orbit {¢™(§) | n € Z} consists only of Liouville numbers in Z.

Corollary 0.0.18. Let Z be an interval of R with nonempty interior and ¢ : T — T a
continuous bijective map. Then the set of elements £ in T such that the orbit {¢"(&) |

n € Z} consists only of Liouville numbers in T is a Gs—subset of T, hence is uncountable.

2. Liouville fields and some of its properties

2.1 Definitions and main results. By the result of Erdds [11], the set of sums
€+ n (resp. &n) where £, 7 € L coincide with R (resp. R ~ {0}). Our interest is to study
the following:

Question 1. Can we find a subset S of L which is closed under addition and multiplication

and it is invariant under addition and multiplications by nonzero rational numbers?
Since QL = 0, therefore for any such S and for any £ € S, ¢ — £ and ¢£~! does not

belong to S for any ¢ € Q, and this proves that no subset S of L will satisfy Question 1.

It is therefore interesting to ask the following question.

Question 2. Can we find a subset S of L such that, the numbers & +n and £n are either
rational numbers or elements of S for all £, € S7

We introduce the notion of a Liouville set which answer Question 2 affirmatively. In
fact, these sets have a very nice algebraic structure namely, their union with the field of
rational numbers forms a subfield of R, which we call a Liouville field (which extend what
was done by E. Maillet in Chap. IIT of [19]). Before going into the detail, we first give the

definition of Liouville Set.



Definition 0.0.19 (Liouville set). A Liouwille set is a subset S of L for which there ezists
an increasing sequence (qn)n>1 of positive integers having the following property: for any

& €S, there exists a sequence (bn) of positive rational integers and there exist two

n>1
positive constants k1 and ko such that, for any sufficiently large n,

. 1
1< by < g ond [Bg) € o (1

Remark 0.0.20. In the definition of a Liouville set, it would not make a difference if
we were requesting the inequalities (1) to hold for any n > 1; it suffices to change the
constants k1 and k. Also, if the assumption (1) is satisfied for some k1, then it is also
satisfied with k1 replaced by any k) > ky. Hence there is no loss of generality to assume
k1 > 1. One could also add to (1), the condition ¢, < b,.

Definition 0.0.21 (Liouville field). A Liouville field is a field of the form Q(S), where S

1s a Liouwville set.

Remark 0.0.22. From the definitions, it follows that, for a real number &, the following

conditions are equivalent:
e & is a Liouville number.
e & belongs to some Liouuville set.
e The set {&} is a Liouville set.

e The field Q(§) is a Liouwville field.

If we agree that the empty set is a Liouville set and that Q is a Liouville field, then
any subset of a Liouville set is a Liouville set, and also (see Theorem 0.0.25) any subfield

of a Liouville field is a Liouville field.

For any integer ¢ and any real number z € R, we denote by ||gz|| = mirZ; |gx — m|, the
me

distance of gz to the nearest integer.

Definition 0.0.23. Let ¢ = (¢n)n>1 be an increasing sequence of positive integers and let

u = (up)n>1 be a sequence of positive real numbers such that u, — oo as n — co. We

x1



defined by Sy, the set of & € L for which there exist two positive constants ki and ks,

and, there exists a sequence (bn) of positive rational integers such that

n>1

1<b, <g™ and ||b,&]| <

R2Un ’
n

Denote by n the sequence u = (uy)n>1 = (1,2,3,...) with u,, = n (n > 1). For any
increasing sequence ¢ = (gn)n>1 of positive integers, we denote by S, the set S, ,,. Hence,
by definition, a Liouville set is a subset of S, for some g.

The following lemma provides a large supply of Liouville sets.

Lemma 0.0.24. For any increasing sequence q of positive integers and any sequence u

of positive real numbers which tends to infinity, the set Sy, is a Liouville set.

The sets S, have the following nice algebraic structure (compare with Theorem I3 in

[19]), namely:

Theorem 0.0.25. For any increasing sequence q of positive integers and any sequence u

of positive real numbers which tends to infinity, the set QUS,,, is a field.

We denote this field by Qg ., and by Qg for the sequence u = n. From Theorem 0.0.25,
it follows that a field is a Liouville field if and only if it is a subfield of Q, for some g.
Another consequence is that, if S is a Liouville set, then Q(S) \ Q is a Liouville set.

Note 0.0.26. [t is easily checked that if

e Up
liminf — > 0,
n—00 u;l

then Qg 15 a subfield of Qq . In particular, if

. ..U
liminf — > 0,
n—oo N

then Qg 1s a subfield of Qq, while if
. Up,
limsup — < 400
n—oo 1

then Qg s a subfield of Qg -

xii



Remark 0.0.27. Since the field Qg does not contain irrational algebraic numbers, 2 is
not a square in Q. For & € Sy, it follows that n = 26 is an element in Sy, which is
not the square of an element in Sy,,. According to [11], we can write V2 = &€ with two

Liouville numbers &, &, then the set {&1,&} is not a Liouwville set.

Remark 0.0.28. Let N be a positive integer such that N cannot be written as a sum
of two squares of an integer. Then, we show that, for o € S,,., the Liouville number
N@* € Sy is not the sum of two squares of elements in Sg@i Therefore, if we write
N = 2 +n* with two Liouville numbers ,n (which is possible by the result of Erdés [11]),
then the set {(,n} is not a Liouville set.

Remark 0.0.29. If R € Q(X4, ..., X)) is a rational fraction and if &, ..., & are elements
of a Liouville set S such that n = R(&y,...,&) is defined, then Theorem 0.0.25 implies
that n is either a rational number or a Liouville number, and in the second case S U {n}
1s a Liouville set. For instance, if, in addition, R is not constant and &,...,& are
algebraically independent over Q, then n is a Liouville number and S U {n} is a Liouville
set. For ¢ =1, this yields:

Corollary 0.0.30. Let R € Q(X) be a nonconstant rational fraction and let £ be a
Liowville number. Then R(&) is a Liouville number and {&, R(€)} is a Liouville set.

Remark 0.0.31. In [19)], E Maillet introduced the definition of Liowville numbers corre-
sponding to a given Liouville number. However this definition depends on the choice of a
given sequence q giving the rational approzimations. That is why we start with a sequence

q instead of starting with a given Liouville number.

By Theorem 0.0.25, we have an extension field Q,,, of Q. A natural question is whether
Qg.u is a proper extension of Q (for any two sequences q and u)?; or, equivalently, whether
Sg,g is a nonempty set (for any two sequences q and u)? We prove that the sets Sg,g are

either empty or else uncountable and we characterize such sets.

Theorem 0.0.32. Let g be an increasing sequence of positive integers and u = (Un)n>1
be an increasing sequence of positive real numbers such that wu, 1 > u, + 1. Then the

Liouville set Sy, is non empty if and only if

i log ¢p41
imsup ———

> 0.

Moreover, if the set Sy, is non empty, then it has the power of continuum.
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The sets S%M enjoy the following topological property:

Proposition 0.0.33. The sets Sy, are not Gs subsets of R. If they are non empty, then

they are dense in R.

2.2 Interrelations among the Liouville sets. In this section, we study some

of the relations among the Liouville sets. We first define,

Definition 0.0.34. For any two strictly increasing sequence of real numbers x and y,
their union z of x and y written as x V' y, is defined to be an increasing sequence, whose

terms belong either to x or to y.

Notation 0.0.35. For any two sequences x and y, the symbol x <y, we mean x is a

subsequence of y.

The intersection of two nonempty Liouville sets may be empty. More generally, we

show that there are uncountably many Liouville sets S, with pairwise empty intersections.

Proposition 0.0.36. For 0 < 7 < 1, define Q(T) as the sequence (qy))nzl with

Then the sets Sy, 0 < 7 <1, are nonempty (hence uncountable) and pairwise disjoint.

If ¢’ < g, one can easily see that S, C S,/. But, one may expect that S, may often

contain strictly S,. Here is an example.

Proposition 0.0.37. Define the sequences q, ¢' and q" by
G =2", ¢\h=qun=2"" and ¢ =g =2"""  (n>1),
so that ¢ = q'V ¢". Let A, be a sequence of positive integers such that

. . n
lim A\, =occ and lim — =0.
n—oo n—oo 1

Then the number



belongs to Sy but not to Sy. Moreover
S¢ =S¢ NSy

If ¢ = ¢’V ¢, then by the observation preceding to the Proposition 0.0.37, we see that
Sy € Sy NSy Proposition 0.0.36 gives an example where S, # () and Sgr # (), while Sy is
the empty set. In the example from Proposition 0.0.37, the set S, coincides with S,/ NS,

This is not always the case.

Proposition 0.0.38. There exist two increasing sequences q' and q" of positive integers

such that Sgvgr s a strict nonempty subset of Sy N Syr.

Note that, if we have a chain of integer sequences: g, =g, < =g <y then

.< .
n
correspondingly we have a decreasing chain of Liouville sets: Sgl D) Sg2 2225, D

We are interested to know whether the chain Sgl D SQQ D --- is stationary after sometime.
In general this is not true. For example, we prove that given any increasing sequence ¢
of integers, there exists a subsequence ¢’ of ¢ such that S, is a strict subset of S,,. More

generally, we prove the following:

Proposition 0.0.39. Let u = (u,)n>1 be a sequence of positive real numbers such that
Jor every n > 1, we have \/u,y1 < up +1 < upyy. Then any increasing sequence q of
positive integers has a subsequence q' for which Sy, strictly contains Sq,. In particular,
for any increasing sequence q of positive integers has a subsequence g’ for which Sg/ 18

strictly contains Sg.

3. Mahler fields and some of its properties

3.1 Introduction. We denote the set of Mahler U-numbers by U, the set of Mahler
U,,-numbers by U,,, and the set of algebraic numbers by A.

It is well known that algebraically dependent numbers belongs to the same Mahler
class. It follows that, a& € U for all £ € U and for all nonzero a € A. Naturally, one can
ask the following:

Question 1. Let & be a U-number such that & € U, for some m > 1. Is it true that
af € Uy, for all nonzero a € A?
In [2], K. Alniacik proved that, if a is a nonzero algebraic number of degree m and

¢ € Uy is a strong Liouville number, then & € U,,- Therefore, in general, it is not true
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that for a fixed m > 1, £ € U,, implies & € U,,,- By the same reasoning even the weaker
question namely, “whether af € U,,, for all nonzero v in a number field (i.e., a finite
extension of Q) K and for all ¢ € U,,?” does not hold. Therefore, one can modify the

Question 1 as follows:

Question 2. Given a number field K, can we find a proper subset Y of U such that
af €Y forall £ €Y and for all nonzero a € K7

Let K be a number field. We define subsets Sk, of U (for any increasing sequence
q = (qn)n>1 of positive integers, and for any unbounded sequence u = (u,,)n>1 of positive
real numbers), which answer Question 2 affirmatively. In fact, these subsets have a very
nice algebraic structure: namely the union K |JSk ., forms a subfield of C (see Theorem
0.0.45), which extends the results proved in [24]. We denote this field by K,., and we
call K., a Mahler field of degree m. .

Once we have a field structure on K ,, the next very beginning question is the follow-
ing:
Question 3. What are all the algebraic extensions of Ky.7

We study about algebraic extensions of the field Ky, and we prove that, numbers
which are algebraic over K, are either an algebraic number or a U-number (see Theorem
0.0.53)

For any given algebraic extension K of QQ, by Lindemann - Weierstrass theorem, we

see that, K Nexp(K*) = (). It is interesting to ask the following question.
Question 4. Is there any transcendental extension E of Q such that E Nexp(E*) = (7

We prove that there are such extensions. In fact, we prove that, ¢ ¢ K,, for all

§ € Kqu {0} once if the sequence (j;22-),>1 is unbounded, and therefore, the extensions

K, of Q answer Question 4 affirmatively (see Theorem 0.0.55).

Since K, is a subfield of C which contains K, P(§) € K, for all { € K, and for all
polynomial P € K[X]. Our interest is to study whether the similar result hold for power

series with algebraic coefficients. More generally, we study the following question.

Question 5. Let G(z) =Y .~ c,2" be a power series defined over K. What can we say
about the transcendence nature of G(§) for § € Kg,?

We prove that, under some conditions of the sequence (¢,),>1, G(£) is either an element
of K or an element of U for all { € K, (see Theorem 0.0.56).

3.2 Definitions and main results.
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Definition 0.0.40 (Height of an algebraic number). Let o be an algebraic number with
the minimal polynomial f(X) = agX™+ -+ a,, over Z, and let {a; = a, ag, ..., } be
the set of all Galois conjugates of a. Then, the absolute logarithmic Weil height h(a), of
a 15 gen by
1 m

h(a) = — <log ap + ;logmax{l, \aJ}) .
while

H(o) = H(f) = max |a;|

0<i<m

is called the usual height of a (and of the polynomial f).

For more details on heights, we refer to Chapter 3 of [30].

Definition 0.0.41 (U,,-number). Let & be a complex number and let m be a positive
integer. The number & is called a U-number of degree m or a U,,-number if there exists a

sequence (o, )n>1 of distinct algebraic numbers of degree m such that

0<|&—ay| < H(ay,)™ (2)

with w, — 00 as n — 0o, and, for some r > 1, and for all sufficiently large n, we have

H(ay) < H(aps1) < H(ag)™™. (3)

Remark 0.0.42. In general, all the «v,’s in the Definition 0.0.41 of U,,-number need not
lie in a fived number field. We are interested to study about those U-numbers for which

all the av,'s are in some fized number field K.

Throughout this section, K denote a number field of degree m, ¢ := (gn)n>1 denote
a strictly increasing sequence of positive integers, and u := (u,),>1 denote a sequence of

positive real numbers such that lim,, . u, = co.

Definition 0.0.43 (As-sequence). An Ay-sequence for an U-number £ over K with respect

to the sequences q and u is a sequence (Quw,)n>1 of distinct elements of K with same degree

t over Q, and two positive constants k1 and ko such that for sufficiently large n, we have
. 1

H(ay) <@t and 0 < |€ —ap| < ——. (4)

R2Un
n
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Notation 0.0.44. We denote by Sk 4., the set of U-numbers having an A,-sequence over
K with respect to the sequences q andig, and, for some positive integert (note thatt < m).
Let Ky = K USk gy The situation when u = n, we denote Sk g by Sk and Kg, by
Ky Also, when K = Q, we denote Sk g by Squ; these sets were first studied in [24] and

the following theorem generalizes a result obtained in [2]].

Theorem 0.0.45. For any increasing sequence q of positive integers and any sequence u

of positive real numbers which tends to infinity, the set Ky, is a subfield of C.
The fields K, are called Mahler fields of degree m.

Remark 0.0.46. Note that if a complex number § belongs to a Mahler field Ky, of degree

m, then it satisfies one of the following statements:
1. It is either an algebraic number of degree at most m, or

2. a U-number of degree at most m.

Example 0.0.47. Let K = Q(i), where i = v/—1. Then Kou = {6+in €ne (@g&}7
and hence [Kg, 1 Qqu] = [K : Q] = 2.

For any non-constant polynomial P(X) € Q[X], and any { € U, (with m > 1), is it
true that P(£) € U,,7 This result is true for m = 1; for m > 1, in general, it is not true.
For example, for each prime number p, set 7, = % + Zn21 #- Then one can easily see

1 1
that n;" is a U,,-number. Therefore, if we set £, = n;" and P(X) = X, then ¢, € U,
but P(§,) = n, € Uy, see [6, p. 91] for more details. However, we prove the following

result.

Corollary 0.0.48. Let & be a Liouville number and let K be a number field of degree m.
Then for any non-constant polynomial P(X) € K[X|, we have P(§) € U,-, U

By the result of Erdds [11] that nonzero real number can be written as a product of
two Liouville numbers, we have, for any nonzero real algebraic number «, there exists a
Liouville number ¢ such that a& € L. But, if a and £ satisfies some additional conditions,

then we prove that af € Ugeg(a)-

Corollary 0.0.49. Let m be a positive integer. Let £ € L and let o be an algebraic number

Qnp . . .
of degree m over Q. If there exists a sequence ™ of rational numbers which satisfies
n/ n>1
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Qaay,

bn

(2) and (3) such that for some rk > 0, H(
a € Uy,

) > ay. for all sufficiently large n, then

In [16], LeVeque proved that the sets U,, are nonempty for each positive integer m.

The following example gives another proof of this fact.

Example 0.0.50. Let o be an mth root of 2 and let £ =1+ 520 L. Then, af € Uy,

n=1 3n!

Remark 0.0.51. By the technique employed in the proof of Theorem 0.0.45, we observe
that, for any U-number £ of degree m and for any nonzero algebraic number o of degree

n over Q, the U-number o has degree at most mn, that is, o§ € | J;", Uy

Remark 0.0.52. By Theorem 2 in [2]], the set Sy, is not empty if and only if limsup,, , .,

% > 0. Moreover, if the set Sq, # 0, then it has the power of continuum. Since
Sgu C Sk gu, we see that Sk, has the power of continuum, if imsup,,_, zglg—’;;; > 0.

It follows that, if an algebraic number o of degree m over Q together with an element

§ € Sy satisfies Corollary 0.0.49 then Sk gy () Unm # 0, where K = Q(a).

By Theorem 0.0.45, K, is a field. Our next interest is going to study about algebraic
extensions of K, Since algebraic extensions of K, are separable, all the finite extensions
of K,, are simple extensions. Thus, any finite extensions of K, is of the form K, ,(n)
for some complex number 7 which is algebraic over K, ,- We prox;e that such an 7 is either

an algebraic number or a U-number. More precisely, we prove the following:

Theorem 0.0.53. A complex number n is algebraic over a Mahler field K,,, of degree m
if and only if it is either

(i) an algebraic number, or

(ii) a U-number for which there exists a sequence (5;);>1 of complex numbers which are
algebraic of same degree over K with minimal polynomial P;(X) € K[X] which con-
verges coefficient-wise to a polynomial P(X) € Kgﬁy[X] such that for all sufficiently
large 1,

1
n— Bi| < W’

with 1lim;_,. w; = 00.
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Remark 0.0.54. By Theorem 0.0.53, the algebraic closure of a Mahler field Ky, is a
subset of A U U.

Regarding Question 4, we prove the following:

Theorem 0.0.55. Let K, be a Mahler field. Suppose that the sequences ¢ = (qn)n>1 and
u = (Up)n>1 Satisfying the property that, the sequence v = (v,)n>1 defined by v, = k:;ﬁ,
is unbounded. Then for all & € Ky, we have e ¢ Ky, As a consequence, Kgy N
exp(KqX&) = (.

Let K be a number field of degree m and let ¢ = (¢,)n>1 be a sequence of non-zero
elements of K such that H(c,) < ¢," for some real number £ with 0 < k < 1. Let
Glz)=> ", (%) 2" be a power series over K. In [13], G. Karadeniz Gozeri studied
the transcendence of the values of G(z) for Liouville numbers. We study about the
transcendence of the values of the power series G(z) for § € Sk 4, The following theorem

generalize the Theorem 5 in [13].

Theorem 0.0.56. Let K, be a Mahler field of degree m. Suppose that the sequences q,u

and c satisfies the following conditions:

log gy,
(i) lim inf —2 2+

n—oo Og Qn

=A>1,

- log gn+1
1) limsup ——— = oo,
(i) n—oo 108 ¢y

log gn
(iii) lim —2 =

n—oo n

(iv) For all sufficiently large n, H(c,) < ¢ for some real number k with 0 < k < 1.

Then, for all § € Sk g, either G(§) € K or G(§) € U2, Uy

4. Schanuel’s conjecture and U-numbers

4.1 Preliminaries

Definition 0.0.57 (Transcendence degree). For any subfield L of C, the transcendence
degree of L (over Q) is defined to be the cardinality of a mazimal algebraically independent
subset of L. We denote the transcendence degree of the field L by trdegglL.

The famous Schanuel’s conjeture states the following:
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Conjecture (Schanuel’s Conjecture). Given Q-linearly independent complex numbers

X1,..., Ty, the transcendence degree over Q of the field

Q(z1, ..., xy, €%, ... ™) (5)

1s at least n.

One may ask whether the transcendence degree is at least n + 1 when the following
additional assumption is made: For each i = 1,...,n, one at least of the two numbers z;,
e is a U-number. We first proceed the case where: for each ¢ = 1,...,n, one at least of
the two numbers z;, e¥ is a Liouville number.

We show that for each pair of integers (n, m) with n > m > 1, there exist uncountably
many tuples &1, ..., &, consisting of Q-linearly independent real numbers, such that the
numbers &1, ..., &,, €5, ..., es are all Liouville numbers, and the transcendence degree
of the field (5) is n +m. For a survey on algebraic independence results related with

Liouville numbers we refer to [29].

4.2 Main results

Theorem 0.0.58. Letn > 1 and 1 < m < n be giwven integers. Then there exist
uncountably many n-tuples (o, . .., a,) € L™ such that o, . . ., o, are linearly independent
over Q, e € L forallt=1,2,...,n and

trdeggQ(au, ..., apn, €™, ... %) =n+m,

Remark 0.0.59. Theorem 0.0.58, is tight when n = 1: The result does not hold for
m = 0. Indeed, since the set of o in L such that o and e* are algebraically dependent over

Q is countable, one cannot get uncountably many o € L such that trdegyQ(a, e*) = 1.

By an application of Theorem 0.0.58, we have the following analogous result for U-

numbers:

Theorem 0.0.60. Let n > 1 and 1 < m < n be gwen integers. Then there exist
uncountably many n-tuples (o, ..., o) of U-numbers of degree > 1 such that e* € U\U;
forallt=1,2,...,n and

aj «

trdeggQ(au, ..., an, €™, ..., ") =n+m.






Chapter 1

Some Consequences of Baire’s

Theorem to Liouville Numbers

1.1 Introduction

A complex number « is said to be an algebraic number if there exists a nonzero poly-
nomial P(X) € Z[X] such that P(a) = 0. We denote the set of algebraic numbers by A.
The rational numbers are clearly algebraic numbers (for example, every rational number
a/bis a root of the polynomial bX —a over Z). There are algebraic irrational numbers (for
example, \/§) This set A contains some complex numbers which are not real numbers
(for example, the roots of the polynomial equation X? + 1 = 0). A complex number that
is not algebraic is called a transcendental number.

By definition, every algebraic number is a complex number. A natural question is
whether every complex number is an algebraic number?. This question was left open until
1844, and the first proof of the existence of transcendental number was given by J. Liouville
in 1844. He observed that real algebraic numbers cannot be too “well approximated by
rational numbers” in the following sense.

Theorem 1.1.1 (Liouville, [17]). For any real algebraic number « of degree n > 1, there
eist a positive constant C = C(a) such that the inequality |a — ¢| > & holds for all

rational numbers %

Using this result, Liouville was able to exhibit an explicit example of transcendental
numbers. Indeed, by the above theorem, if £ is a real number such that for each positive

integer n, there exists a rational number a,, /b, (b, > 2) with



2 §1.1. Introduction

1
—; 1.1
<3 (11)

an
bn

then £ is a transcendental number. Any such number £ is commonly called, a Liouwville

0<’§—

number. More precisely:

Definition 1.1.2. A Liouville number is a real number & such that, for each positive
integer m, there exists a rational number p,/q, with g, > 2 and
Pn

0<‘ - —
Gn

1
< (1.2)

For example, Liouville himself showed that for any positive integer a > 2, the number
S>> a™™ is a Liouville number, and hence a transcendental number. The set of all
Liouville numbers are denoted by L. This set L is an uncountable, dense subset of R

having Lebesgue measure 0, and
1 1
L:ﬂUn with Un:UU <13__n’ £+_n)\{1_9}_
n>1 q>2 pe’ q q q q q

Each U, is dense, since each p/q € Q belongs to the closure of U,,. Hence L is a countable

intersection of dense open subsets of R.

Definition 1.1.3. A Gs—subset of a topological space X is defined to be the countable

intersection of dense open subsets of X.

Thus, L is a Gs—subset of R. The classic theorem of R. L. Baire about Gs—subsets in

a complete or locally compact space X states the following:

Theorem (Baire’s Theorem). In a complete or locally compact space X, any Gs-subset

18 dense.

A Gs—subset is also defined as a set whose complement is meager. In our case, this

complement L€ is the set of non—Liouville numbers

L= {x € R | there exists k > 0 such that

1
> — for all EEQ with qZQ}a
q° q

l’_—
q

:
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which has full Lebesgue measure.

In [11], P. Erd6s proved that every real number t can be written ast = & +n for some
Liouwille numbers & and n. He gave two proofs of this result. The first one is elementary
and constructive: he splits the binary expansion of ¢ into two parts, giving rise to binary
expansions of two real numbers ¢ and 7, whose sum is ¢. The splitting is done in such a
way that both binary expansions of £ and 7 have long sequences of 0’s. The second proof
is not constructive, as it relies on Baire’s Theorem. In the same paper, P. Erdos gives
also in the same way two proofs, a constructive one and another depending on Baire’s
Theorem, that every non-zero real number t can be written as t = &n, where & and n
are in L. From each of these proofs, it follows that there exist uncountably many such
representations t = £ + 1 (resp. t = &n) for a given . Many authors extended this result
in various ways: G.J. Rieger in [21], W. Schwarz in [23], K. Alniagik in [3], K. Alniagik
and E. Saias in [4], E.B. Burger in [8, 9]. In [8], Burger extended Erdés’s result to a very
large class of functions, including f(x,y) = = + y and g(x,y) = xy. Here we use Baire’s
theorem and deduce many consequences related with Liouville numbers.

In Section 1.2, we generalize the main result in [4]. In the same section, we prove that
Gs—subsets of complete metric spaces without isolated points are uncountable. In Section
1.3, we prove that nowhere locally constant continuous functions takes uncountably many
Liouville numbers to Liouville numbers. In Section 1.4, we generalize some of the result
obtained in [8]. In Section 1.4, we also study about zeros (whose co-ordinates are all
Liouville numbers) of polynomials in more variables. In Section 1.5, we prove that for
any countable subset £ of R, there exists an uncountable subset S of L such that t +& and
t& are Liouville numbers for allt € £ and £ € S.

Most results in this chapter are not specific to Liouville numbers. They hold with any
Gs—subset of R instead of L. We pay attention to use the fact that L is a Gs—subset of R
rather than other Diophantine properties of L.

1.2 Nowhere locally constant functions and G;—subsets

Throughout this chapter, Z will denote an interval of R with nonempty interior.

Definition 1.2.1. A function f : Z — R is nowhere locally constant if, for every

nonempty open interval J contained in L, the restriction to J of f is not constant.




4 §1.2. Nowhere locally constant functions and Gs—subsets

The main result of [4], which extends the earlier results of [21] and [23], deals with

Gs—subsets, and reads as follows:

Proposition 1.2.2 (Alniagik—Saias). Let G be a Gs—subset of R, and (f,)n>0 a sequence

of functions from I to R, which are continuous and nowhere locally constant. Then

) £1(G)

n>0

1s a Gs—subset of L.

As pointed out by the authors of [4], the proofs of several papers on this topic just
reproduce the proof of Baire’s Theorem. Here we use Baire’s Theorem and deduce a
number of consequences related with Liouville numbers in subsequent sections.

The following theorem generalizes Proposition 1.2.2.

Theorem 1.2.3. Let X be a complete, locally connected topological space, J an interval
in R and N a countable set. For each n € N, let G, be a Gs—subset of J and let

fn: X = T be a continuous function which is nowhere locally constant. Then

() £1(Gw)

neN

18 a Gg—subset of X.

Taking X = R, J = R, and f,, is the identity function for each n, we recover Baire’s
Theorem for R.

Proof. Since N is at most countable, it is enough to prove for any n € N that f 1(G,)
is a Gs—subset of X.

Since f, is continuous, f, (G, ) is a countable intersection of open sets in X. To prove
it is a Gs—subset of X, we need to prove that f, (G, ) is dense in X. Let V be a connected
open subset of X. Since f,, is continuous, f,,(V') is a connected subset of 7. Since f, is
nowhere locally constant, f,(V') consists of at least two elements. Therefore, there exists
an interval (a,b) C J with non-empty interior such that (a,b) C f,(V). Since G, is a
dense subset of 7, (a,b) NG,, # () and hence V N f, 1(G,,) # 0, which completes the proof
of Theorem 1.2.3. O
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1.2.1 (Gs—subsets are uncountable

In this section, we prove that GGs—subsets of complete metric spaces without isolated points

are uncountable.

Lemma 1.2.4. Let X be a (nonempty) complete metric space without isolated point and
let E be a Gs—subset of X. Let F' be a countable subset of E. Then E '\ F is a Gs—subset
of X.

Proof. We have
E\F=()E\{y}

yeFlr

where each E \ {y} is a Gs—subset of X (since X has no isolated point). O

Theorem 1.2.5. Let X be a (nonempty) complete metric space without isolated point and
let E be a Gs—subset of X. Then E is uncountable.

Proof. 1If E were countable then by Lemma 1.2.4, E'\ E is a Gs—subset of X, which is
absurd. O

Note 1.2.6. The Lemma 1.2.4 and the Theorem 1.2.5 were quoted in []].

1.3 Liouville numbers and nowhere locally constant

functions

Since the set of Liouville numbers is a Gsg—subset in R, a direct consequence of Proposi-

tion 1.2.2 and Theorem 1.2.5 is the following:

Theorem 1.3.1. Let (f,,)n>1 be a sequence of functions from I to R, which are continuous
and nowhere locally constant. Then there exists an uncountable subset E& of T N L such
that f,(&) is a Liouville number for alln > 1 and all £ € E.

We deduce some consequences of Theorem 1.3.1. We first consider the special case,

where all the f/s are the same.

Corollary 1.3.2. Let ¢ : T — R be a continuous map which is nowhere locally constant.
Then there exists an uncountable set of Liouville numbers & € I such that p(§) is a

Liouville number.
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1(1) 'Simple examples of consequences of Corollary 1.3.2 are obtain with Z = (0, +00)
and either p(z) =t — x, for t € R, or else with ¢(z) = t/x, for t € R*, which yield
Erd6s above mentioned result on the decomposition of any real number (resp. any

nonzero real number) ¢ as a sum (resp. a product) of two Liouville numbers.

1(2) We deduce also from Corollary 1.3.2 that any positive real number ¢ is the sum of

two squares of Liouville numbers. This follows by applying Corollary 1.3.2 with
T=(0,vt) and ¢(z)=Vt— 22

1(3) Similar examples can be obtain from Corollary 1.3.2 involving transcendental func-
tions: for instance, any real number can be written e 47 for some Liouville numbers
¢ and 7; any positive real number can be written e® +¢e” for some Liouville numbers

¢ and 7.

Let Z be an interval of R with nonempty interior and ¢ : Z — Z be a continuous
bijective map (hence ¢ is nowhere locally constant). Let ¢ : Z — Z denote the inverse
bijective map of ¢. For n € Z, we denote by ¢" the bijective map Z — Z defined
inductively as usual: ¢° is the identity, ¢" = " top forn > 1, and " = " for n > 1.
Then by Theorem 1.3.1 we have the following;:

Corollary 1.3.3. Let Z be an interval of R with nonempty interior and ¢ : T — T
be a continuous bijective map. Then the set of elements & in I, such that the orbit
{¢"(&) | n€ Z} consists only of Liouville numbers in L, is a Gs—subset of T (and hence

uncountable).

Proof. This follows by taking X =Z, N =7, G, =LNZT and f, = ¢" for each n € Z in
Theorem 1.2.3. ]

1.4 Liouville numbers and polynomials

1(4) Let n > 2 be an integer and let P € R[Xy, Xy,...,X,]. Under what conditions
on P which ensure the existence of uncountably many n-tuples (&1,&s, ..., &) with

&1y ..., & are Liouville numbers such that P(&1,&,...,&,) = 07 In this section we

!Throughout this thesis the notation m(n), where m and n are positive integers, refers Remark n in
Chapter m.
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give some affirmative answer to this question. First we consider the case where

n = 2.

Theorem 1.4.1. Let P(X,Y) =Y, fi(Y) X" be a polynomial in € R[X,Y], where A is a
finite index set whose cardinality is at least two. Assume that the polynomials f;(Y) (i € A)
are relatively prime in R[Y]. Suppose that there exists a point (xo,1y0) € R? such that
P(xo,y0) = 0 and (0/0Y")P(xg,yo) is different from 0. Then there exist uncountably many
pairs (§,m) of Liouville numbers such that P(§,n) = 0.

Proof. We use the implicit function Theorem. By implicit function theorem, there exist
neighborhoods U of xg, V of yy and a unique function ¢ : U — V such that ¢(zq) = vo
and

P(z,¢(x)) =0 for all z € U. (1.3)

First we shall show that ¢ is nowhere locally constant on U. Suppose not, then there exists
an open interval Z contained in U such that the restriction of ¢ to Z is constant, say, c.
But by (1.3), P(xz,c¢) = 0 for all x € Z. And therefore, P(x,c) is the zero polynomial.
Hence, ¢ is a root of the polynomials f;(Y) (i € A). This contradicts the fact that the
polynomials f;(Y) (i € A) are relatively prime. Hence ¢ is nowhere locally constant on
U. And therefore, Theorem 1.4.1 now follows from Corollary 1.3.2. O]

1(5) Erdés’s result on t = £ 4+ n for t € R follows from Theorem 1.4.1 with P(X,Y) =
X +Y —t, while his result on ¢t = £n for t € R* follows with P(X,Y) = XY —¢.

1(6) Also, the above mentioned fact (6) that any positive real number ¢ is the sum of two
squares of Liouville numbers follows by applying Theorem 1.4.1 to the polynomial
X24Y?—t.

1(7) One could also deduce, under the hypotheses of Theorem 1.4.1, the existence of one
pair of Liouville numbers (§,n) with P(£,n) = 0 by applying Theorem 1 of [8] with
f(z,y) = P(x,y) and « = 0. The proof we gave produces an uncountable set of

solutions.

We extend Theorem 1.4.1 to more than 2 variables:

Corollary 1.4.2. Let { > 2 and let P(X1,...,X;) = > .cp fi X, ..., X)X be a poly-

nomial in R[ X7, ..., Xy, where A is a finite index set of cardinality at least two. Assume
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that there exist Liouville numbers &, ..., &, such that the polynomials f;(X2, &, ..., &)
i € A are relatively prime in R[X5]. Suppose that there exists a point (xg,yo) € R? with
P(xo,y0,&5,...,&) =0 and (0/0X2) P(xo, Y0, &, - - -, &) is different from 0. Then there ex-
ist uncountably many (-tuples (&1, .. ., &) of Liouville numbers such that P(&,...,&) = 0.

Proof. When ¢ = 2, this is Theorem 1.4.1. For ¢ > 3, apply Theorem 1.4.1 to the
polynomial P(Xy, X»,&5,...,&) € R[X1, Xy O

1(8) In [9], using a counting argument together with an application of Bézout’s Theorem,
E.B. Burger proved that an irrational number t is transcendental if and only if there

exist two Q—algebraically independent Liouville numbers & and n such thatt = £+n.

Extending the method of [9], we prove the following:

Theorem 1.4.3. Let F(X,Y) € Q[X,Y] be a non-constant polynomial with rational
coefficients and t be a real number. Assume that there is an uncountable set of pairs
of Liouville numbers (§,n) such that F(&,n) = t. Then the two following conditions
are equivalent.

(a) t is transcendental.

(b) there exist two Q-algebraically independent Liouville numbers (§,n) so that F(&,n) = t.

Proof. Assume t is algebraic. Therefore there exists P(X) € Q[X]\ {0} such that P(t)
0. For any pair of Liouville numbers (&, ) such that F(§,n) = t, we have P(F(§,n)) = 0.
Since Po F € Q[X,Y]\ {0}, we deduce that the numbers ¢ and 7 are algebraically
dependent.

Conversely, assume that for any pair of Liouville numbers (£, n) such that F'({,n) = t,
the numbers £ and 7 are algebraically dependent. Since Q[X,Y] is countable and since
there is an uncountable set of such pairs of Liouville numbers (£, n), there exists a nonzero
polynomial A € Q[X, Y] such that A(X,Y) and F(X,Y)—t have infinitely many common
zeros (£,1). We use Bézout’s Theorem. We decompose A(X,Y) into irreducible factors
in Q[X,Y], where Q is the algebraic closure of Q. One of these factors, say B(X,Y),
divides F(X,Y) —t in Q(¢)[X, Y], where Q(t) denotes the algebraic closure of Q(t).
Assume now that t is transcendental. Write FI(X,Y) —t = B(X,Y)C(X,Y) where

C € Q(t)[X,Y]. The coefficient of a monomial X*Y7 in C' is

(aggyJ (ngXYg t) (0,0),
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hence C' € Q[t, X, Y] and C has degree 1 in t, say C(X,Y) = D(X,Y) +tE(X,Y), with
D and E in Q[t, X,Y]. Therefore B(X,Y)E(X,Y) = —1, contradicting the fact that
B(X,Y) is irreducible. O

1.5 Liouville numbers and countable subsets of R

1(9) One can easily see that, for any nonzero rational number ¢ and any Liouville number
&, both the numbers g + ¢ and ¢€ are Liouville numbers. Therefore, we have an
uncountable set of Liouville numbers ¢ such that g+ £ and ¢€ are Liouville numbers
for each nonzero ¢ € Q. One can ask that: for any countable subset £ of R, can we
find an uncountable subset S of L such that t + & and t& are Liouville numbers for
allt € £ and £ € S? As a consequence of Theorem 1.3.1, we answer this Question

affirmatively. In fact, we prove more general result. More precisely:

Theorem 1.5.1. Let £ be a countable subset of R. Then there exists an uncountable set
of positive Liouville numbers & having simultaneously the following properties.

(1) For any t € &, the number £ +t is a Liouville number.

(1i) For any nonzero t € £, the number £t is a Liouville number.

(iii) Let t € £, t # 0. Define inductively & = & and &, = %=1 forn > 1. Then all terms
of the sequence (&,)n>0 are Liouville numbers.

(iv) For any rational number r # 0, the number £ is a Liouville number.

Proof. Each of the four following sets of continuous real maps defined on Z = (0, 4+00) is
countable, hence their union is countable.

The first set consists of the maps x — =+t for t € £.

The second set consists of the maps x — xt for t € £, t # 0.

The third set consists of the maps ¢, defined inductively by ¢o(z) = z, p,(z) = el¥n-1()
(n>1).

The fourth set consists of the maps ,.(z) = 2" for any rational number r # 0.

We enumerate the elements of the union and we apply Theorem 1.3.1. ]
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Chapter 2

Liouville Sets and Liouville Fields

2.1 Introduction

We introduce the notions of a Liouville set and of a Liouville field. They extend what
was done by E. Maillet in Chap. III of [19]. In Section 2.3 (respectively in 2.4), we give
an uncountable family of Liouville sets (respectively, Liouville fields). In Section 2.5, we
prove that Liouville sets are either empty or uncountable, and we characterize all such
sets. We also study Liouville sets corresponding to subsequence and to the union of two
sequences.

Throughout this thesis, an admissible pair of sequences (or simply an admissible
pair), we mean a pair (q, u) of sequences ¢ and u, where g := (¢,)n>1 is a strictly increasing
sequence of positive integers and u := (u,),>1 is an increasing sequence of positive real
numbers such that lim,,_,., v, = co. For any integer ¢ and any real number x, we denote

by |lgz|| = min,,ez |gr — m/|, the distance of gx to the nearest integer.

2.2 Liouville sets and Liouville fields

The Liouville sets generalize the notion of a Liouville number.

Definition 2.2.1. A Liouville set is a subset S of L for which there exists an increasing
sequence (qn)n>1 of positive integers having the following property: for any & € S, there

exists a sequence (bn) of positive rational integers and there exist two positive constants

n>1
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k1 = K1(§) and ke = Ka(&) such that, for any sufficiently large n,

2(1)

2(2)

by < ' and [[bpg]| <

- (2.1)
From Definition 2.2.1, it follows that an irrational number & is a Liouville number
if and only if the set {£} is a Liouville set.

In the definition of Liouville sets, it would not make a difference if we were requesting
the inequalities (2.1) to hold for any n > 1; it suffices to change the constants 4
and ky. Also, if the assumption (2.1) is satisfied for some k1, then it is also satisfied
with x; replaced by any k) > k. Hence there is no loss of generality to assume

K1 > 1.
One could also add to (2.1), the condition ¢, < b,. Indeed, if, for some n, b, < ¢y,

po= |2y
= i

so that ¢, < b, < g, + b, < 2q,. (Here [z] denotes the smallest integer not less
than z.)

then we set

Denote by a,, the nearest integer to b,£ and set a/, = {g—"—‘ a,. Then, for k), < kg

and, for sufficiently large n,

dn

™" T (gn)en

dn
Hence condition (2.1) can be replaced by

Gn < by < gt and [|byg]| <

(2.2)

Kom
n

In [19], E Maillet introduces the definition of Liouville numbers corresponding to a
given Liouville number. However this definition depends on the choice of a given
sequence ¢ giving the rational approximations. That is why we start with a sequence

q instead of starting with a given Liouville number.

Example 2.2.2. The set S = {¢| &= a™™ for some integer a > 2} is a Liou-

ville set.
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To prove S is a Liouville set, by definition, we have to find a strictly increasing sequence
(gn)n>1 of positive integers such that: for each element & € S there exists a sequence
(b">n>1 of positive integers and there exist two positive constants x; and ks (depends

only on ) such that, for any sufficiently large n,

1

Kam
n

by < gyt and [[b€]| <

(2.3)

How to find all these recipes? For, first let £ € S. Then £ = > ™™ for some integer
a > 2. For each integer n > 1, let b, = a™tV'. Then, for n > 1, we have b, = a, +
with a, = >" @™ and r, = D sy @

Clearly a, is an integer, and

r, = Z ™ < q~ (D (n+1)! (1 +a 4 a2 4. ) < 9—n(n!)
m>n+2

Thus ||b,£]|| = 7. This discussion shows that:
(i) we can take (¢,),>1 to be the sequence, where g, = 2™ for each n > 1,

(ii) and for each & = Y77 a™™ € S, one can take (b”)n>1 to be the sequence where

b, = a™ for each n > 1, and
(iii) k1 = k1(a) to be a real number such that a < 2% and Ky = 1.
Thus we have proved that S is a Liouville set.

Definition 2.2.3. A Liouville field is a field of the form Q(S), where S is a Liouville set.

2(5) Note that an irrational number £ is a Liouville number if and only if the field Q(§)
1s a Liouwville field. 1f we agree that the empty set is a Liouville set and that Q is
a Liouville field, then any subset of a Liouville set is a Liouville set, and also (see
Theorem 2.4.1) any subfield of a Liouville field is a Liouville field.

2(6) Let S be the Liouvile set in Example 2.2.2. By Theorem 2 of Adams [1], the set
{¢| &= p~™ for some prime number p} is algebraically independent (see
Chapter 4) over Q. Therefore, the transcendence degree (see Chapter 4) of the
Liouville field Q(S) over Q is infinite.
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2.3 The family of Liouville sets (Syu)q.u

Definition 2.3.1. Let (g, u) be an admissible pair. Then Squ denote the set of Liouville
numbers & for which there exist two positive constants k1 = k1(§) and ke = K2(§) and

there exists a sequence (b”)n>1 of positive rational integers with

bn < qpt and [|bpél| < —

n

2(7) We denote by n the sequence u = (up)n>1 with u, = n (n > 1). For any strictly
increasing sequence ¢ = (¢,)n>1 of positive integers, we denote the set Sqn by Sg¢-

Thus, a subset S of L is a Liouville set if and only if it is a subset of S, for some q.

Lemma 2.3.2. For all admissible pair (g, g) of sequences q and u, the set Sy, is a

Liouville set.

Proof. Let (¢,u) be an admissible. To prove S, is a Liouville set, we shall show that S,
is a subset of Sy for some ¢’ (and hence S, ,, is a Liouville set by Remark 2(7)). For that,
we define inductively a sequence of positive integers (m,,),>1 as follows. Let m; be the
least integer m > 1 such that w,, > 1. Once mq,...,m,_; are known, define m,, to be
the least integer m > m,_, for which u,, > n. Consider the subsequence g’ of q defined

by @, = ¢m,,- Then S, C Sy, hence S, is a Liouville set. L

Example 2.3.3. Let u = (uy)n>1 be a sequence of positive real numbers with uy > 1 and
Ups1 > Uy + 1 for each n > 1. Define a function f: N — Ry by f(1) =1 and

f(n) =ugug -+ uy_q (n>2),

so that f(n+1)/f(n) = u, forn > 1. We define the sequence ¢ = (gn)n>1 by g, = [27™].

Then, for any real number t > 1, the number

1
= 2 7o)

n>1

belongs to Syu- The set {§ | t > 1} has the power of continuum, since &, < &, for
t1 >ty > 1.
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m 1

n=1[¢f(m)]" Since u,, > m for each

Proof. For each positive integer m > 1, write P = >

m, and since |z|* < [2*] for positive real numbers x and k, we have

b,

IN

Ltf(l)j Ltf(m‘l)J Ltf(m)j < Ltf(m_l)Jm_ﬂtf(m)j
< DI | | | < | mea =) | g Fm) | — )2,

Choose a positive real number x = x(t) > 0 such that ¢ < 2%. Let M be a positive
integer such that xf(M) > 2. Then by the use of the inequality |z]< |x|?, which holds

for x > 2, we have
b, < Ltf(m)J2 < $2f(m) < 92xf(m) < L2f(m)J4ff (2'4)
holds for all sufficiently large m > M.

Once again the use of the inequality |« |* < |2%], which holds for positive real numbers

x and k, we have
[t/ D | > ) |um

for each m > 1. We therefore have,

1 1
(o] T[]
SRR D
S o] T e e

< 1 ] 1 1
< W +¥+t—2+--'

< W (1—1/t)""

am
£t_b_

m

Now choose a positive integer x' = £'(t) such that

1
Ltf(m)J Um,

-1 1

Finally, let ¢ = ¢(t) > 0 be a real number such that ¢ > 2°. We then have

1 1

A,
S el [ = ToFm) [erfun

b

& — (2.5)
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since [2¢70™) | > [2/(™ ]¢ By (2.4) and (2.5), we have & = Y- - W belongs to Sy [

2.4 The family of Liouville fields (Qy4)q.u

2.4.1 The fields Q,,

Let (¢,u) be an admissible pair. We denote the union QJ S, by Q. (respectively by
Qg when u = n). The set Qg.« has the following property (compare with Theorem I3 in

[19]), namely:

Theorem 2.4.1. For all admissible pair (q,u), the set Qg is a field.

2(8) From Theorem 2.4.1, it follows that a field is a Liouville field if and only if it is a
subfield of Q, for some g. Another consequence is that, if S is a Liouville set, then
Q(S) \ Q is a Liouville set.

2(9) Let R € Q(Xy,...,X,) be a rational fraction and let &,...,& be elements of a
Liouville set S such that n = R(y,...,&) is defined. Then by Theorem 2.4.1, n
is either a rational number or a Liouville number, and in the second case S U {n}
is a Liouville set. For instance, if, in addition, R is not constant and &;,...,&, are
algebraically independent over Q, then 7 is a Liouville number and S U {n} is a
Liouville set. For ¢ = 1, this yields the following:

Corollary 2.4.2. Let R € Q(X) be a nonconstant rational fraction and let & be a Liouville
number. Then R(§) is a Liouville number and {&, R(§)} is a Liouville set.

2(10) As a consequence of Corollary 2.4.2, if S is a Liouville set then for any ¢ € S, the
set SU{1/¢} is a Liouville set.

2.4.2 Proof of Theorem 2.4.1

We first prove the following:

Lemma 2.4.3. Let (q,u) be an admissible pair. Then for any element £ € Squ, we have
1/¢ € S
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Proof. By definition, there exists a sequence of positive integers (b,),>1 and two positive

real numbers £ = k(£) and ' = £'(£) such that

1

Hun
n

bn < gy and 0 <|[[bpg] <

For each n > 1, write ||b,&|| = |b,§ — a,| with a, € Z. Since £ € Q, we have b,§ ¢ Q

for all large values of n; in particular, for sufficiently large n, a, # 0. Clearly we have

=<+ 3 < by, for sufficiently large n. And hence
0] <12 < 2" (2.6)
Write % — Z—: = 5a (—=b,€ + a,) . Since the sequence (gn),>1 is strictly increasing,

|€7Y < gy for sufficiently large n. Finally,

lan&™" = by| < [E7M [ba — an] < ——— (2.7)

ﬁun—l

By (2.6) and (2.7), one can easily see that 1/§ € S . O

Proof of Theorem 2.4.1. To prove Qg is a field, by Lemma 2.4.3, it suffices to show
that for § and ¢ in Qg ., both £ —¢" and £& belongs to Q- Let {7 = ¢ — ¢ and £* = £
We require to prove that both £ and £* belongs to Qg

If both ¢ and &' are rational numbers, then the result follows. Assume that at least
one of £ and ¢, say, € is an element of S, ,- Then there are two positive real numbers
k1 and ko depends only on &, and there are sequences of rational integers (an)n>1 and
(bn>n>1 such that

1<b,<g¢q' and O<‘bn§—an‘<

= Tkoun
="

(2.8)

Now ¢’ has two possibilities: either £’ is a rational number, or an element of S, -

The case where ¢’ is a rational number. Let ' =  with r and s € Z, s > 0. We

shall show that £+ and £* belongs to S¢u' The idea is to prove that £T is approximated
by (sa, — by,)/b,, and & is approximated by ra,,/sb,,
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For each n > 1, write

+ ok
b, = b = sby,
+ _
a,; = sa, — rby,
*
a, =ra,

Let ¢ be a positive real number such that max{|r|,|s|} < ¢¢ for sufficiently large n. Then,

clearly we have, 1 < b7 < ¢ *¢and 1 < b < ¢#7¢ holds for sufficiently large n. Moreover,

0 < [bfe™ —af| =5 |baé —an| <

K2Un,
n

0< |bh&" —ay,

= ’7“’ }bng - an’ <

Kou
gn~"

This shows that £+ and £* belongs to Seu’

The case where ¢’ is an element of Sgu+ There are constants k3, k4 depends on &,
and there are sequences of rational integers (cn)n>1 and (dn)n>1 such that
K ! 1
1<d, <q® and 0<|d& —c,| < - (2.9)
Gn
If £t and & are rational numbers, then there is nothing to prove. Assume that they
are irrational numbers. With this assumption we shall show that, {* and £* € S, - The
idea is to show that: £ is approximated by (a,d, — ¢,b,)/b,d, and £* is approximated
by ancn/bnd,.

Let k5 = max{ki, k3} and kg = min{ks, k4 }. For each n > 1, set

+ _px

bt = b = byd,,
+

Cln - andn - bncna
*

(ln = ApCp.

We then have,
1<bf <g2 and 1 < b < g2, (2.10)
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and

bn€+ - a: - dn(bnf - an) - bn(dnfl - Cn)7
b;kzg* - (1,2 = bng(dngl - Cn) + Cn(bnf - an)-

By (2.8) and (2.9), we have

2qr°

K6Un
n

‘b:f“_ - a;ﬂ < dn| [0n€ — an| + [ba] [dné" — cn <

(2.11)

This inequality together with (2.10) shows that {* € S, -
Finally we prove that £* € S, ,,- Note that, since £’ is the limit of the sequence (2—:)n21,

for sufficiently large n, |§=| < |¢] +1 < [d,|. We then have [c,| < |d}| < ¢7. From this
inequality, we have
|b:;£* - a;kz| = |bn£(dn§/ - cn) + Cn(bné - an)l
1 1
< [ba] €] P [Cnl e
1 2K5
< (I¢] ";Gu)qn . (2.12)
qn "

By (2.10) and (2.12), one can easily see that {* € S,,- This completes the proof of
Theorem 2.4.1.

2.4.3 Integers which are not sum of squares of elements of Q,,

Let N be a positive integer which is not a square of an integer. Let (g, u) be an admis-
sible pair of sequences ¢ and u. Since the field Qg, does not contain irrational algebraic
numbers, N is not a square in Q,,- For a given £ € S, it follows that n = N&? is an
element in S,, which is not the gquare of an element in S¢u According to [11], we can
write VN = & & with two Liouville numbers &1, &, then the set {&, &} is not a Liouville

set.

Theorem 2.4.4. Let N be a positive integer such that N cannot be written as a sum of
two squares of integers. Let (q,u) be an admissible pair of sequences q and u. Then for
all 9 € Sq, the Liouville number N ¢* € Sy, is not the sum of two squares of elements in

Sgu' In particular, N cannot be written as a sum of two squares of elements of Sy
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Proof. Let N be a positive integer such that N cannot be written as a sum of two squares
of integers. We shall show that for each element ¢ € S, ,, the Liouville number No* € S,
is not the sum of two squares of elements in S, - Dividing by 0%, we reduce to show that
the equation N = &2 4 (£')? has no solution (&,&') in Sy, X Syu- For otherwise, we would

have, for suitable positive constants k1 and ko depends on £ and £ such that

ay, 1 .
‘f—a Swa 1<b, < g,
al 1
/ n / K1
f - E S qg2un+1’ 1 S bn S qn .
Honee | ol (@) 2]+ 1
2 an 1\ 2 an
_n d < .
€ b% - qTf?un-&-l an ‘(§> (b%)2 — qggu«rﬁ-l
Thus,
2 2
2 peryz (@nlh)” + (apba)”| _ 2([€] + 1€+ 1)
f =+ (£> 2 S Kotn+1
(bl gz

Using €2 + (¢)? = N, we deduce that
[N (bad,)* = (anbl,)* = (albn)?] < 1.
The left hand side is an integer, hence it is 0. This implies that
N (B0],)" = (anby)” + (ab0)"

This is impossible, since the equation 2% 4+ y?> = N2z? has no solution in positive rational

integers. O

2.5 Cardinality of the Liouville sets S,

2(11) Let (g,u) be an admissible pair. By Theorem 2.4.1, Q,, is a field extension of Q. A
natural question is: under what conditions on the pair (q,w) which ensures that Qyu
a proper extension of Q ¢ or equivalently, when the set S, is nonempty? We prove
that the set S, is either empty or uncountable, if the gequence u = (u,) satisfies

Upi1 > Uy + 1 for all n > 1. We also characterize such sets.
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Theorem 2.5.1. Let (g, w) be an admissible pair such that u,,1 > u, + 1 for eachn > 1.
Then the Liouville set Sy, is nonempty if and only if

li log ¢,4+1
imsup ————

> 0. (2.13)

Moreover, if the set S, ,, is nonempty, then it has the power of continuum.

To prove Theorem 2.5.1, we need a lemma from the next section.

2.5.1 A lemma on approximation by rational numbers

Lemma 2.5.2. Let & and u be two real numbers with w > 0, and let ¢ and s be positive

integers. Assume that there exist rational integers p and r such that p/q # r/s and

1
g€ —p| < v |s§ —r] < proEEyE

for some positive real number k with ku > 2. Then we have either 2s > ¢"* or ¢ > s2*.

Proof. From the assumptions, and since § -I= 7%, we have

L<M§‘§_2’+‘g_i< ! !
gs qs q s

- qnu—H + gr(ut1)+1

And hence, gtst D) < grlutD+1 4 grutl If ¢ < 5, then
< s+ 4 < 2s.
SK]

Assume now ¢ > s. We then have,

qnusn(qul) < gt 1+k _|_q/<u+1 < 81+nq/~cu _i_qmﬂrl.

From this we deduce that " (s"* — s) < g. Since s > 1, we have

Ku

A N

q=s

This completes the proof of Lemma 2.5.2. O]




22 §2.5. Cardinality of the Liouville sets S,

2.5.2 Proof of Theorem 2.5.1.

log gnt1 log gnt1
Up, log qn, un log qn

Sy is nonempty, and let £ € Sy,,- Then by Remark 2(3), there exists a sequence (b, )

Suppose that limsup,, ., = 0. Then, we get, lim,, = 0. Suppose that

n>1
of positive integers and there exist two positive constants k1 = £1(£) and ko = ko(§) such

that, for any sufficiently large n,

Gn < b, < ¢t and ||b,&|| < g, "2"". (2.14)

Let N be an integer such that kou, > 2 for each n > N, and the inequalities (2.14)

are valid for n > N. Since lim,,_, iogqu'g”; = 0, choose an integer M > N such that

520,
O < @ (2.15)
for each n > M. By the choice of M, we deduce that

g1 < U2,y <@y < gt < b

for all n > M. Moreover, since both the sequence ¢ and u are increasing, by (2.15),

—ZUp

k2 k2
by < git < i < gh < b
for sufficiently large values of n.
Denote by a, (respectively, a,;1) the nearest integer to &b, (respectively, b,.1).

Lemma 2.5.2 with ¢ replaced by b, and s by b, 1 implies that for large values of n,

Qp, o Ap+t1

n bn+1

S

This contradicts the assumption that ¢ is irrational. This proves that Sy, = 0.

Conversely, assume that

msup ———
n—oo Un lOg An

> 0.

Then there exists 9 > 0 and there exists a sequence (Ny),>1 of positive integers such that

Iun,—1)
Ny > Ayt
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for all £ > 1. Define a sequence (c)¢>1 of positive integers by
2 < q, < 2t
Let e = (e¢)e>1 be a sequence of elements in {—1,1}. Define

e
e = 2ot
>1

It remains to check that ¢ € S, and that distinct e produce distinct &
For each sufficiently large n, let ¢ be the integer such that N,_; < n < Ny, and set

b, = 2“1, a,= ep2t-17Ch o, = —.

We then have
2

€ — Tl = 9ce

& gl <

h>¢

Let ko be a positive real number such that ko < ¢. Since n is sufficiently large and
n < Ng — 1,

4q79UN[71
Kotn K2UN,—1 Np—1
4q,° < 4qN£—1é = (—ra)un,1
4dN,—1
4qn,
S (ﬂ—HQ)UNZ—l = CINZ.
4N,

And hence

2 - 4 1

2 qn, @t

for sufficiently large n. Also, choosing k; = 1, we have b, = 2%' < qn,—1 < @,. This
proves that { € S,,, and hence S, is nonempty.
Finally, if e and ¢’ are two elements of {—1, +1}" for which e, = ¢}, for 1 < h < £ and,

say, e = —1, €, = 1, then
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hence &, # £. This completes the proof of Theorem 2.5.1.

2.6 Liouville sets and subsequences

Proposition 2.6.1. Let (g, u) be an admissible pair, and let ¢’ be a subsequence of q.
Then Sy, is a subset of Sy (and hence Qg is a subfield of Qg u)-

Proof. By the definition of a subsequence, there is a strictly increasing function f : N — N
such that ¢ = (qf(m))n>1- Thus f(n) > n for each n > 1. Let § € S;,,- Then there are
two positive real numbers k1 = £1(§) and ke = Ko(§) and there are sequences of rational

integers (an)n21 and (bn)n21 such that

1<b, < g and 0< [buf — ] < —

= Tkoun
n="

Consider the subsequence (by(n))n>1 of (bn)n>1' Then for each n > 1,

3 1 1
s (n) s (n)
Thus we have, § € Sy ,° O

2(12) Tt is easily checked that if liminf, ,., 2 > 0, then S, is a subset of S,/ (and hence
Q. is a subfield of Qq). In particular, if liminf,, ., % > 0, then S, , is a subset

of Sy, while if limsup,,_,, “* < +00 then S, is a subset of S -

2(13) Let (g,u) be an admissible pair, and let ¢’ be a subsequence of ¢g. By Proposition
2.6.1, Sgu C© Sy - - However, if ¢' is obtained by removing finitely many terms from
¢, then Sy, = Sy- The question is: given any admissible pair (q,u), can we find a
subsequm;ce q 0} q such that Sq, strictly contains S,,7 We answers this question

affirmatively under some assumptions on the sequence wu.

First we look at the following:

Example 2.6.2. Let ¢ = (gn)n>1 be the sequence, where g, = 2" for each n > 1; and
let ¢ = (q),)n>1 be the subsequence of q consists of those terms indeved by even positive

integers, that is, ¢, = qan = 2" for each n > 1. Then Sy 15 a strict subset of Sy-
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Proof. The method is to construct explicitly an element { € S, such that £ ¢ S;- Let
An be a sequence of positive integers such that lim, ., A, = oo and lim,, )‘7" =0 (for
example, one can take \, = |/n]). Let

1

§=2  samn

m>1

We shall show that £ belongs to S, but not to S,. For each sufficiently large n, we define

a, = Z 2(2n)!—(2m—1)!/\m‘
m=1
Then,

1 a, 1
(2n+1)Ant1 < £- q_ = Z 2(2m—1)!\m,
2n 2n m>n+1

= 2
< s (LH1/241/224 )

2n
2 1

< .
(2n+1))\n+1 —  nAn+t1
2n don

The right hand side inequality together with the lower bound A, 11 > 1 proves that § € Sy
Now we shall show that £ ¢ S, Let x; and kg be positive real numbers, n a sufficiently
large integer, s is an integer in the interval @ont1 < 5 < 5,1 and r an integer. Since
Ani1 < kon for sufficiently large n, we have

2n+1)An41 kon(2n+1) _  kon Kom
on < Qo = Qony1 S5

Therefore, if r/s = a,,/qon, then

1 1

Qnp,
(2n+1))\n+1 > sh2 (2n+1)
don

g_i:é’__
s q
2n

On the other hand, for r/s # a,/qa,, we have

Qp, r

Qon S

1 2
>

= Gon$ - q§2n+1))\n+1
n

>

-

S

an
e
q2n
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Since A\, — oo, for sufficiently large n,

K Kk1(2n n An
4g2ns < 4qanqoy 1 = 4q;: 12 < Qéi A
and hence
2 < 1
BN S Dggs
Further
2q2n8 < Sqng1 < 87 < 5
Therefore
T 1 1
-1l2 g e
s 2¢on,s  sM2"
and hence £ € Sy ]

Theorem 2.6.3. Let u = (uy)n>1 be a sequence of positive real numbers such that for
every n > 1, we have \/un1 < Uup+1 < upyq. Then any increasing sequence q of positive
integers has a subsequence ¢ for which Sy, strictly contains Sq,- In particular, for any
increasing sequence q of positive integerg has a subsequence g7 Jor which Sy is strictly

contains Sy

Proof. Let u = (u,)n>1 be a sequence of positive real numbers such that /u, 1 < u,+1 <
Un+1. We prove more precisely that for any sequence g such that g, 11 > g, for all n > 1,
the sequence ¢’ = (gan)n>1 has the property that S, # Sg4+ This proves Theorem 2.6.3,
since any strictly increasing sequence has a subseqllence sgxtisfying Gn+1 > Q.

The method of the proof is very similar to Example 2.6.2. Assuming ¢,+1 > ¢ for
all n > 1, we define d,, = qQL;L/iT’f ! We check that the number

satisfies £ € Sy, and € € Sy .-
Set b, = didy - - - d,, and
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so that

ay, 1
= 2o

n m>n+1 m

It is easy to check from the definition of d,, and ¢, that, for sufficiently large n,

A I N B B I I

43 a1 = Qo3 Qon—1
and ) 5
<{—-—<
dny1 — dn—H
For each n > 1, since d,,.; = qQLan:’f* s qQLnv e s gin | we deduce
2
‘6 B
n QZn

hence £ € Sy .

Now the only task left is to prove that § ¢ S, For, let r; and k3 be two positive real
numbers, and let n be sufficiently large positive integer. Let s be a positive integer with

Qon+1 < 5 < @y, and let 7 be an integer. If r/s = a,/b,, then

1 1
]5——\—‘5—— >
bn 4on 2n+1
Assume now r/s # a,/b,. From the inequality
’ ¢ an 2 < 1
o Un, K -i-27
bn q%nv o T g
we deduce that
r r
e-1 = |2 ‘5 -
S s bn by,
S 1 1
— sby, 2(]’2{;;%
1 1
i

for sufficiently large n. This completes the proof that £ € S - n
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2.7 Liouville sets and union of two sequences

Let z and y be two strictly increasing sequence of positive integers. Then, the union of
x and y written as xVy, is the unique increasing sequence of positive integers that belong
to either z or y.

For example, the sequence n is the union of the sequence {1,3,5,...} and {2,4,6,...}.

Proposition 2.7.1. For0 <7 < 1, let Q(T) denote the sequence (qy))nzl where

Then the sets Syr, 0 < 7 < 1 are nonempty, and for T # 7', the Liouville sets corre-

sponding to the union Q(T) \Y Q(T’) 15 empty.

Proof. For a fixed 7 in the open interval (0,1), and for each n > 1,

(n+D(n+1)7]  loggy _ (nt+D(n+1) YRR VDGR

nlin"| a nlog gy ~ nlnmt n"—1

(1+1/n) <

Thus ")
1 T

lim —o 0L —

n—00 pn 10g an

And therefore, by Theorem 2.5.1 the sets S ) are nonempty for each 7 in the interval

(0,1). In fact, if (e,)n>1 is a bounded sequence of integers with infinitely many nonzero

Z % € Sy

n>1 4n

terms, then

Let 0 <7 <7 < 1. For n > 1, define
Qon = q’SLTl) — 2n!|_n7'1J and T qr(;—Q) _ Qn!Ln-rQJ.

Note that ¢ = (¢m)m>1 is the union of the sequence g(“) and g(”). One can easily checks

that ¢ is an increasing sequence with

1 n 1 n
08 Qan+1 0 and 0g Gan+2
nlog qan nlog gan+1

From Theorem 2.5.1, we can deduce that S, = 0. O
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2(14)

If ¢ = ¢'Vq", then by Proposition 2.6.1, we see that S, C S,;NSy». Proposition 2.7.1
gives an example, where the set S, is empty. We shall show that this is not the case

always. More precisely, we have the following:

Theorem 2.7.2. There exists two increasing sequences q' and q" of positive integers such

that Syrgr is a strict nonempty subset of Sy M Sy

The construction takes several steps.

(a)

Let (As)s>0 be a strictly increasing sequence of positive integers with A\g = 1. We
define two sequences (n})g>1 and (n})>1 of positive integers as follows. The se-
quence (n})g>1 is the strictly increasing sequence formed by those integers n, for
which there exists an integer s > 0 with Aoy < n < Aggy1, while (n})),>1 is the
strictly increasing sequence formed by those integers n for which there exists s > 0

with Aogp1 < n < Aggpa.

Note that the sequences (n})r>1 and (n}),>1 completely covers N in the sense that,
each n € N is exactly one of the form: n = nj,_for some k > 1, or n = nj for some
h > 1. Indeed, if n € N with Aoy < n < Agg4q for some s > 0, then n = n}, where

k=mn— X5+ Xas—1 = Aas—a + -+ A1 — Ao;
while if Agsi1 < n < Agsyo (s > 0), then n = nj. with

h=mn— A1+ Aos — Agsm1 + -+ Aa — Ar

For instance, when A\; = s + 1 (s > 0), the sequence (n})r>1 is the sequence
(1,3,5,...) of odd positive integers, while (n}),>; is the sequence (2,4,6,...) of
even positive integers. Another example is A\, = s!, which occurs in the Erdos

paper [11].
When, n = Ay, we write n = nz,(s) where
k’(S) = n_>\2s+>\2s—1 _)\25—2“—' : '+>\1 _)\0 - )\25—1 _)\23—2““ . '+/\1 —)\0 < )\25_1.

Notice that \os — 1 = nj with h = \yg — k(s).
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Next, we define two increasing sequences (d,,)n>1 and ¢ = (gn)n>1 of positive integers

by induction as follows: set d; = 2, and for each n > 1, let

kd, if n=n},

hd, ifn=nj},

dn+1 -

and g, = 29

For example, when Ay = s+1 (s > 0), the sequence (d,),>1 is given by the following

formula:

n(n—2)---2 dl

T if n is even,

e
Wdl if n is odd.

Finally, let ¢" = (q;)r>1 and ¢” = (g);)n>1 be two subsequences of ¢ defined by
G = dn, (k> 1),

G =Gy (h>1).

Hence ¢ is the union of the two sequences ¢ and ¢".

Now we check that the number

belongs to Sy (]S, (and hence the sets S, and Sgv are uncountable by Theorem
2.5.1).

For each n > 1, let

m=1
Then . . 5
an
-mm 3y L
n+1 qn —— dm Qn+1
If n = n}, then
Ayt 2
‘é - /I€ N\ k
di (qk)
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while if n = nj, then
2

an/}: < .
(q)"

1
ap

-

This proves £ € Sy N Syrr.

(h) Now, we choose Ay = 2*" for s > 2 and we prove that £ does not belong to S,- Notice
that Ao, 1 = 227" = o. Let n = Ay, = Misy- We have k(s) < v/Ags and

‘ e_m| L1 1
an n+1 qﬁ(s) q,\L/ﬁ

Let 1 and k2 be two positive real numbers and assume s is sufficiently large. Fur-
ther, let u/v € Q with v < ¢i*. If u/v = a, /gy, then

U an 1 1
_ | = _— > —— > ——
= ‘5 l>

for sufficiently large n. On the other hand, if u/v # a,/q,, then

U U an, Gp,
e-2|z 122 —‘5——
v v Qn an
with
U ap S 1 1 - 2
v dn (U qﬁlﬂ q;b/ﬁ
and . .
ay,
f-s — >
‘ @l @™ T @
Hence R
2 1 29" — qv™ 1

for sufficiently large n. This completes the proof of Theorem 2.7.2.

2.8 Equivalence relation induced by Liouville sets

2(15) We define a binary relation ~ on L as follows: for &, n € L, we say & ~ n if {{,n}
1s a Liouville set. The relation ~ is clearly both reflexive and symmetric. We shall

show that ~ is not transitive.
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Theorem 2.8.1. Let & and n be Liouville numbers. Then there exists a subset ¥ of L
having the power of continuum such that for each o € ¥, the sets {&, o} and {o,n} are

Liouville sets.

2(16) By Theorem 2.8.1, the relation ~ is not transitive. For example, let ¢ be an irrational
real number which is not a Liouville number. Then by a result due to Erdés [11], we
can write t = £ +n with two Liouville numbers £ and 7. Since any irrational number
in a Liouville fields are Liouville numbers, the set {£,n} is not a Liouville Set, that
is € ¢ . But by Theorem 2.8.1, there exists a (in fact uncountably many) Liouville
number o such that & ~ p and o ~ 7. Thus, the relation ~ is not transitive. Note

that (again by Theorem 2.8.1), the equivalence relation induced by ~ is trivial.

The proof of Theorem 2.8.1 as a consequence of Theorem 2.5.1 relies on the following

elementary lemma.

Lemma 2.8.2. Let (a,)n>1 and (by)n>1 be two strictly increasing sequences of positive
integers. Then there exists a strictly increasing sequence of positive integers (qn)n>1 Sal-
1sfying the following properties:

(i) The sequence (Gon)n>1 15 a subsequence of the sequence (ay)n>1.

(i7) The sequence (qan+1)n>0 s a subsequence of the sequence (by,)n>1-

(1ii) Formn > 1, goe1 > ¢

Proof of Lemma 2.8.2. We construct the sequence (g,),>1 inductively as follows. Set
g1 = by and let ¢o be the least integer a; satisfying a; > b;. Once ¢, is known for some
n > 2, we define ¢,.1 to be the least integer satisfying the following properties:

® g1 €{ay,aq,...}if nisodd, g,i1 € {b1,bs, ...} if nis even.

® (n+1 Z qZ' L

Proof of Theorem 2.8.1. Let & and n be Liouville numbers. There exist increasing se-

quences of positive integers (a,),>1 and (b,),>1 such that
lang]l < a,™ and o]l <b,"

for sufficiently large n. Let ¢ = (gn)n>1 be a strictly increasing sequence of positive integers

satisfying the conclusion of Lemma 2.8.2. Since lim,,_, % > 1, by Theorem 2.5.1,

the Liouville set S, is nonempty (and hence uncountable). Let ¢ € S,. We denote by ¢
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the subsequence (g2, u; - - -, @2n, - - - ) of g and by ¢” the subsequence (g1, g3, - - -, Gany1,---)-
We have p € S, €S, NS,». Since the sequence (a,),>1 is increasing, we have go, > a,,
and hence & Eisg/. 7Also,781nce the sequence (by,),>1 is increasing, we have gap11 > by,
hence n € Syv. Finally, § and ¢ belong to the Liouville set Sy, while n and ¢ belong to
the Liouville set Sy O

2.9 A topological property of the sets S ,

Proposition 2.9.1. The sets S, are not G subsets of R. If they are nonempty, then

they are dense in R.

Proof. Suppose that S, is nonempty, say, v € Sy, By Theorem 2.4.1, v +Q is contained
in S, ,, hence S, ,, is dense in R.

iet t be an i;rational real number which is not Liouville. Hence ¢ & Q,,,, and therefore,
by Theorem 2.4.1, Sy, N (t + Sy.) = 0. This implies that S, is not aiGg dense subset
of R. O]
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Chapter 3

Mahler Sets and Mahler Fields

3.1 Introduction

In [18, 1932], K. Mahler using the construction similar to Liouville numbers, classified
the set of complex numbers into four disjoint classes; namely, A-numbers, S-numbers,
T-numbers and U-numbers.! His idea was to classify complex numbers ¢ according to
how the values |P(£)|, for nonzero integer polynomials P, approach zero. The class of
A-number is precisely, A, the set of all algebraic numbers. The class of U-numbers are
further divided into classes of type U,,-numbers for each m € N. We denote the set
of U-numbers (respectively, of U,-numbers) by U (respectively, by U,,)- The class of
U,-numbers is precisely the set of all Liouville numbers? and therefore coincide with L.

It was an open problem at that time, whether all the classes S-, T- and U- are
nonempty. Mahler himself proved that, with respect to Lebesgue measure, almost all
numbers are S-numbers, and hence the class of S-numbers is nonempty. In fact, he con-
structed many examples of S-numbers. For example, he showed that the Champernowne
number 0.123456789101112..., is an S-number. In [16], W. J. LeVeque proved that the
sets U,, are nonempty for each positive integer m. In [22, 1968], W. M. Schmidt proved
the existence of T-numbers, almost thirty five years after the work of Mahler.

In [14], J. F. Koksma using the construction closely analogous to Mahler, classified
the set of transcendental numbers into three disjoint classes; namely, S*-numbers, T*-

numbers and U*-numbers. His idea was to classify complex numbers ¢ according to how

!See the Appendix for the definition of Mahler’s and Koksma’s classifications of complex numbers.
2While collaborating with Professor M. Waldschmidt on Liouville numbers, he suggested to work on
algebraic approximation of complex numbers. This led to the work on this chapter.
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the difference [£ — «f, for a € A with o # &, approach zero. In the same paper [14],
J. F. Koksma proved that these two classifications are same; that is, the S*-, T™- and
U*-classes being in fact identical with the S-, T- and U-classes respectively. Later [31],
E. Wirsing gave a simple proof of these two classifications are same. Here we use the
Koksma definition of U-numbers.

In this chapter we introduce the notions of a Mahler set and of a Mahler field. They
generalize the notions of Liouville sets and of Liouville fields. Mahler sets are subsets of
U, and they have many properties similar to Liouville sets. Like Chapter 2, we give a
family of Mahler sets and Mahler fields (see Section 3.4 and Section 3.5). In Section 3.6,
we prove that the sets U,, are nonempty (this was already confirmed by W. J. LeVeque
[16]). In Section 3.7, we classify all the finite extensions of Mahler fields. In Section 3.7.2,
we study quadratic extensions of certain Liouville fields. Section 3.8 is devoted to study
the image of the Mahler fields under the classical exponential function. In Section 3.9,
we discuss the image of those U-numbers lies in Mahler fields under some special power

series with algebraic coefficients.

3.2 Mahler’s U-numbers

The U-numbers are generalization of Liouville numbers in the following sense: A tran-
scendental number £ is said to be a U-number if there exists a positive integer m with the
property that, to every positive integer n there corresponds to an algebraic number o, of
degree m with height’ H(c,) > 1 such that

|€ —ap| < H(a,)™. (3.1)

The least such integer m is called the type of the U-number &, and in this case ¢ is called

a U, -number. More precisely, we have the following:

Definition 3.2.1. Let m be a positive integer. A complex number & is called a U,,-
number or ¢ U-number of type m, if for every real number w > 0 there exists a

sequence (o, )n>1 of distinct algebraic numbers of degree m such that

0<[§—ayn| < H(a,)™ (3.2)

3See the Appendix for the definition and some properties of the height H(«) of an algebraic number a.
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and if there exist positive real numbers ¢ and Kk depending only on & and m such that the

relation

& =Bl > cH(B)™" (3.3)

holds for every algebraic number 3 of degree strictly less than m.

We denote the set of U,,-numbers by U,,, and we denote the union UmZl U,, by U.

The elements of U are called U-numbers.

Example 3.2.2. Let m be a positive integer and let o be a m-th root of unity. Then
& = Zle(%)”! is a U-number of type at most @(m), where ¢ is the Euler’s totient

function.

Proof. This can be easily verified. Write & = S '(2)™ + 3% 27"\ Since > 00 27
is a Liouville number (and hence a U-number) and since algebraic dependent numbers
belongs to the same Mahler class [6, p. 86], £ is a U-number. Since £ can be approximated

by algebraic numbers of degree at most ¢(m), £ is a U-number of type at most p(m). O

The following (which is a modification of the example given in [7, p. 153]) is an
example of U,,-number for each positive integer m. In fact, it proves that the set of

U,,-numbers is uncountable for each positive integer m.

Example 3.2.3. Let m be a positive integer, and let a; be an element of {—1,+1}. Let
& be the real positive real m-th root of (1 + 2]21 ajl()*ﬂ> /2. Then & is a U-number type

m.

Proof. 1t is clear that & is a U-number. Indeed, since n = (1 + ZQlale’j!)/Q is a
Liouville number, and {&, n} is algebraically dependent, (by [6, p. 86]) £ is a U-number.

Moreover, its type does not exceed m. This can be easily verified. For, set

k
a, = 10" (1 + Zajloj!) . b = 2.10", and oy = positive real m-th root of %
k

Jj=1

for all k > 1. Then, since |‘;—:| < 1, we have H(oy) = 2.10" and
’S - Oék;‘ S 2 ‘Sm - OéZl’ S 2.10_(k+1)! S 2k+2H<Oék)_k_1, (34)

This proves that, type of £ does not exceed m.
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Now we prove that type of £ is not less than m. For, let S be a nonzero real algebraic
number of degree n strictly less than m and of height greater than H(cy). Since the

sequence (H (ay))k>1 is strictly increasing, there exists a positive integer k such that
H(ay) < H(B)™ < H(agy) < H(ag)™ (3.5)
By Lemma A.12,
|y, — B > cH (o) " H(B)™™ > cH (ay,) ™~ "/ (3.6)
for some constant ¢ = c¢(m, n). By taking H(f) large enough, the index k = k(m) satisfies
CH (ay)~m+(+D/2 5 o+3

and it follows from (3.4) and (3.6) that |ay — 8] > 2| — a|. Thus, except for finitely

many algebraic numbers § of degree strictly less than m, we have
€= Bl > ok — B — 1€ — | > o — BI/2 > (C/2)H(B) "> (3.7)

where C' = minj<,,<,, ¢(n, m). Hence ¢ is not a U-number of type strictly less than m. O

3.3 Mahler sets and Mahler fields

An algebraic number field (or simply number field) K is a field extension of finite degree

over Q.

3(1) Note that in general, all the «,’s in Definition 3.2.1 of U-numbers need not lie in a
fixed number field. We are interested to study about those U-numbers for which all

the a,,’s are in some fixed number field K.

Definition 3.3.1. Let K be a number field of degree m over Q. A subset S of U is called a
Mabhler set over K, if there exists an increasing sequence ¢ = (qn)n>1 0f positive integers
such that: for each element £ € S, there exists a sequence (an)n>1 of distinct elements of
K all having same degree over @, and there exist two positive real numbers k; = ()
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and kg = ko(§) such that, for each sufficiently large n,

H(ay) < ¢t and |€ — o] <

(3.8)

Kon
n

Definition 3.3.2. Let K be a number field. A field extension K of K is called a Mahler
field over K if K = K(S) for some Mahler set S over K.

Thus, Liouville sets are Mahler sets over Q, and Liouville fields are Mahler fields

over Q.

3.4 The family of Mahler sets (Sk,,.)

A g)ﬂ

3.4.1 The sets Sk 4

Definition 3.4.1. Let K be a number field of degree m over Q, and let (q,u) be an
admissible pair. Let t be a positive integer such that 1 <t < m. An A;~sequence for a
U-number £ over K with respect to (q,u) (if it exists) is a sequence (auw)n>1 of distinct
elements of K all having same degree t over Q, with two positive constants k1 = k1(§)
and ko = k2(&) such that for sufficiently large n, we have
1

H(an) < gt and 0 < [§ — | < — (3.9)

3(2) Since any infinite subsequence of an A;-sequence is also an A-sequence, an Ay

sequence for a U-number £ is not unique. It is clear that, if a U-number ¢ has an

As-sequence, then ¢ € |J,_, Uy

Definition 3.4.2. Let K be a number field of degree m over Q. For any admissible pair
(g, w), let Sk,gu denotes the set of all U-numbers having an A;-sequence (for some positive
integer t) over K with respect to the admissible pair (g, w). The situation when u = n, we

denote SK@H by SK,g'

Note that, when K = Q, the sets Sk 4, coincide with the sets S, ,, defined in Chapter 2,
and therefore we denote Sggu by Sgu-
The proof of the following lemma is similar to the proof of Lemma 2.3.2 and we left

to the interesting reader to make necessary changes.
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Lemma 3.4.3. Let K be a number field. Then, for each admissible pair (g, w), the set

Sk.qu 18 a Mahler set over K.

Example 3.4.4. Let K be a number field of degree m over Q. Let a be a nonzero element
of K of absolute value less than 1. Let ¢ = (qn)n>1 be the sequence of positive integers

where g, = 2™ for each n > 1. Then & = P ‘;—,f.' is an element of Sk g

For each positive integer n, let o, = > ;1 g—:;, and let B,(X) =Y _7_, 2" X*. Note
that, for each n > 1, P,(a) = 2™a,- Moreover, since P,(a) € K for each n > 1, P,(«)
has degree at most m over Q. Also, the length L(P,) = Y_;_, 2" * is bounded above by
22(") Thus, by Lemma A.2 and by Theorem A.10,

H(an) = H(Py(o)/2")
2" H (P ()27 ™)

2m(n!)2m+12mL(Pn)H(a)m(m + 1)m/2

IN

IN

for each n > 1. Hence there exist a positive real number x; > 0 depends only on m such
that, for sufficiently large n,
H(ay,) < 20m)m1, (3.10)

Finally, the inequality |a — oy | < 557 (which can be easily verified) together with (3.10),

n!

k! .
we have § = 37| S is an element of Sk -

3.5 The family of Mahler fields (K, ,),u

Here after, let K denotes a fixed number field of degree m over Q.

3.5.1 The fields K,

For any admissible pair (g,u), we let K,, := K USg g, The situation when u = n, we
denote K, by K, The following theorem generalize Theorem 2.4.1, and provides a large

supply of Mahler fields.

Theorem 3.5.1. For each admissible pair (q,u), the set Ky, is a field.

3(3) By Theorem 3.5.1, K, is a Mahler field over K, and any Mahler field over K is

a subfield of K, for some ¢g. Another consequence from Theorem 3.5.1 is that any
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Mabhler field over K will be of the form K (JS for some Mahler set S over K. It
follows that, once if we assume the empty set is a Mahler set, then any subset of a
Mabhler set is a Mahler set and any subfield of a Mahler field is a Mahler field.

3(4) Suppose that u,.1 > u, + 1 for sufficiently large n. Then, by Theorem 2.5.1, the set

Sg,y is not empty if and only if lim sup,,_, ., logani1 Moreover, if the set Sg,y )

Un, Iqun
then it has the power of continuum. Since S, C Sk 4. We see that Sk 4, has the

log gn+1

power of continuum, if limsup,,_,, * Tog

is strictly positive.

The proof of Theorem 3.5.1 is very similar to Theorem 2.4.1. For the sake of complete-

ness we shall give the proof of Theorem 3.5.1 here. It is enough to prove the following:
(a) £+ n€ Kyy forall §nin Ky,
(b) &n € Ky for §,min K, and

(c) &' € Ky for each nonzero element € in K-

3.5.2 Proof of (a) and (b).

Let £ and n be elements of K ,- If both { and 7 are elements of K, then (a) and (b)
follows trivially. Assume that at least one of £ and 7 is not an element of K. Suppose that
¢ is not an element of K. Then, there exist a positive integer ¢ and a sequence (a,)n>1 of
distinct elements of K all are of degree t over QQ, with two positive constants k1 = (&)
and kg = ko(§) such that

H(a,) <@t and 0<|{—ay,| < %
holds for all sufficiently large n.

The case where 7 is an element of K. Let s; (respectively, so) be the smallest
positive integer s for which infinitely many ne,, (respectively, infinitely many 7+ «a;,) has
degree s over Q.

If n = 0, then both £n and & + 7 are elements of K ,. So, we assume that n # 0; and
in this case we shall show that both {n and £+ are elements of Ky The idea is to show
that:

e there exists a subsequence (a,, )Jk>1 0f (@n)n>1,
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e and a subsequence (v, )ik>1 Of (y)n>1,

such that (nay, )k>1 is an Ay -sequence for £n and (9 + au,, )k>1 is an Ag,-sequence for

£+
By Lemma A.8, and since ¢ = (¢n)n>1 is strictly increasing, there exist a constant

k3 = k3(§,n,m) (recall that m is the degree of K) such that
H(nay,) < ¢ and Hn + ) < @03, (3.11)

holds for all sufficiently large n. Moreover,

n
0 < In€ = nan| = Inllé — an| < q,'@ina

and since ¢ = (gn)n>1 is strictly increasing, there exists a constant x4 = r4(§,7) such that

1
0< |77§ —T]Oén| < qm—una (312)

holds for all sufficiently large n. From equation (3.11) and (3.12), we see that n¢ is an
element of K,

Finally, the inequality

1
I+ &=t an)| = 18— anl < o

together with (3.11) shows that n + ¢ is an element of K ,-

The case where 7 is an element of Sk ,,- There exists a positive integer ¢’ and
a sequence (B,)n>1 of distinct elements of K all having same degree t’ over Q with two
positive constants ks, kg depends on 7 such that

H(Bn) < Q:ZS and 0 < ‘77 _Bn‘ <

= " Kgu
qn” "

for all sufficiently large n.

We shall prove here that {7 is an element of K ,, and the proof of £ +n € K, is very
similar and therefore we omit here. i .

If £ is an element of K, then there is nothing to prove. Suppose that £n ¢ K. Then we

shall show that {n € Sk g, The idea is to show that there exists a subsequence (v, )r>1 of
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(an)n>1 and a subsequence (B, )g>1 0f (Bn)n>1 such that (au, Bm, )k>1 is an Ag-sequence
for &n, where d is the smallest positive integer r for which infinitely many o, 3, has

degree r over Q.

By the triangle inequality, we have

0 < [&n = anBul < [El|n = Bu| +1Bal]€ — anl.

Since the sequence (f,,),>1 is bounded, there exists a positive constant k7 = k7(&, 1, m)
such that

|§77 - anﬁn} < ) (313)

qn" T

holds for all sufficiently large n.

By Lemma A.8, and since ¢, > 2 for all sufficiently large n,

IN

2" H (00 )" H ()™

(k1+ks)m

dn

3m+(k1+Ks5)m
qn .

H(O‘nﬂn)

23m

IN

IN

Hence, there exists a positive constant kg = kg(§, 1, m) depends only on m such that
H(ewBn) < q5°, (3.14)

holds for all sufficiently large n.
By (3.14) and (3.13), we see that {7 is an element of K-

3.5.3 Proof of (c).

Let € be a nonzero element of K, ,- If { € K, then (c) follows trivially (since K is a field).
So, we assume that § € Sk g, Then, there exist a positive integer ¢ and a sequence
(atn)n>1 of distinct elements of K all having degree t” over Q, with two positive constants
k= k(§) and k' = k() such that

1

Un K/
n

H(an) qu and 0 < |£_an‘ S
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Now, ¢t e Ky follows from the following equality

1 1 1
e o et
and H (o, ') = H(a,) for all n > 1. This completes the proof of Theorem 3.5.1. O

The following corollary gives an upper bound for the type of the image of a U-number

¢, under a polynomial P(X) with algebraic coefficients.

Corollary 3.5.2. Let & be a U-number and let L be a field extension of K of degree n
over K. Suppose that there exists a positive integer t such that & has an As-sequence over

K with respect to some admissible pair (g, w). Then, for any non-constant polynomial

P € L[X], we have P(§) € U,2", Uy

Proof. First note that, by the assumption, { € L, Moreover, since P(§) is a transcen-
dental number for any non-constant polynomial P € L[X], and Ly is a field (thanks to
Theorem 3.5.1), P(§) € Srgu € Ujey Ur- O

3.6 Product of U-numbers with algebraic numbers

3(5) Let 8 be a nonzero element of K and let £ be a U-number. Since two algebraically
dependent complex numbers belong to the same Mahler class [6, p. 86], f¢ is a
U-number. What is the type of the U-number 7 We answer this question for a

class of U-numbers which we termed as special U-numbers.

Definition 3.6.1. Let m be a positive integer. A complex number £ is called a special
U-number of type m if there exists a sequence (o,)n>1 of distinct algebraic numbers of

degree m such that

0<|€—an| < H(an)™" (3.15)

with w, — 00 as n — oo, and, for some r > 1, and for all sufficiently large n, we have

H(aw) < H(ansr) < H(cn)™". (3.16)

By a result in [6, pp. 90-92], a special U-number of type m is indeed a U-number of

type m. Special U-numbers of type 1 are called special Liouville numbers.
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Theorem 3.6.2. Let (Q, u) be an admissible pair and let § be a nonzero element of K.
Let £ be a special U-number of type t such that & € Sk .. Suppose that there exists an
A;-sequence (o )n>1 of § (over K with respect to (q,u)) which satisfies (3.15), (3.16); and
for some k > 0, H(Bay,) > H(a,)"® for all sufficiently large n. Then B¢ € Up, where D

18 the smallest integer d for which infinitely many Pa,, have degree d.

Proof. By the assumption on &, the sequence (H(fBay,))n>1 is unbounded; and therefore,

we can assume that

H(fay,) < H(Bapy1) (3.17)

for each n > 1. By Lemma A.8, we have
H(Bay) < 2™ H(B)™ H(0u,)™
for each n > 1. Moreover, the sequence (H(ay,))n>1 is strictly increasing,
2" H(B)™ < H(ay,)
for sufficiently large n. Thus,
H(Bay) < H(ay,)™ . (3.18)

for sufficiently large n.
Now the inequality (3.18) together with (3.17), we have

H(Bay,) < H(Bani1)
S H(O{ )m—i—l
< H(CY )rwn(m+1
< H(Bay,) mten/n (3.19)
for sufficiently large n. By (3.15) and (3.18),
1B€ = Bow| = BI1E — an| < |BIH (Bay) /1. (3.20)

By (3.20) and (3.19), we see that ¢ is a Up-number, where D is the smallest integer
d for which infinitely many S, have degree d. O
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Corollary 3.6.3. Let £ be a special Liouville number and let o be a nonzero element of K
of degree d over Q. If there exists a sequence (‘;—:) >1 of rational numbers which satisfies
(3.15) and (3.16) such that for some k > 0, H(aa,/b,) > af for all sufficiently large n,

then a& € Uy

Proof. By Theorem 3.6.2, it suffices to show that, for sufficiently large n, H(a,/b,) < a*
for some k' > 0. But this can be easily verified. For example, since division of a U-
number by a non-zero integer will not change the type of a U-number, we can assume
that 0 < ¢ < 1. By this assumption, H(a,/b,) = b, for each n > 1. Moreover, since
¢! € L, there exist a real number ' > 0 such that b, < afll holds for all sufficiently large
n. We thus have, for sufficiently large n, H(a,/b,) < a for some &' > 0. O

Corollary 3.6.3 can be applied to construct explicit examples of U,,-numbers for each

positive integer m.
Example 3.6.4. Let o be an mth root of 2 and let { =1+ "7, % Then, a& € Uy,

Proof. Foreachn > 1,let a, = 3"!—1—22:1 3M=H and b, = 3™. Since b,, < a,, H(a,/b,) = an

for n > 1. Moreover,

n+1
3(n+1)!+23(n+1)!—k! < (3+1)(n+1)!
k=1

< 32(71—}—1)!‘
Hence,
H(EmY < (S < (S y2int) (3.21)
bn anrl bn
for n > 1. Now
ap| 1 1
5_ E - 3(n+1)! + 3(n+2)! o
1 1 1
< 3(nt+1)1-1 < 3n(n!) < n n/2
371! + Z 3n!—k!)
( k=1
Thus, for n > 1,
an, 1
- < = 3.22
< mmr 522
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For n > 1, the minimal polynomial of aa, /b, over Z is given by b’ X™ — 2a!", and
hence, H(%™) = 2a;". Thus, for all n > 1,

A" < 20™ = H(O;a”). (3.23)

By (3.21), (3.22), (3.23) and by Theorem 3.6.2, we see that a& € U,,- O

Note. It is clear that, for any admissible pair (¢, u), Sk gu € Uj—; Ux- A natural question
is: when S g () Up is nonempty 7 By Corollary 3.6.3%, Sk.quUp # 0 if there exists
an element a € K of degree m over Q, together with an element { € S, satisfies
Corollary 3.6.3.

3.7 Finite extensions of Mahler fields

3.7.1 Numbers algebraic over Mahler fields

Let I be a Mahler field over K, and let £ be a finite extension of . Since L is a finite
separable extension of I, £ = KC(n) for some n € L. In this section, we prove that such a

n is either an algebraic number or a U-number. More precisely, we prove the following:

Theorem 3.7.1. A complex number n is algebraic over a Mahler field IC if and only if it

is either
(i) an algebraic number, or

(ii) a U-number for which there exists a sequence (P;j(X));>1 of polynomials which are
of same degree over K, and converges coefficient-wise to a polynomial P(X) € K[X]
such that (for each i > 1) there exists a zero [5; of P;(X) satisfies:

1

ZIEae, 20

In—Bil <

with 1im;_,. w; = 00.

3(6) By Theorem 3.7.1, we see that the algebraic closure of any Mahler field over K is a
subset of A U U.

To prove Theorem 3.7.1, we need the following:
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Proposition 3.7.2. Let (P,),>1 be a sequence of polynomials of degree m over C. For
ecach n > 1, write Py(X) = ol + a"X + -+ + al?X™; let o™, ..., ol be the set
of zeros of P, (counted with multiplicity). Suppose that for each k with 0 < k < m,
lim,, o a,gn) = & exists. Finally set P(X) =& +&X 4+ -+ + £, X™. Then

(a) P, converges uniformly on every compact subsets of C to the polynomial P(X).

(b) If a1, ...,y are the zeros of P(X), then the zeros of P,’s can be arranged so that
for each k with 1 < k < m, CY,(:) — Qp a8 M —> 0.

Proof. For z € C,

|Pu(2) = P(2)] =

(a§” — &) + (@i — &)z + - + (al) — 5m)zm‘

Let € > 0 be given, and let k£ be an integer with 0 < &£ < m. Since lim,,_, a,(:) = &, there
exist a positive integer Ny such that ]a,(gn) —&| < efor all n > Ni. Let N = maxo<g<m Nk
We then have,

|Pa(z) = P(2)] <e(l+|z[ + -+ |2[™)

for all n > N. This shows that the convergence is uniform on every compact subset of C.
Hence (a) follows. Now (b) follows from the theorem of Hurwitz [27, p. 119]. O

Proof of Theorem 3.7.1. Let (¢,u) be an admissible pair such that K C K, (such
an admissible pair exists!). Let n € C be algebraic of degree d over K- Let P(Xi) be the
minimal polynomial of n over IC of degree d. If P € K[X], then n € A. Suppose that
P(X) does not belong to K[X]. This means that some of the coefficients of P is in Sy g,
So, we can write

P(X) = f(X)+&X" + -+ X,

where f € K[X], &1,&,...,&; are elements of Sk, and ry,79,...,7), are non-negative

distinct integers with k£ > 1.

For each ¢ with 1 <7 <k, let (ozf(f))nzl be a sequence of elements of K all having same
degree over Q, with two positive constants k; and ky; (depends only on &;) such that

. ) 1
H(e®) < ¢, and |& — o] <

— qgQZUn ’

(3.25)
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Now for each n > 1, let P,(X) = f(X) +alP X4+ alP X7 and let BYO, . ,Bé")
be the roots of P, (written with multiplicity). Clearly, the sequence (P,(X)),>1 of poly-
nomials converges to P(X) coefficient-wise. And therefore, by Proposition 3.7.2, there
exists an integer 7 with 1 < 5 < d such that ﬁ](-n) — n as n — oo. Without loss of

generality, we assume that j = 1.

Let B(n, R) be an open ball for which P has no zeros other than 7. By Proposition
3.7.2, the sequence (P,(X)),>1 converges to P(X) uniformly on compact subsets of C.
Therefore by Rouché’s theorem, P and P, have the same number of zeros inside B(n, R)

> R for all sufficiently large n.

for all sufficiently large n. Hence, for 1 < i < d, ’77 Sy

Moreover, for each positive integer n,

1Ba(m)] = |Pu(n) = P()| < |l =& | Inl™ + -+ |l — &| Inl™
™ 4+ [l™

<
— Kl
n

where kK = min ko;- Thus,
1<i<k

™+ 4 [nl™

‘77 - ﬁf")) 11 ‘n — A" = |P,(n)| < —
1<i<d n
It follows that, for all sufficiently large n,
O I L/ el U PR
)77 - 8" < RiTgru < — (3.26)

for some constant ¢ = ¢(n) > 0.
Write f(X) = k1 X'+ ko X524 - -+ X®, where s1, s, ..., 5 are distinct non-negative

integers. For n > 1, let
F.Y,Xq,.... X, Z1,..., Zp) = XY + -+ XYV + 20V 4o+ YR

Then,
Fo(B™ ky ks koD @ a®)y = p (™) =0,

and hence, by Lemma A.11 we have

H(BM) < 3% (H(ky) ... H(k)H (D) ... H@®)™ (n>1).
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Thus, for all sufficiently large n, H (B%n)) < ¢ for some &' > 0. Using this inequality in

(3.26),
< _ (3.27)

(n)
\77—51 S
H ()"

for some k" > 0, holds for all sufficiently large n.

Since the polynomials in the sequence (P,(X)),>1 have bounded degree (namely d),
there exists a subsequence (8");=; of (8\™),=1 whose terms have same degree over K.
This proves that 7 is a U-number for which the sequence (Bf”’“)) r>1 satisfies the condition
(17) of Theorem 3.7.1.

Conversely, let n € C. If n is an algebraic number, then clearly 7 is algebraic over
K. So, assume that 7 is a U-number for which there exists a sequence (f3;);>1 of complex
numbers which are algebraic of same degree over K which satisfies Theorem 3.7.1. Then
the sequence (f3;);>1 converges to n and hence by the theorem of Hurwitz [27, p. 119],
P(n) = 0. Since P € K[X], n is algebraic over K, and this completes the proof of Theorem
3.7.1.

3.7.2  Quadratic extensions of the Liouville field Q,,

Let (g, u) be an admissible pair. Let d be a negative square-free integer, and let K =
Q(\/c_i) be the associated imaginary quadratic field. In this section, we prove that K, is

a quadratic extension of Q,,. More precisely, we have the following:

Theorem 3.7.3. Let K be an imaginary quadratic field. Then for any admissible pair
(q,u), the field K, is a quadratic extension of Q.- In other words, for each negative

square-free integer d, Q(\/Zl)g& = Qg’y(\/a).

Proof. We shall give the proof when d = —1. The proof for the general case is very similar,
and we left to the interesting reader to make necessary changes.

Thus we have K = Q(i), and we shall show that [K,, : Q,.] = 2. To show this, we
prove that K, = Qg.(i) and hence the result follows, since [@;&(i) : Qqu) = 2. One way
is easy, namely Qg (i) € K, This follows from the fact that Q.. C K,, and i € K.
Conversely, let £ € K, ,. If £ € K, then clearly £ € Q,,(i) since K C Q,,(i). So assume
that, £ € Sk g’ Then by definition, there exists a sequence (n)n>1 of elements of K of

same degree over Q and two positive constants 1 and k2 (depends on £ ) such that

H(a,) < @' and 0< ‘g—an{ < b

K2Un ’
n
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For each n > 1, write a,, = §* + 1% and § = Re(§) + ilm(§). It is well known that
limy,, 00 @ /bp, = Re(€) and lim,, o ¢, /d,, = Im(&). We shall show that Re(&), Im(¢) € Qq.us
and hence the theorem follows.

By Lemma A.2 and Lemma A.8, we have

Qp + Oy,

H(a,/by) = H ( > < 2H(ay, + ) < 2°H(ay)*H (o) = 2°H (o),

since H(w,) = H(ay,). Moreover, the sequence ¢ is increasing, we can find a real number

k3 > 0 such that

H(an/bn) < q,°. (3.28)
Using the inequality Re(z) < |z| (which holds for all nonzero complex numbers z), we
have
An
Re(§) — b <€ —ay| < P (3.29)

By (3.28) and (3.29), we see that Re(§) € Qg+ The proof of Im(§) € Qg 4, is very similar
and we left to the reader. H

Note. We are not able to prove Theorem 3.7.3 for real quadratic fields. In the proof of
Theorem 3.7.3 we mainly use the following inequality: if & = a+bv/d is a nonzero element
of an imaginary quadratic field Q(v/d), with a,b € Q, then |a| < |a| and [bVd| < |al,

which is in general not true for real quadratic fields.

3.8 The exponential function and Mahler fields

The classic Lindemann-Weierstrass theorem states that: for any n > 1 number of Q-
linearly independent algebraic numbers aq, ..., oy, the transcendence degree of the field
Qaq, ... ap, e ... e*) over Q is at least n. As a simple corollary of this result we see
that, for any nonzero algebraic number «, e is a transcendental number. It follows that
e* ¢ K for any nonzero element o € K. We interested to ask whether a similar result hold
for Mahler fields over K. We shall prove that under some conditions on the admissible
pair (¢,u), the Mahler fields K, has the required property, namely: et ¢ Ky, for all

nonzero element { € Ky,,. More precisely, we prove the following:

Theorem 3.8.1. Let (q,u) be an admissible pair. Suppose that the sequences ¢ = (qn)n>1
and u = (up)n>1 Satisfying the property that, the sequence v = (v,)n>1 defined by v, =
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osos 18 unbounded. Then for all nonzero element § € Kqy, we have et ¢ Kyu

For the proof of Theorem 3.8.1, we need the following result due to P. L. Cijsouw [10].

Theorem 3.8.2. Let £ € C,& # 0, and «, 8 be algebraic numbers of height at most
Hy > 3,Hy > 3 and of degree N and M respectively. Then there exists an effectively
computable positive real number C = C(§, N, M) such that the following inequality holds:

max{|¢ — a,|e* — B|} > exp(—Clog Hy log Hs). (3.30)

In fact, P. L. Cijsouw computed C explicitly. Indeed one can take C to be C;e2108 6l N3
where () is an absolute constant and N; = [Q(a, ) : Q).

3.8.1 Proof of Theorem 3.8.1.

Let (¢q,u) be an admissible pair which satisfies the assumptions of Theorem 3.8.1. First
we show that these assumptions implies that e* does not belong to S, for all € € S 4.u-

Let € be any element of Sk, Then there exists a sequence (an)nzliof distinct elements
of K of fixed degree N over Q and two positive constants x; and ks (depends only on &)

such that for all sufficiently large n,

H(a,) < gt and 0 < |€ — ay| < (3.31)

qn"2tn
Suppose for the sake of contradiction that ef € Sk ,,- This assures the existence of a
sequence (f,,)n>1 of distinct elements of K of fixed degree M over Q and there are positive

constants k3, k4 (depends on &) such that

1

Qn "t

H(Bn) < ¢, and |e* — 3,| < (3.32)

It is easily seen that for any pair of positive integers s and H, there are only finitely
many algebraic numbers of height at most H, and of degree at most s. Since the terms
of the sequences (ay,),>1 and (B,)n>1 respectively are distinct, one can assume that
H(ay,) > 3 and H(f,) > 3 for all sufficiently large n.

Set k5 = min{ko, K4} and let kg = max{k1, x3}. Now applying Theorem 3.8.2 to &, we
deduce that

1 > e_DHg(IOan)Q
Qn U
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holds for all sufficiently large n; here D is a constant depends only on £ and m. (Recall here
that m is the degree of K over Q.) From this inequality, we can deduce that u,, < Dﬁ—';g log q,,
for all sufficiently large n. Hence the sequence (mgﬁ)nzl is bounded. This contradiction
establish that e® ¢ Sy g, for all £ € Sk g4

To complete the proof of Theorem 3.8.1 (by the above discussion and since e* is
transcendental for each nonzero algebraic number «), it suffices to prove the following

two statements.
(i) For any nonzero algebraic number «a, e® is not a U-number.
(ii) For any U-number &, ¢ is a transcendental number.

Proof of the statement (7). Let a be a nonzero algebraic number. Taking { = « in

Theorem 3.8.2, we see that for any algebraic number g with height H > 3 and degree d,

’6(1_6‘ > efClogH

— H ¢

for some absolute constant C' > 0. By this inequality, one can easily see that, e™ is not a
U-number.
Proof of the statement (i7). Let £ be a U-number of type t. Then to every positive
integer n, there corresponds to an algebraic number «,, of degree t with H(a,) > 1 such
that

1€ — an| < H(a,) ™™ (3.33)

Suppose that ef is an algebraic number, say (3. Let n be a positive integer. Replacing e¢
by 8 and a by «,, in (3.30), we see that

e—Cl log H(aun)

H(O‘n)_n > |§ - an|

v

= H(O‘n)_Cl

for some absolute constant C'; > 0 and for each sufficiently large n. From this inequality,
we deduce that n < C;. This contradiction proves that e® is transcendental for each

U-number €. This proves (iz), and hence the proof of Theorem 3.8.1 is complete.
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3.9 Formal power series and Mahler fields

[e.9]

> 2™t be

Let ¢ = (¢n)n>1 be a sequence of nonzero elements of K, and let F'(z) = >
a formal power series associated to the sequence ¢ = (¢,),>1. In this section, we study
the transcendence of the values of F'(z) for U-numbers lies in Mahler fields over K. The

result we prove here is a generalization of Theorem 5 in [13].

Theorem 3.9.1. Let (q,u) be an admissible pair, and let ¢ = (c,)n>1 be a sequence of

n=1 \ gn
that the sequences q,u and c satisfies the following conditions:

non-zero elements of K. Let G(z) = Y2 <C—"> 21 be a power series over K. Suppose

log ¢,
(i) liminf —2d1 — ) 5
n—oo Og qn

. log 11

1) limsup ———— = oo,

( ) n—>oop 10 dn

log ¢,

(iii) lim —29" —

n—oo n

(iv) For all sufficiently large n, H(c,) < ¢ for some real number k with 0 < k < 1.

m

Then, for all § € Sk 4u, we have either G(§) € K or G(§) € UUi'
i=1
The proof of Theorem 3.9.1 is more technical, and the method of the proof is very

similar to the proof of Theorem 5 in [13].

Proof. Let £ € S K- Then there exists a sequence (ay),>1 of elements of K of same
degree over Q and with two positive constants k; = k1(§) and Ky = k2(§) such that for

all sufficiently large n,

H(a,) <@t and 0 < [€ —ay| <

s (3.34)

From the assumption (ii), one can deduce that, for each positive integer n, there
exists an integer m,, such that gm,41 > ¢, . We define ¢’ := (g, )n>1 to be the sequence
of positive integers where ¢/, = g, for each n > 1. The idea of the proof is to show that
G(&) € Kyu If G(§) € K, then there is nothing to prove. So, we assume that G(§) ¢ K,
and in this case we prove that G(§) € Sk .4 To prove G(§) € Sk 4 4, it suffices to show

that for some positive integer ¢, G(&) has an As-sequence over K with respect (¢',u).
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For each n > 1, let G,(2) = S35, (;—’;) 2*1 and let B, = G, (a,). Then clearly
B, € K for each n > 1, and has degree at most m over Q. Let d be the smallest positive
integer s such that infinitely many (3,, has degree s. We will show that the sequence (5,,),>1
is an Ag-sequence for G(€) over K with respect to (¢',u).

There are two conditions needed to verify that (/3,),>1 is an Ag-sequence for G(§)
over K with respect (¢,u). They are the following: there exist two positive constants

kg = k3(§) and k4 = Kk4(&) such that, for sufficiently large n, we have
(a) H(B,) < (q,)", and
() 0< 1G() = Bul £ rbeer

Proof of (a). Let @, = [q1,...,¢n+1] be the least common multiple of qy,..., g1
From the condition (7), we can find a positive integer N such that for all n > N + 1,
Gn < qgh where \; = /\iﬂ By induction, one can easily see that for each integer ¢ with
N+1<1<n,

G <aq (3.35)
Hence forn > N + 1,
n—N-—-2 n—N-—-3
Qn < [a- ol @l @)
2 ... n—N-—-2 _1
= g1, qupa]gy A <[q, - qnplgn
Moreover, the sequence (g,)n>1 is strictly increasing, [qi,...,qn+1] < ¢, for sufficiently
large n, and therefore,
14—
Qn<qn (3.36)

for all sufficiently large n.
mn+1
By definition, 5, = G, () = Z (C—k) o1 and hence,
i \Udk
BnQm, 1 = a1¢1 + ag(can,) + az(czaly) + -+ + amy 1 (Cm, 1000),

where a; = % fori=1,2,...,m, + 1. Thus, we have a polynomial

F(Y, Xl, XQ, N ,an+1) = an_HY — (a1X1 + a2X2 4+ -+ CLmn+1an+1>
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with integer coefficients such that F\(5,, c¢1, caan, . . ., ¢, 110) = 0. Now by Lemma A.11

and since a; < Q41 forve=1,2,...,m, + 1, we have
H(B,) < 3¥mtmntmom  H(co)™H(cian)™ . .. H(Cm, nm,)™.

By condition (iii), one can deduce that g, > 3" for all sufficiently large n. Moreover, since
H(c,) < qF and H(ay,) < ¢t for each n, by (3.36) and by Lemma A.8, we can find a

positive constant k3 > 0 such that

H(B,) < qs (3.37)

mn

for all sufficiently large n. This completes the proof of (a).

Proof of (b). Set R = sup,ep, |Gl (2)], where B(&,1) = {z: [¢ — 2| < 1} and G,

is the derivative of G,,,. Then, by the mean value theorem,

R
|Gmn<€) - Bn| = |Gmn (5) - Gmn(an)| < W (338)
Moreover,
6O -Gol=| ¥ (E) el <t (g ea)
k>n+2 i=2 o

By Lemma A.3, |c,| < 2H(c,) for each n > 1; further H(c,) < ¢% (thanks to condi-

tion (iv)) for sufficiently large n. Hence,

o0

1G(6) — Gn (&) < 2)¢™™ Z (qZH) €2

imp \nti

=/ 1 .
_ 2|§|”“Z( ) €™

i=2 Nint

B (2 |§|n+1) i (M)l_n €[ (3.40)

1-k
qTLJ,-Q i=2 Qn+i

holds for all sufficiently large n.

Int1l | and

Since lim,,_, g”: = 0, there exist a natural number M such that both
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% are strictly less than % for all n > M. Hence by induction, one can show that,
i—2) [ 9n+1 1
1€ Z < = (3.41)

for a fixed integer n > M — 1, and for all ¢ > 2. Using the inequality (3.41) in (3.40), we

have gt
G(&) — Gu(§)| £ —=— (3.42)

qn+2

holds for all sufficiently large n. Thus, for all sufficiently large n, we have

At gt
|G(§) - Gm'n (€>| S 11—k S un(l—f'i) )

From the condition (iii), one can deduce that 4[¢|"t1 < qz"(%&) for all sufficiently large
n, and hence by (3.38) and (3.42),

|G(§) - 5n| = |G(£) - Gmn(an)|
< |G(E) = G, (O] + |G, (&) = G, ()]
< 1 n R 1 n R

Finally, we thus have, for all sufficiently large n > M,

1

G - Mnl =
C(©) = il < e

(3.43)

for some k4 > 0. This completes the proof of (b). By (3.37) and (3.43), we see that
G(&) € Ky, and hence the theorem follows. O

3.10 Concluding remarks
The U-numbers are complex analog of Liouville numbers. They share many properties in

common: for example

(i) both are uncountable sets of Lebesgue measure zero,
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(ii) both are Gs-subsets, since

oy gy (- 2 o)

n>1 ¢>2 peZ

and

U= W, with W,= ] J Ble,H(e)™)\{a},

n>1 m2>1 a€hA¥,

where AY denotes the set of nonzero algebraic numbers of degree m over QQ, and

B(a, r) denotes a open ball of radius r with center a in C.

(iii) both sets have Hausdorff dimension zero.

Clearly Uy, € (V51 Ugear Bla, H(a)™) \ {a}. Since Uy NU,, = for m > 1, by Baire’s
theorem, U,, "R C (,5; Upenr nr(a—H(a)™" a+ H(a)™)\ {a}. From this observation
it follows that, there are real U-numbers & of type t with 1 < t < m, for which there exists

a sequence (ay,),>1 of algebraic numbers of degree m such that
€ — | < H(om)™

for all n > 1. This shows that a U-number £ of type t may be well approximated by

algebraic numbers of degree m > t.

We complete this chapter with two interesting questions for which we do not know
any answers at present.
Problem 1. Given any U-number &, can we find an admissible pair (¢, u) such that
§ € Kyu?

Problem 2. Let K be a number field and let L be a finite extension of K. Is it true that
for any admissible pair (g, u), Ly, is an algebraic extension of K,,? If this is the case,

what can we say about [Lg, @ Kgu]?




Chapter 4

Some partial results towards

Schanuel’s conjecture for U-numbers

4.1 Introduction

A set of complex numbers {z1,...,z,} (n > 1) is said to be algebraically dependent
if there exist a nonzero polynomial P € Z[X;, X, ..., X,,] such that P(zy,...,z,) = 0.
A subset S of C is said to be algebraically independent if no nonempty finite subset
of S is algebraically dependent. For any subfield L of C, the transcendence degree of
L (over Q) is defined to be the cardinality of a maximal algebraically independent subset
of L. We denote the transcendence degree of the field L by trdeggl.

In 1960, S. Schanuel made a famous conjecture concerning transcendence degree of

certain field extensions over the field of rational numbers. The conjecture reads as follows:

Conjecture (Schanuel). Let n be a positive integer. Then, given any n number of Q-
linearly independent complex numbers x,...,x,, the transcendence degree of the field

Q(xy, ... &y, €™, ... ") over Q is at least n.

This conjecture was first stated in a course given by S. Lang [15, pp. 30-31] at Columbia
in the 1960s. This conjecture is one of the major open problems in transcendental number
theory, and if proved, then it includes most of the known results about the algebraic
independence of the values of the exponential function. We are very far from the proof

of this conjecture. For example, we do not know the truth of this conjecture in the
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case n = 2. There are very few cases where the conjecture is proved to be true. The
special case where, z1, zo, ..., z, are all algebraic numbers is completely solved, and is now
known as, Lindemann-Weierstrass theorem. For n = 1, this is just Hermite-Lindemann
Theorem: For any nonzero complex number &, at least one of the two numbers &, €5 is
transcendental.

There are other variations of Schanuel Conjecture. Schanuel himself made a similar

conjecture for power series over C, which reads as follows:

Conjecture (Schanuel, power series version). Given any n > 1 Q-linearly independent
formal power series f1(t), fo(t), ..., fa(t) over C, the field C(t, fi,..., fn,e/t,... /") has

transcendence degree at least n over the field C(t).

This conjecture was completely solved by J. Ax in [5].

4.2 Schanuel’s conjecture and Liouville numbers

4(1) Schanuel’s conjecture implies that for any Q-linearly independent complex numbers
&1y, & (n > 1), the transcendence degree of the field

Q&1 ..., &n €%, .. €) (4.1)

is at least n. One may ask whether the transcendence degree is at least n + 1 when
the following additional assumption is made: for each ¢ = 1,...,n, one at least of

the two numbers &;, €% is a U-number.

We first proceed the case where: for each ¢ = 1,...,n, one at least of the two numbers &;,
e% is a Liouville number. We show that for each pair of integers (n,m) with n > m > 1,
there exist uncountably many tuples &, ..., &, consisting of Q-linearly independent real
numbers, such that the numbers &, ...,&,, €%, ..., €& are all Liouville numbers, and the
transcendence degree of the field Q(&, ..., &y, €%, ..., e%) is n +m. More precisely, we

prove the following:

Theorem 4.2.1. Letn > 1 and 1 < m < n be given integers. Then there exist uncount-
ably many n-tuples (&1, ...,&,) € L™ such that &, . .. &, are linearly independent over Q,
e el foralli=1,2,...,n and

trdeggQ(&1, ..., &ny €™, €M) = n+m.
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4(2) Theorem 4.2.1 is tight when n = 1: the result does not hold for m = 0. Indeed,
since the set of a in L such that o and e are algebraically dependent over Q is

countable, one cannot get uncountably many a € L such that trdegoQ(a, e*) = 1.

We need the following propositions and a corollary for the proof of Theorem 4.2.1.

Proposition 4.2.2.

Let g1, ga, - - -, gn be polynomials in C[z]. Then the following two conditions are equivalent.
(1) For 1 <i < j<n, the function g; — g; is not constant.
(ii) The functions €9, ... e are linearly independent over C(z).

Proposition 4.2.3. Let fi, fo,..., fm be polynomials in Clz]. Then the following two

conditions are equivalent.

(i) For any nonzero tuple (ai,...,a,) € Z™, the function a1 fy + -+ + amfm 1S not

constant.
(ii) The functions e, ..., efm are algebraically independent over C(z).
Since the functions 1,z,22,...,2™,... are linearly independent over C, we deduce

from Proposition 4.2.3 the following:

Corollary 4.2.4. The functions

are algebraically independent over C.

4(3) For the proof of Proposition 4.2.2 and Proposition 4.2.3, we introduce the quotient
vector space V = C[z]/C and the canonical surjective linear map s : C[z] — V with
kernel C. Assertion (i) in Proposition 4.2.2 means that s(g1), ..., s(g,) are pairwise
distinct, while assertion (i) in Proposition 4.2.3 means that s(f1),...,s(fm) are

linearly independent over Q.
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4.2.1 Proof of Proposition 4.2.2

(i) = (ii). We prove this result by induction on n. For n = 1, there is no condition on
g1, the function e9' is not zero, hence the result is true. Assume n > 2 and assume that,
for any n’ < n, the result holds for n’. Let Ay,..., A, be polynomials in C[z], not all of

which are zero; consider the function
G(z) = Al(z)egl(z) + 4t An(z)eg"(z).

The goal is to check that G is not the zero function. The idea is to show that the associated
function H = 79" G is not the zero function (and hence G is not the zero function).

Using the induction hypothesis, we may assume A; # 0 for 1 < ¢ < n. Define
hi = gi—gn (1 <1 <n—1). From h;—h; = g;—g;, we deduce that s(h1), s(ha),...,s(hn_1)
are distinct in V. By definition,

H(z) = A1(2)em® 44 A, (2)eM1®) 4+ A, (2).

Write D = d/dz and let N be a positive integer with N > deg A,,, so that DN A, = 0.
One can easily see that, for any nonzero polynomial A € C[z] and any non-constant
polynomial h € C[z], we can write D(Ae") = Be" for some nonzero polynomial B € C|z].

Therefore, for i = 1,...,n — 1 and for any integer t > 0, we can write

)

Dt (AZ(Z)€hZ(z)> = AZ t(z)ehi(z)

where A;; is a nonzero polynomial in C[z]. By the induction hypothesis, applied to the

functions hq,..., h,_1, we have
DNH(Z> — AI,N(Z>€h1(Z) + o+ An—l,N(Z)€hn71(z)’

is not the zero function, hence H # 0. This proves that G is not the zero function.

(ii) = (i). If g1 — g2 is a constant ¢, then the pair (e9', €92) is a zero of the linear form
X, — e“X, over C.

4.2.2 Proof of Proposition 4.2.3

(i) = (ii). Assume that for any nonzero tuple (aq,...,am,) € Z™, a1f1 + -+ + @ fm is
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not constant. Consider a nonzero polynomial
di dm
P(X1,.0 0 X)) =D Y P ()XY X0 € Clz, Xo, L X
A=0  Am=0

and let I be the entire function F' = P(e/t,... efm). Let {gi,...,g,} be the set of
functions Ay f1 + - -+ + A, fin, Where py, . (2) # 0. For 1 < i <mn, we set

Ai(2) = pay,am (2) € Cl2]
where (A1, ..., \p) is defined by g; = A1 f1 + - -+ + A fim, S0 that
F(2) = Aj(2)em®) 4. 4 A, (2)e9 ().

The assumption on fi, ..., f,, implies that the functions ¢y, ..., g, satisfy the assumption
() of Proposition 4.2.2, hence the function F' is not the zero function. This proves that
the functions e/, ..., e/ are algebraically independent over C(z).

(ii) = (i). If there exists (ai,...,a,) € Z™\ {(0,...,0)} such that the function a, fi +

o+ ap fm 1s a constant ¢, then for the polynomial

P(Xu o Xn) = [T X0 = JT X0

a; >0 a; <0

we have P(e/1,... efm) = 0, therefore the functions e/, ... e/ are algebraically depen-
dent over C (hence over C(z)).

4.2.3 Proof of Theorem 4.2.1

We are now in position to prove Theorem 4.2.1, which states that for integers n and

m with 1 < m < n, there are uncountably many n-tuples (o, ..., ) € L™ such that
i, ..., Qn are linearly independent over Q, e* € L for alli=1,2,...,n and
trdeggQ(au, ..., an, €™, ..., ") =n+m.

Let us start the proof. Let n and m be integers such that 1 < m < n. We shall prove
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the assertion by induction on m > 1. Assume m = 1. We prove the result for all n > 1.
For each nonzero polynomial P(Xy, Xi,...,X,) € Q[Xo,...,X,] in n+ 1 variables with

rational coefficients, we define a function
fp:C— Chby fp(z) = P(z,e%,...,e%).

Using Corollary 4.2.4, we deduce that the set Z(fp), of all zeros of fp in C, as the
zero locus of a non-zero complex analytic map fp, is discrete in C. Hence its intersection
with R, say Zp, is discrete in R. Therefore, R \ Zp is both open and dense in R. From

Proposition 1.2.2 and Baire’s theorem, it follows that the set

E={acL| ¢’ €Lforj=1,...n}n N ®Z)
PEQXor X\ (0}

is a Gs—subset of R. Therefore, by Corollary 1.2.5, E is uncountable. For any o € E, the

o? am

numbers a,e® e* ... e* are in L and are algebraically independent over Q. Since « is
a Liouville number, o?,...,a" are also Liouville numbers and «,a?,...,a" are linearly
independent over Q (and they are trivially algebraically dependent over Q). We then
have

trdegoQ(a, o, at e e ) =n+1

and we conclude that the assertion is true for m = 1 and for all n > 1.

Assume that 1 < m < n. Also, suppose the assertion is true for m — 1 and for all

n > m — 1. In particular, the assertion is true for m — 1 and n — 1. Hence, there are

uncountably many n — 1 tuples (aq,...,q, 1) € L"! such that ay,...,a,_; are linearly
independent over Q; e*', ... e* ! are Liouville numbers and

trdeggQ(au, ..., an_1,€™, ..., ") =n+m — 2. (4.2)

Choose such an (n — 1)-tuple (ay,...,a,_1). Consider the following subset of R :

E' ={a€eR| a,e” are algebraically independent over Q(ay,...a,_1,e, ..., e 1)}

(4.3)

If P(X,Y) € Q(ag,...,an_1,e,...,e*1)[X,Y] is a polynomial, we define an ana-

lytic function f(z) = P(z,e*) in C. Since z,e* are algebraically independent func-

tions over C (by Corollary 4.2.4), f is a nonzero function when P is a nonzero poly-
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nomial. Therefore, the set of zeros of f in C is countable when P(X,Y’) is nonzero.
Since there are only countably many polynomials P(X,Y’) with coefficients in the field
Qaq,...ap_1,e*, ... e* 1) we conclude that R\ £’ is countable. Therefore F' = E'NL

is uncountable. For each v € F', the two numbers «, e® are algebraically independent over

Qaq, ... ap_1,e*,...,e* ). From (4.2) we deduce
trdeggQ(a, ..., an_1, e, ... e %) =n+m.
This completes the proof of Theorem 4.2.1. O

4(4) The proof of Theorem 4.2.1 shows that, it can be extended to any Gs—subset of C.

Thus we have the following:

Theorem 4.2.5. Letn > 1 and 1 < m < n be given integers. Let E be a Gs—subset of
C. Then there exist uncountably many n-tuples (&1,...,&,) € E™ such that &, ... ,&, are
linearly independent over Q, e& € E for alli=1,2,...,n and

trdegoQ(&1, - - - n €S ) =n 4+ m.

4.3 Schanuel’s conjecture and U-numbers

Proposition 4.3.1. Let G be a Gs—subset of C. Then for any line L in C, G\ L is a
Gs—subset of C.

Proof. By Baire’s theorem it is enough to prove that, for every open dense subset E of
C, E'~ L is a dense open subset of C. So, let E be an open dense subset of C. Since L is
closed and F is open, £ . L is open in C. Let F' be any open subset of C. Then F' \\ L
is open, and hence, E'N (F ~\ L) is nonempty. But this implies ' N (E \ L) is nonempty.
This proves the proposition. ]

It is clear that U is a Gs—subset of C (see Section 3.10). Combining Proposition 4.3.1
(where we take L = R) with Theorem 4.2.5, we have the following:

Theorem 4.3.2. Letn > 1 and 1 < m < n be given integers. Then there exist uncount-
ably many n-tuples (&1, ...,&,) of U-numbers of degree > 1 such that e% € U \. Uy for all
1=1,2,...,n and

trdegoQ(&1, - - -, &n, e e) =n+m.
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4.4 Schanuel’s conjecture and Ggs-subsets

4(5) Let n be a positive integer, and let &;,...,&, be Q-linearly independent complex

numbers. To each such an n-tuple (&, ...,&,), we associate the following set:
Ee1,60) = {c€C|  trdegpQ(cé1, s, . . ., cn, et e ,€C£"> >n+ 1}

In this section, we prove that for any n-tuple (&1,...,&,) of Q-linearly independent
complex numbers, E¢, ¢,y is a Gs—subset of C. In fact, we prove a more general
result, which was suggested by Professor M. Waldschmidt in a personal communi-

cation.

Theorem 4.4.1. Let &,...,&,, M0, M1, be n+t+ 1 complex numbers, with n > 1
and t > 0. Assume &1, ..., &, are Q-linearly independent, ng # 0 and m/no, ..., n/No are
algebraically independent over Q. Then there exists a Gg-subset E of C such that for all
c € E, the numbers

o, CN1, -+ ., C1y, €552 eSon (4.4)

are algebraically independent over Q; in other terms
trdegoQ(cno, enu, - - -, ey, e ey =n 4t + 1 (4.5)

Proof. From the assumption on the &/s, and since 7y # 0, the numbers & /no, . . ., &, /no are
linearly independent over Q. Hence, the polynomials f;(Z) = &Z/no, fori = 1,2,...,n
satisfies the condition (i) of Proposition 4.2.3. Therefore, the functions e$1%4/m . e&n%/m
are algebraically independent over C(Z).

To each nonzero polynomial P € Z[Y;...,Y;, Z, X1, ..., X,], we associate an entire

function Fp from C to C by the formula:
Fp(2) = P(zm /N, - - -, 21 /Mo, 2, €510 e#en/mo)y,
Since 11 /Mo, - - ., M /Mo are algebraically independent over Q, the polynomial
Gp(Z,X1,...,Xn) =P(Zm/nos. ... 2[00, Z, X1, ..., Xn) (4.6)

is a nonzero polynomial in Q(ny/no,...,n:/n0)[Z, X1, ..., X,]. Moreover, the functions

ef1Zlm e&2Z/mo - e&nZ/m are algebraically independent over C(Z); the same is true over
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Q(m/noy---,n:/n0)(Z). Hence, Fp(z) is not the zero function, and therefore the function
Fp(noz) is also not the zero function. It follows that the set Z(Fp(noz)) of zeros of the
nonzero analytic map Fp(1yz), is discrete in C. Hence its complement is a dense open
subset of C. Thus by Baire’s theorem, the set

bE= A C\ Z(Fp(noz))

PEZM,...Y1,Z,X1,....Xn]\{0}

is a G5 subset of C.
If ¢ € E, then for any nonzero polynomial P € Z[Y;...,Y;, Z, Xy,..., X,] we have
Fp(cno) # 0. That is, P(cno, eny, ..., cng, e, ... e%n) # 0. In other words,

trdegoQ(cno, enu, - . ., ey, e ety =n 4+t + 1

This completes the proof of Theorem 4.4.1. O
By taking t = 0, and 7y = & in Theorem 4.4.1 we get the following:

Theorem 4.4.2. Let &1,&, ..., &, be n complex numbers with n > 1, and they are linearly
independent over Q. Then, there exists a Gs-subset E of C such that for all c € E, we have

trdegoQ(c1, o, . . -, ¢, e %2 %) > 4 1.
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Appendix A

Heights and Mahler’s classification

A.1 Height of an algebraic number

Here we recall some of the properties of absolute logarithmic Weil height and of (usual)
height of an algebraic number which will be needed for our thesis. We also prove some

new results here.

Definition A.1. Let a be an algebraic number with the minimal polynomial f(X) =
apX™ + -+ ap over Z, and let {a; = o, qg, ..., an} be the set of all Galois conjugates

of a. Then, the absolute logarithmic Weil height h(«), of a is given by

1 m
h(a) = . <log ap + Zlogmax{l, \aJ}) .

=1

while

H(e) = H(f) = max |a;|

0<i<m
is called the usual height, or simply height, of a (and of the polynomial f).
Throughout this section, let o be denote an algebraic number of degree m over Q,
and let K = Q(«). It is known that every element of K is of the form P(«) for some
polynomials P(z) € Q[z]. We are interested to study the relationship between H («) and

H(P(a)). First, we recall some of the results in this direction.

Lemma A.2. [7, p.222] Let a,b, and ¢ be integers with ¢ # 0. Then we have

b
H <a&c+ ) < 2™ H () max{|al, [b], |¢|}™.

Lemma A.3. [10, p.224] Let (X) and ¢1(X) be two polynomials with integer coefficients
of degree d and dy respectively such that ¢1(X) divides ¢(X). Let oy, g, . .., aq be the zeros
of (X)) (counted with multiplicity). Then

max |ag| < 2H(¢)

1<k<d
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and there is a constant ¢ > 0 that depends only on dy, such that
H(¢y) < cH(¢)" ™.

The following Lemma is due to C. L. Siegel.

Lemma A.4. Following the notations of Lemma A.3, we have

d!

H(¢p) < d_llH(gb)

The following lemma gives an upper bound for the absolute logarithmic Weil height

of sum and product of elements of K.

Lemma A.5. [30, p.75] For any algebraic numbers v and 3 we have
(1) h(7B) < h(v) + h(B)

(ii) h(vy + B) <log2+ h(y) + h(B).

Lemma A.6. [30, p.80] For any algebraic number v of degree d over Q, we have

1 1 1
7 log H(7y) —log2 < h(y) < alogH(’y) + 57 log(d + 1).

Corollary A.7. For any algebraic number v, we have
" < 2H ().
Proof. 1f 7y is a rational number, say v = ¢, then

h(y) = log|b], if a < b;
| logla|, ifa>b,

and hence the result follows trivially.

For otherwise, by Lemma A.6, we have

h(v) < %llog (\/ﬁﬂ(’y)) :
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Therefore,
) < ((d+ DH)
< Vd+1H(y),
where d is the degree of v over Q. Since v/d + 1 < 2 for d > 2, the result follows. O]

The following lemma gives an upper bound for the height of sum and product of

elements of K.

Lemma A.8. Let v, 3 be elements of K. Then we have
(1) H(yB) < 2°™H(y)"H(B)™.
(ii) H(y+ B) <2'"H(y)"H(B)™
Proof. Let N be the degree of v3 over Q. Then, by Lemma A.5 and Lemma A.6, we have

SlogH(36) < log2+h(9)
< log2+ h(y) + h(B).

By Corollary A.7, and since N < m, we have

(26H )™
< BMH(y)™H(B)™.

H(vp)

IN

This proves (4).
Now we prove the result for the sum v + 5. Since the degree of v+ § (over Q) is at

most m, by Lemma A.5 and Lemma A.G, we have

log H(y+ ) < m(log2+ h(y+ 3))
< m(2log2 + h(y) + h(B)).
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Using Corollary A.7, we have

H('7+ﬁ) S 22m€mh(7)emh(ﬁ)
< 2'"H(y)"H(5)™,

which proves (7). O

In the following, let P(X) = aoX" + --- + a, denote a non-constant polynomial of
degree r < m over Z and let s be the degree of P(«) over Q. Let ®p : Z[X]| — Z[X] be
the ring homomorphism defined by X — P(X).

Proposition A.9. For all Q(X) € Z[X], we have

H(®p(Q)) < (deg(Q) + DH(Q)[(r + 1) H(P)*=@.

Proof. Let Q(z) = coz® + - - - + ¢4 be a polynomial of degree d over Z. Then, by definition

d

p(Qx) = cnlags” + -+ +an)".

n=0

By the multinomial theorem, we have

d
n
Q@)= D ( n )
) LU

n=0  not+ni+-+nr=n o, M, - - -
n n! . .
where = e and the inner sum is over all n-tuples (ng, nq, ..., n,)
Tyl
o, N1y...,Nyp
of non-negative integers.
dr
By interchanging the sum, one can write ®p(Q(x)) = E b;x', where
=0
d;
b, — n no N1 Ny
P — Cn Qg ay ...Q,. .
n=0 ng,ni,...,nr >0, 10, M5 - -5 T

notni+-tnr=n,
rng+-+2np _o+ns_1=1
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Hence by definition,

d n .
HEOAQ) = b <HQY, 32 < S >H<P> (4.7

where the inner sum is over all n-tuples (ng, ...,n,) of non-negative integers that add up

to n.
From (4.7), one can easily deduce that, H(®p(Q)) < (d+ 1)H(Q)H(P)%(r +1)%. O

The following theorem relates the height of P(«) with the height of a.
Theorem A.10. Let QQ be the minimal polynomial of P(a) of degree d over Z. Then,

H(P())"
2L(P)vm +1

(dr)!
m!

< H(a) < (d+1)H(P(a)) [(r + 1)H(P)]". (4.8)
Proof. Let @ be the minimal polynomial of P(«) of degree d over Z. Then « is a root of
®p(Q), and hence, the minimal polynomial of « divides ®p(Q) over Z. By Lemma A.4,
we have H(a) < ' H(®p(Q)). By using Proposition A.9, we have

m!

H(o) < =—=(d+ 1) H(P() [(r+ DH(P)". (4.9)
By Lemma A.6, we have
Clllog H(P(a)) —log2 < h(P(a))
< log L(P) + rh(a)
< log L(P)+m (% log H(ar) + ﬁ log(m + 1))
< log L(P) +log H() + log(m + 1)7.
Hence
H(P(a))i < 2L(P)H(a)Vm + 1. (4.10)
From (4.9) and (4.10), the result follows. O

Suppose that ( is algebraic over K. Then the following lemma gives an upper bound
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for the height of § in terms of the heights and degrees of the coefficients occur in the

minimal polynomial of 5 over K.

Lemma A.11 ([12]). Let n be a positive integer, and let ay,qs,...,a, be algebraic
numbers belong to K. Let F(Y, Xy,...,X,) be a nonconstant polynomial in the variables
Y, Xy,..., X, over Z, and with degree at least one in Y. Suppose that v is an algebraic

number with F(vy, a1, as, ..., a,) = 0. Then,
H(y) < 32m+dttdim (e H(aq)™ - - H(a) ™)™ (4.11)

where Hp is the maximum of the absolute values of the coefficients of F, d; is the degree
of X; (1=1,2,...,n) in F and d is the degree of Y in F.

The following lemma gives the lower bound for the difference between two distinct

nonzero algebraic numbers (see [7, pp. 153-154] for more details).

Lemma A.12. Let a and 3 be two distinct nonzero algebraic numbers of degree n and

m, respectively. Then there exists a constant ¢ = ¢(n,m) such that

o — B| > cH(a) ™™ H(B)™. (4.12)

A.2 DMahler’s and Koksma’s classification of complex numbers

In this section, we define the Mahler’s and Koksma’s classifications of complex numbers.
The materials here are taken from [7]. For more details on both the classifications and
also for a literature survey on these topics, we refer to Chapter 3 of [7].

The Mahler classification of complex numbers can be obtained by the following

algorithm.
(i) For any complex number £, we put
wm(§; N) = inf [P(£)],

where the infimum is taken over all polynomials P(X) with rational integer coeffi-
cients such that deg(P) < m, H(P) < N, and P(§) # 0.
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(ii) Then, we put

—1 N
w(§) = limsup O%sjgm]sf’ L we = lim sup w"f)-

(iii) (Mahler’s classification). Finally, ¢ is called an

A-number, if w(§) = 0;

S-number, if 0 < w(§) < oo;

T-number, if w(€) = oo and w,,(§) < oo for all m > 1;

U-number, if w(£) = oo and there exists positive integer mg such that w,,(§) = oo

for all m > my.

The Koksma’s classification of complex numbers can be obtained in a similar

way as we obtained the Mahler’s classification. The algorithm is given below:

(i) For any complex number &, we first put
wy(§, N) = inf [€ — af,

where the infimum is taken over all algebraic numbers « of degree at most m and
height at most N such that a # £.

(ii) Then, we put

—log (Nw? (£, N .
masup EVREND (e S0

wr (&) = lim sup

m

(iii) (Koksma’s classification) Koksma classified the complex numbers as A*-, S*-,
T*-, or U*-numbers in the same way as Mahler did, but with w* in place of w. Thus,

¢ is called an
e A*-number, if w*(§) = 0;
e S*-number, if 0 < w*(§) < oo;
e T*-number, if w*(£) = oo and w},(£) < oo for all m > 1;

e U*-number, if w*({) = oo and there exists positive integer mq such that

*

wi, (€) = oo for all m > my.
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Index of special symbols

A is the set of algebraic numbers.
q is a strictly increasing sequence of positive integers.

u is an unbounded sequence of positive real numbers.

[x] is the smallest integer greater than .

C is the set of complex numbers.
| ] is the largest integer less than x.
H(a) is the height of the algebraic number o.

Im(§) is the imaginary part of the complex number &.

7. is the set of integers.
L is the set of Liouville numbers.

N is the set of positive integers.

K is a number field.

Q is the set of rational numbers.
R is the set of real numbers.

Re(§) is the real part of the complex number &.
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82 Glossary

i is a square root of —1.
trdeggl is the transcendence degree of the field L over Q.

U,, is the set of U,,-numbers.
x V y is the union of the sequences z and y.

U is the set of U-numbers.
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