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Abstract

The major part of this thesis is devoted to determining cohomology of
orbit spaces and fixed point sets of certain compact transformation groups
on finitistic spaces. Equivariant maps are also studied and some parametrized
Borsuk-Ulam theorems are proved.

Chapter 1 contains some basic definitions and results in the theory of
topological transformation groups and spectral sequences required for our
work.

In Chapter 2, free involutions on finitistic mod 2 cohomology lens spaces
are studied. The possible mod 2 cohomology algebra of orbit space of any
free involution on a finitistic mod 2 cohomology lens space is completely
determined. As an application, it is shown that if X is a finitistic mod 2
cohomology lens space of dimension 2m — 1 with m > 3, then there does not
exist any Zg-equivariant map from S™ — X for n > 2m, where S™ is equipped
with the antipodal involution.

In Chapter 3, some parametrized Borsuk-Ulam theorems are proved for
bundles whose fibers are finitistic mod 2 cohomology real or complex projective
spaces with free involutions.

In Chapter 4, involutions on finitistic spaces having mod 2 cohomology
algebra of the wedge sum S™ V S?" Vv S or P?(n) vV S are studied and
the possible fixed point sets are determined up to mod 2 cohomology. Also
examples realizing the possible cases are given.

In Chapter 5, a similar problem is considered for S! actions on finitistic
spaces having rational cohomology algebra of the wedge sum S™ Vv S$2" v §3"
or P?(n) Vv 83" The possible fixed point sets are determined up to rational
cohomology and examples realizing the possible cases are given.

Chapter 6 contains some miscellaneous results obtained during our study.






Synopsis

1. Introduction

The theory of topological transformation groups deals with the symmetries
of topological spaces. More precisely, it is the study of group actions on
topological spaces. An action of a group on a space gives rise to two associated
spaces, namely, the fixed point set and the orbit space. One of the basic
problems of transformation groups is to determine these two associated spaces,
either precisely or up to (co)homology. The pioneering result of Smith [65] on
fixed point sets up to homology of prime periodic maps on homology spheres
was the first in this direction. More explicit relations between the space, the
fixed point set and the orbit space were obtained by Floyd [23, 24]. Bredon
[6] contains an excellent account of results in this direction for the large class
of finitistic spaces. This class of spaces was introduced by Swan [75] in his
study of fixed point theory. It is a large class of spaces including all compact
Hausdorff spaces and paracompact spaces of finite covering dimension. Due
to Deo-Singh-Tripathi [14, 16], it is known that if X is a topological space
and G is a compact Lie group acting continuously on X, then X is finitistic
if and only if the orbit space X/G is finitistic. The major part of our work
[61, 62, 64] is concerned with determining the cohomology of orbit spaces and
fixed point sets of certain compact transformation groups on finitistic spaces.

Another direction of work in the theory of topological transformation
groups is the study of equivariant maps. The well known Borsuk-Ulam
theorem states that, if n > k then there does not exist any Z,-equivariant map
S* — Sk, where S® and S* are equipped with antipodal involutions. Over
the years there have been several generalizations of the theorem in many

directions (see for example [72, 42]). Jaworowski [30], Dold [19], Nakaoka



[51] and others extended this theorem to the setting of fiber bundles, by
considering fiber preserving maps f : SE — E', where SE denotes the total
space of the sphere bundle SE — B associated to a vector bundle £ — B,
and E' — B is other vector bundle. Thus they parametrized the Borsuk-
Ulam theorem. A part of our work [63] proves some parametrized Borsuk-
Ulam theorems for bundles whose fibers are finitistic mod 2 cohomology real
or complex projective spaces with free involutions.

The basic setting for our approach in the thesis is the equivariant cohomol-
ogy theory introduced by Borel [10]. Let G be a compact Lie group and X
be a G-space. This gives the Borel fibration X — Xs — Bg, where
X¢ = (X x Eg)/G is the orbit space of the diagonal action on X x Eg and
B¢ is the base space of the universal principal G-bundle G — E; — Bg.
Then the equivariant cohomology of X is defined to be any fixed cohomology
(Cech cohomology in our case) of the total space X¢ of the Borel fibration
X — X¢ — Bg. By the work of Leray [40], there is a first quadrant spectral
sequence of algebras {E,™*,d,}, converging to H*(Xs) as an algebra, with
Ey" = H*(Bg; HY(X)), the cohomology of the base B¢ with locally constant
coefficients H!(X) twisted by a canonical action of m;(Bg). This spectral
sequence can be used to compute the equivariant cohomology of X and we
exploit it heavily in our work. Throughout we use Cech cohomology, since
it is found to be most compatible with the cohomology theory of topological
transformation groups and the cohomological dimension theory.

Let X, Y be topological spaces and let p be a prime. By X ~, Y we mean
that there is an isomorphism of graded algebras H*(X;Z,) = H*(Y;Z,).
Similarly, by X ~g Y we mean that there is an isomorphism of graded
algebras H*(X;Q) = H*(Y;Q). With these notations, the chapter-wise

details of the thesis are given as follows.



2. Cohomology algebra of orbit spaces of
free involutions on lens spaces

An involution on a topological space X is an action of the group G = Z5 on
X. In this chapter, we study cohomology of orbit spaces of free involutions
on cohomology lens spaces. Lens spaces are odd dimensional spherical space
forms described as follows. Let p > 2 be an integer and ¢, o, ..., ¢n be
integers coprime to p, where m > 1. Let S*™~! € C™ be the unit sphere and

let 12 = —1. Then

(oo ) 3 (€552, €5 2)

defines a free action of the cyclic group Z, on S*™~1. The orbit space is called
Lens space and is denoted by L?,m*l(ql, ey Gm)- It is a compact Hausdorff
orientable manifold of dimension (2m — 1) and is finitistic.

Involutions on lens spaces have been studied in detail, particularly on 3-
dimensional lens spaces [26, 33, 35, 36, 37, 49]. Kim [35] showed that if p = 4k
for some k, then the orbit spaces of any sense-preserving free involution on
L3(1,q) is the lens space L3 (1, q ), where ¢ ¢ = £1 or ¢ = 4¢ mod p. Myers
in [49] showed that every free involution on a 3-dimensional lens space is
conjugate to an orthogonal free involution, in which case the orbit space is
again a lens space.

Let X ~y L2 (g1, ..., ¢m) be a mod 2 cohomology lens space. Motivated
by the work of Kim and Myers, we consider free involutions on finitistic mod
2 cohomology lens spaces and determine the possible mod 2 cohomology
algebra of orbit space, using the Leray spectral sequence associated to the
Borel fibration X < Xz, — Bgz,. More precisely, if X/G denotes the orbit

space, then we prove the following theorem.



Theorem. Let G = Zy act freely on a finitistic space X ~4 Limfl(ql, s Q)
Then H*(X/G;Zs) is isomorphic to one of the following graded commutative

algebras:

1. Zo[z]/(x™™),
where deg(x) = 1.

2. Lofx,yl/ (=% y™),
where deg(x) =1 and deg(y) = 2.
3. Lolv,y, 2]/ (2%,0%, 2 %),
where deg(x) =1, deg(y) = 1, deg(z) =4 and m is even.
4o Dolw,y, 2]/ (2*,07, 2% 2%y),
where deg(x) =1, deg(y) = 1, deg(z) =4 and m is even.
5. Lolw,y,w, 2] /(2®, v, w?, 2%, 2%y, wy),
where deg(x) =1, deg(y) = 1, deg(w) = 3, deg(z) =8 and 4 | m.

Our theorem generalizes the results [35, 49] known for orbit spaces of free
involutions on 3-dimensional lens spaces, to that of the large class of finitistic

spaces X ~y L2 (g1, ..., qm)-

Application to Z,-equivariant maps

Let S™ be the unit n-sphere equipped with the antipodal involution and let
X be a paracompact Hausdorff space with a fixed free involution. The index

of the involution on X is defined as
ind(X) = maz { n | there is a Zs-equivariant map S" — X}.

There is a rich literature on index theory and a survey can be found in
Conner-Floyd [13]. Using the notion of index and our theorem, we prove the

following.



Theorem. Let m > 3 and X =~ Limfl(ql, ey qm) be a finitistic space with
a free involution. Then there does not exist any Zo-equivariant map from

S — X forn > 2m.

3. Parametrized Borsuk-Ulam problem for
projective space bundles

The unit n-sphere S™ is equipped with the antipodal involution given by
x — —x. One formulation of the classical Borsuk-Ulam theorem states
that, if n > k then for every continuous map f : S* — R* there exist a
point x € S™ such that f(z) = f(—z). Over the years there have been
several generalizations of this theorem in many directions (see for example
[72,42]). Jaworowski [30, 31, 32], Dold [19], Nakaoka [51] and others extended
this theorem to the setting of fiber bundles, by considering fiber preserving
maps f : SE — E, where SE denotes the total space of the sphere bundle
SE — B associated to a vector bundle E — B, and E' — B is other vector
bundle. Thus, they parametrized the Borsuk-Ulam theorem, whose general

formulation is as follows.

Let G be a compact Lie group. Consider a fiber bundle m : E — B and a
vector bundle ' : E' — B such that G acts fiber preserving and freely on E
and E' —0, where 0 stands for the zero section of the bundle 7' : E' — B. For
a fiber preserving G-equivariant map f - E — E', the parametrized version

of the Borsuk-Ulam theorem deals in estimating the cohomological dimension

of the set Zy ={x € E | f(x) = 0}.



We refer to cohomological dimension in the sense of Nagami [50]. Dold
[19] and Nakaoka [51] defined certain polynomials, which they called the
characteristic polynomials, for vector bundles with free G-actions (G = Z,
or S') and used them for obtaining such results. In this chapter, we use this
technique to prove some parametrized Borsuk-Ulam theorems for bundles
whose fibers are finitistic mod 2 cohomology real or complex projective spaces
with any free involution. As an application, we also estimate the size of the

Zo-coincidence set of a fiber preserving map.

Characteristic polynomials for bundles

Let (X, E, 7, B) be a fiber bundle with a fiber preserving free Z, action such
that the quotient bundle (X/G, E, 7, B) has a cohomology extension of the
fiber and let 7 : E' — B be a k-dimensional vector bundle with a fiber
preserving Zs-action on E  which is free on E' — 0, where 0 stands for the

zero section. We first obtain the characteristic polynomials associated to the

bundles.

Characteristic polynomials for (X ~y, RP" FE 7, B)
n-1 n-1 gl
Wiz, y) = Wny1 + Wo + W1y + - Fwey T Fwizy T 4y 2
and Wy(z,y) = vs + 1o + ay + 27,

where z and y are indeterminates of degrees 1 and 2 respectively. We obtain

a natural isomorphism of H*(B)-algebras

H*(B)[x, y)/(Wi(z,y), Wa(z,y)) = H*(E).
Characteristic polynomials for (X ~, CP" E 7, B)

Wi(x,y) = wopia + Wop1x + Wonx? + -+ - + w2x2yn771 + ynTH



and Wy(z) = vs + hx + vy2° + 2%,

where x and y are indeterminates of degrees 1 and 4 respectively. In this case

also we obtain a natural isomorphism of H*(B)-algebras
H*(B)[z,yl/(Wi(2,y), Wa()) = H*(E).

Characteristic polynomial for 7' : E' — B

/

W' (x) = wy, + w2+ -+ wiz" 2k,

where z is an indeterminate of degree 1. Just as above, we obtain an

isomorphism of H*(B)-algebras

!

H*(B)[a] /(W (x)) = H*(SE).

Parametrized Borsuk-Ulam theorems

Let f : E — E' be a fiber preserving Z,-equivariant map. Define Z; = f~1(0)
and Z_f = Zy/Z,y, the quotient by the free Zs-action induced on Z;.

Each polynomial ¢(z,y) in H*(B)]x, y] defines an element of H*(E), which
we denote by ¢(z,y)|g. We denote by g(z,y)|7; the image of ¢(z,y)|z under
the H*(B)- homomorphism i* : H*(E) — H*(Z;), where i* is the map

induced by the inclusion ¢ : Z_f < E. For the real case we prove the following.

Theorem. Let X ~y RP" be a finitistic space. If q(x,y) in H*(B)[z,y] is a
polynomial such that q(x,y)|Z7 = 0, then there are polynomials r1(x,y) and
ro(x,y) in H*(B)[x,y] such that q(z, y)W' (x) = ri(z, y) Wi (z, y)+ra(z, y) Wa(z,y)
in the ring H*(B)[x,y], where W' (z), Wi (2, y) and Way(x, y) are the character-

istic polynomials.



As a corollary we have the following parametrized version of the Borsuk-

Ulam theorem.

Corollary. Let X ~y RP"™ be a finitistic space. If the fiber dimension of
E' — B is k, then q(x,y)\jf # 0 for all non-zero polynomials q(x,y) in
H*(B)[z,y|, whose degree in x and y is less than (n — k + 1). Equivalently,
the H*(B)-homomorphism

n—=k
P 1By — H'(Zp)
i+5=0

given by xt — x’]Tf and y/ — yj]7f is a monomorphism. As a result, if

n >k, then

cohom.dim(Zy) > cohom.dim(B) + (n — k).

Similarly, for the complex case we prove the following.

Theorem. Let X ~y CP" be a finitistic space. If q(x,y) in H*(B)[z,y] is a
polynomial such that q(x, y)|Z7 = 0, then there are polynomials r(x,y) and
ro(,y) in H*(B)[x,y] such that q(x, y)W' () = r1(z, y) Wi (z, y)+ra(z, y) Wa()
in the ring H*(B)[x,y], where W' (x), Wy(z,y) and Wy(z) are the characteristic

polynomials.

Corollary. Let X ~5 CP"™ be a finitistic space. If the fiber dimension of
E' — B is k, then q(m,y)|7f # 0 for all non-zero polynomials q(x,y) in
H*(B)[z,y|, whose degree in x and y is less than (2n — k + 2). Equivalently,
the H*(B)-homomorphism

2n—k+1

P 1By — H'(Z))

i+5=0



given by x° — a:2|Z7 and 1y’ — 1y’ Z; is a monomorphism. As a result, if

2n > k, then

cohom.dim(Zy) > cohom.dim(B) + (2n — k +1).

Application to Z,-coincidence sets

Let (X, E, m, B) be a fiber bundle with the hypothesis as above. Let £ — B
be a k-dimensional vector bundle and let f : E — E" be a fiber preserving
map. Here we do not assume that E has an involution. Even if E” has
an involution, f is not assumed to be Zs-equivariant. If T': F — FE is a

generator of the Zy action, then the Zs-coincidence set of f is defined as

A(f) ={z e E| f(z) = f(T(x))}.

As an application of our results, we have the following theorems.

Theorem. If X ~, RP" is a finitistic space, then

cohom.dimA(f) > cohom.dim(B) + (n — k).

Theorem. If X ~, CP" is a finitistic space, then

cohom.dimA(f) > cohom.dim(B) + (2n — k + 1).



4. Fixed point sets of involutions on spaces of

type (a,0)

In this chapter, we investigate the fixed point sets of involutions on certain
types of spaces first studied by Toda [77]. Toda studied the cohomology
algebra of a space X having only non-trivial cohomology groups H"(X;Z) =
Z fori=0,1, 2 and 3, where n is a fixed positive integer. Let u; € H"(X;Z)
be a generator for ¢ = 1, 2 and 3. Then the ring structure of H*(X;Z) is

completely determined by the integers a and b such that
u% = auy and ujus = bus.

Such a space is said to be of type (a,b). For a prime p, let X ~, P"(n) mean
that there is an isomorphism of graded algebras H*(X;Z,) = Z,[z]/2",
where z is a homogeneous element of degree n.

For spaces X and Y, let X VY denote their wedge sum and let X UY
denote their disjoint union. One can see that a space X of type (a,b) is
determined by the integers a and b in terms of the familiar spaces as follows.

If b # 0 mod p, then
X ~, §" x §*" for a=0mod p

or

X ~, P¥(n) for a# 0 mod p.

And, if b =0 mod p, then
X ~, §"V S*" Vv .S for a=0modp

or

X ~, P*(n) v S* for a# 0 mod p.



Let X be a G-space and let X — X5 — Bg be the associated Borel
fibration as defined earlier. We say that X is totally non-homologous to zero
in X with respect to Z, if the inclusion of a typical fiber X — X induces
a surjection in the cohomology H*(X¢; Z,) — H*(X;Z,).

The cohomological nature of the fixed point sets of Z, actions for the case
b # 0 mod p has been investigated in detail by Bredon [5, 6] and Su [73, 74]
for all primes p. And the cohomological nature of the fixed point sets of Z,
actions for the case b = 0 mod p has been completely determined by Dotzel
and Singh [20, 21] for odd primes p. In [64] we settle the remaining case of
b = 0 mod 2 and investigate the fixed point sets of involutions on finitistic

spaces of type (a,0) mod 2. More precisely, we prove the following results.

Theorem. Let G = Zs act on a finitistic space X of type (a,0) mod 2
with trivial action on H*(X;Q) and with fixed point set F. Suppose X is
totally non-homologous to zero in Xq, then F has at most four components

satisfying the following:

1. If F has four components, then each is acyclic, n is even and a = 0 mod

2.

2. If F' has three components, then n is even and
F ~5 8" L {point, } U {points} for some even integer 2 < r < 3n.
3. If F has two components, then either
F o~y S"11S% or (S™V S*) U {point} for some integers 1 < r,s < 3n
or
F ~y P?(r) U {point} for some even integer 2 < r < n.
4. If F' has one component, then either

F ~5 57V S5V St for some integers 1 < r,s,t < 3n



or
F ~y SV P%(r) for some integers 1 <r <n and 1 < s < 3n.

Moreover, if n is even, then X is always totally non-homologous to zero in

Xqa. Further, all the cases are realizable.

Theorem. Let G = Zy act on a finitistic space X of type (a,0) mod 2 with
trivial action on H*(X;Q) and with fized point set F. Suppose X is not
totally non-homologous to zero in X, then either F'= ¢ or F ~5 S", where

1 <r < 3n is an odd integer. Moreover, the second possibility is realizable.

5. Fixed point sets of circle actions on spaces
of type (a,0)

In this chapter, we study fixed point sets of circle actions on rational cohomology
finitistic spaces of type (a,0). By X ~g P"(n) we mean that H*(X;Q) =
Q[z]/2"*1, where 2 is a homogeneous element of degree n.

It is clear that if b # 0, then
X ~g " x S* for a =0

or

X ~g P3(n) for a # 0.

And, if b =0, then
X ~g S"V S8* Vv S for a =0

or

X ~g P*(n) v S*" for a # 0.



Let X be a G-space and let X — X5 — Bg be the associated Borel
fibration as defined earlier. We say that X is totally non-homologous to zero
in Xg with respect to Q if the inclusion of a typical fiber X — X induces
a surjection in the cohomology H*(X¢q; Q) — H*(X;Q).

The cohomological nature of the fixed point sets of actions of the cyclic
group Z, of prime order p on spaces of type (a,b) has been studied in detail
[5, 6, 20, 21, 64, 73, 74].

For b # 0, the cohomological nature of the fixed point sets of S! actions has
been studied in detail by Bredon [5, 6]. In [62] we study S' actions on rational
cohomology finitistic spaces of type (a,0) and determine the possible fixed
point sets up to rational cohomology. More presisely, we prove the following

results.

Theorem. Let G = S! act on a rational cohomology finitistic space X of
type (a,0) with fized point set F. Suppose X is totally non-homologous to

zero in Xq, then F has at most four components satisfying the following:
1. If F' has four components, then each is acyclic and n is even.

2. If F has three components, then n is even and
F ~q S™ U {point,} L {points} for some even integer 2 < r < 3n.
3. If F' has two components, then either
F ~q S"US? or (S™V .S°) U{point} for some integers 1 <r,s < 3n
or
F ~q P?(r) U {point} for some even integer 2 < r < n.
4. If F' has one component, then either

F ~g S"V 55V St for some integers 1 < r,s,t < 3n



or
F ~g S*V P?(r) for some integers 1 <r <n and 1 < s < 3n.

Moreover, if n is even, then X is always totally non-homologous to zero in

Xqa. Further, all the cases are realizable.

Theorem. Let G = S! act on a rational cohomology finitistic space X of
type (a,0) with fized point set F. Suppose X is not totally non-homologous
to zero in Xq, then either F'= ¢ or F ~q S, where 1 < r < 3n is an odd

integer. Moreover, the second possibility is realizable.

6. Some miscellaneous results

In this chapter, we prove some miscellaneous results that we obtained during

the course of our study.

Nice Z, actions

Let G be a group acting on a space X. Then there is an induced action of G
on the cohomology of X. This induced action is important in the cohomology
theory of transformation groups. One can see that for any action of S' on
a space X whose rational cohomology is of finite type, the induced action
on the rational cohomology is always trivial. This is, however, not true for
actions of the cyclic group Z, of prime order p, when the cohomology is taken
with coefficients in the finite field [F,. Sikora in [58] defined certain actions
of Z, which behave well on passing to mod p cohomology.

An action of Z, on a F,-vector space N is said to be nice if N =T @ F as
F,[Z,)-module, where T is a trivial and F' is a free F,[Z,]-module. In other

words, ' = @F, and F = @PF,[Z,]. We say that a Z, action on a space X



is nice if the induced Z, action on H"(X;IF,) is nice for each n > 0. Note
that, trivial actions are nice.

There is a Z3 action on S™ x S™, for n = 1, 3 or 7, which is not nice.
However, every action of Zs on S™ is nice. Thus, an arbitrary action of Z,
on X X Y need not be nice even if every action of Z, on both X and Y is
nice. If X and Y are G-spaces, then there is a G action on X x Y given by
(g, (z, y)) — (g.z, g.y), called the diagonal action. In this note, we show that

the diagonal action is nice. More precisely, we prove the following.

Theorem. If Z, acts nicely on spaces X and Y of finite type, then the

diagonal action on X XY is also nice.

Commutativity of inverse limit and orbit map

This note is motivated by the following example of Bredon [6, p.145]. Let
S? be the 2-sphere identified with the unreduced suspension of the circle
St ={2€C; |z| =1}, and f : S? — S? be the suspension of the map
St — S 2+ 23 Then f commutes with the antipodal involution on S2. If

> is the inverse limit of the inverse system
g2ty g2 gy g
then /75 is homeomorphic to @RPQ.
In [60] we show that this can be generalized, that is, the inverse limit and
the orbit map commute for actions of compact groups on compact Hausdorff

spaces. The proof of the result is simple, but does not seem to be available

in the literature. The result is as follows.

Theorem. Let {Xa,ﬂg,/\} be an inverse system of non-empty compact

Hausdorff topological spaces and let {G,v2, A} be an inverse system of compact



topological groups, where each X, is a G-space and each bonding map 7 is
VB -equivariant. Further, assume that A has the least element X\, G action
on Xy is free and the bonding map v is injective for each o € A. Then,

there is a natural homeomorphism

Y (I&HXOJ/(I&H Ga) — @(Xa/Ga)-
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0 Introduction

0.1 History and overview

The theory of topological transformation groups deals with the symmetries of topological
spaces. This theory was formalized in the year 1955 by D. Montgomery in his classic
text Topological Transformation Groups [47] written jointly with L. Zippin. It is now
a very active area of research expanding in many directions and interacting with many
areas of mathematics including algebraic and differential topology, algebraic geometry
and differential geometry. Historically, algebraic topology was first used in the study of
topological transformation groups with the work of P. A. Smith [67, 68, 69] in the 1930s
and 1940s and is often called as Smith Theory. Since the publication of [47], a number of
new ideas and tools have been applied in dealing the problems of transformation groups.
The Borel seminar [11] gives an account of the work done in this field before 1960 by
leading mathematicians such as G. E. Bredon, E. E. Floyd, D. Montgomery and Borel
himself. Later the subject received substantial clarification by the work of Atiyah and
Segal [2, 56] in the equivariant K-theory and by the ideas implicit in the work of Borel,
which were reformulated in the Localization Theorem proven independently by W. -Y.
Hsiang [27] and D. G. Quillen [53] for actions of compact Lie groups on spaces of fi-
nite cohomological dimension. The theorem was later proved for actions of compact Lie
groups on finitistic spaces by Deo-Singh-Shukla [15] and Allday-Puppe [1]. Important
contributions, which can now be treated as the classical part of the subject initiated by

P. A. Smith, have been made by A. Borel, G. E. Bredon, P. E. Conner, E. E. Floyd,



W. -Y. Hsiang, R. B. Oliver, D. G. Quillen, J. C. Su, T. Chang, T. Skjelbred and many
others. The recent developments in this subject are due to A. Adem, C. Allday, W.
Browder, G. Carlsson, D. H. Gottlieb, S. Halperin, V. Puppe and others. The text [6] by
G. E. Bredon contains a comprehensive treatment of almost all aspects of the theory of
compact transformation groups before 1972. Thereafter in 1975, the important text [27]
by W. -Y. Hsiang appeared, in which the transformation groups were studied in terms
of the geometric weight systems. Later, texts by T. tom Dieck [17], K. Kawakubo [34]
and finally by C. Allday and V. Puppe [1] appeared. All these texts present the latest

developments in the field.

0.2 Work done in thesis

Recall that, to an action of a group GG on a space X, there are two associated spaces,
namely, the fixed point set and the orbit space. It has always been one of the basic
problems of transformation groups to determine these two associated spaces, either pre-
cisely or up to (co)homology. The pioneering result of Smith [67] on fixed point sets up
to homology of prime periodic maps on homology spheres was the first in this direction.
More explicit relations between the space, the fixed point set and the orbit space were
obtained by Floyd [23, 24]. Bredon [6] contains an excellent account of results in this
direction for the large class of finitistic spaces. This class of spaces was introduced by
Swan [75] in his study of fixed point theory. It is a large class of spaces including all
compact Hausdorff spaces and paracompact spaces of finite covering dimension. Due
to Deo-Singh-Tripathi [14, 16], it is known that if X is a topological space and G is
a compact Lie group acting continuously on X, then X is finitistic if and only if the
orbit space X/G is finitistic. The major part of our work is concerned with determining
the cohomology of orbit spaces and fixed point sets of certain compact transformation

groups on finitistic spaces.



Our first problem is regarding the cohomology of orbit spaces of free involutions on
cohomology lens spaces. Kim [35] showed that if p = 4k for some k, then the orbit space
of any sense-preserving free involution on L3(1,¢) is the lens space L3,(1,¢), where
¢q==+1 or ¢ = +q (mod p) and an involution is sense-preserving if the induced map
on H 1(L2(1, q);Z) is the identity map. Myers in [49] showed that every free involution
on a 3-dimensional lens space Li(l, q) is conjugate to an orthogonal free involution, in
which case the orbit space is again a lens space. Motivated by these results, we consider
free involutions on more general spaces, namely, finitistic mod 2 cohomology lens spaces.
If G = Z5 acts freely on a finitistic mod 2 cohomology lens space X of dimension 2m —1,
then we determine completely the possible mod 2 cohomology algebra of the orbit space
X/G.

Our second problem deals with the cohomology of fixed point sets of involutions on
certain types of spaces first studied by Toda [77]. Toda studied the cohomology algebra
of a space X having only non trivial cohomology groups H"™(X;Z) = Z for i = 0, 1, 2
and 3, where n is a fixed positive integer. If u; € H"™(X;Z) is a generator for i = 1, 2
and 3, then the ring structure of H*(X;Z) is completely determined by the integers a
and b such that

u% = aug and ujue = bus.

Such a space is said to be of type (a,b). Let p be a prime and Z, be the cyclic group of
order p. The cohomological nature of the fixed point sets of Z, actions for the case b # 0
mod p has been investigated in detail by Bredon [5, 6] and Su [73, 74] for all primes p.
And the cohomological nature of the fixed point sets of Z, actions for the case b = 0
mod p has been completely determined by Dotzel and Singh [20, 21] for odd primes p.
We study involutions on finitistic spaces of type (a,0) mod 2 and determine the possible
fixed point sets up to mod 2 cohomology. We also give examples realizing the possible
cases.

Our third problem deals with the cohomology of fixed point sets of S! actions on

spaces of type (a,0). For b # 0, the cohomological nature of the fixed point sets of S*



actions has been studied in detail by Bredon [5, 6]. In our work we study S' actions on
finitistic spaces of type (a,0) and determine the possible fixed point sets up to rational
cohomology. Examples realizing the possible cases are also given.

Another direction of work in the theory of topological transformation groups is the
study of equivariant maps. The well known Borsuk-Ulam theorem states that, if n > k
then there does not exist any Zs-equivariant map S™ — S*, where S™ and S* are
equipped with the antipodal involutions. Over the years there have been several gener-
alizations of the theorem in many directions. Jaworowski [30], Dold [19], Nakaoka [51]
and others extended this theorem to the setting of fiber bundles, by considering fiber
preserving maps f : SE — E', where SE denotes the total space of the sphere bundle
SE — B associated to a vector bundle E — B and E' — B is other vector bundle.
Thus they parametrized the Borsuk-Ulam theorem.

Our fourth problem deals with the parametrized Borsuk-Ulam theorem. We prove
parametrized Borsuk-Ulam theorems for bundles whose fibers are finitistic mod 2 coho-

mology real or complex projective spaces with free involutions.

The basic setting for our approach in this thesis is the equivariant cohomology theory
introduced by Borel [9]. Let G be a compact Lie group and X be a G-space. Then the
equivariant cohomology of the G-space X is defined to be any fixed cohomology (say
Cech cohomology) of the total space X of the Borel fibration X < Xs — Bg. By
the work of Leray [40] (also see [44] for more details), there is a first quadrant spectral

sequence of algebras {E,™ d,}, converging to H*(X¢) as an algebra, with
Ey™ = H*(Bg; H'(X),

the cohomology of the base Bg with locally constant coefficients H!(X) twisted by a
canonical action of m(Bg). This spectral sequence can be used to compute the equiv-
ariant cohomology of X and we exploit it heavily in our work. Throughout we use Cech

cohomology, since it is found to be most compatible with the cohomology theory of



topological transformation groups and the cohomological dimension theory.

0.3 Organization of thesis

The thesis is organized as follows.

In Chapter 1, we recall the necessary material for our work in subsequent chapters.
Basic definitions and results in the theory of topological transformation groups includ-
ing Smith theory and group actions on projective spaces are recorded. The main tool
employed in our work is the Leray spectral sequence associated to a Borel fibration. We
also develop the necessary background in the theory of spectral sequences.

In Chapter 2, we discuss our first research problem. We study free involutions on
mod 2 cohomology lens spaces. We determine the possible mod 2 cohomology algebra
of orbit space of any free involution on a finitistic mod 2 cohomology lens space X of
dimension 2m — 1, using the Leray spectral sequence associated to the Borel fibration
X — Xy, — By,. As an application, we show that if X is a finitistic mod 2 cohomology
lens space of dimension 2m — 1 with m > 3, then there does not exist any Zs-equivariant
map from S” — X for n > 2m, where S™ is equipped with the antipodal involution. This
work was presented by the author in the HRI International Conference in Mathematics,
Allahabad, March 16-20, 2009.

In Chapter 3, we prove some parametrized Borsuk-Ulam theorems for bundles whose
fibers are finitistic mod 2 cohomology real or complex projective spaces with free invo-
lutions. The size of the Zs-coincidence sets is also estimated. This work has appeared
in [63] and was presented by the author in the Second East Asia Conference on Alge-
braic Topology held at the Institute for Mathematical Sciences, National University of
Singapore, Singapore, December 15-19, 2008.

In Chapter 4, we study involutions on finitistic spaces X having mod 2 cohomology
algebra of the wedge sum P?(n) vV S®" or S™ Vv 52"V $3" and determine the possible

fixed point sets up to mod 2 cohomology depending on whether or not X is totally



non-homologous to zero in Xy, in the Borel fibration X — Xz, — Byz,. We also give
examples realizing the possible cases. This work has appeared in [64].

Chapter 5 deals with S' actions on finitistic spaces X with rational cohomology
algebra of the wedge sum P?%(n) vV S3" or S™ Vv §?" v S3". We determine the possible
fixed point sets up to rational cohomology depending on whether or not X is totally
non-homologous to zero in Xgi in the Borel fibration X — Xq — Bsi. Examples
realizing the possible cases are also given. This work has appeared in [62].

Chapter 6 contains some miscellaneous results obtained during the course of our
study. We study the notion of nice actions introduced by Sikora [58] and show that if
the cyclic group Z, (p prime) acts nicely on spaces X and Y of finite type, then the
diagonal action on X x Y is also nice. In the end, we prove the commutativity of inverse
limit and orbit map for free actions of compact groups. This work has appeared in [60].

The precise chapter-wise details are given in the following pages.



Chapter 1

Brief Review of Transformation

Groups and Spectral Sequences

In this chapter we give some basic definitions and results that will be used in the thesis.

Most of the material is taken from Allday-Puppe [1], Bredon [6] and McCleary [44].

1.1 Group actions and their properties

Let G be a topological group and X be a Hausdorff topological space.

Definition 1.1.1. An action of G on X is a continuous map 6 : G x X — X such that
1. O(e,z) =z for all x € X, where e is the identity of G.
2. 0(g,0(h,x)) =0(gh,z) forall g, h € G and z € X.

The triple (G, X, 0) is called a topological transformation group and X is called

a G-space. We will write g.x to denote (g, z) when the action is clear from the context.
We note that an action of the group Z is also called an involution.

The subject of transformation groups is motivated by examples. Let G be a topolog-

1

ical group. Then G acts on itself by conjugation, G x G — G given by (g,h) — ghg™".

By a representation of a topological group GG, we mean a continuous homomorphism
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from G to an orthogonal group O(n). Since O(n) acts on a wide variety of spaces,
such as R™, D", S"~! RP"! and G1(R"™), one obtains a multitude of G-actions from a
representation. Likewise a complex representation G — U(n) gives actions on CP"!,
G(C"™), etc. A group action arising from a continuous homomorphism G — GL(n,R)
is called a linear action.

Let X be a G-space. For g € G, let 6, : X — X be the map defined by 0,(z) = 6(g, x).
Then, 6,05, = 0,, and 6, = 1x. Thus each §, is a homeomorphism of X. If Homeo(X)
denote the group of all homeomorphisms of X, then g — 6, defines a homomorphism
0 : G — Homeo(X). Conversely, any such homomorphism gives an action of G on X.

For each x € X, T = {g.z| g € G} is called the orbit of x. Let X/G denote the set
of all orbits and let 7 : X — X/G be the canonical map given by 7(x) = T, called the
orbit map. Then X/G equipped with the quotient topology induced by 7 is called the

orbit space. The following is a quite useful result.
Theorem 1.1.1. [6, Chapter I, Theorem 3.1] If X is a G-space with G compact, then
1. X/G is Hausdorff.
2. m: X — X/G is closed.
3. X is compact if and only if X/G is compact.
4. X s locally compact if and only if X/G is locally compact.

For each z € X, one can associate a subgroup G, = {g € G | g.x = x} of G called
the isotropy subgroup at x. These subgroups play an important role in the theory of

topological transformation groups.

Proposition 1.1.2. [6, Chapter I] Let X be a G-space and assume that X is Ty. Then

G, is a closed subgroup of G.

We say that G acts freely on X if G, = {e} for all z € X. The subspace X =

{r € X | gx=uxforall g € G} of X is called the fixed point set of the action. For
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convenience we write F' to denote the fixed point set X“. The orbit space and the fixed

point set are two important spaces associated to a group action.

Definition 1.1.2. Let X be a G-space with action # and Y be a H-space with action
6. If v : G — H is a topological group homomorphism, then a map f : X — Y is called
v-equivariant if f(6(g,z)) = 0 (v(g), f(z)) for all g € G and = € X, in other words,

the following diagram commute

Gx XL X

luxf lf

HxYy Ly
Equivariant maps are the right ones to be considered in studying group actions. If
both X and Y are G-spaces, then f is called G-equivariant (here v = identity map of G).

Note that the v-equivariant map f induces a map f : X/G — Y/H given by f(Z) = f(z)

and hence gives the following commutative diagram

x—' .y

-l

X/G—y/H.

1.2 Direct and inverse systems

In this section, we give the necessary background required for defining Cech cohomology.
Our main reference is the classic text [22] by Eilenberg and Steenrod. Let us first recall

the following definition.

Definition 1.2.1. A directed set A is a set with a relation < such that:
1. a < aforall a €A
2. a < fand < v implies a < 7.

3. Given «a and f3, there exists v such that a < v and g < v.
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Definition 1.2.2. A direct system of sets, denoted by {X,, 72, A}, consists of a di-
rected set A and a family of sets {X,}aca such that for each a, § € A with a < f,

there is a map 77 : X, — X satisfying:
1. 8 X4 = X, is the identity map for all & € A.
2. myomf = 7} foralla < f<7.

The maps {77} are called projections of the direct system (also called bonding

maps). A direct system is usually represented by the following diagram
g 2
-—>XQW4X5—5>XA,—>---, where a < 8 < 7.

If each X, is a topological space, or a R-module, or a topological group, and each
projection is continuous, or a R-module homomorphism, or a continuous homomorphism
respectively, then the system is called a direct system of topological spaces, R-modules,
or topological groups respectively.

Let {G,, 72, A} be a direct system of R-modules and R-module homomorphisms. Let
>) denote the disjoint union of the R-modules. Introduce an equivalence relation on 3
by declaring g, ~ gz if there exists a v such that a, f <~ and 7](ga) = 73(gs). The
direct limit of the direct system, denoted by @Ga, is the set ¥/ ~ of equivalence
classes. If [go] denote an element of ligGa, then it can be made into an abelian group
by defining

[ga] + [gﬁ] = [WZz(ga) + Wg(gﬂ)],

where v is such that o, § < 7. The scalar multiplication is defined as 7[gs] = [r¢a].

Thus the direct limit liﬂGa is a R-module.

Definition 1.2.3. An inverse system of sets, denoted by {X,, 72, A}, consists of a
directed set A and a family of sets {X, }aeca such that for each o, f§ € A with a < 8

there is a map 77 : X3 — X,, satisfying:

1. 8 X4 = X, is the identity map for all o € A.
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2. mhomy = m) foralla < B <.

The maps {7°} are called projections of the inverse system (also called bonding

maps). An inverse system is usually represented by the following diagram
= X, S5 XS X, — -, where a < < 1.

If each X, is a topological space, or a R-module, or a topological group, and each
projection is continuous, or a R-module homomorphism, or a continuous homomorphism
respectively, then the system is called an inverse system of topological spaces, R-modules,
or topological groups respectively.

Given an inverse system {X,, 72 A} of sets, let lim X, (possibly empty) be the
subset of Tl,ep X, consisting of elements (x,) such that z, = 72(x5) for each o <
in A. The set 1'£1Xa is called the inverse limit of the inverse system. We denote by
3 l'nga — Xp, the restriction of the canonical projection I1,cp Xy — Xp.

If {X,, 7% A} is an inverse system of spaces, then @Xa is assigned the topology
is has as a subspace of Iyep X,. If {X,, 75, A} is an inverse system of R-modules, it is
easily seen that l'nga is a subgroup of 1,4 X, and hence is a R-module. Similarly, an
inverse limit of topological groups is a topological group. The following basic results are

well known.

Proposition 1.2.1. [22, p.215] If { X, 7%, A} is an inverse system of topological spaces,

then each m, is continuous.

Theorem 1.2.2. [22, p.217] The inverse limit of an inverse system of non-empty com-

pact Hausdorff topological spaces is a non-empty compact Hausdorff topological space.

Theorem 1.2.3. [22, p.219] Let X be a topological space and {X,, 72, A} be an inverse
system of topological spaces. If for each o € A there is a map ¥, : X — X, such that

72 01hg = 1, for each a < B in A, then there is a unique map 1 : X — @Xa.
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1.3 Cech cohomology

The cohomology used in this thesis throughout is the Cech cohomology, unless otherwise
stated. It is a well known fact that this is the most suitable cohomology for studying
the cohomology theory of topological transformation groups. In this section, we give the
necessary background concerning Cech cohomology theory. For details on other aspects
of algebraic topology, we refer to [25, 48, 70].

Let X be a space and let A be an open covering of X. We define an abstract
simplicial complex called the Nerve of A, denoted by N(A), as follows. Its vertices are
the elements of A and its simplices are the finite sub-collections {Ay, ..., A,} of A such
that A;NAsN...NA, # ¢. Now if B is a refinement of A, we define amap g : B — A by
choosing ¢g(B) to be an element of A that contains B. This map ¢ induces a simplicial
map g : N(B) — N(A). Any other choice ¢  for g is contiguous to g. Thus, if B is a
refinement of A, for any coefficient group G, we have a uniquely defined homomorphism

in simplicial cohomology
9" H(N(A); G) = H*(N(B); G)

induced by the simplicial map g. We call it the homomorphism induced by the refine-
ment. Let A be the directed set of all open coverings of X, directed by letting A < B if
B is a refinement of A. Construct a direct system by assigning to the element A of A,

the group H*(N(A); G) and by assigning to the pair A < B in A, the homomorphism
f3: H¥(N(A); G) — H*(N(B); G),

induced by the refinement. We define the Cech cohomology group of X in dimension k,
with coefficients in G, by the equation
H*(X;G) = lim H*(N(A); G).
Aeh
Most of the fundamental properties of Cech cohomology can be stated in the following

theorem.
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Theorem 1.3.1. [22, Chapter IX] The Cech cohomology theory satisfies the Eilenberg-

Steenrod axioms.

Using inverse system of groups, one can define the Cech homology of a space X, just
as we defined the Cech cohomology. We will exploit the continuity property of the Cech
cohomology theory which we explain as follows. Let 7 denote a category of spaces and
maps. Let InvT denote the category of inverse systems having values in 7 and let Gg be
the category of R-modules, where R is a ring. Suppose that a cohomology theory H is
defined on T with values in Gz. Then H can be applied to {X,, 7%, A} € InvT to yield
a direct system

{HY(X,), 7% A}

) o )

Let {X,, 72, A} be an inverse system having values in 7. Let 73 : @Xu — X3

*

be the projection, then wims = 7, for o < 8 and 7473 = 7. Thus the maps {m}}

constitute a homomorphism
HY(X5) — HY(jim X,),
thereby defining a limit homomorphism
I(g) : limy H(X5) — HO(lim X,,).

Definition 1.3.1. A cohomology theory H with values in the category G is said to be
continuous on the category T if the transformation [ is a natural equivalence, that is,

for each inverse system {X,, 72, A} € InvT,
l(g) : lim H*(X5) = H(lim X,).

Theorem 1.3.2. [22, Chapter X, Theorem 3.1] The Cech cohomology theory based on

a coefficient group which is in Gr 1s continuous on the category of compact pairs.

See Chapter X of [22] for more on continuity property. From now onwards the

cohomology used in all our results will be the Cech cohomology.
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1.4 Group actions on finitistic spaces

We now define a class of spaces that plays an important role in the cohomology theory

of transformation groups.

Definition 1.4.1. A paracompact Hausdorff space X is said to be finitistic if its every
open covering has a finite dimensional open refinement, where the dimension of a covering
is one less than the maximum number of members of the covering which intersect non-

trivially.

The notion of a finitistic space was given by R. G. Swan [75] for studying fixed
point theory. It is a large class of spaces including all compact Hausdorff spaces and all
paracompact spaces of finite covering dimension [50, Chapter II]. The Cech cohomology
is found to be most suitable for the cohomology theory of transformation groups on
finitistic spaces. If G is a compact Lie group acting continuously on a space X, then due
to Deo-Singh-Tripathi [14, 16], the space X is finitistic if and only if the orbit space X/G
is finitistic. We now state some important results regarding group actions on finitistic

spaces.

Theorem 1.4.1. [6, Chapter III, Theorem 7.9] Let G = 7Z, be the cyclic group of prime

order p acting on the finitistic space X with fixed point set F'. Then for each fizted n > 0,

> rkH(F;Z,) <Y rkH'(X;Z,).

i>n >n

We now have the following result which is originally due to Floyd.

Theorem 1.4.2. [6, Chapter III, Theorem 7.10] Let G = Z, be the cyclic group of prime
order p acting on the finitistic space X with fized point set F. If rkH*(X;Z,) < oo and

the Euler characteristics are defined in terms of mod p Cech cohomology, then

X(X) + (p — Dx(F) = px(X/G).

An action of a group G on a space X induces an action on the cohomology given by

gl X = X,
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Theorem 1.4.3. [6, Chapter III, Theorem 7.2] Let X be a paracompact G-space with
G finite and let m : X — X/G be the orbit map. If A is a field of characteristic zero or
prime to |G|, then

™ HY(X/G; ) — H*(X;A)¢
s an isomorphism.

It is a well known fact that when n is even, Z, is the only non-trivial group acting
freely on the sphere S”. When n is odd, the problem is quite difficult and in fact a
complete solution is not known. We now state a well known result which is originally

due to Smith [66].

Theorem 1.4.4. [6, Chapter III, Theorem 8.1] If p is a prime, then the group Z, ® Z,

cannot act freely on a finitistic mod p cohomology n-sphere.

We now present some results regarding actions of compact Lie groups. In studying
group actions it is necessary to count the number of conjugacy classes of isotropy sub-
groups of the group. If G is a compact Lie group and H is a closed subgroup of GG, then
let [H] denote the conjugacy class of H in G. The group G is said to act on a space X
with finitely many orbit types (FMOT) if the set {[G,] | * € X} is finite, where
G, is the isotropy subgroup at x. For a subgroup H of G, let H° denote the component
of identity in H. Then G is said to act on X with finitely many connective orbit
types (FMCOT) if the set {[GY] | z € X} is finite. The group actions of such type
are the correct ones to consider in generalizing results about the actions of finite groups
to those of compact groups. See for example [1] and [6] for a detailed account of results
concerning such actions. Clearly FMOT implies FMCOT. When working with a field
of characteristic zero only FMCOT is needed [1, p.131]. For torus actions we have the

following useful result.

Lemma 1.4.5. [1, Lemma 4.2.1(1)] Let G = (S')" acts on the finitistic space X with
FMCOT, then there is a sub-circle St C G such that their fived point sets are same, that
is, XS' = X6,
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It is clear that the group G' = S' act on any space with FMCOT and hence we drop

this hypothesis from the results about S' actions that we present in this section.

Theorem 1.4.6. [1, Corollary 3.1.13, Remark 3.10.5(2)] Let G = S' act on the finitistic
space X with fired point set F. Suppose that 3, rkH(X;Q) < oo, then

Theorem 1.4.7. [1, Lemma 5.10.16, Corollary 3.10.12] Let G = Z,, be the cyclic group
of prime order p acting on the finitistic space X . Suppose that H'(X;7Z,) =0 fori > n,
then

1. H(F;Z,) =0 fori>n.

2. H(X/G;Z,) =0 fori > n.

This also holds for G = S' and rational coefficients.

We now recall an important construction due to Borel [11, Chapter IV]. For a compact
Lie group G, let G — Eg — Bg be the universal principal G-bundle. Let X be a
G-space. Consider the diagonal action of G on X x Eg. Then the projection pry :
X X Eg — FEg is G-equivariant and gives a fibration X < X5 — B called the Borel
fibration, where X = (X x E¢)/G is the orbit space of the diagonal action on X x Eg.

The fibration X — X — Bg is in fact a fiber bundle. Similarly, the projection

pri: X X Eg — X is G-equivariant and we have the following commutative diagram.

X" X xEo 25 Eg

S

X/G&8— X —- B

Any fixed cohomology (say Cech cohomology) of X¢ is called the equivariant co-
homology of X. Note that if X is a paracompact G-space, then X is also paracompact
(see [1, p.141)). If pry : (Xg, Fo) — (X/G, F) is the map induced by the G-equivariant

projection (X x Eg, F' x Eg) — (X, F'), then we have the following results.
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Theorem 1.4.8. [6, Chapter VII, Proposition 1.1] Let G = Z, be the cyclic group of

prime order p acting on the finitistic space X with fixed point set F'. Then
prit: H(X/G,F) = H'(Xg, Fe)
is an isomorphism for all i > 0 and for arbitrary coefficients. This also holds for G = St
and rational coefficients.
In fact for free actions X/G and X have the same homotopy type.

Theorem 1.4.9. [6, Chapter VII, Theorem 1.5] Let G = Zsy act freely on the finitistic
space X . Suppose that H'(X;Zs) = 0 for i >n, then H(Xg;Zy) =0 fori > n.

We now digress to discuss the Leray-Hirsch theorem, which will be used crucially in

Chapter 3. Before that we have the following definition [6, p.372].

Definition 1.4.2. Let (X, E, 7, B) be a fiber bundle and let A be a principal ideal do-
main. By a cohomology extension of the fiber we mean a A-module homomorphism
of degree zero
0:H"(X;\) — H"(E;\)
such that for any b € B, the composition
H(XGA) 5 B (B A) 5 B (X A)
is an isomorphism, where 7, : X, < E is the inclusion of the fiber X, over b.

Here 6 is not required to preserve products. With this we prove the following [6, p.372].

Theorem 1.4.10. (Leray-Hirsch) Let (X, E,m, B) be a fiber bundle and let A be a prin-
cipal ideal domain. Assume that X is paracompact and that B is a CW-complex. Let 6
be a cohomology extension of the fiber, with respect to the base ring A, and assume that

H*(X;A) is a torsion free A-module. Then the map
H*(B;A)®@x H*(X;A) — H*(E; A),

taking f @ a — 7 (5) U b(a), is an isomorphism of H*(B; A)-modules.
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In other words, H*(E;A) is a free H*(B; A)-module, where we view H*(E;A) as a
module over the ring H*(B;A) by defining scalar multiplication as f.c = 7*(5) U ¢ for
g€ H(B;A) and c € H*(E; A). We now give another important definition [6, p.373].

Definition 1.4.3. Let (X, E, 7, B) be a fiber bundle and let A be a principal ideal
domain. If 7 : X — FE is the inclusion of a typical fiber, then we say that X is totally

non-homologous to zero in £ with respect to ring A if the homomorphism
i H'(E;A) — H* (X A)
is surjective.

We write TNHZ to mean totally non-homologous to zero. In case of coefficients in
a field A, the cohomology extension of the fiber clearly exists if and only if X is totally

non-homologous to zero in . With this definition, we have the following result.

Theorem 1.4.11. [1, Theorem 3.10.4] Let G = Z, be the cyclic group of prime order p
acting on the finitistic space X with fived point set F'. Suppose that Zz‘zo rkH (X;Z,) <

o0, then

> rkH((F;Z,) <Y rkH'(X;Z,).

>0 1>0

Furthermore, the following statements are equivalent:
1. Zizo rkH (F;Z,) = Zizo rkH (X;7Z,).
2. X 1s totally non-homologous to zero in Xg.

3. G acts trivially on H*(X; Z,) and the Leray spectral sequence Ey' = H*(Bg, H'(X; 7))
= H"'Y(X¢;Z,) of the Borel fibration X — X¢ — Bg degenerates.

This also holds for G = S' and rational coefficients.

For the details on spectral sequences we refer to Section 1.7. We now present a useful

result regarding involutions.
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Proposition 1.4.12. [6, Corollary 7.3] Suppose that G = Zs acts on the finitistic space
X with fixed point set F' and that X is totally non-homologous to zero in Xq. Then any

class a € H"(X; Zy) with a® # 0 restricts non-trivially to F.

1.5 Group actions on projective spaces

In this section, we record some fundamental results regarding transformation groups
on cohomology projective spaces. For a prime p, we write X ~, Y if X and Y have

isomorphic mod p cohomology algebras. Similarly, we write X ~, P"(n) to mean that
H*(X;Zy,) = Zp[a]/ahﬂ?

where a is a homogeneous element of degree n. For n = 1, 2 or 4, X has the mod p
cohomology algebra of the real projective space RP", the complex projective space CP"
or the quaternionic projective space HP", respectively. For n = 8 and h = 2, X has the
mod p cohomology algebra of the Cayley projective plane QP". The following result is

well known.

Proposition 1.5.1. [71, Chapter I, 4.5] Let X be a space such that X ~, P"(n), then

forp =2
1.n=1,2,4 for h>2.
2.n =38 for h = 2.
and for p odd, n must be even for h > 2.

For Z, actions on RP" the following theorem was proved by Smith [65]. Smith’s
arguments were extended to the case of cohomology RP" by Su [74]. The following

general case was proved by Bredon [5, 8].

Theorem 1.5.2. [6, Chapter VII, Theorem 3.1] Let G = Z, be the cyclic group of prime

order p acting on the finitistic space X =~, P"(n). Then either the fired point set F is
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empty or F is the disjoint union of components F; ~, P"(n;) with h +1 = (h; + 1)
and n; < n. The number of components is at most p. For p odd and h > 2, n and n; are
all even. Moreover, if n; = n for some i, then the restriction H"(X;Z,) — H"(Fi;Z,)

1S an isomorphism.

An analogue of above theorem holds for S! actions on rational cohomology projective

spaces. For Z, actions the following result is well known.

Theorem 1.5.3. [0, Chapter VII, Theorem 3.2] Suppose that G = Zy acts on the fini-

tistic space X =~y P"(n), h > 2. Then one of the following possibilities must hold:
1. F s empty and h is odd.
2. F is connected and F ~y P"(m), where n =m or n = 2m.
3. F has two components Fy and Fy, where F; ~y Ph (n) and h = hy + hy + 1.

Moreover, in case (2) the restriction H"(X;Zy) — H"(F;Zs) is an isomorphism.

1.6 Cohomological dimension

In this section, we recall some definitions and results in dimension theory which will be
required in our work. For more details, we refer to Nagami [50]. The cohomology used

is the Cech cohomology.

Definition 1.6.1. The large cohomological dimension Dim(X, A) of a space X with
respect to an abelian group A is the largest positive integer n such that H"(X, A; A) # 0

for some closed subspace A of X.

Definition 1.6.2. The small cohomological dimension dim(X, A) of a space X with
respect to an abelian group A is the smallest positive integer n such that for each m > n
the map * : H™(X;A) — H™(A;A) induced by the inclusion i : A — X is surjective

for each closed subspace A of X.
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The following is an important result.

Theorem 1.6.1. /50, Theorem 37-7] If X is paracompact, then Dim(X,A) = dim(X, A)

for any abelian group A.

Since we will be dealing with paracompact spaces, we denote the cohomological di-
mension of a space X with respect to an abelian group A by cohom.dim(X,A). For

actions of compact Lie groups on paracompact spaces, we have the following.

Proposition 1.6.2. [52, Proposition A.11] Let G be a compact Lie group acting on a

paracompact space X with orbit space X/G, then for any abelian group A, we have

cohom.dim(X/G,A) < cohom.dim (X, A).

1.7 Leray spectral sequence

It has been a challenging problem to relate the cohomology algebra of the total space,
the base space and the fiber space of a fiber bundle. Leray [39] solved this problem
and gave the first explicit example of a spectral sequence in the cadre of sheaves and a
general cohomology theory which specializes to the Alexander-Spanier cohomology, Cech
cohomology, de Rham cohomology and singular cohomology. Before giving the definition

of a spectral sequence, we recall the following definition.

Definition 1.7.1. A differential bigraded module over a ring R, is a collection of R-
modules E¥!, where k and [ are integers, together with R-linear mapping d : E** — E**,
the differential of bidegree (s,1 — s) or (—s,s — 1) for some integer s and satisfying

d*>=0.
With the differential, we can take the homology of the differential bigraded module:
Hk,l(E*,*7 d) — ker{d . Ek,l N Ek+s,l75+1}/im{d . Ek*S,l‘i’S*l N Ek’l}.

Now we can give the definition of a spectral sequence.
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Definition 1.7.2. A spectral sequence is a collection of differential bigraded R-
modules { E* d,.}, where r =1, 2,...; the differentials are either all of bidegree (—r,r—1)
(for a spectral sequence of homology type)or all of bidegree (r,1 — r) (for a spectral

sequence of cohomology type) and for all 7, k, I, EX!| = HM(ES* d,).
We will be using only the cohomology type spectral sequences.

Definition 1.7.3. A filtration F™* of a R-module A is a family of submodules {F*A}

for k € 7Z such that
- CFMYAC FFAC FF'AC .- C A (decreasing filtration)

or ---C FFAC FFA C FFM'A C ... C A (increasing filtration).

If H* is a graded R-module and H* is filtered, then we can examine the filtration
on each degree by letting F*H™ = F*H* N H™. Thus the associated graded module is

bigraded when we consider
FFHE R R CGE s decreasing

or FFHFT/ERIERTCGE P s increasing.

We want to find where the spectral sequence converge to. To do so, we present a
spectral sequence as a tower of submodules of a given module. From this tower, it is
clear where the algebraic information is converging. For the sake of clarity we suppress
the bigrading. Denote

Zo =ker dy and By =im d,.

The condition, d2 = 0, implies By C Zy C Fs, and by definition, E3 & Z,/B,. Write Z3
for ker dy : E5 — F5. Since, Z3 is a submodule of Es, it can be written as Zs3/ By, where

Zs is a submodule of Z,. Similarly, B; = im dj is isomorphic to Bs /By and so

E, = Z3/Bs = (Z3/B,)/(Bs/Ba) = Zs3/ Bs.
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This data can be presented as a tower of inclusions:
By C By C Z3 C Zs.

Iterating this process, we present the spectral sequence as an infinite tower of submodules
of EQZ

B,cBycCc---B,C--+ ---CZ,C-+-Z43C Ly CFEy

with the property that E,.; = Z,/B,, and the differential d,,;; can be taken as a
mapping Z, /B, — Z,/B,, which has kernel Z, /B, and image B, 1/B,. The short

exact sequence induced by d,, 1,
0— Zy1/Bn — Z,/B, — B,11/B, — 0,

gives rise to isomorphisms B,,1/B, & Z,/Z,.1 for all n. Conversely, a tower of sub-
modules of Fs, together with such a set of isomorphisms, determines a spectral sequence.
We say that an element in F, that lies in Z, survives to the r'* stage, having being
in the kernel of the previous r — 2 differentials. The submodule B, of E5 is the set of
elements that are boundaries by the r" stage. Let Z,, = (), Z, be the submodule
of Fs of elements that survive forever, that is, elements that are cycles at every stage.
The submodule B, = |J,, B,, consists of those elements that eventually bound. From

the tower of inclusions it is clear that B, C Z,,. We define
Eoo - oo/Boo7

which is a bigraded module that remains after the computation of the infinite sequence
of successive homologies. It is the F, term of a spectral sequence that is the general goal
of a computation. We next combine the associated graded module with the definition of

a spectral sequence.

Definition 1.7.4. A spectral sequence {E*,d,} is said to converge to H*, a graded

R-module, if there is a filtration £ of H* such that

Ek,l ~ Fk:Hk+l/Fk+1Hk+l
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where E7* is the limit term of the spectral sequence.

Determination of a graded module H* is generally the goal of a computation. Al-
though, one can associate a spectral sequence to a filtered differential graded module
[44, Theorem 2.6] and to a bigraded exact couple [44, Theorem 2.8], we will be maily
concerned with the spectral sequence associated to a fibration. Let R be a commutative

ring with unit.

Theorem 1.7.1. [44, Theorem 5.2] Suppose that X S E*sBisa fibration, where B
s path connected and X is connected. Then there is a first quadrant spectral sequence of

algebras { E,™* d,}, converging to H*(E; R) as an algebra, with
Ey' = H"(B;H'(X: R)),

the cohomology of the base B with locally constant coefficients H'(X; R) twisted by a
canonical action of m(B). This spectral sequence is natural with respect to fiber preserv-

ing maps of fibrations.

For the Cech or the Alexander-Spanier cohomology theories the multiplicative struc-
ture in the spectral sequence is carried along transparently in the construction of the
spectral sequence and we get a spectral sequence of algebras converging to H*(F; R) as
an algebra [40, 10]. The result for singular theory, however, is more difficult and is one

of the celebrated works in Serre’s thesis [57].

Theorem 1.7.2. [/4, Theorem 5.9] Suppose that X 4 E-"sBisa fibration, where
B is path connected and X is connected, and that the system of local coefficients on B

1s simple, then the edge homomorphisms
BB R~ B B
— B — B = B0 ¢ HY(E; R)

+1 =

and

H(F;R) — EY =EY c B c..-Cc By = H(X;R)
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are the homomorphisms
p*: H*(B;R) — H*(E;R) and i*: H(E;R) — H'(X;R).

By introducing some simplifying hypothesis, the spectral sequence takes the following

form.

Proposition 1.7.3. [/4, Proposition 5.5] Suppose that the system of local coefficients
on B determined by the fiber is simple, that F is connected, and that F and B are of

finite type, then for a field R, we have
Ey' = H*(B; R) ® H'(X; R).

Remark 1.7.1. The graded commutative algebra H*(E; R) is isomorphic to Tot E%*, the

total complex of E%*. As mentioned earlier, H*(FE) is a H*(B)-module with the scalar

multiplication given by 8.c = p*(8) Uc for § € H*(B) and ¢ € H*(E).

Remark 1.7.2. Our main concern will be the Leray spectral sequence associated to the

Borel fibration X <i> Xo -2 Be.
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Chapter 2

Cohomology Algebra of Orbit
Spaces of Free Involutions on Lens

Spaces

2.1 Introduction

This chapter is concerned with the orbit spaces of free involutions on cohomology lens
spaces. The study of 3-dimensional lens spaces dates back to the work of Tietze in 1908
[76]. They are the first known examples of 3-manifolds which are not determined by their
homology and fundamental group alone. The term lens space was not introduced until
1930 by Seifert and Threlfall. Since then the spaces have appeared frequently in works
concerning 3-manifolds, surgery and knot theory and have important distinction of being
the first non-trivial class of 3-manifolds to be entirely classified up to homeomorphism
[54]. They played an important role in the Milnor’s counterexample to the Hauptvermu-
tung [46]. Because of the diverse nature of their applicability, there are at least five more
or less distinct definitions of the 3-dimensional lens space, depending on the context in
which they appear. For our purpose, we define lens spaces as odd dimensional spherical

space forms.
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Let p > 2 be an integer and ¢, o, ..., ¢, be integers coprime to p, where m > 1. Let

S?m=1 c C™ be the unit sphere and let (> = —1. Then

2meqy 2migm
(21, oy zm) > (€77 21,6 7 zp)

defines a free action of the cyclic group Z, on S*"~!. The orbit space is called Lens
space and is denoted by Lzm’l(ql, wesy@m). It is a compact Hausdorff orientable manifold
of dimension (2m — 1). Being compact Hausdorff it is finitistic.

We now describe a geometric model of the 3-dimensional lens space, whose equiva-
lence with the above definition is simple and can be found in [25]. For convenience take
g1 = 1. Consider a lens shaped closed 3-cell, whose surface consists of two identical,
radially symmetric caps which meet at a circular rim. Label the north and the south
poles NV and S respectively and partition the circular rim into p equal arcs separated by
points zg, 1, - ,,—1. Joint each z; with N and S with curvilinear segments to divide
each cap into p identical triangular sectors. The ﬁ%—radian positive rotation and an
orthogonal projection results in each sector Nx;x;;1 being identified with Sz g4 ;2q4it1,

where the all subscripts are taken mod p. The resulting space is Lz?;( 1, q2).

Involutions on lens spaces have been studied in detail, particularly on 3-dimensional

lens spaces [26, 33, 35, 36, 37, 49]. Hodgson and Rubinstein [26] obtained a classification
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of smooth involutions on 3-dimensional lens spaces having one dimensional fixed point
sets. Kim [36] obtained a classification of orientation preserving and sense preserving PL
involutions on 3-dimensional lens spaces. Also Kim [37] obtained a classification of free
involutions on 3-dimensional lens spaces whose orbit spaces contain Klein bottles. Kim
[35] showed that if p = 4k for some k, then the orbit space of any sense-preserving free
involution on L;’)(l, q) is the lens space Lgp(l, q), where ¢'¢ = +1 or ¢ = +¢ mod p and
an involution is sense-preserving if the induced map on H I(Lg(l, q);7Z) is the identity
map. Myers in [49] showed that every free involution on a 3-dimensional lens space is
conjugate to an orthogonal free involution, in which case the orbit space is again a lens
space.

From now onwards, for convenience we write L2™"'(¢) to denote L2™ (g1, ..., gm).

Let X ~, Lim_l(q) mean that X is a space with an isomorphism of graded algebras
H* (X Zy) = H*(L;%mfl(@; Zs).

We call such a space a mod 2 cohomology lens space and refer to dimension of L;m_l (q) as
its dimension. Motivated by the work of Kim and Myers, we investigate the cohomology
of orbit spaces of free involutions on cohomology lens spaces. We work on the general
class of finitistic spaces. More precisely, we consider free involutions on finitistic mod
2 cohomology lens spaces and determine completely the possible mod 2 cohomology
algebra of orbit space. If X/G denotes the orbit space, then we prove the following

theorem.

Theorem 2.1.1. Let G = Zy act freely on a finitistic space X ~5 L2"'(q). Then

H*(X/G;Zs) is isomorphic to one of the following graded commutative algebras:

1. Zs[z])/{z*™),
where deg(x) = 1.

2. Lolw,yl/(x*,y™),
where deg(x) =1 and deg(y) = 2.
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J. Z2[$,y72]/<l’3,y2,Z%>,

where deg(x) =1, deg(y) = 1, deg(z) = 4 and m is even.

4' ZQ[:E? Y, Z]/<ZL’4, y27 Z%7$2y>7

where deg(x) =1, deg(y) = 1, deg(z) = 4 and m is even.

5. ZZ[xv Yy, w, Z]/<l’5, y27 U)2, Z%a x2ya wy>7

where deg(x) =1, deg(y) = 1, deg(w) = 3, deg(z) =8 and 4 | m.

Our theorem generalizes the results known for orbit spaces of free involutions on 3-
dimensional lens spaces, to that of the large class of finitistic spaces X ~ Lgm_l(q) (see
remarks 2.5.1 and 2.5.2 ). We also give an application to non-existence of Zy-equivariant

maps S" — X, where S" is equipped with the antipodal involution.

2.2 Cohomology of lens spaces

The homology groups of a lens space can be easily computed using its cell decomposition

(see for example [25, p.144]) and are given by

7 ifi=0, 2m—1
Hi(LY" (q);Z) = { Z, ifiisoddand 0 <i<2m—1
0 otherwise.

If p is odd, then the mod 2 cohomology groups are

o Zy ifi=0, 2m—1

0 otherwise.
And if p is even, then

S Zo f0<i<2m—1
H'(L,™ (q); Zs) =

0 otherwise.
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2.3 Free involutions on lens spaces

We now construct a free involution on the lens space L2""'(q). Let qi, ..., qn be odd
integers coprime to p. Consider the map C™ — C™ given by

2
(21, ey 2m) > (e w2, ...,e%’gm Zm).

This map commutes with the Z, action on S*"~! defining the lens space and hence
descends to a map a : L2"7'(q) — L2"'(q) such that o’= identity. Thus a is an
involution. Denote elements of L2™~'(q) by [2] for z = (21,..., zn) € "1 If a([2]) =
[z], then

2Ty 27TLgm 2mikqy 2wikgm
(72 zy,.,e 2 zy)=(e P 21,..,e P Zy)

2mig; 2mikq;
for some integer k. Let 1 <1 < m be an integer such that z; # 0, then e z;=e » : Z;

2meg; 2mikq;
and hence e 2» =~ » . This implies
G ke _ il = 2k)
2pp 2p

is an integer, a contradiction. Hence the involution « is free. Observe that the orbit

space of the above involution is L2 (q)/(e) = L3 (q).

2.4 Orbit spaces of free involutions on lens spaces

Let G = Zj act freely on a finitistic space X ~5 L2 '(¢) and let X/G denote the orbit
space. Theorem 2.1.1 determines the possible mod 2 cohomology algebra of the orbit
space X/G. Recall that for G = Zy, H*(Bg;Za) = Zs[t], where t is a homogeneous
element of degree 1. Cech cohomology with Z, coefficients will be used and we will
suppress the coefficient group from the cohomology notation. We will exploit the Leray
spectral sequence associated to the Borel fibration X <« X5 — Bg. This section is
divided into three parts according to the various possibilities for p and Theorem 2.1.1

follows from a sequence of propositions proved in this section.
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2.4.1 When p is odd.

Recall that, for p odd, we have L2™"'(q) ~p S$*"'. It is well known that the orbit
space of any free involution on a mod 2 cohomology sphere is a mod 2 cohomology real
projective space of same dimension (see for example Bredon [7, p.144]). For the sake of

completeness, we give a quick proof using the Leray spectral sequence.

Proposition 2.4.1. Let G = Zs act freely on a finitistic space X ~o S™, where n > 1.
Then
H*(X/G; Zy) = Lo[z] [ (z"F1),

where deg(x) = 1.

Proof. Note that Ey" is non-zero only for | = 0, n. Therefore the differentials d, = 0
for 2 < r < n and for r > n + 2. As there are no fixed points, by Theorem 1.4.11, the

spectral sequence do not degenerate and hence

. kn k+n+1,0
Aoty s By — By

is non-zero and it is the only non-zero differential. Thus E%* = E;’', and

HM(X) — B Zo if0<k<n
Q)= O(’J:

0 otherwise.

Let x = p*(t) € ELY € H'(X¢) be determined by t ® 1 € Ey°. Since the cup product
rU (=) H*(X¢) — H*Y(Xg)

is an isomorphism for 0 < k < n — 1, we have 2¥ # 0 for 1 < k < n and there-
fore H*(Xg) & Zy[z]/(x™™). As the action of G is free, by Theorem 1.4.8, we have
H*(X/G) = H*(X¢). This gives the case (1) of Theorem 2.1.1. O

2.4.2 When p is even and 4 1 p.
Let p be even, say p = 2p’ for some integer p > 1. Since q, ..., g are coprime to p, all

of them are odd. Also all of them are coprime to p. Note that L2™~!(q) = L;Zf‘l(q) =
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Lif”_l(q)/@), where « is the involution on Li,m_l(q) as defined in Section 2.3. When
4 1 p, that is p is odd, we have Lif”’l(q) ~y §*"~' and hence L2""'(q) ~p RP*" .
Therefore it amounts to determining the cohomology algebra of orbit spaces of free

involutions on odd dimensional mod 2 cohomology real projective spaces.

Proposition 2.4.2. If G = Zy acts freely on a finitistic space X ~5 RP?™! where
m > 1, then

H*(X/G; L) = Lo[,y]/ (2%, y™),
where deg(r)=1 and deg(y)=2.
Proof. Note that for m = 1, the proposition is obvious. Assume m > 2. Let a € H'(X)
be the generator of the cohomology algebra H*(X). As there are no fixed points and
m(Bg) = Zg acts trivially on H*(X), by Theorem 1.4.11, the spectral sequence do not

degenerate at the Fy term. Therefore do(1 ® a) = t? ® 1. One can see that
dy : Byt — EF

is the trivial homomorphism for [ even and an isomorphism for [ odd. Note that d,. =0

for all » > 3 and for all k, [. Hence E** = E3*. This gives

Zo itk=0,1andl =0, 2,..,2m —2

Ek,l —
0 otherwise.
But
, E%  if j even
H (X¢g) = .
E;g_l if j odd.
Therefore
, Zo if0<j<2m—1
H'(Xg) =

0  otherwise.
Let z = p*(t) € ELO be determined by t ® 1 € Ey° and 2% € E20 = 0. The element
1®a® € EY? is a permanent cocycle and determines an element y € E%? = H*(Xg).

Also i*(y) = a* and y™ = 0. Since the multiplication

2 U (=) HY(Xg) - H*'(X)
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is an isomorphism for 0 < k < 2m — 2, we have xy” # 0 for 0 < r < m — 1. Therefore
we get

H*(X¢) = Lolw,y) /(= y™),
where deg(x) = 1 and deg(y) = 2. As the action of G is free, by Theorem 1.4.8,
H*(X/G) = H*(X¢). This gives the case (2) of Theorem 2.1.1. O

Remark 2.4.1. Tt is well known that there is no free involution on a finitistic space

X ~y RP?™. For, the Floyd’s Euler characteristic formula (Theorem 1.4.2)

X(X) +x(X9) = 2x(X/G)
gives a contradiction as y(X) =1 and x(X%) = 0.
Remark 2.4.2. The above result follows easily for free involutions on RP3. Let there be
a free involution on RP3. This lifts to a free action on S® by a group H of order 4 and
RP3/Zy = S*/H. There are only two groups of order 4, namely, the cyclic group Z, and
Ziy®Zs. By Theorem 1.4.4, Zy® Zo cannot act freely on S®. Hence H must be the cyclic
group Z,. Now by Rice [55], this action is equivalent to an orthogonal free action and
hence RP?/Zy = Li(q).
2.4.3 When 4 | p.
As above L2 Y(q) = L;;I"l(q) = L;?""l(q)/w). Since 4 | p, that is p’ is even, the
cohomology groups H i(Lif”’I(q)) = Zsy for 0 <i <2m —1 and 0 otherwise. The Smith-
Gysin sequence of the orbit map 7 : L;f”_l(q) — L;;?_l(q), which is a O-sphere bundle,

is given by

0 — HO(L27(g) > HO(L2 (@) 5> HOLZ (@) B HN(L2 (@)

ST L ) S L @) S HN L (@) O

where 7 is the transfer map. By exactness the cup-square v? of the characteristic class

veH 1(L§;7_1(q)) is zero. This gives the cohomology algebra

H'(X) = H*(Ly™ (q) = Alv] @ Zo[w]/(w™) = Zolv, w]/(v?, w™),
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where v € Hl([é;?_l(q)) and w € HQ(LZ;'?_l(q)).

Two non-trivial examples of this case are S! x CP™~! and the Dold manifold P(1,m—
1). We will elaborate these examples in forthcoming sections.

Let u,v be generators of H*(X) = H*(Lg;?_l(q)) as above. As the group G = Z,
acts freely on X with trivial action on H*(X), the spectral sequence does not degenerate
at the Ey term. If dy = 0, then d3 # 0, otherwise, the spectral sequence degenerate at

the £y term. Thus we have the following proposition.

Proposition 2.4.3. Let G = 7Zy act freely on a finitistic space X ~y L2™7'(q), where
4 | p. Let {E** d.} be the Leray spectral sequence associated to the fibration X <4

Xe 2 Bg. Ifu, v are generators of H*(X) such that dy = 0, then
H*(X/Gu Z2> = ZQ[:Ca Y, Z]/<Z‘3, y27 Zg)?
where deg(x) =1, deg(y) = 1, deg(z) =4 and m is even.

Proof. As dy = 0, we have that d3 # 0, otherwise, the spectral sequence degenerate at
the Ey term. Since d3(1®wu) = 0, we must have d3(1®v) = t*® 1. By the multiplicative

property of ds, we have

B @vit if 0 < g<modd
dg(l@?]q):
0 if 0 < g <m even

Similarly

B @uvi™! if 0 < g <modd
dg(l ® U’Uq) =
0 if 0 < ¢ <m even
This shows that

ey k+3,01—2

is an isomorphism for [ = 4q+2, 4q¢+ 3 and zero for [ = 4q,4q+1. Also note that v™ = 0.
If m is odd, then

0=ds(1®@v™) =ds((1@v™" ) (1ov) =t*@™ ",
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a contradiction. Hence m must be even, say m = 2n for some n > 1. Therefore

Rl _ E:])f’l ifk=0,1,2and | =4q,4¢+ 1, where 0 < ¢ <n—1
V=
0 otherwise.

Note that d, = 0 for all » > 4 and for all k,[ as E¥"="*1 = (. Therefore E** = E}”

and the additive structure of H*(X¢) is given by

Lo if 7 =4q,4¢+ 3, where 0 < ¢ <n-—1
H(Xg) = Zo®Zo if j=49g+ 1,49+ 2, where 0 < qg<n-—1
0 otherwise.

Let z = p*(t) € ELY be determined by t ® 1 € Ey°. As E30 = 0, we have x* = 0.
Note that 1 ® u € Eg’l is a permanent cocycle and hence determines an element say

y € E%'. Also i*(y) = u and E%? = 0 implies y*> = 0. Similarly 1 ® v? is a permanent

cocycle and therefore it determines an element say z € E%* = H*(Xg). Also i*(z) = v?

and E%'" = 0 implies 22 = 0. Since the cup product by x
v — (=) H(Xg) = H(Xe)

is an isomorphism for 0 < j < 2m — 2, we have 22" # 0 for 0 <r < mT’l Therefore
H*(X¢) & Lola,y, 2]/ (a*,4%, 2%),

where deg(z) = 1, deg(y) = 1 and deg(z) = 4. As the action of G is free, we have
H*(X/G) = H*(X¢g). This is the case (3) of the main theorem. O

Next, we consider dy # 0, for which we have the following possibilities:
(A) do(l®u) =1?®1 and do(1 @ v) =2 Q@ u,
(B) do(1®u) =t*® 1 and do(1 ® v) = 0 and

(C) da(1®u) =0 and dy(1 ® v) = t* ® u.
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We consider the above possibilities one by one. We first observe that the possibility
(A) does not arise. Suppose that da(1 ® u) = t* ® 1 and da(1 ® v) = t* ® u. By the

multiplicative property of ds, we have

2 @ui !t if 0 < qg<modd
dg(l@’l}q) =
0 if 0 < ¢ <m even

and da(1 ® uv?) = t* ® v? for 0 < ¢ < m. This shows that
dy o BBy ph2I
by 2

is an isomorphism if [ even and 4 1 [ or [ odd. And dy is zero if 4 | [. Just as in the

previous proposition, m must be even, say m = 2n for some n > 1. This gives

gkl _ E¥' ifk=0,1and [ =4q, where 0 < g <n—1
kil —

0 otherwise.

Note that d, = 0 for all 7 > 3 and for all k, [ as EFf"=+1 = (. Therefore E%* = Ey”

and

. Zo ifl =4q,4q¢+ 1, where 0 < g<n-—1
Hixg) = | 2 ¢,4q q

0  otherwise.
In particular, this shows that H*"~1(X/G) = H*" 1(Xg) = 0. But the Smith-Gysin
sequence
o HPYX/G) T Y (X) D HP XG0
implies that H*"~'(X) = 0, which is a contradiction. Hence this possibility does not
arise.

For the possibility (B), we have the following proposition.

Proposition 2.4.4. Let G = Zy act freely on a finitistic space X =~ Lgm_l(q), where
4 | p. Let {E** d.} be the Leray spectral sequence associated to the fibration X <y
X 25 Bg. Ifu, v are generators of H*(X) such that dy(1®u) # 0 and dy(1®@v) = 0,
then

H*(X/G; L) = Lolw,y/(z*, y™),

where deg(x) =1 and deg(y) = 2.
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Proof. Let do(1 ®@ u) =t* ® 1 and dy(1 ® v) = 0. Consider
dy - EY' — BT

If | = 2q, then do(t* @ v9) = 0 and if | = 2¢ + 1, then dy(t* ® wv?) = t5+2 @ v9 for

0 <q<m—1. This gives

o Bt ifk=0,1and1=0,2,...,2m —2
E3, —
0 otherwise.

Note that

. k,l k+r,l—r+1
d.: E7 — B

is zero for all r > 3 and for all k,[ as EF="t1 = (. This gives EX* = E;”. But

A E%  if j even
H'(Xg) = |
EL-1 i j odd.

Therefore
: Zy f0<j<2m-—1
H(Xg) =
0  otherwise.

Let « = p*(t) € EL° be determined by t ® 1 € E,”. As E20 = 0, we have 22 = 0.
Note that 1 ® v is a permanent cocycle and therefore it determines an element say
y € E% = H*(Xg). Also i*(y) = v and E%*™ = 0 implies y™ = 0. Since the cup
product by x

r— (=) H(Xg) — H (Xg)

is an isomorphism for 0 < j < 2m — 2, we have xy" # 0 for 0 < r < m — 1. Therefore
H*(XG') = Z2[x7y]/<m27ym>v

where deg(x) = 1 and deg(y) = 2. As the action of G is free, H*(X/G) = H*(Xg).

Again we get the case (2) of the main theorem. O

Finally, for the possibility (C), we have the following proposition.
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Proposition 2.4.5. Let G = Zy act freely on a finitistic space X ~» Limfl(q), where
4 | p. Let {E"* d.} be the Leray spectral sequence associated to the fibration X <
X¢ % Bg. Ifu, v are generators of H*(X) such that dy(1®@u) = 0 and dy(1 ®@v) # 0,
then H*(X/G;Zs) is isomorphic to one of the following graded commutative algbras:

(i) Zolw,y,2]/{(z*, v, 272, 2y),

where deg(x) =1, deg(y) = 1, deg(z) = 4 and m is even.
where deg(x) =1, deg(y) = 1, deg(w) = 3, deg(z) =8 and 4 | m.

Proof. Let dy(1®u) = 0 and d2(1®v) = t*®u. The derivation property of the differential

gives

2 @uv?! if 0 < g <modd
d2(1®vq) =
0 if 0 < g <m even.

Also dy(1 @ uv?) =0 for 0 < ¢ < m. Note that v™ = 0. If m is odd, then
0=dy(1®0v™) =do((1 @™ ") (1)) =t* @ u™ ",
a contradiction. Hence m must be even, say m = 2n for some n > 1. From this we get
dy : Ey' — B3

is an isomorphism if [ even and 4 1 [, and is zero if [ odd or 4 | [. This gives

E;“l if k£ > 0 arbitrary and [ = 4q,4q + 3, where 0 < g <n —1
(%) Eéf’l: Eg’l ifk=0,1andl=4¢+ 1, where 0 <¢<n-—1
0 otherwise.

We now consider the differentials one by one. First, we consider
kil k43,12
d3 . E3 % E3 .

Clearly d3 = 0 for all k£ and for [ = 4q,4q + 3 as E§+3’l*2 = 0 in this case. For k£ = 0,1

and for [ =4(¢+ 1)+ 1 =4q¢+5,

. k,4q+5 k+3,49+3
dy : EFATS B
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is also zero, because if a € E¥* 7 and ds(a) = [t*+3 @uv24t1], then for b = [2®1] € E3°,

we have ab € EST™%" = 0 and hence
0= d3<ab) = d3<a)b + CLdg(b) = d3<a>b +0= [tk+5 ® 'LL’UQqul],

which is a contradiction. Hence d3 = 0 for all k, .

Next we break the remaining proof in the following two cases:
(a) dy: EY® — E° is non-zero.

(b) dy : EY® — E}° is zero.

(a) When d, : E)* — E;" is non-zero
Let dy([1 ® wv]) = [t* ® 1]. This gives
dy: By — BT

is an isomorphism for all £ and for [ = 4¢ + 3, where 0 < ¢ < n — 1 and zero otherwise.
This gives
Eff’l ifk=0,1,2,3 and [ = 4q, where 0 < ¢g<n—1
Eéf’l: Eff’l ifk=0,1andl=4q¢+ 1, where 0 <q¢<n-—1
0 otherwise.
It is clear that d,. = 0 for all » > 5 and for all k, [ as E¥="+1 = (0. Hence, EX* = E2”*

and the additive structure of H*(X¢) is given by

o if j =4q,4¢9+ 3, where 0 < g<n-—1
H(Xg) = Zo D lo if j=49g+ 1,49+ 2, where 0 <qg<n-—1
0 otherwise.

We see that 1 ® v? € ESA and 1 ® u € Eg’l are permanent cocycles. Hence, they

determine elements z € E% C H%(Xg) and y € E%' C H'(Xg), respectively. As
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HY(Xg) = E% = E*, we have i*(z) = v2. Since E%* = 0, we get 2" = 0. Similarly,
i*(y) = uw and E%* = 0 implies y* = 0.

Let z = p*(t) € ELY C H'(X¢) be determined by t ® 1 € Ey°. As E40 = 0, we have
x* = 0. Also, the cup product 2%y € E%! = 0. Hence,

HY(Xg) = Zolz,y, 2]/ (x4, 27, 2%y),

where deg(z) = 1, deg(y) = 1 and deg(z) = 4. As the action of G is free, H*(X/G) =

H*(X¢). This gives the case (4) of the main theorem.

(b) When dy : E}® — E," is zero

We show that

ey k+4,1—3

is zero for all k, 1. Note that Ef™'~% = 0 for all k and for [ = 4¢. Similarly Eft*=3 =0

for k= 0,1 and for [ = 4¢ + 1. Now for any k and [ = 4q + 3, we have that
d Eic,4q+3 N E§+4,4q
is given by
dy([tF @ uwv®™)) = (dy[t* @ wo))[1 @ v + [tF @ w)(ds[1 ® v*1]) = 0.

This shows that dy = 0 for all £, 1.

Now we have the following two subcases:
(b1) ds : EY* — E2° is non-zero.

(b2) ds : EX* — E2 is zero.

(bl) When d; : E)* — E2* is non-zero

Let d5([1 ® v?]) = [t> ® 1]. Then

5 2(qg—1) .
ds([1 ©v*]) = g[t° @ v? V] = [° @@ D] if 0 < ¢ <m odd
0 if 0 < ¢ < m even
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and

5 29—1 .
d5([1 @ u*™)) = [t° @ w1 = [° @ w1 if 0 < ¢ <m odd
0 if 0 < g < m even.

Note that 1 ® uv™* = 0 and hence 0 = d5([1 ® uv™"]) = n[t> @ uv™ . But this is
possible only when 2 | n and hence 4 | m.
From above we obtain
EF if k=0,1,2,3,4 and [ = 8¢,8¢ + 3, where 0 < ¢
By = EM if k=0,1and [ =8¢+ 1,8¢+ 5, where 0 < ¢ < 252

0 otherwise.

One can see that d, = 0 for all 7 > 6 and for all k,[ as E¥"™="*1 = (. Hence,

E** = Eg" and the additive structure of H*(X¢) is given by

Ly ifj:8q78q+7,where0§q§“7—2
H(Xg) = Zy®Zy if 8¢ < j < 84q+7, where 0 < g < 52
0 otherwise.

We see that 1 ® v* € E§’8, l®uv e Eg’?’ and 1 ®u € Eg’l are permanent cocycles.
Hence, they determine elements z € E%® C H¥(X¢), w € E%® C H*(Xg) and y €
E%! C H'(Xg), respectively. As H3(Xqg) = E% = EY® we have i*(z) = v*. Also
E%?™ = (0 implies 27 = 0. Similarly, 7*(w) = uv and E%® = 0 implies w? = 0. Finally,
i*(y) = u and E%? = 0 implies y* = 0.

Let = = p*(t) € EL C H'(X¢) be determined by t ® 1 € E;°. As E>° = 0, we
have x° = 0. Also, the only trivial cup products are z?y € E%! = 0 and wy € E%* = 0.
Hence,

H*(Xg) =& Zs[x,y,w, Z]/<x5, y?, w?, z%,xzy, wy),

where deg(z) = 1, deg(y) = 1, deg(w) = 3 and deg(z) = 8. As the action of G is free,
H*(X/G) = H*(X¢g). This gives the case (5) of the main theorem.
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(b2) When d; : E)* — E2' is zero

We show that

ey k+5,1—4
d5 : E5 — E5

is zero for all k,[. Note that E§+5’l_4 =0for k=0,1 and for [ =4q + 1. For any k and
for [ = 4q,4q + 3, d5 is zero by the derivation property of ds and the above condition
(b2). Hence d5 = 0 for all k, 1.

We have that ds, ds, ds and d5 are all zero for the values of k and [ given by equation
(x). Note that only 1 ®u, 1®v? and 1 ® uv survives to the Fg term. For r > 6, a typical
non-zero element in E*! is of the form [t* ® v?7], [t* @ uv?™] or [t* ® uv®?] according
as | = 4q,4q + 3,4g + 1 for 0 < g < n — 1, respectively. But all these elements can
be written as a product of previous three elements for which d, = 0 for » > 6. Hence
E** = Ey*. This gives H(Xg) # 0 for j > 2m — 1 (in particular H*™(X¢) # 0), which

is a contradiction. Hence (b2) does not arise. O

With this we have completed the proof of the main theorem.

2.5 Examples realizing the cohomology algebras

In this section we provide some examples realizing the possible cohomology algebras of

the main theorem.

e The case (1) of the main theorem can be realized by taking any free involution on

a sphere.

e The Smith-Gysin sequence shows that the example discussed in section 2.3 realizes
the case (2). For another example, let X = S' x CP™"! where m > 2. The mod

2 cohomology algebra of X is given by

H*(X) = Z2[uav]/<u2avm>a
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where deg(u) = 1 and deg(v) = 2. Note that X always admits a free involution as

St does so. Taking any free involution on S! and the trivial action on CP™~! gives

X/G =S' x CP™!. Hence
H'(X/G) = Lofw,y)/(=*,y™),

where deg(z) = 1 and deg(y) = 1. This also realizes the case (2) of the main

theorem.

e We now construct an example for the case (3). Let X be as above. If m is even,
then CP™ ! always admits a free involution. In fact, if we denote an element of

CP™ ' by (21,22, Zm_1, Zm], then the map
(21,22, -+, Zm—1, Zm] = [=Z2,Z1, - - -, —Zm), Zm—1]
defines an involution on CP™!. Now if
(21,22, - - s Zm—1, 2Zm] = [—Z2, 21, - -, —Zm> Zm—1),
then there exits a A € S! such that
(Az1,A22, o s AZm1, A2m) = (=22, 21, -+, —Zmsy Zm—1)-

This gives 21 = 20 = - -+ = 2,1 = 2, = 0, a contradiction. Hence the involution
is free. The mod 2 cohomology algebra of orbit spaces of free involutions on odd
dimensional complex projective spaces was determined in [59]. More precisely, it
was proved that: For any free involution on CP™~!, where m > 2 is even, the mod

2 cohomology algebra of the orbit space is given by

I3

H*(CP™ 1 G) & Zylx, 2]/ {2?, 22),

where deg(z) = 1 and deg(z) = 4. Taking the trivial involution on S' and a free
involution on CP™ ! we have that X/G = S! x ((Cmel/G). Using the above
result, we have

H*(X/G) = Z2[x7y7 Z]/(l’g,yQ,Z%%
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where deg(x) = 1, deg(y) = 1 and deg(z) = 4. This realizes the case (3) of the

main theorem.

e We do not have examples realizing the cases (4) and (5) of the main theorem.
However, we feel that Dold manifolds may give some examples realizing these

cases. For integers r, s > 0, a Dold manifold P(r, s) is defined as
P(r,s) =S" x CP?/ ~,

where ((:pl, e T1)s (21 - ,zs+1]) ~ ((—:vl, ey = Tra1), [Z1, - ,25+1]). Consider
the equivariant projection S” x CP* — S". On passing to orbit spaces, the Dold

manifold can also be seen as the total space of the fiber bundle
CP?® < P(r,s) - RP".

The mod 2 cohomology algebra of a Dold manifold is well known [18] and is given
by
H*(P(r, s); Zo) = Loz, y] /(2" "),

where deg(z) = 1 and deg(y) = 2. Note that the Dold manifold P(1,m — 1) ~,
L2 *(q) for 4 | p and can be considered as the twisted analogue of X = S' x
CP™ ! For m even, the free involution on CP™ ! induces a free involution on
P(1,m—1). We feel that some exotic free involutions on P(1, m—1) would possibly

realize the cases (4) and (5) of the main theorem.

We conclude with the following remarks.

Remark 2.5.1. For the three dimensional lens space Lf;(q), where p = 4k for some k, Kim
[35, Theorem 3.6] has shown that the orbit space of any sense-preserving free involution
on Li(q) is the lens space Lgp(q'), where ¢'¢ = %1 or ¢ = ¢ mod p. Here an involution
is sense-preserving if the induced map on H 1(Lg(q); Z) is the identity map. This is the

case (2) of the main theorem.
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Remark 2.5.2. If T' is a free involution on L;’)(q) where p is an odd prime, then Z, and the
lift of T' to S? generate a group H of order 2p acting freely on S*. The involution 7 is said
to be orthogonal if the action of H on S* is orthogonal. Myers [49] showed that every
free involution on Li(q) is conjugate to an orthogonal free involution. It is well known
that there are only two groups of order 2p, namely the cyclic group Zs, and the dihedral
group Dsy,. But by Milnor [45], the dihedral group cannot act freely and orthogonally
on S*. Hence H must be the cyclic group Zo, acting freely and orthogonally on S°.
Therefore the orbit space L3(q)/(T') = S*/H = L3,(¢). Since p is odd, L3(q) ~» S* and
L3(q)/(T') ~3 RP?, which is the case (1) of the main theorem.

2.6 Application to Zs,-equivariant maps

Let X be a paracompact Hausdorff space with a fixed free involution and let S™ be the
unit n-sphere equipped with the antipodal involution. Conner and Floyd [13] asked the

following question.

Question: For which integer n, is there a Zs-equivariant map from S™ to X, but no such

map from S"*! to X?

In view of the Borsuk-Ulam theorem, the answer to the question for X = S" is n.
Motivated by the classical results of Lyusternik- Shnirel’'man [41], Borsuk-Ulam [3], Yang
[79, 80, 81] and Bourgin [4], Conner and Floyd defined the index of the involution on X
as

ind(X) = maz{n | there exist a Zy-equivariant map S" — X}.

It is natural to consider the purely cohomological criteria to study the above question.
The best known and most easily managed cohomology class are the characteristic classes
with coefficients in Zy. Let w € H'(X/G;Zsy) be the Stiefel-Whitney class of the principal
G-bundle X — X/G. Generalizing the Yang’s index [80], Conner and Floyd defined

co-indg, (X) = largest integer n such that w" # 0.
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Since co-indg, (S™) = n, by [13, (4.5)], we have
ind(X) < co-indz, (X).
Also, since X is paracompact Hausdorff, we can take a classifying map
c¢: X/G — Bg

for the principal G-bundle X — X/G. If k : X/G — X¢ is a homotopy equivalence,
then pk : X/G — Bg also classifies the principal G-bundle X — X/G and hence it is

homotopic to c¢. Therefore it suffices to consider the map
0"t HY(Bg; Zy) — HY (X¢; Zs).

The image of the Stiefel-Whitney class of the universal principal G-bundle G — Eg5 —
Bg is the Stiefel-Whitney class of the principal G-bundle X — X/G.

Let X ~ Lfgmfl(q) be a finitistic space with a free involution. The Smith-Gysin
sequence associated to the principal G-bundle X — X/G shows that the Stiefel-Whitney
class is non-zero.

In case (1), x € H(X/G;Zsy) is the Stiefel-Whitney class with 2™ = 0. This gives
co-indz,(X) = 2m — 1 and hence ind(X) < 2m — 1. Therefore, in this case, there is no
Zo-equivariant map from S” — X for n > 2m.

Taking X = S*¥ with the antipodal involution, by proposition 2.4.1, we obtain the
classical Borsuk-Ulam theorem, which states that: There is no map from S* — Sk
equivariant with respect to the antipodal involutions when n > k + 1.

In case (2), * € H'(X/G;Zsy) is the Stiefel-Whitney class with 22 = 0. This gives
co-indz, (X) = 1 and ind(X) < 1. Hence, there is no Zs-equivariant map from S* — X
for n > 2.

In case (3), * € H'(X/G;Zy) is the Stiefel-Whitney class with 22 = 0. This gives
co-indz, (X) = 2 and ind(X) < 2. Hence, there is no Zs-equivariant map from S* — X

for n > 3.
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In case (4), * € H'(X/G;Z,) is the Stiefel-Whitney class with x* = 0. This gives
co-indz, (X) = 3 and hence ind(X) < 3. Hence, there is no Zs-equivariant map from
S* - X for n > 4.

Finally, in case (5) of the main theorem, x € H'(X/G;Z,) is the Stiefel-Whitney
class with 2° = 0. This gives co-indz,(X) = 4 and hence ind(X) < 4. In this case also,
there is no Zs-equivariant map from S” — X for n > 5.

Combining the above discussion, we have proved the following Borsuk-Ulam type

result.

Theorem 2.6.1. Let m > 3 and X =~ Lszl(q) be a finitistic space with a free involu-

tion. Then there does not exist any Zs-equivariant map from S™ — X for n > 2m.



Chapter 3

Parametrized Borsuk-Ulam Problem

for Projective Space Bundles

3.1 Introduction

The unit n-sphere S™ is equipped with the antipodal involution given by x — —x. One
formulation of the classical Borsuk-Ulam theorem (proved by Borsuk in 1933 [3]) states
that, if n > k then for every continuous map f : S® — R¥ there exist a point x € S”
such that f(z) = f(—x). Over the years there have been several generalizations of
this theorem in many directions. We refer the reader to the article [72] by Steinlein
which lists 457 publications concerned with various generalizations of the Borsuk-Ulam
theorem. Also, the recent book by Matousek [42] contains a detailed account of various
applications of the Borsuk-Ulam theorem.

Jaworowski [30], Dold [19], Nakaoka [51] and others extended this theorem to the
setting of fiber bundles, by considering fiber preserving maps f : SE — E', where SE
denotes the total space of the sphere bundle SE — B associated to a vector bundle
FE — B, and E' — B is other vector bundle. Thus, they parametrized the Borsuk-Ulam
theorem, whose general formulation is as follows:

Let G be a compact Lie group. Consider a fiber bundle 7 : E — B and a vector bundle
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7+ E — B such that G acts fiber preserving and freely on E and E' —0, where 0 stands
for the zero section of the bundle ©' : E' — B. For a fiber preserving G-equivariant map
f: E — E', the parametrized version of the Borsuk-Ulam theorem deals in estimating

the cohomological dimension of the set
Zy—{w € B | f(x) = 0},

Such results appeared first in the papers of Jaworowski [30], Dold [19] and Nakaoka
[51]. Dold [19] and Nakaoka [51] defined certain polynomials, which they called the
characteristic polynomials, for vector bundles with free G-actions (G = Z, or S')
and used them for obtaining such results. The characteristic polynomials were used by
Koikara and Mukerjee [38] to prove a parametrized version of the Borsuk-Ulam theorem
for bundles whose fibers are a product of two spheres, with the free involution given by
the product of the antipodal involutions. Recently, Mattos and Santos [43] also used
the same technique to obtain parametrized Borsuk-Ulam theorems for bundles whose
fiber has the mod p cohomology algebra (with p > 2) of a product of two spheres with
any free Zy,-action and for bundles whose fiber has the rational cohomology algebra of
a product of two spheres with any free S'-action. Jaworowski obtained parametrized
Borsuk-Ulam theorems for lens space bundles in [33] and parametrized Borsuk-Ulam
theorems for sphere bundles in [30, 31, 32].

Our work proves some parametrized Borsuk-Ulam theorems for bundles whose fibers
are finitistic mod 2 cohomology real or complex projective spaces with any free involution.
The theorems are proved in Section 3.5. As an application, in Section 3.6, the size of
the Zs-coincidence set of a fiber preserving map is also estimated.

The cohomology used will be the Cech cohomology with Z, coefficients. For a space
X, cohom.dim(X) will mean the cohomological dimension of X with respect to Z,. We
write X ~9 RP" to mean that X is a space having the mod 2 cohomology algebra of RP"™.
Similarly, we write X ~y CP™ to mean that X is a space having the mod 2 cohomology

algebra of CP". If GG is a compact Lie group acting freely on a paracompact Hausdorff
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space X, then X — X/G is a principal G-bundle and one can take a classifying map
X/G — Bg for the principal G-bundle X — X /G, where Bg is the classifying space of
the group G. Recall that for G = Zy, H*(Bg;Z2) = Zs[s], where s is a homogeneous
element of degree 1. We will also use some elementary notions about vector bundles for
the details of which we refer to Husemoller [29]. Note that using a partition of unity,
any vector bundle over a paracompact base space can be given an Euclidean metric.

Throughout we will assume that the action on a vector bundle is metric preserving.

3.2 Free involutions on projective spaces

We construct free involutions on odd dimensional real projective spaces. Recall that

RP?™ 1 where m > 0, is the orbit space of the antipodal involution on S*™*! given by

(l’l, T2y eeey Tom+41,5 I2m+2) —> (-ZE‘I, —X9, ..y —T2m4+1, —.T2m+2).

If we denote an element of RP?™ ! by [z, %9, ..., Tom i1, Tams2], then the map RP?" ! —

RP?™+1 given by

[331, T2y ooy L2m+1, $2m+2] — [—$2, T1yeeey —T2m+42, fL’2m+1]

defines an involution. If

[xh T2y eeey T2mA41, $2m+2] = [_x27 L1y ooy —T2m42, $2m4r1]7
then
(_:Ula —X2, .ory —T2m41, —$2m+2> = <_:C27 L1y ooy —T2m4-2, x2m4r1)7
which gives 1 = 29 = ... = Zom11 = Tomao = 0, a contradiction. Hence the involution is
free.

Similarly, the complex projective space CP™ admit free involutions when m > 1 is odd.

Recall that CP™ is the orbit space of free S' action on S*”*! given by

(21, 225wy Zmy Zma1) > (C21,C22, ooy C2Zmy (2 ) for € € St



Chapter 3. Parametrized Borsuk-Ulam Problem for Projective Space Bundles 52

If we denote an element of CP™ by (21, 22, ..., Zm, Zm+1], then the map

(21, 22, <oy Zm)y Zma1] > [—Z2, 21, -, —Zm+1, Zm)

defines an involution. If

[21, 29y veey By Zerl] = [—52,51, vy _Em+17§m]7
then
(/\21, /\ZQ, ceey /\Zm, >\Zm+1) = (—52,51, ceey —§m+1,2m)
for some X € S, which gives 21 = 23 = ... = 2, = 2Zm41 = 0, a contradiction. Hence the

involution is free.

3.3 Orbit spaces of free involutions on projective
spaces

For the purpose of our work, we need to know the cohomology algebra of orbit spaces of
free involutions on cohomology projective spaces. For that, we exploit the Leray spectral
sequence associated to the Borel fibration X — X, — By,. For the real case we prove

the following.

Proposition 3.3.1. If G = Zy acts freely on a finitistic space X ~9 RP™, wheren > 1
1s odd, then

n+1

H*(X/G; L) = Lolu,v]/(u® 072 ),
where deg(u)=1 and deg(v)=2.
Proof. This was proved in Chapter 2 as Proposition 2.4.2. O

For the complex case we have the following.
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Proposition 3.3.2. If G = Zy acts freely on a finitistic space X ~5 CP™, wheren > 1
1s odd, then

n+1

H*(X[G; L) = Lofu,v]/ (u®, 072" ),
where deg(u)=1 and deg(v)=4.

Proof. If n = 1, then X ~, S? and hence X/G is a mod 2 cohomology RP?. Therefore
the result holds for n = 1. Now assume that n > 2. As m(Bg) = Zy acts trivially on
H*(X), by Theorem 1.4.11, the spectral sequence associated to the Borel fibration do

not degenerate at the Fy term. Since the system of local coefficients is simple, we have
EN >~ H*(Bg) ® HY(X).

Note that E5' = 0 for [ odd. This gives dy = 0 and hence Ey* = E3™. Let a € H*(X)
be the generator of the cohomology algebra H*(X). Since, the spectral sequence do not

degenerate, we have d3(1 ® a) = t3> ® 1. Therefore,
dy : Ry gt
Dby 3

is zero for [ even and an isomorphism for [ odd. Note that d, = 0 for all » > 4 and for

all k, I. Hence EX* = E;™. This gives

i Zo ifk=0,1,2andl=0,4,.,2n—1)

0  otherwise.
Since TotE%* = H*(X¢), we have H(Xg) = EX% where k = 0, 1, 2 and 4 | (i — k).

Hence

; 0 ifi=3,7,11,...0orj >2n
H'(X¢) =
Zo otherwise.

Let u = p*(t) € H'(X¢) = ELY. Thus, u® = 0 and u is determined by t ® 1 € E,°. The
multiplication

ulU (=) : Efc’f — EfOH’Z
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is an isomorphism for & = 0, 1. The element 1 ® a® € ESA is a permanent cocycle
and hence determines an element say v € E%!. We have i*(v) = a® and v =0 as
H**2(Xg) = 0. Hence

n+1

TotE** = Zolu,v]/(u vz )

and therefore

n+1

H*(X¢) = Zolu,v]/{(u®, vz ).

As the action of G is free, by Theorem 1.4.8, H*(X/G) = H*(X¢). This proves the

proposition. 0

We note that H. K. Singh and T. B. Singh also obtained the above results in [59].

Remark 3.3.1. Just as in Remark 2.4.1, the Floyd’s Euler characteristic formula shows

that, Zs cannot act freely on a finitistic space X ~5 RP™ or CP™ for n even.

Remark 3.3.2. Let X ~y HIP", where HP" is the quaternionic projective space. For
n =1, X ~ S* which is dealt in [19]. For n > 2, there is no free involution on X,

which follows from the stronger fact that such spaces have the fixed point property.

Remark 3.3.3. Let X ~y QP2 where QOP? is the Cayley projective plane. Note that
H*(OP?% Zy) = Zs|u]/(u®), where u is a homogeneous element of degree 8. Just as in

Remark 3.3.1, it follows from the Floyd’s formula that there is no free involution on X.

3.4 Characteristic polynomials for bundles

Let (X, E, 7, B) be a fiber bundle with a fiber preserving free Z, action such that the quo-
tient bundle (X/G, E, 7, B) has a cohomology extension of the fiber (Definition 1.4.2).
This condition on the bundle is assumed so that the Leray-Hirsch theorem (Theorem
1.4.10) can be applied. With this hypothesis, we now proceed to define the characteristic

polynomials for the bundles. We deal the real and the complex case separately.
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3.4.1 Characteristic polynomials for (X ~, RP" E 1, B)

The bundle (X ~y RP", E, 7, B) has a fiber preserving free Zy action. This gives a free
G action on a typical fiber, which is a finitistic space X ~9 RP™. Thus, n is odd and by
Proposition 3.3.1, H*(X/G;Z,) is a free graded algebra generated by the elements

n—1 n—1

1, u, v, uv,...,v° 2 , uv 2 |

n+1

subject to the relations u*> = 0 and v > = 0, where v € HY(X/G;Z,) and v €
H?*(X/G;Zy). By the Leray-Hirsch theorem (Theorem 1.4.10), there exist elements
a € H'(F) and b € H?(E) such that the restriction to a typical fiber j* : H*(E) —
H*(X/G) maps a + u and b — v. Note that H*(E) is a H*(B)-module, via the induced

homomorphism 7* and is generated by the basis
1, a, b, ab,...b" s, ab"z .

We can express the element b € H "+1(E) in terms of the above basis. Therefore,
there exist unique elements w; € H*(B) such that

n+1

b2 =wpp +Fwpa+wy_1b4---+ WQb% + wlab%_
Similarly, we express the element a? € H?(E) as

a® = vy + 11a + ab,

where v; € H(B) and « € Z, are unique elements. The characteristic polynomials in the
indeterminates x and y, of degrees 1 and 2 respectively, associated to the fiber bundle
(X ~y RP™ E, 7, B) are defined by
Wi(2,y) = Wny1 + Wa + Wy yy + -+ + w2ynT_l +wiry T +ye
and Wy(x,y) = vy + vz + oy + 22

On substituting the values for the indeterminates x and y, we obtain the following

homomorphism of H*(B)-algebras

o: H*(B)[z,y] — H*(E)
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given by (z,y) +— (a,b). The kernel of ¢ is the ideal generated by the polynomials
Wi(x,y) and Wa(x,y) and hence

H*(B)[z, ]/ (Wi(z,y), Wa(,y)) = H"(E). (3.4.1)

3.4.2 Characteristic polynomials for (X ~, CP" E, 7, B)
There is a free G action on a typical fiber, which is a finitistic space X ~, CP". Thus,
n is odd and by Proposition 3.3.2, H*(X/G;Z,) is a free graded algebra generated by
the elements

1, u, u?, v, uv,...,vngl, uvnT_l, UQUHT_I,

n+1

subject to the relations u® = 0 and v'= = 0, where v € HY(X/G;Z,) and v €
HYX/G;Zy).

By the Leray-Hirsch theorem (Theorem 1.4.10), there exist elements a € H'(E) and
b € H*(E) such that the restriction to a typical fiber j* : H*(E) — H*(X/G) maps

a— u and b — v. Note that H* (E) is a H*(B)-module and is generated by the basis
1, a, a®, b, ab, ...,b%’ ab’%l’ 2V

We write b"2 € H2n+2 (E) in terms of the above basis. Thus, there exist unique elements

w; € H'(B) such that

n+1

n—1
b2 = wWoyio + Wapt 1@ + Wopa® + -+ + wea®h 2 .
Similarly, we write the element a® € H3(E) as
a’® = Vs + Vaa + V1a2,

where v; € H'(B) are unique elements. The characteristic polynomials in the inde-
terminates x and y, of degrees 1 and 4 respectively, associated to the fiber bundle

(X ~y CP™, E, 7, B) are defined by

n—1 n+1
2 2

Wi(2,9) = Wonia + Wop 1T + Wop® + -+ +wox®y 2 +y
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and Wy(x) = vs + vpx + vi2? + 2%

This gives a homomorphism of H*(B)-algebras
o+ H(B)[x,y) > H*(E)

given by (z,y) — (a,b) and having kernel ¢ as the ideal generated by the polynomials
Wi(z,y) and Wa(x). Hence

H(B)[x, yl/(Wi(z,y), Wa(x)) = H*(E). (3.4.2)

3.4.3 Characteristic polynomial for 7' : E' — B

We now define the characteristic polynomial associated to the k-dimensional vector bun-
dle 7’ : E' — B with fiber preserving Z,-action on E  which is free on E' — 0. Let
SE' denote the total space of the sphere bundle of 7/ : E' — B . Since the action is
free on SE', we obtain the projective space bundle (RPF-L) W, ?, B) and the principal
Zo-bundle SE' — SE'. We know that H*(RP*1;Z,) = Zy[u']/(w"), where v = ¢*(s)
with s € HY(Bg) and g : RP*! — Bg is a classifying map for the principal Z,-
bundle S¥1 — RP* ! Let h : SE — Bg be a classifying map for the principal
Zy-bundle SE' — SE’ and let o' = h*(s) € H'(SE'). Now the Zy-module homomor-
phism 0 : H*(RP*') — H*(SE’) given by v ~— a' is a cohomology extension of the
fiber. Again, by the Leray-Hirsch theorem, H*(SE’) is a H*(B)-module via the induced

homomorphism 7 and is generated by the basis

We write o' € H*(SE') as
1k 1 k=1

’ / ’
a =w,+tw,_a +- -+ wa ,

where w; € H'(B) are unique elements.
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Now the characteristic polynomial in the indeterminate x of degree 1, associated to

the vector bundle 7’ : E' — B is defined as

W' (x) = wy, + wy_qx + - + w4 2"

By similar arguments as used earlier, we have the following isomorphism of H*(B)-

algebras

/

H*(B)[x]/(W'(2)) = H*(SE')

given by = — a.

3.5 Parametrized Borsuk-Ulam theorems

Let (X, E,m, B) be a fiber bundle with a fiber preserving free Zs-action such that the quo-
tient bundle (X/G, E,7, B) has a cohomology extension of the fiber and let 7' : B — B
be a k-dimensional vector bundle with fiber preserving Zs-action on E" which is free on
E' —0. Let f: E — E' be a fiber preserving Zy-equivariant map. Define Z; = f~1(0)

and Z_f = Zy/Z,, the quotient by the free Z,-action induced on Z.

3.5.1 Borsuk-Ulam theorems for X ~, RP"

Let H*(B)[z,y] be the polynomial ring over H*(B) in the indeterminates x and y.
Note that each polynomial ¢(z,y) in H*(B)[z,y] defines an element of H*(E), which
we denote by ¢(z,y)|g. We denote by q(z,y)|7;, the image of ¢(z,y)|g by the H*(B)-
homomorphism i* : H*(E) — H*(Z;), where * is the map induced by the inclusion

1 Z_f < E. With the above hypothesis and notations, we prove the following results.

Theorem 3.5.1. Let X ~y RP™ be a finitistic space. If q(x,y) in H*(B)[z,y] is a
polynomial such that q(z,y)lz; = 0, then there are polynomials ri(z,y) and ra(z,y)
in H*(B)[z,y] such that q(x,y)W' (x) = ri(z,y)Wi(z,y) + ra2(z, y)Walz,y) in the ring

H*(B)[z,y], where W' (x), Wy(z,y) and Wy(z,y) are the characteristic polynomials.
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Proof. Let q(x,y) in H*(B)[z,y] be a polynomial such that q(z,y)|z; = 0. It follows
from the continuity property of the Cech cohomology theory (Theorem 1.3.2), that there
is an open subset V C E such that Z; C V and ¢(z,y)|y = 0. Consider the long exact

cohomology sequence for the pair (E, V), namely,

3

o H(EV)S H(E) > HV) 5 H(E, V) > - .

By exactness, there exist u € H*(E,V) such that ji(u) = q(z,y)|g, where j; : B —
(E,V) is the natural inclusion. The Zj-equivariant map f : F — E  gives the map
f:E—-Z; - E —0. The induced map f : H*(E' —0) — H*(E — Z;) is a H*(B)-

homomorphism. We also have W' (a') = 0. Therefore,

By exactness, there exist A € H*(E, E — Z;) such that j3(\) = W' (z)|5, where jp : E —

(E,E — Z;) is the natural inclusion. Thus,

g(z, )W (@)l = ji ()73 (A) = 5" (LU \)

by the naturality of the cup product. But, uUX € H*(E,VU(E—-Z;)) = H*(E,E) =0
and hence q(z,y)W' (z)|z = 0. Therefore, by equation (3.4.1), there exist polyno-
mials 71 (z,y) and 7o(x,y) in H*(B)[x,y] such that q(z,y)W (z) = ri(z,y)Wi(z,y) +
ro(z, y)Wa(z,y) in the ring H*(B)[x,y]. This proves the theorem. O

As a corollary, we have the following parametrized version of the Borsuk-Ulam the-

oremnl.

Corollary 3.5.2. Let X ~y RP"™ be a finitistic space. If the fiber dimension of E' — B

is k, then q(x, y)|Z7 # 0 for all non-zero polynomials q(x,y) in H*(B)[z,y], whose degree
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in x and y is less than (n — k + 1). Equivalently, the H*(B)-homomorphism
n—k
P = (B)'y — H*(Zy)
i+5=0

given by x* — a:’|27 and 7 — yj|Z7 is a monomorphism. As a result, if n > k, then
cohom.dim(Zy) > cohom.dim(B) + (n — k).

Proof. Let q(z,y) in H*(B)|x,y] be a non-zero polynomial such that deg(q(x,y)) <
(n—k+1). If g(z,y)|z; = 0, then by Theorem 3.5.1, we have

!/

q(x, )W (2) = ri(z,y)Wi(z, y) + ra(2,y)Wa(z, y)

in the ring H*(B)[z,y] for some polynomials ri(z,y) and ro(z,y) in H*(B)[z,y]. Note
that deg(W'(x)) = k, deg(Wi(z,%)) = n + 1 and deg(Ws(z,y)) = 2. Since

deg(q(z,y)) + k = max{deg(ri(v,y)) + n+ 1, deg(rz(z,y)) + 2},

we have
deg(q(z,y)) + k > deg(ri(z,y)) + n+ 1.
Taking deg(ri(z,y)) = 0, this gives deg(q(x,y)) + k > n + 1 and hence deg(q(z,y)) >

(n — k + 1), which is a contradiction. Hence q(x,y)|7f # 0. Equivalently, the H*(B)-

homomorphism
n—k
@ By - (7))
i+j=0
given by ¢ — xllsz and ¢ — 1y’ |7; is a monomorphism. As a result, if n > k, then
cohom.dim(Zy) > cohom.dim(B) + (n — k),

since cohom.dim(Z;) > cohom.dim(Z;) by Proposition 1.6.2. O

Remark 3.5.1. If B is a point in the above corollary, then for any Zj-equivariant map

[ X ~ RP" — RF where n > k, we have cohom.dim(Z;) > (n — k).
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3.5.2 Borsuk-Ulam theorems for X ~, CP"

With similar notations as in the real case, we prove the following results.

Theorem 3.5.3. Let X ~y CP"™ be a finitistic space. If q(x,y) in H*(B)[z,y| is a
polynomial such that q(z,y)|z; = 0, then there are polynomials r(z,y) and ro(z,y)
in H*(B)[x,y] such that q(z,y)W (x) = (2, y)Wi(x,y) + ra(z,y)Wa(z) in the ring

H*(B)[x,y], where W (z), Wy(x,y) and Wa(z) are the characteristic polynomials.

Proof. Let q(z,y) in H*(B)[z,y] be a polynomial such that ¢(z,y)|z; = 0. By similar
arguments as used in the proof of Theorem 3.5.1, we conclude that q(z,y)W' (z)|z = 0.
Therefore, by equation (3.4.2), there exist polynomials r1(x, y) and ro(x, y) in H*(B)[z, y]
such that q(z,y)W' (z) = ri(z,y)Wi(z,y) + ro(z,y)Wa(z) in the ring H*(B)[z,y]. This

proves the theorem. O

Corollary 3.5.4. Let X ~y CP™ be a finitistic space. If the fiber dimension of E' — B
is k, then q(x, y)|Z7 # 0 for all non-zero polynomials q(x,y) in H*(B)[z,y], whose degree
in x and y is less than (2n — k + 2). Equivalently, the H*(B)-homomorphism
2n—k+1
P By - o (7)
i+5=0

given by x* — xtl— and y' — y|— is a monomorphism. As a result, if 2n > k, then
Zy Zy
cohom.dim(Zy) > cohom.dim(B) + (2n — k +1).

Proof. Let q(z,y) in H*(B)[x,y] be a non-zero polynomial such that deg(q(x,y)) <
(2n — k +2). If q(z,y)|z; = 0, then by Theorem 3.5.3, we have

/

Q<w7y)W (ZL’) = Tl(l',y)Wl(l',y) + Tg(l‘,y)WQ(I)

in the ring H*(B)[xz,y] for some polynomials 7 (x,y) and ro(x,y) in H*(B)[z,y]. Note
that deg(W'(z)) = k, deg(Wi(z,y)) = 2n + 2 and deg(Wy(x)) = 3. Since

deg(q(z,y)) + k = max{deg(ri(x,y)) + 2n + 2, deg(ra(z,y)) + 3},
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we have

deg(q(z,y)) + k > deg(ri(z,y)) + 2n + 2.

Taking deg(r1(x,y)) = 0, this gives deg(q(z,y)) + k > 2n + 2 and hence deg(q(z,y)) >
(2n — k + 2), which is a contradiction. Hence q(z,y)|z; # 0. Equivalently, the H*(B)-

homomorphism
2n—k+1

@ =By — H (7))
i+5=0

given by ¢ — .CEZ’Tf and ¢ — 7 |7, is a monomorphism. As a result, if 2n > k, then
cohom.dim(Zy) > cohom.dim(B) + (2n — k + 1).

]

Remark 3.5.2. If B is a point in the above corollary, then for any Zs-equivariant map

f: X ~y CP" — R* where 2n > k, we have cohom.dim(Z;) > (2n — k + 1).

3.6 Application to Zs-coincidence sets

Let (X, E,m, B) be a fiber bundle with the hypothesis of Section 3.4. Let E” — B be
a k-dimensional vector bundle and let f : E — E" be a fiber preserving map. Here
we do not assume that E has an involution. Even if E” has an involution, f is not
assumed to be Zs-equivariant. If T': E — FE is the generator of the Zy action, then the

Zo-coincidence set of f is defined as

A(f) ={z e E| f(x) = f(T(x))}.

Let V = E" @ E" be the Whitney sum of two copies of E” — B. Then Z, acts on V by
permuting the coordinates. This action has the diagonal D in V' as the fixed point set.
Note that D is a k-dimensional sub-bundle of V' and the orthogonal complement D+ of
D is also a k-dimensional sub-bundle of V. Also note that D+ is Z, invariant and has a

Z, action which is free outside the zero section. Consider the map f : E — V given by
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It is clearly Zs-equivariant. The linear projection along the diagonal defines a Zo-
equivariant fiber preserving map g : V' — D= such that g(V — D) c D+ — 0, where
0 is the zero section of D*. Let h = g o f be the composition

/

(E,E—A(f)) L (v,V — D)% (DY, D* —0).

r—1

Note that Z, = h71(0) = f (D) = A(f) and h : E — D" is fiber preserving Z,-

equivariant map.

Applying Corollary 3.5.2 to h, we have

Theorem 3.6.1. If X ~, RP" is a finitistic space, then
cohom.dimA(f) > cohom.dim(B) + (n — k).

Similarly, applying Corollary 3.5.4 to h, we have

Theorem 3.6.2. If X ~, CP" is a finitistic space, then

cohom.dimA(f) > cohom.dim(B) + (2n — k + 1).
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Chapter 4

Fixed Point Sets of Involutions on

Spaces of Type (a, 0)

4.1 Introduction

In this chapter, we investigate the fixed point sets of involutions on certain types of
spaces first studied by Toda [77]. Toda studied the cohomology algebra of a space X
having only non-trivial cohomology groups H"(X;Z) = Z for i = 0, 1, 2 and 3, where
n is a fixed positive integer. Let u; € H™(X;Z) be a generator for i = 1, 2 and 3. Then
the ring structure of H*(X;Z) is completely determined by the integers a and b such
that

u% = auq and ujuy = bus.

Such a space is said to be of type (a,b). Let p be a prime. We write X ~, Y if there
is an isomorphism of graded algebras H*(X;Z,) = H*(Y;Z,). If Y is a space of type
(a,b), we say that X is a space of type (a,b) mod p. Similarly, we use the notation
X ~, P"(n) to mean that H*(X;Z,) = Z,[z]/2"", where z is a homogeneous element
of degree n.

Given spaces X; with chosen base points z; € X; for 1 = 1, 2, ..., k, their wedge sum

VK X; is the quotient of the disjoint union L¥_, X; obtained by identifying the points
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x1, T, ..., T to a single point called the wedge point.
One can see that a space X of type (a,b) is determined by the integers a and b in
terms of some familiar spaces as follows.
If b # 0 mod p, then
szS”xSQ"foraEOmodp

or

X =~, P3(n) for a # 0 mod p.

And, if b= 0 mod p, then
X ~, 8"V 5§V S for a = 0 mod p

or

X ~, P*(n) vV S for a # 0 mod p.

Let the cyclic group G = Z, act on a space X of type (a,b). This gives the Borel
fibration X <— Xs — Bg (Chapter 1, p.16). Recall that, X is said to be totally non-
homologous to zero (TNHZ) in X with respect to Z, if the inclusion of a typical fiber
X — X¢ induces a surjection in the cohomology H*(X¢; Z,) — H*(X;Z,) (Definition
1.4.3).

The cohomological nature of the fixed point sets of Z,, actions for the case b # 0 mod
p has been investigated in detail by Bredon [5, 6] and Su [73, 74] for all primes p. And
the cohomological nature of the fixed point sets of Z, actions for the case b = 0 mod p
has been completely determined by Dotzel and Singh [20, 21] for odd primes p. We settle
the remaining case of b = 0 mod 2 and investigate the fixed point sets of involutions on

finitistic spaces of type (a,0) mod 2. More precisely, we prove the following results.

Theorem 4.1.1. Let G = Zsy act on a finitistic space X of type (a,0) mod 2 with trivial
action on H*(X;Q) and with fized point set F'. Suppose X is totally non-homologous to

zero in Xq, then F has at most four components satisfying the following:

1. If F has four components, then each is acyclic, n is even and a =0 mod 2.
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2. If F' has three components, then n is even and

F ~5 S" L {point,} LU {points} for some even integer 2 < r < 3n.

3. If F has two components, then either
F ~y S"US® or (S™V S%) U {point} for some integers 1 < r,s < 3n

or

F ~y P?(r) U {point} for some even integer 2 < r < n.
4. If I has one component, then either
F ~y S"V S5V S for some integers 1 < r,s,t < 3n

or

F ~y S*V P%(r) for some integers 1 <r <n and 1 < s < 3n.

Moreover, if n is even, then X is always totally non-homologous to zero in Xq. Further,

all the cases are realizable.

Theorem 4.1.2. Let G = Zy act on a finitistic space X of type (a,0) mod 2 with
trivial action on H*(X;Q) and with fixed point set F. Suppose X is not totally non-
homologous to zero in Xq, then either F = ¢ or F' ~9 S”, where 1 < r < 3n is an odd

integer. Moreover, the second possibility is realizable.

Before proceeding to prove our theorems, we consider a Z, action on the unit sphere
S™ = {(21,22, ., py1) € RP I 22 = 1) that we will use in constructing examples

in the following sections. For 0 < r < n, S C 5", where S" = {(x1,22,...,2p41) €

S™Xpyo = Tpig = ... = Tpyq = 0}. The Zy action on S™ given by
(X1, T, ooy Tpa1) V> (T1, Ty oy Ty 1, —Tpgo, —Tpi3y ey —Tpt1)

has S™ as its fixed point set. Given any point z € S", we consider {z, —z} as S° C S™.

Then the above action on S™, for r = 0, has {z, —z} as its fixed point set.
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We will also use the join X *Y of two spaces X and Y, which is defined as the quotient
of X x Y x I under the identifications (z,y;,0) ~ (z,y2,0) and (z1,y,1) ~ (x2,y,1),
where I is the unit interval. In other words, we are collapsing the subspace X x Y x {0}
to X and X x Y x {1} to Y. Note that, if a group G acts on both X and Y with fixed
point sets I} and F5 respectively, then the induced action of G on X xY has F} x F5
as its fixed point set. Throughout we will use the Cech cohomology with Z, coefficients

unless otherwise stated. We first prove the following lemma.

Lemma 4.1.3. Let G = Zs act on a finitistic space X with trivial action on the rational

cohomology H*(X;Q), then

Proof. By Theorem 1.4.3, we have
7 H(X/G;Q) S Hi(X; Q) for all i > 0,

where m : X — X/G is the orbit map. Since G acts trivially on the cohomology, the
fixed point set H'(X; Q)G = HY(X;Q) for all i > 0. This gives H(X/G;Q) = H'(X;Q)
for all i > 0 and hence x(X) = x(X/G). By Theorem 1.4.2, we have

X(X) + x(F) = 2x(X/G)
and hence x(X) = x(F). O

Theorem 4.1.1 is proved in Section 4.2 and Theorem 4.1.2 is proved in Section 4.3.

4.2 Fixed point sets when X is TNHZ in X7z,

Let X be totally non-homologous to zero in Xg. Then by Theorem 1.4.11

> rkH(F) =Y rkH'(X) =4.

i>0 i>0

It follows that F' has at most four components.
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Case (1) Suppose F' has four components, then it is clear that each is acyclic.
Let u; denote the reductions of u; mod 2. If a #Z 0 mod 2, then %;% = Uy # 0. Hence by
Proposition 1.4.12, H"(F') # 0, showing that F' has a non-acyclic component. Therefore,
in this case a = 0 mod 2. By Lemma 4.1.3, we have x(X) = x(F) = 4 and hence n must

be even.

For a = 0 mod 2, we can take X = SV §?" v §3". Consider the Z, actions on the
spheres S™, S?" and S®" with two fixed points each and take their wedge sum at some
fixed points. This gives a Zy action on X with the disjoint union of four points as its

fixed point set.

Case (2) Suppose that F' has three components, then
F ~5 8" LI {point, } LU {points} for some integer 1 < r < 3n.

Note that x(F) = 2 or 4 according as r is odd or even. As y(X) = x(F'), both n and r

are evei.

For ¢ = 0 mod 2 and even integers r, n such that 2 < r < 3n, we take X =
Snv §* v 83 Consider the Zs, actions on the spheres S™ and S?" with exactly two
fixed points each and the action on S3" with S as its fixed point set. Taking their wedge

sum at some fixed points gives a Z, action on X with F' = S" LI {point; } Ll {points}.

For a # 0 mod 2, we know that X ~y P%(n) v S®. If Y is a space such that
H*(Y;Zy) = Zsy2]/2", where z is of degree n, then by Proposition 1.5.1, we have n =
2, 4 or 8 for h = 2. Therefore, we can take Y to be the complex projective plane CP?,
the quaternionic projective plane HP? or the Cayley projective plane QP?, according as
n = 2, 4 or 8 respectively.

For n = 2, let S5={(21, 22, 23) € C3| 327, |z|* = 1}. Consider the Z, action on S°
given by (z1, 29, 23) — (21, 22, —23). This action commutes with the usual S action on
S® and hence descends to an action on CP?. As S? C S is fixed under the Z, action on

S5, it is easy to see that S? Ll {point} is the fixed point set of the Z, action on CP?.
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Similarly, for n = 4, let H be the normed division algebra of quaternions and
SU = {(wy, wy,ws) € H 2, Jw;|> = 1} and consider the Z; action on S given
by (wy, wa, w3) + (wy, ws, —ws). This action commutes with the usual S action on S'!.
As above, one can see that S* L {point} is the fixed point set of the induced action of
Z, on HP?.

For n = 8, we now construct a Z, action on QP? with S® L {point} as its fixed point
set. It is originally due to Bredon [6, p.389]. Let w be a Cayley number of order 2 and
let w act on S by ¢ — waw. Also let w act on S7x S” by (c1,¢c2) = (wey, cow). Then the
multiplication S7 x S — S7 is equivariant by the Moufang identity. Thus there is an
induced action of Z; on QP?. We now identify the fixed point set F. Note that if ¢ € S”
is perpendicular to 1 and w, then ¢ = —c and 2 = [c+w|* = (c+wW)(c+w) = 2+ w + we
so that cw = we. That is, wew = ¢ for ¢ in this 5-sphere. If ¢ € S7 is in the plane spanned
by 1 and w, then wecw = w?c which equals c. Since there are no fixed points on S7 x S7,
we see that I is the vertex of the mapping cone of S7x S7 — S(S7) together with the
suspension of the fixed set of ¢ — wcw on S7. Thus F = S® U {point}.

Now, consider the Z, action on S*" with exactly two fixed points. Taking X =
Y Vv S, where the wedge sum is taken at the isolated fixed point of Y and a fixed point
of S3" we get a Zjy action on X with the fixed point set F' = S™ U {point,} U {point,}
for some even integer 2 < r < 3n.

Case(3) Suppose F has two components, then
F o~y S"USE, (S™V S*) U {point} or P?(r) U {point} for some r and s.
By Lemma 4, x(X) = x(F). If n is odd, x(¥) = 0 and hence
F ~5 S"115% or (S"V S*) U {point} for odd integers 1 < r,s < 3n.
And if n is even, x(F') = 4 and hence

F ~5 S"11S% or (S"V S%) U {point} for even integers 2 < r, s < 3n
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or

F ~y P?(r) U {point} for some even integer 2 < r < n.

For a = 0 mod 2, let Y = S" ' x P%(n). Consider a free Zy action on S"~! and
that action on P?(n) which has the fixed point set S” U {point} for some r (which we
constructed in case (2)). Let Zy act on S™ with its fixed point set S* for some s. Take
X = S" VY, where the wedge sum is taken at the isolated fixed point of ¥ and some
point of S%. Then X ~y S™V S? Vv S3" and has a Z, action with the fixed point set
P~y 8" 1S5,

If we take the wedge sum at some point of S” and some point of S*, then X has a
Zs action with the fixed point set F' ~4 (S" Vv S%) U {point}.

Further, if we consider a free Zs action on S™ !, the trivial action on P?(n) and the
action on S™ with exactly two fixed points, then X = S™ VY, where the wedge is taken
at some point of P?(n) and some fixed point of S™, has a Z, action with the fixed point
set '~y P%(n) U {point}.

For a # 0 mod 2, take X = P?(n) v §3. Consider the Z, action on P%*(n) with
S” U {point} as its fixed point set and the action on S*" with S* as its fixed point set.
By taking the wedge sum at suitable points, we get a Z, action on X with F' ~y S"U S*
or (S"V S%) U {point}. Similarly, suitable actions on P?(n) and S" gives an action on

X with F =~y P?(r) U {point}.

Case(4) Suppose F' has one component, then either

F ~y S"Vv S°V S for some integers 1 < 7, s,t < 3n

or

F ~, §*V P%(r) for some integers 1 <r <mnand 1 < s < 3n.

As x(F) = x(X), for F ~5 SV 5%V S we must have either r, s and ¢ all are even or

exactly one of them is even. Similarly, for F' ~y SV P?(r) we must have either s and r
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both even or both odd.

For a = 0 mod 2, take X = S™V §?" v/ $3". Consider the Z, actions on S™, S?" and
S3n with S7, S¢ and S? respectively as their fixed point sets. This gives an action on X
with S™ Vv 5%V S? as its fixed point set, where the wedge is taken at some fixed points
on the sub-spheres.

If we take X = S" VY, where Y = S"~! x P%(n) and consider the Z, action on S™
with S* as its fixed point set for some s and the action on Y with P?(r) as its fixed point

set for some r, then we get a Z, action on X with its fixed point set F' ~, SV P%(r).

For a # 0 mod 2, taking a suitable Zy action on X = P?(n)VS®" gives ' ~, S*V P%(r)
for some integers r and s. Note that in this case the fixed point set cannot be a wedge

of three spheres.

Finally, suppose that n is even and X is not totally non-homologous to zero in Xg.
Then by Theorem 1.4.11,
> rkH'(F) # ) rkH'(X) =4
>0 i>0

and hence

> rkH'(F) <3

i>0
This gives x(F) = -1, 0, 1, 2 or 3. But, x(F) = x(X) = 4, a contradiction. This

completes the proof of the Theorem 4.1.1. O

4.3 Fixed point sets when X is not TNHZ in Xz,

Let X be not totally non-homologous to zero in X. Then n is odd and hence x(X) = 0.
As above Y, rkH'(F) < 3 and hence x(F) = -1, 0, 1, 2 or 3. But by Lemma 4.1.3, we

have x(F') = 0. Therefore either F' = ¢ or F ~g S for some odd integer 1 < r < 3n.

Note that, when n is odd, we have a = 0 mod 2 [77]. We now construct a Zy action

on a space X ~p S™V 82"V S§3" with fixed point set F' ~, S using a construction of Su
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[73]. Let h : S* — S? be the Hopf map and Y be the union of mapping cylinders of

the sphere bundle maps

§2 x gn &xL g8 5 gn Projecion g3
Then H*(Y;Z) = H*(S? x S"2,Z) and Y is a manifold . Let Zy act freely on S™ and
trivially on both S? and S2, then it act on Y with the fixed point set homeomorphic to
S3. Remove a fixed point from Y to obtain a space Z ~y S? V S"*2? with a Z, action
and contractible fixed point set. With Z, acting trivially on S"~3, consider the induced
action on the join W = S"73 x Z which is homotopically equivalent to S™ V S**. This
action on W has a contractible fixed point set. For a given odd integer 1 < r < 3n,
consider the Z, action on S3" with S™ as the fixed point set. Then the wedge sum of W
and 53" at some fixed points is a space X ~y S™ V 52"V S3" and has a Z, action with
its fixed point set F' ~, S”. It is clear that every Z, action on X = S" Vv S§?" V §3" has

a non-empty fixed point set. This completes the proof of Theorem 4.1.2. O

Remark 4.3.1. Tt is clear that there is no free Zy action on S™ V S?" v S3”. The author

does not know of any free Z, action on a space X ~y S™V §2" v §37,
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Chapter 5

Fixed Point Sets of Circle Actions

on Spaces of Type (a, 0)

5.1 Introduction

This chapter is concerned with the fixed point sets of S! actions on spaces of type (a, b)
introduced in Chapter 4. Toda studied the cohomology algebra of a space X having
only non trivial cohomology groups H"™(X;Z) = 7Z for i = 0, 1, 2 and 3, where n is a
fixed positive integer. If u; € H™(X;Z) is a generator for i = 1, 2 and 3, then the ring

structure of H*(X;Z) is completely determined by the integers a and b such that
u% = auq and ujuy = bus.

Such a space is said to be of type (a,b). Note that if n is odd, then u? = 0 and hence
a = 0. We write X ~q Y if there is an isomorphism of graded algebras H*(X;Q) =
H*(Y;Q). If Y is a space of type (a,b), we say that X is a rational cohomology space
of type (a,b). Similarly, by X ~g P"(n) we mean that H*(X;Q) = Q[z]/z"!, where z
is a homogeneous element of degree n.

It is clear that if b # 0, then

X:QS"XSQ"fora:()
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or

X ~g P*(n) for a # 0.

And, if b =0, then
X >~ S"V 8* Vv S for a =0

or

X ~g P?*(n) v §*" for a # 0.

Let the group G = S' act on a space X of type (a,b). This gives the Borel fibration
X — Xg — Bg (Chapter 1, p.16). Recall that, X is said to be totally non-homologous
to zero (TNHZ) in X with respect to Q if the inclusion of a typical fiber X — Xg
induces a surjection in the cohomology H*(X¢g; Q) — H*(X;Q) (Definition 1.4.3 ).

The cohomological nature of the fixed point sets of actions of the cyclic group Z, of
prime order p on spaces of type (a,b) has been studied in detail [5, 6, 20, 21, 64, 73, 74].

For b # 0, the cohomological nature of the fixed point sets of S! actions has been
studied in detail by Bredon [5, 6]. We study S' actions on rational cohomology fini-
tistic spaces of type (a,0) and determine the possible fixed point sets up to rational

cohomology. More precisely, we prove the following results.

Theorem 5.1.1. Let G = S act on a rational cohomology finitistic space X of type
(a,0) with fized point set F'. Suppose X is totally non-homologous to zero in X¢g, then

F has at most four components satisfying the following:
1. If F' has four components, then each is acyclic and n 1s even.

2. If I has three components, then n is even and

F ~q 8" U {point,} L {pointa} for some even integer 2 <r < 3n.

3. If I has two components, then either

F~g S"US% or (S"VS°)U{point} for some integers 1 <r,s <3n
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or

F ~q P?(r) U {point} for some even integer 2 <1 < n.
4. If I has one component, then either
F g S"VS%V St for some integers 1 <r,s,t < 3n

or

F ~g S5°V P%(r) for some integers 1 <r <mn and 1<s < 3n.

Moreover, if n is even, then X is always totally non-homologous to zero in Xqg. Further,

all the cases are realizable.

Theorem 5.1.2. Let G = S!' act on a rational cohomology finitistic space X of type
(a,0) with fized point set F. Suppose X is not totally non-homologous to zero in Xg,
then either ' = ¢ or F' ~g S", where 1 < r < 3n is an odd integer. Moreover, the

second possibility is realizable.

We will use the join X xY of two spaces X and Y, which is defined as the quotient of
X x Y x I under the identifications (x, y;,0) ~ (z,92,0) and (z1,y,1) ~ (x2,y, 1), where
I is the unit interval. If Y is a two point space, then X xY is called the suspension of

X and is denoted by S(X). Observe that,

e if a group GG acts on both X and Y with fixed point sets I} and F, respectively,

then the induced action on X xY has the fixed point set F; x F5.

e agivenmap f: X xY — Z induces a map f: X Y — S(Z) given by

F(@y,t)) = (flz.).1).

We say that a map f : S"! x S"! — S"7! has bidegree (o, (), if the restriction

flsn-1xp,y has degree a and the restriction f|f, 1xsn—1 has degree 3, where (pi,p2) €
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Sn=1 x S"=1 The bidegree of f is independent of the choice of (py,p2). We will need

the following well known result

Proposition 5.1.3. [71, p.14] For every even integer n > 2 there is a map ¢ : S"1 x
St — S™1 of bidegree (2,—1).

Proof. Define ¢ : S"71 x St — §n=1 by
plz,y) =y —20>_ miys)r.
i=1

If we fix z = (1,0,...,0), then ¢(z,y) = (—v1,¥2, ..., Yn) which has degree -1. If we fix
y = (1,0,...,0), then @(z,y) = (1 — 2212, —23129, ..., —2717,) = g(z) say. Let H} ' be
the closed subspace of S"~! consisting of # such that +; > 0. Then ¢ : H? ' — "2 —
St — {(1,0,...,0)} is a homeomorphism and hence defines a map f, : H}'/S""% —
Sn=1 of degree +1. In a similar way, ¢ defines an map f, : H*'/S"2 — S"~1. Note
that g(z) = g(—x) and hence the degree of fs5 is equal to that of the map =z — —ux,
which is (—=1)" = +1. Since, the map ¢ can be factored into S"~! — S*=1/Gn=2 =

gr=ty gn=1 L gn—1 o see that g has degree 2 and hence ¢ has bidegree (2, —1). [
Let f: 5" ! x §"~1 — §7~1 be a map of bidegree («, 3) and
f~: Sanl _ Snfl *Snfl N S(sn71> — gqn

be the induced map. If Y is the complex obtained by attaching a 2n-cell e** to S™ via
f, then for generators x € H™(Y;Z) and y € H*'(Y;7Z), we have 22 = h(f)y for some
integer h( f) called the Hopf invariant of f. A homotopy of f leaves the homotopy
type of Y unchanged and hence the Hopf invariant is an invariant of the homotopy class

of f. The following well known result relates the Hopf invariant and the bidegree.
Proposition 5.1.4. [71, p.13] h(f) = +a

Proof. Let E; and E, denote the closed n-cells with boundary S™~!. Let S™ be the

suspension of S~ !. Then S™ = E, U E_, where E, and E_ are closed n-cells in S™
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with B, N E_ = S ' Let f: 821 = 5714871 5 §(S§" 1) = S" be the induced
map. Note that $"~ 1% S 1 = E; x §" 1 U S" ! x Ey and f(E; x S*') ¢ E, and
f(S™ ' x Ey) C E_. Since, the boundary of F; x Fy is Fy x S* ' U §""! x E,, we can
construct the adjunction space X = (£} x Ey) U 75" The attaching map f gives rise
toamap g: (E) X Fy, By x S"1. 8"V x By) — (X,E,,E_). Let x € H"(X;Z) be a
generator. We define z, and x_ to be in the inverse images of x under the isomorphisms

H"(X,E_ ) —» H"(X) and H*(X,FE,) — H"(X) respectively. Now we have a map

(X,0,0) — (X, Ey, E_). This gives rise to a commutative diagram

H"(X,E,)® H'(X,E_) —— H>(X, S")

F F

H"(X) ® H*(X) ——— H>"(X).

The vertical maps are isomorphisms. Therefore the cup product z U z_ has image 22

under the map H?"(X,S") — H*"(X). We have the following commutative diagram

HY(X) +——— H"(X,E_) —L— H(E, x Ey, S™ x E»)

IR

(=23

o)

HM(S™) = H(S™, B ) —=5 H'(E,, S™) — H"(Ey % pa, S™ X ps)
o= 5|

Hn—l(Sn—l) g Hn—l(Sn—l X po)

(a3 (a3

7 = 7.
By the diagram g*z, = aw,, where w, generates H"(FE; X FEy, S""! x F,). By a similar
argument, we see that g*z_ = fw_, where w_ generates H"(E; X Fy, E; x S"71). Let
pi : By x By — E; be the projections. We define the generators x; € H"(E;, S"1) by
piry = wy and pire = w_. Now wy Uw_ = pix; Upsxe = (21 X 1)U (1 X 29) = 21 X x9.
Hence g*z, U g*z_ = afB(xr; X x9) and (z; X x5) generates H*"(E; X Fy, By x S™ ' U
S x Ey).

Now g : (Ey X By, By x S TUS" 1 x Fy) — (X, S") is a relative homeomorphism and



Chapter 5. Fixed Point Sets of Circle Actions on Spaces of Type (a, 0) 80

therefore induces an isomorphism of cohomology groups. So we have the isomorphisms
H>™(X) <— H™(X,S") L5 H*(Ey x By, By x S™ U S"! x ).

Under these isomorphisms z? € H?"(X) corresponds to z, Uz_ € H*"(X,S") and to
af(ry X x3). Let y € H?(X) be a generator which corresponds to x; x x5. Then

2% = afy. This proves the proposition. O

We now consider a S! action on the unit sphere S™ that will be used in the following
sections. For an odd integer n and r = (n 4+ 1)/2, the unit sphere S™ = {(z1, 22, ..., 2,) €
Cr|>°7_, |2i|* = 1} has a free S! action given by (z, (21, 22, ..., 2)) > (221, 229, ..., 22,).
Taking suspension gives a S! action on the even dimensional sphere S"*! with exactly
two fixed points.

An action of a group on a vector bundle will be by bundle maps. Throughout we will
use the Cech cohomology with rational coefficients. Theorem 5.1.1 is proved in Section

5.2 and Theorem 5.1.2 is proved in Section 5.3.

5.2 Fixed point sets when X is TNHZ in Xq

Let X be totally non-homologous to zero in Xg. Then by Theorem 1.4.11,
> rkH(F) =Y rkH'(X)=4.
i>0 i>0

It is clear that I has at most four components.

Case (1) Suppose F has four components, then it is clear that each is acyclic.

By Theorem 1.4.6, x(X) = x(F) = 4 and hence n is even.

For a = 0 and even integer n, we can take X = S™ Vv §?" Vv §3"  As discussed in
the previous section, an even dimensional sphere has a S! action with exactly two fixed
points. Taking the wedge sum at some fixed points of S™, S** and S*" gives a four fixed

point S! action on X.
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For a # 0, we know that X ~g P?(n) Vv S*. Let n be an even integer, then by
Proposition 5.1.3, there is a map ¢ : S"7! x S"~1 — S"~1 of bidegree (2, —1). It is clear
that ¢ is equivariant with respect to the usual O(n) action on S"~! and the diagonal
action on S™ ! x S"71 and hence the induced map ¢ : S?*»~! — S is also equivariant
with respect to the induced action. Let X,, denote the mapping cone of ¢ which inherits
an O(n) action. By Proposition 5.1.4, the Hopf invariant of ¢ is -2. Then X,, ~q P?(n)
and X, consists of three points. It is clear that if G C O(n) acts on R" with fixed point
set R*, then the induced action on X, has fixed point set X;. Let S' C O(n) acts on
R"™ with exactly one fixed point R, then it act on X,, with the fixed point set X,. Let
St act on S*" with exactly two fixed points, then the wedge sum X = X,, V S at fixed

points has a S! action with exactly four fixed points.

Case (2) Suppose that F' has three components, then
F ~q S" U {point,} U {pointy} for some 1 < r < 3n.

Note that y(F) = 2 or 4 according as r is odd or even. But x(X) = x(F') implies that
both n and r are even.

For a = 0 and even integer 2 < r < 3n—2, take X = S"VS5?Vv 53" As1 < (3n—r—1)
is an odd integer, S! has a free action on S*"~"~1 and the (r + 1)-fold suspension gives a
St action on S%" with S™ as its fixed point set. Taking a two fixed point action on both
S™ and S?", the wedge sum at fixed points gives a S! action on X with the fixed point

set F' g S" U {point, } U {points}.

For a # 0, take X = X,, V S, Taking the above three fixed point action of S' on
X, ~g P?*(n) and the action on S®" with S" as its fixed point set, the wedge sum gives

a S' action on X with the desired fixed point set.

Case(3) Suppose F' has two components. Then

F g S"US%, (S"V S®) U {point} or P*(r) U {point}.
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If nis odd, x(F) = x(X) = 0 and hence

F ~g S"US% or (8" Vv S%)U{point} for odd integers 1 < r,s < 3n.
And if n is even, x(F) = x(X) = 4 and hence

F ~g S"1S% or (S"V S*°) L {point} for even integers 2 < r,s < 3n

or

F ~q P?(r) U {point} for some even integer 2 < r < n.

Let a = 0and n =2, 4 or 8. Let S"! denote the set of complex numbers, quaternions,
or octanions of norm 1 and f : S~ ! x S"~! — S7~! be the multiplication of complex
numbers, quaternions, or octanions for n = 2, 4 or 8, respectively. For n = 2 and 4, let
St act on S™! by

(z,w) — zw

and act on S ! x S"~1 by

(2, (wi,ws)) = (zwy, ws).

Then S! acts freely on both S*~! and S" ! x S ! and f is a S'-equivariant map. Thus
the induced map f : $2*~1 — 5™ is also S*-equivariant and S act on the mapping cone
M of f with S™ L {point} as its fixed point set.

For n = 8, denote an element of S~ ! by (wy, ws) where w; and w, are quaternions.
Let St act on S™! by

(2, (wi,ws)) = (2w 2, ws)
and act on S ! x S"~1 by
<z, ((wl, wy), (ws, w4))> > ((zwl, wsyz), (wgz,w42)).

Then S' acts freely on each factor of S~ x S~ and acts on S"~! with fixed point set

S5, Note that, f is S'-equivariant and hence the induced map f is also S*-equivariant.
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Thus S! acts on the mapping cone M of f and has the fixed point set S6 U {point}.
Note that f has bidegree (1,1) and hence f has Hopf invariant 1. This shows
M ~q P?(n). Let S' act freely on S™™! and act on S™ with S™ as the fixed set for some
even integer r. Then S! acts on Y = S"~! « M with the fixed point set S* U {point},
where s is an even integer and hence act on X = S" VY ~g S™V §* v §3" with the
fixed point set S" LI S* or (S"V S®) U {point} depending on the wedge sum.
For the remaining case, we consider the S' action on X,, ~g P?(n) with X, ~q P%(r)
as its fixed point set, where both n and r are even. Let S' act freely on S"~! and act
on S" with exactly two fixed points. Then it acts on Y = S" !« X,, with X, as the
fixed point set and hence acts on X = S" VY ~g S"V S?" Vv §3" with the fixed point
set F' ~q P?(r) U {point}. Alternatively, one can use Tomter [78], where a S! action
has been constructed on the actual quaternionic projective plane HP? with the complex

projective plane CP? as its fixed point set and then do the above construction.

For a # 0, take X = P?(n) vV S3". As above, we can construct S' actions on X with

the desired fixed point sets.

Case(4) Suppose F' has one component. Then either
F ~g S§"Vv S°V S for some integers 1 <7, s,t < 3n

or

F ~g S°V P?(r) for some integers 1 <7 <mnand 1 < s < 3n.

As x(F) = x(X), for F ~g S™V SV S we must have either 7, s and ¢ all are even
or exactly one of them is even. Similarly, for F' ~g S* V P?(r) we must have either s
and r both even or both odd.

For a = 0, take X = S™V S?" v §3", If n is even, we take S! actions on S”, S?" and
S3" having S”, S* and S? respectively as fixed point sets, where r, s and ¢ are all even.
And if n is odd, we take actions where exactly one of them is even namely s. This gives

an action on X with S™V S%V S? as the fixed point set, where the wedge is taken at
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some fixed points on the sub-spheres.
For the other case take X = S™ VY, where Y = S"~! x P?(n) and n is even. Consider
the S! action on S™ with S* as its fixed point set for some even s and the action on
Y fixing P?(r) for some even r. This can be obtained by taking a free action on S™1
and an action on P%(n) with P%(r) as the fixed point set. For example the S' action
on R™ with R" as its fixed point set (r is even) induces an action on X,, ~g P?(n) with
X, ~q P?(r) as its fixed point set or one can use Tomter [78] for n = 4 and r = 2. This
gives a St action on X with F ~q SV P?(r).

For a # 0, as above, we can construct an action on X = P?(n) vV S?" with F ~q

S% Vv P?(r) for even integers r and s. In this case the fixed point set cannot be a wedge

of three spheres.

Now suppose that n is even and X is not totally non-homologous to zero in Xg.
Then by Theorem 1.4.11,
> rkHY(F) # > rkH'(X) =4
i>0 i>0

and hence

> rkH'(F) < 3.

i>0
This gives x(F) = -1, 0, 1, 2 or 3. But Theorem 1.4.6 gives x(F) = x(X) = 4, a

contradiction. This completes the proof of Theorem 5.1.1. a

5.3 Fixed point sets when X is not TNHZ in X

Let X be not totally non-homologous to zero in Xg. Then n is odd and x(F) = x(X) =
0. As above >, rkH'(F) < 3 and hence x(F) = -1, 0, 1, 2 or 3.
But x(F) = 0 and therefore either F' = ¢ or F' ~g S, where 1 < r < 3n is an odd

integer.

Recall that when n is odd, we have a = 0. Using a construction of Bredon [5, p.268],
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we first construct a S! action on S§% x S™"*? with S? as its fixed point set, where n > 1
is odd. Let 1 be the Hopf 2-plane bundle over S? and —n be its inverse, that is —n @® 7
= trivial 4-plane bundle. Let ¢ be the trivial (n — 1)-plane bundle over S?. Then —n @ e
is a (n + 1)-plane bundle (where n 4 1 is even) admitting a fiber preserving orthogonal
action of S' € O(n+ 1) by bundle maps leaving the zero section fixed (which is the base
space S?%). Together with the trivial action of S! on 7, this gives an action on the trivial

(n + 3)-plane bundle
ne(—nde): R §2 xR — G2

whose fixed set is 1. Taking the unit sphere bundles we get an action of S! on S? x S™+2
with fixed point set S® (which is the total space of the unit sphere bundle of 7). Now,
remove a fixed point from S? x S"*2 to obtain a space Z ~g S? V S"*? with a S' action
and contractible fixed point set. Let S! act trivially on S"~2 and consider the induced
action on the join W = S"73 x Z which is homotopically equivalent to S™ V S**. This
action on W has a contractible fixed point set. For a given odd integer 1 < r < 3n,
consider the S! action on S$*" with S” as its fixed point set. Then the wedge of W and
S37 at a fixed point is a space X ~g 5™V S?"V S?" and has a S action with fixed point

set [’ ~qg S". This proves Theorem 5.1.2. a

Remark 5.3.1. Tt is clear that there is no free S! action on S™ Vv S§?" v S§3". The author

does not know of any free S! action on a space X ~g S™ Vv S** v $3,

5.4 Conclusions for torus actions

While studying circle actions it is natural to ask what happens for torus actions. We

note that:

o If the r-torus G = (S')" acts on a finitistic space X of type (a,0) with FMCOT,
then by Lemma 1.4.5, there is a sub-circle S' C G such that their fixed point sets

. 1
are same, that is, X% = X¢.



Chapter 5. Fixed Point Sets of Circle Actions on Spaces of Type (a, 0) 86

e If S' acts on a space X, then we can define G = (S!)" = S! x (S!)"" action on X
by
((97917 "’797"—1)7'r) = g.x

such that XS' = XG.

Thus, with an additional assumption of FMCOT, our results and examples hold for torus

actions also.



Chapter 6

Some Miscellaneous Results

6.1 Nice Z, actions

This note is concerned with certain actions of the cyclic group Z, of prime order p,
which behaves well on passing to cohomology. An action of a group G on a space X
induces an action of G on the cohomology of X. This induced action is important in
the cohomology theory of transformation groups. One can see that for any action of
S! on a space X whose rational cohomology is of finite type, the induced action on the
rational cohomology is always trivial. This is, however, not true for actions of the cyclic
group Z,, when the cohomology is taken with coefficients in the finite field F,. Sikora
in [58] defined certain actions of Z, which behave well on passing to mod p cohomology.
For such actions on Poincaré duality spaces, he proved a mod 4 congruence between the
total Betti numbers of the space and that of the fixed point set.

An action of Z, on a F,-vector space N is said to be nice if N =T & F as F,[Z,]-
module, where T is a trivial and F' is a free F,[Z,]-module. In other words, T'= @F,
and F' = @F,[Z,). We say that a Z, action on a space X is nice if the induced Z,
action on H"(X;F,) is nice for each n > 0. Note that, trivial actions are nice.

There is a Zs action on S™ x S™, for n = 1, 3 or 7, which is not nice. S™ can be regarded

as the set of elements of norm 1 in the ring of complex numbers, quaternions or Cayley
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numbers for n = 1, 3 or 7 respectively. Let M = {(z,y,2) € S" x S* x S™ | (xy)z = 1}.
Then M is homeomorphic to S™ x S™. Since (zy)z =1 < (yz)z =1 < (zx)y = 1, there
is an action of Zz on M by cyclic permutations. Note that Zs action on H°(M;F3) =
F3 = H?"(M;TF3) is trivial. Clearly, H"(M;F3) # T @ F. Hence, Z3 action on M is not
nice. However, note that every action of Z3 on S™ is nice. Thus, an arbitrary action of
Z, on X x Y need not be nice even if every action of Z, on both X and Y is nice. In
this note, we show that the diagonal action is nice.

If a group G acts on spaces X and Y, then there is a G action on X x Y given by

(9. (z,9)) = (9.2,9.9)

called the diagonal action. We say that a space X is of finite type if dimy, H"(X;F,) < oo

for all n > 0. We prove the following:

Theorem 6.1.1. If Z, acts nicely on spaces X and Y of finite type, then the diagonal

action on X XY s also nice.

Before proceeding to prove the theorem, we recall the following consequence of

Kiinneth formula for singular cohomology.

Theorem 6.1.2. If X andY are spaces of finite type, then there is a natural isomorphism

p: @ H(XF,) ®s, H(Y;F,) — H"(X x Y;F,)

i+j=n

for each n > 0.

Proof. The proof follows from the Kiinneth formula [70, p.247], since
Tor(H*(X;F,), H*(Y;F,)) = 0. O

Recall that by the naturality of the isomorphism g, if f: X - X and g:Y — Y’
are continuous maps, then the diagram

H{(X';F,) ®, H (Y F,) —— H™ (X xY';F,)

[ ren [isear

H{(X;F,) @, H(Y;F,) —— H™(X xY;F,)
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commutes. In other words, if v € H(X';F,) and v € H/(Y';F,), then
(f x g n(u' @) = p(f*(u) @ g"(v))

This shows that if a group G acts on spaces X and Y, then the action induced in the
cohomology from the diagonal action on X X Y is component-wise. We will also use the

following proposition.

Proposition 6.1.3. Let S be a commutative ring with identity 1g and R be a subring
of S containing lg. If F' is a free R-module with basis X, then S ®g F' is also a free
S-module with basis {1s @ x | x € X} of cardinality | X|.

Proof. See [28, p.216]. O
We now prove Theorem 6.1.1.

Proof. Let n > 0 be fixed. By Theorem 6.1.2, we have

H"(X xY;F,) = @ H'(X:F,) @, H (Y;F,)

i+j=n
as [F,-vector spaces. By the naturality, this isomorphism is Z,-equivariant. Therefore,
they are isomorphic as F,[Z,]- modules. Let i and j be fixed such that i +j =n. As Z,
acts nicely on both X and Y, we have H(X;F,) = Ty ® F}, and H/(Y;F,) = Ty & Fb,
where T, T, are trivial and Fy, F; are free [F,[Z,]-modules. Since, the tensor product
distributes over the direct sum and vice versa, it suffices to take 77 = F, = 715 and
Fy =F,[Z,) = F»>. Now,
H'(X;F,) @, H (Y F,y) = (Fp & Fy[Z,)) @5, (F, & F,[Z,])

=F, ®p, F, ®F, ®p, Fp[Z,] © F,[Z,] @5, Fp,®

F,[Z,] ©, F, (2,

=F, 0 F,[Z,] © Fp[Z,) & E

where E is a free F,[Z,]-module by Proposition 6.1.3. Hence,

Hi(X§Fp) X, Hj<Y§Fp) =T®F,
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where 7' is a trivial and F is a free [F,[Z,]-module. This shows that the Z, action on

H™(X x Y;F,) is nice and hence the diagonal action on X x Y is nice. O

6.2 Commutativity of inverse limit and orbit map

This note is motivated by the following example of Bredon [6, p.145]. Let S? be the

2-sphere identified with the unreduced suspension of the circle S = {z € C ; |z| = 1},

and f : S? — S? be the suspension of the map S' — S, 2 — 23. Then f commutes

with the antipodal involution on S2. If 3 is the inverse limit of the inverse system
gy g2 g

then /75 is homeomorphic to @RP?

We show that this can be generalized, that is, the inverse limit and the orbit map
commute for actions of compact groups on compact Hausdorff spaces. The proof of the
result is simple, but does not seem to be available in the literature.

If {X,, 75 A} is an inverse system of topological spaces and {Gy, 77, A} is an inverse
system of topological groups, where each X, is a G-space and each bonding map 7 is
vP-equivariant, then we get another inverse system {X,/ Ga,w_g, A} by passing to orbit

spaces. Also, under above conditions l'LnXa is a l'LnGa—space with the action given by

(9a)-(Ta) = (ga-Ta) for (ga) € lim Go and (z,) € lim X,.

In view of the above discussion, it is natural to ask, when is (@ Xa)/ (@ Go) home-

omorphic to @(Xa /Ga). We present the following theorem in this direction.

Theorem 6.2.1. Let {X,, 72, A} be an inverse system of non-empty compact Hausdorff
topological spaces and let {Gy,v2, A} be an inverse system of compact topological groups,
where each X, is a Ga-space and each bonding map w° is vP-equivariant. Further,
assume that A has the least element X\, G action on X is free and the bonding map v

is injective for each o € A. Then there is a natural homeomorphism

¢+ (1im X,)/(im Go) = Im(X,/Go).
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We first prove the following simple lemma.

Lemma 6.2.2. Let {X,, 7% A} be an inverse system of non-empty compact Hausdorff
topological spaces and let {Gq, V5, A} be an inverse system of compact topological groups,
where each X, is a Gy-space and each bonding map 72 is vP-equivariant. Then there is

a natural closed continuous surjection

(U (I&H Xa)/(lﬁn Ga) — 1.gn()(a/goz)-

Proof. Let X = I'&nXa and G = l'glGa. Let mg : X — Xpg and vg : G — G be the
canonical projections for each 5 € A. Each 73 is continuous by Proposition 1.2.1 and is

also vg-equivariant and therefore induces a map 3 : X/G — Xg/Gp given by (z,) — T3

note that = 7g). Also observe that for v < 5 the diagram
h 8 3). Al b hat f he di

X/G Y X,/G5

b

Xy /Gy

commutes. Therefore by Theorem 1.2.3, we have a natural map

¥ X/G = i (X /Ga)

given by (z,) — (T4). Clearly 9 is surjective. By Theorem 1.1.1 and Theorem 1.2.2, we
see that X/G is compact and @(Xa /Ge) is Hausdorff. Therefore 9 is a closed map.

This completes the proof of the lemma. n
We now complete the proof of Theorem 6.2.1.

Proof. 1t just remains to show that the map v is injective. Suppose (To) = (¥a), that
iS, T, = Yo for each a € A. This means that for each o € A, we have x, = ¢o.Ya
for some g, € G,. In particular, z = gy.y, for some gy € G,. Since A € A is the

least element, we have A < « and hence 7¢(z,) = x) and 7% (yo) = ya. This gives

Ty = W?(xoz) = W?(ga'ya) - Vg(goc)‘ﬂ—i(ya) = Vf\[(ga)'y)\ and hence gr-Yx = Vg(ga)'y)\-
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The freeness of G action on X, implies gy = v{(go). Now, for A < a < 3, we have
v§vB(gs) = Vf(gg) = gx. By injectivity of v we get v2(gs) = go. Thus, (¥4) = (ga-Ya) =
(9a)-(ya) where (g,) € G. This shows that 9 is injective and hence a homeomorphism

by Lemma 6.2.2. O]
As a consequence we have the following corollary.

Corollary 6.2.3. Let G be a compact topological group acting freely on a compact Haus-

dorff topological space X and let f : X — X be a G-equivariant map. Then for the

wmuverse system
Lxtxtx

(l&l X)/G is homeomorphic to l&l(X/G)



Bibliography

[1] C. Allday, V. Puppe, Cohomological Methods in Transformation Groups, Cambridge
Studies in Advanced Mathematics 32, Cambridge University Press, Cambridge,
1993.

[2] M. F. Atiyah, G. B. Segal, Equivariant K-theory and completion, J. Differencial
Geometry 3 (1969), 1-18.

[3] K. Borsuk, Drei Sdtze iber die n-dimensionale euklidische Sphdre, Fund. Math. 20
(1933), 177-190.

[4] D. G. Bourgin, On some separation and mapping theorems, Comment. Math. Helv.

29 (1955), 199-214.

[5] G. E. Bredon, Cohomological aspects of transformation groups, Proceedings of the
Conference on Transformation Groups (New Oreleans, 1967), Springer-Verlag, New

York, 1968, 245-280.

6] G. E. Bredon, Introduction to Compact Transformation Groups, Academic Press,

New York, 1972.
[7] G. E. Bredon, Sheaf Theory, Second Edition, Springer-Verlag, New York, 1997.

[8] G. E. Bredon, The cohomology ring structure of a fized point set, Ann. of Math. 80
(1964), 524-537.



BIBLIOGRAPHY 94

9]

[13]

[14]

A. Borel, Cohomologie des espaces localement compacts d’aprés J.Leray, Exposés
faits au Séminaire de topologie algébrique de 1’'Ecole Polytechnique Fédérale, print-
emps, 1951. Troisieme edition, 1964. Lecture Notes in Mathematics 2, Springer-
Verlag, Berlin-Gottingen-Heidelberg, 1964.

A. Borel, Nouvelle démonstration d’un théoréme de P.A.Smith, Comment. Math.

Helv. 29 (1955), 27-39.

A. Borel et al., Seminar on Transformation Groups, Ann. of Math. Studies 46,

Princeton University Press, Princeton, 1960.

C. N. Chang, J. C. Su, Group actions on a product of two projective spaces, Amer.
J. Math. 101 (1979), 1063-1081.

P. E. Conner, E. E. Floyd, Fized point free involutions and equivariant maps-1, Bull.

AMS. 66 (1960), 416-441.

S. Deo, H. S. Tripathi, Compact Lie group actions on finitistic spaces, Topology 21
(1982), 393-399.

S. Deo, T. B. Singh, R. A. Shukla, On an extension of localization theorem and
generalized Conner congecture, Trans. Amer. Math. Soc. 269 (1982), no. 2, 395-402.

S. Deo, T. B. Singh, On the converse of some theorems about orbit spaces, J. London

Math. Soc. (2) 25 (1982), 162-170.
T. tom Dieck, Transformation Groups, Walter de Gruyter, Berlin, 1987.
A. Dold Erzeugende der Thomschen algebra M., Math. Z. 65 (1956), 25-35.

A. Dold, Parametrized Borsuk-Ulam theorems, Comment. Math. Helv. 63 (1988),
275-285.

R. M. Dotzel, T. B. Singh, Cohomology ring of the orbit space of certain free Z,
actions, Proc. Amer. Math. Soc. 123 (1995), 3581-3585.



BIBLIOGRAPHY 95

[21]

22]

23]

[25]

[26]

[27]

[31]

32]

33]

R. M. Dotzel, T. B. Singh, Z, actions on spaces of cohomology type (a,0), Proc.
Amer. Math. Soc. 113 (1991), 875-878.

S. Eilenberg, N. Steenrod, Foundations of Algebraic Topology, Princeton University

Press, Princeton, New Jersey, 1952.

E. E. Floyd, On periodic maps and the Euler characteristics of associated spaces,

Trans. Amer. Math. Soc. 72 (1952), 138-147.

E. E. Floyd, Periodic maps via Smith theory, Seminar on Transformation Groups,

Ann. of Math. Studies 46, Princeton University Press, Princeton, 1960, 35-47.
A. Hatcher, Algebraic Topology, Cambridge University Press, 2002.

C. Hodgson, J. H. Rubinstein, Involutions and isotopies of lens spaces, Lecture

Notes in Math. 1144, Springer-Verlag, Berlin-Heidelberg-NewYork, 1985, 60-96.

W.-Y. Hsiang Cohomology Theory of Topological Transformation Groups, Springer-
Verlag, New York, 1975.

T. W. Hungerford, Algebra, 12th printing, Springer-Verlag, New York, 2003.
D. Husemoller, Fibre Bundles, Second Edition, Springer-Verlag, New York, 1975.

J. Jaworowski, A continuous version of the Borsuk-Ulam theorem, Proc. Amer.

Math. Soc. 82 (1981), 112-114.

J. Jaworowski, Bundles with periodic maps and mod p Chern polynomial, Proc.

Amer. Math. Soc. 132 (2004), 1223-1228.

J. Jaworowski, Fibre preserving maps of sphere bundles into vector space bundles,
Proceedings of the Fixed Point Theory Conference (Sherbrooke, Québec, 1980),
Lecture Notes in Math. 886, Springer, Berlin, 1981, 154-162.

J. Jaworowski, Involutions in lens spaces, Topology Appl. 94 (1999), 155-162.



BIBLIOGRAPHY 96

[34]

[35]

[37]

[38]

[41]

[42]

[43]

K. Kawakubo, The Theory of Transformation Groups, Oxford University Press,
1992.

P. K. Kim, Periodic homeomorphisms of the 3-sphere and related spaces, Michigan
Math. J. 21 (1974), 1-6.

P. K. Kim, PL involutions on lens space and other 3-manifolds, Proc. Amer. Math.

Soc. 44 (1974), 467-473.

P. K. Kim, Some 3-manifolds which admit Klein bottles, Trans. Amer. Math. Soc.
244 (1978), 299-312.

B. S. Koikara, H. K. Mukerjee, A Borsuk-Ulam theorem type for a product of spheres,
Topology Appl. 63 (1995), 39-52.

J. Leray, L’anneau d’homologie d’une représentation; Structure de [’anneau
d’homologie d’une represéntation; Sur ’anneau d’homologie de [’espace homogene,

quotient d’un groupe clos par un sousgroupe abélien, connexe maximun, C. R. Acad.

Sci. Paris 222 (1946), 1366-1368, 1419-1422; 223(1946), 412-415.

J. Leray, L’anneau spectral et l’anneau filtré d’homologie d’un espace localement
compact et d’une application continue; L’homologie d’un espace fibré dont la fibre

est connexe, J. Math. Pures Appl. 29 (1950), 1-80, 81-139, 169-213.

L. A. Lyusternik, L. G. Shnirel'man, Topological methods in variational problems
and their application to the differential geometry of surfaces, Uspehi Matem. Nauk
(N.S.) 2 (1947), no. 1(17), 166-217.

J. Matousek, Using the Borsuk-Ulam theorem, Lectures on Topological Methods in

Combinatorics and Geometry, Springer, 2003.

D. de Mattos, E. L. dos Santos, A parametrized Borsuk-Ulam theorem for a product
of spheres with free Z,-action and free S*-action, Algebr. Geom. Topol. 7 (2007),
1791-1804.



BIBLIOGRAPHY 97

[44]

[45]

[46]

[47]

[48]

[55]

J. McCleary, A User’s Guide to Spectral Sequences, Cambridge Studies in Advanced

Mathematics 58, Second Edition, Cambridge University Press, Cambridge, 2001.

J. W. Milnor, Groups which act on S™ without fized points, Amer. J. Math. 79
(1957), 623-630.

J. W. Milnor, Two complexes which are homeomorphic but combinatorially distinct,

Ann. of Math. 74 (1961), no.3, 575-590.

D. Montgomery, L. Zippin, Topological Transformation Groups, John Wiley and
Sons, Inc, 1955.

J. R. Munkres, Elements of Algebraic Topology, Addison-Wesley Publishing Com-
pany, Menlo Park, CA, 1984.

R. Myers, Free involutions on lens spaces, Topology 20 (1981), 313-318.
K. Nagami, Dimension Theory, Academic Press, New York and London, 1970.

M. Nakaoka, Parametrized Borsuk-Ulam theorems and characteristic polynomials,
Topological fixed point theory and applications (Tianjin, 1988), Lecture Notes in
Math. 1411, Springer, Berlin, 1989, 155-170.

D. G. Quillen, The spectrum of an equivariant cohomology ring I, Ann. of Math. 94
(1971), 549-572.

D. G. Quillen, The spectrum of an equivariant cohomology ring: II, Ann. of Math.
94 (1971), 573-602.

K. Reidemeister, Homotopieringe und Linsenrdume, Abh. Math. Sem. Univ. Ham-

burg 11 (1935), 102-109.

P. M. Rice, Free actions of Zy on S?, Duke Math. J. 36 (1969), 749-751.



BIBLIOGRAPHY 98

[56]

[61]

[62]

[65]

[66]

[67]

[68]

G. B. Segal, Equivariant K-theory, Publ. Math. Inst. Hautes Etudes Sci. 34 (1968),
129-151.

J. P. Serre, Homologie singuliére des espaces fibrés , Ann. of Math. 54 (1951), 425-
505.

A. Sikora, Torus and Z, actions on manifolds, Topology 43 (2004), 725-748.

H. K. Singh, T. B. Singh, Fized point free involutions on cohomology projective
spaces, Indian J. Pure Appl. Math. 39(3) (2008), 285-291.

M. Singh, A note on the commutativity of inverse limit and orbit map, Math. Slovaca

61 (2011), 653-656.

M. Singh, Cohomology algebra of orbit spaces of free involutions on lens spaces,

Journal of the Mathematical Society of Japan, 65 (2013), 1038-1061.

M. Singh, Fized points of circle actions on spaces with rational cohomology of S™V

Sy §3n o P2(n) vV §37 Arch. Math. 92 (2009), 174-183.

M. Singh, Parametrized Borsuk-Ulam problem for projective space bundles, Fund.
Math. 211 (2011), 135-147.

M. Singh, Zy actions on complexes with three non-trivial cells, Topology Appl. 155
(2008), 965-971.

P. A. Smith, New results and old problems in finite transformation groups, Bull.

Amer. Math. Soc. 66 (1960), 401-415.

P. A. Smith, Permutable periodic transformations, Proc. Nat. Acad. Sci. U.S.A. 30
(1944), 105-108.

P. A. Smith, Transformations of finite period, Ann. of Math. 39 (1938), 127-164.

P. A. Smith, Transformations of finite period -1I, Ann. of Math. 40 (1939), 690-711.



BIBLIOGRAPHY 99

[69]

[70]

[71]

[72]

[75]

[76]

[77]

P. A. Smith, Transformations of finite period -III. Newman’s Theorem, Ann. of
Math. 42 (1941), 446-458.

E. H. Spanier, Algebraic Topology, Springer-Verlag, 1966.

N. E. Steenrod, D. B. A. Epstein, Cohomology operations, Ann. of Math. Studies
50, 1962.

H. Steinlein, Borsuk’s antipodal theorem and its generalizations and applications:
a survey, Topological methods in nonlinear analysis, Sém. Math. Sup. 95, Presses

Univ. Montréal, Montreal, QC, 1985, 166-235.

J. C. Su, Periodic transformations on the product of two spheres, Trans. Amer.

Math. Soc 112 (1964), 369-380.

J. C. Su, Transformation groups on cohomology projective spaces, Trans. Amer.

Math. Soc 106 (1963), 305-318.

R. G. Swan, A new method in fized point theory, Comm. Math. Helv. 34 (1960),
1-16.

H. Tietze, Uber die topologischen Invarianten mehrdimensionaler Mannig-

faltigkeiten, Monatshefte fiir Mathematik und Physik 19 (1908), 1-118.

H. Toda, Note on cohomology ring of certain spaces, Proc. Amer. Math. Soc. 14
(1963), 89-95.

P. Tomter, Transformation groups on cohomology product of spheres, Invent. Math.

23 (1974), 79-88.

C. T. Yang, Continuous functions from spheres to Euclidean spaces, Ann. of Math

.62 (1955), 284-292.

C. T. Yang, On theorems of Borsuk-Ulam, Kakutani-Yamabe-Yujobo and Dyson-1I,
Ann. of Math. 60 (1954), 262-282.



BIBLIOGRAPHY 100

[81] C. T. Yang,On theorems of Borsuk-Ulam, Kakutani-Yamabe-Yujobo and Dyson-11,
Ann. of Math. 62 (1955), 271-283.



