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Abstract

This thesis is divided into two parts.

In the first part, we consider Frobenius-finite vector bundles on an arbitrary
pointed smooth projective variety (X, z) over a perfect field k of prime charac-
teristic. Using these bundles, we construct a neutral Tannakian category Cr(X)
over k. By a well-known theorem, there is an affine group scheme over £ associ-
ated to Cp(X). This group scheme will be denoted by 7p(X, ), and is called the
F—fundamental group scheme of (X, z). We study the properties of this affine

group scheme.

In the second part, we define parabolic structures on real vector bundles over
areal curve. Let (X, ox) be a real algebraic curve, and let S C X be a non-empty
finite subset of X such that ox(S) =S. Let N > 2 be an integer. We construct
an N-fold cyclic cover p : Y — X in the category of real curves, ramified
precisely over each point of S, and with the property that for any element g of
the Galois group I' of p, and y € Y, one has oy(gy) = g 'oy(y). The main
theorem in this part gives an equivalence between the category of real parabolic
vector bundles over X with parabolic structure over S, all of whose weights are
integral multiples of 1/N, and the category of I'-equivariant real vector bundles

over Y.






SYNOPSIS

1 INTRODUCTION

This thesis is divided into two parts. In the first part, we consider Frobenius-finite
vector bundles on any pointed smooth projective variety (X, z) over a perfect field
k of prime characteristic. Using these bundles, we construct a neutral Tannakian
category Cp(X) over k. By a well-known theorem, there is a affine group scheme
over k associated to Cp(X). This group scheme will be denoted by 7 (X, x) and
is called the F—fundamental group scheme of (X, x). We study the properties of
this affine group scheme.

In the second part, we define real parabolic vector bundles over a real curve
(X,0x). Let S C X be a non-empty finite subset of X such that ox(S) = 5.
Let N > 2 be an integer. We construct an N-fold cyclic cover p : ¥ — X in
the category of real curves, ramified precisely over each point of S, and with the
property that for any element ¢ of the Galois group I' of p, and y € Y, one has
oy(gy) = g 'oy(y). We established the equivalence between the category of real
parabolic vector bundles over X with real parabolic structure over S having the
property that all the weights are integral multiples of 1/N, and the category of
['—equivariant real vector bundles over Y.

The summary of my thesis work is given in Section 2 and Section 3. Section
2 is based on the paper [AB10]. Section 3 is based on unpublished work of mine,

which is being prepared into a paper for publication.
2 TANNAKIAN FUNDAMENTAL GROUP SCHEMES

The étale fundamental group of a scheme has been introduced and its properties
studied by Grothendieck (see [Mu67] and [SGA1]). For a scheme X, we denote
by 71 (X, z) the étale fundamental group of X with base point z. In [No76],
M. V. Nori introduced the fundamental group scheme for proper integral scheme
defined over a perfect field. The fundamental group scheme defined by Nori is
a natural generalization of the étale fundamental group. It is defined using a
neutral Tannakian category of certain vector bundles. Let k be a field, and let

Vect (k) denote the category of finite dimensional vector spaces over a field k.
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Definition 2.1 A neutral Tannakian category over k is a rigid k—linear abelian
tensor category C equipped with an exact faithful k-linear tensor functor w :
C — Vect(k) into the category of finite dimensional k—vector spaces. The
functor w is called a (neutral) fibre functor.

It is a well-known theorem due to Savedra, that any neutral Tannakian cat-
egory over a field k£ determines an affine group scheme defined over k. Suppose
that k is a perfect field.

2.1 Etale Fundamental Group scheme Let X be a proper integral scheme
over k endowed with a rational point = € X (k).
Definition 2.2 A vector bundle E over X is called étale trivializable if there
exists a finite étale covering ¢ : Y — X such that the pull-back ¢*FE is trivial.
Consider the neutral Tannakian category defined by all étale trivializable vec-
tor bundles E over X The fiber functor for this neutral Tannakian category sends
E to its fiber E(x) over z. We denote this category by C®(X). The corresponding
affine group scheme is called the étale fundamental group scheme and is denoted
by (X, z).

2.1 The Nori Fundamental Group scheme For a proper integral scheme
X defined over a perfect field k endowed with a rational point x € X (k), Nori
defined in [No76] and [No82] the fundamental group scheme 7V (X, z) over k.

Definition 2.3 A vector bundle FE over X is said to be Nori—semistable if for
every non-constant morphism f : ¢ — X with C' a smooth projective curve,
the pull-back f*E — (' is semi-stable of degree zero.

Let Ns(X) denote the full subcategory of Vect(X) of all Nori-semistable vector
bundles over X. Recall that a vector bundle E over X is essentially finite if there
is a finite group scheme G and a principal G-bundle 7 : P — X such that 7*FE
is trivial. Let CV(X) be the category of all essentially finite vector bundles over
X. Let w, : CY(X) — Vect(k) be a fibre functor which sends an essentially
finite vector bundle E to its fibre E(z) over x. Then C¥(X) defines a neutral
Tannakian category over k. The corresponding affine group scheme over k is

called the Nori fundamental group scheme of X with base point x.

2.2 The F—fundamental Group Scheme Let k be a perfect field of prime
characteristic p. For any k-scheme X, the absolute Frobenius morphism Fy :
X — X is defined as follows: Flx is the identity map on the topological space
of X, and F)ﬁ( : Ox — Ox by the pth power map f — fP.
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Let X be a smooth n-dimensional projective variety over k£ with a very ample
divisor H. If E is a torsion-free sheaf on X then one can define its slope by
setting o

W(E) = —Cl(]flz(g ,
where rk(F) is the rank of E. Then E is H-semistable if for any nonzero subsheaf
F C E we have u(F) < p(FE).
We say that E is strongly H-semistable if for all » > 0 the pull back (F%)*E

is H-semistable.

Let E be a vector bundle over X. For any polynomial g(t) = Y " n;t* with
n; € N, define

m

J(E) = @F) B,
i=0
where FY is the identity morphism of X.
Definition 2.4 A vector bundle E over X is called Frobenius—finite if there are

two distinet polynomials f and g of the above type such that f(F) is isomorphic
to g(E).
The following proposition allow us to construct a neutral Tannakian category

using Frobenius—finite vector bundles over X.

Proposition 2.5 Any Frobenius—finite vector bundle over X is Nori—-semistale.

Let TFF(X) denote the collection of all finite tensor products of Frobenius—
finite vector bundles over X. Consider the full subcategory, denoted by Cr(X), of
the category Ns(X) whose objects are all Nori—semistable subquotients of finite
direct sum of elements of TFF(X).

We define the operation ® on Cr(X) to be the usual tensor product of vector
bundles. Fix a k-rational point x € X. Let w, : Cr(X) — Vect(k) be the
fibre functor that sends a vector bundle E in Cp(X) to its fibre E(x) over x. The
quadruple (Cr(X), ®,w,, Ox) defines a neutral Tannakian category over k.

Definition 2.6 The F—fundamental group—scheme of X with the base point x is

the group—scheme associated to the neutral Tannakian category
(CF(X)7 X, T:Jca OX) .

This group—scheme will be denoted by 7z (X, ).
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2.3 Some Properties of the F—fundamental Group Scheme First we
have the following

Proposition 2.7 If p : X — Y s a flat surjective morphism of smooth projec-
tive varieties over a field k with p,Ox = Oy. Then the induced homomorphism

o :mp(X, ) — wp(Y, o(x)) is faithfully flat surjection.

2.3.1 Base Change Let k' be an algebraically closed extension of an alge-
braically closed field k of prime characteristic p. Let X be a smooth projective
k—variety, and let X, denote the base change X x;Spec k’. Then there is a canon-
ical faithfully flat homomorphism 7 (X, ') — mp(X, ) Xxk'. In general, this

homomorphism is not an isomorphism.

2.3.2 Relation with the S—fundamental Group Scheme For a smooth
projective curve defined over k, the S—fundamental group—scheme was introduced
in [BPS06]. In [La09], this was generalized to the smooth projective varieties

defined over an algebraically closed field.

Let Vectg (X) denote the full subcategory of the category of coherent sheaves
on X whose objects are all strongly H-semistable reflexive sheaves with ¢;(FE) -
H™ ! =0and c(E)-H"? = 0. By [La09, Theorem 4.1], a strongly H-semistable
reflexive sheaf with ¢;(E) - H"™' = 0 and c3(F) - H"? = 0 is locally free. The
category Vects (X) does not depend on the choice of H ([La09, Proposition 4.5]).
Fix a k-rational point z € X and define the fiber functor w, : Vects(X) —
Vect (k) by sending E to its fiber E(x). Then (Vect] (X), ®, w,, Ox) is a neutral

Tannakian category.

Definition 2.8 The affine k—group scheme Tannaka dual to the neutral Tan-
nakian category (Vects(X), ®, w,, Ox) is denoted by 7%(X, ) and it is called
the S—fundamental group scheme of X with base point x.

The following proposition gives the relation between the S—fundamental group
scheme and the F—fundamental group scheme.

Proposition 2.9 There exists a natural faithfully flat homomorphism

(X, x) — 7p(X, ).

2.3.3 Product Formula Let k£ be an algebraically closed field of prime




characteristic p. Let X and Y be two smooth projective varieties over k. Fix
k-rational points xy and yy of X and Y respectively. Let p : X X, Y — X
and ¢ : X Xy Y — Y be the natural projections. Then we get a canonical
homomorphism ¢ : 7p(X X Y, 29 X yo) —> 7p(X, o) X mp(Y, yo) of affine

group schemes.

Theorem 2.10 The canonical homomorphism ¢ : (X X Y, g X yo) —>

(X, xo) X (Y, o) is an isomorphism.

2.3.4 Behavior under Etale Morphism We study the bahavior of the
F—fundamental group scheme under the finite étale morphism. In this regard, we

have the following

Proposition 2.12 Letvy : Y — X be a finite étale morphism of smooth projec-
tive varieties over k. Then the induced homomorphism wp(Y, y) — 7p(X, ¥(y))

1s closed immersion.

2.3.5 The Case of Finite Field Let k be a finite field. Let X be a smooth
projective variety defined over k. We will assume that X admits a k-rational
point. Fix a k-rational point zy of X. Then there is a natural faithfully flat
homomorphism 7 (X, 79) — 7 (X, x¢) which is not an isomorphism in general.

We also get a natural faithfully flat homomorphism 7p (X, zo) — 7™ (X, 2o).
2 REAL PARABOLIC VECTOR BUNDLES OVER A REAL CURVE

In this part of the thesis, we study real parabolic vector bundles over a real curve.

3.1 Real Vector Bundles over a Real Curve By a real curve, we mean a
pair (X, o), where X is a compact Riemann surface and o is an anti-holomorphic

involution on X. Let o¢ : C — C be the conjugate map z — Z.

Proposition 3.1 A continuous involution o : X — X on a Riemann surface X
is an anti-holomorphic involution if and only if for every open subset U of X, the
map ¢ = oy : Ox(U) — Ox(o(U)) defined by f — oco foo is an isomorphism

of rings.

Let (X,0x) be a real curve. A real holomorphic vector bundle m : E — X
is a holomorphic vector bundle, together with an anti-holomorphic involution
o¥ of E such that m o 0¥ = ox on and for all + € X, the map o”|g(,)
E(z) — E(o(x)) is C-antilinear: oZ(\-n) = A-o¥(n), for all A € C and all ) €
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E(z). A homomorphism between two real bundles (E,c¥) and (E',¢”) is a
homomorphism f : E — FE’ of holomorphic vector bundles over X such that
foof =0F0f.

Let F be an Ox-module. We define an Ox-module F7 as follows. For any
open subset U of X, F7(U) = F(o(U)), and for every f € Ox(U) and s € F°(U),
f-s=ay(f)s. Note that (F?)” = F.

Let ¢ : F — G be a homomorphism of O x-modules. Define ¢? : F7 — G°
as follows: For every open subset U of X, 7, : F7(U) — G7(U) is defined to
be ¢y u). Then ¢ is a homomorphism of Ox-modules.

A real structure on an Ox-module F is an Ox-module homomorphism o7 :
F — F7 such that (67)” o 07 = 15. By a real Ox-module, we mean a pair
(F,07), where F is an Ox-—module and o is a real structure on an Ox-module

F.

3.2 Real Parabolic Vector Bundles Let (F,0) be a real vector bundle
over a real curve (X,ox). Let S be a finite subset of X such that ox(S) = S.
By real quasi-parabolic structure on (E, o) over S, we mean for each z € S,

there is a strictly decreasing flag
E(z)=F'E(z) > F’E(z) > --- D> F*E(z) D FF*"'E(z) =0
of linear subspaces in F(x) satisfying the following property:
e oF preserve the flags, i.e., cf(F'E(x)) = FIE(ox(z)).

A real parabolic structure on (E,oF) over S is a real quasi-parabolic struc-
ture on (E,0%) over S as above, together with a sequence of real numbers
0 <aj < <ag <1, which are called weights corresponding to the sub-
spaces (F'E(x), F?E(x), ..., F¥ E(x)), with the following property:

e the weights over x and oy (x) are same.

Given two real parabolic bundles (Ey, o) and (E», c¥2) over (X, 0x), a real
parabolic morphism is a homomorphism ¢ : (E;,o0) — (E,, 0¥2) of real vector
bundles which respects the real parabolic structures, i.e., for each real parabolic

point x with the real parabolic structures on E; at x for [ = 1,2 given by

Ey(z) = F'E(x) D F?E)(x) D ... F*E)(x) D0,
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0§a§<o/2<...a§%<1,

we require that ¢(z) satisfies of > of = ¢(z)(F'Ei(x)) € F/T Ey(z). An
isomorphism ¢ : (Ey,0) — (E,0?) is said to be an isomorphism of real
parabolic bundles if 1 and 1 ~! are real parabolic morphisms.

We denote by RP(X) the category whose objects are real parabolic vector
bundles on (X,ox) with parabolic structure over S, and morphisms are real

parabolic morphisms.

Equivariant real vector bundles Let (Y,0y) be a real curve. Let G be a
finite group acting holomorphically and effectively on Y with the property that
oy(gy) = g toy(y) forallge Gandy €Y.

Definition 3.2 A G-equivariant real vector bundle on (Y, o0y ) consists of the
following data: a real holomorphic vector bundle (W, c") on (Y,0y), and a lift
of the natural action of G on Y to W such that

(a) the bundle projection 7 : W — Y is G-equivariant;

(b) if y € Y and g € G, the map W, — W, given by v — ¢ - v is linear

isomorphism.

(c) the following diagram

GxW—W

(inv,ow)l lo—w

GxW—W

commutes, where inv : G — G is an inverse map g — g~ 1.

Let (X, 0x) be a real curve, and let S C X be a non-empty finite subset of X
such that ox(S) = S. Let N > 2 be an integer. We construct an N-fold cyclic
cover p : Y — X in the category of real curves, ramified precisely over each
point of S, and with the property that for any element g of the Galois group I'

Yoy (y), where oy is the anti-holomorphic

of p, and y € Y, one has oy(gy) = g~
involution on Y. Let RP(X,N) denote the full subcategory of RP(X) whose
objects are real parabolic vector bundles on (X, ox) with parabolic structure over
S, all of whose weights are integral multiples of 1/N. Let REr(Y) denote the

category whose objects are all ['—equivariant real vector bundles on (Y, oy ) and
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morphisms are morphisms of I'-equivariant real vector bundles. The following is

the main theorem of this part of the thesis:

Theorem 3.3 There is a canonical functor ¥ : REp(Y) — RP(X, N) which

is an equivalence of categories.
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Conventions and Notations

If C is a category, and if X and Y are objects in C, then the set of morphisms from
X into Y will be denoted by Home(X,Y), or by Hom(X,Y') when no confusion
is likely to occur. If X =Y, then the set Hom¢(X,Y) is denoted by Ende(X)
or End(X). Furthermore, X =¢ Y or X = Y means that X is isomorphic
to Y. If C is a category, then C°P? will denote the opposite category of C, i.e.,
Ob(C°?) = Ob(C), and Homeer (X, Y) = Home (Y, X), for every X,Y in CP.

We will assume that all rings are commutative unless otherwise mentioned.
For a field k, all k-algebras are assumed to be commutative unless otherwise
mentioned.

We will denote by C (respectively, R) the field of complex numbers (respec-
tively, real numbers). The ring of integers is denoted by Z, and the set of non-
negative integers is denoted by N. The open unit disc in C with centre at the
origin is denoted by D. If n is a non-negative integer, then 7,, : C — C denotes
the function ¢t — t". We denote its restriction to any subset of C also by 7,,.

A multi-indez of length n, where n € N, is an element a = (ay, ..., ay,) of Z".
We define the weight of such a multi-index a« by a = a+ 1+ --- + «,,. We write
a>0oraeN'ifa; >0foralli=1,....,n. If a >0 and a # 0, we write
a> 0.






Chapter 1
Introduction

In this thesis we study two problems on vector bundles. The first problem is
to study the properties of an affine group scheme defined using Frobenius—finite
vector bundles on a pointed smooth projective variety (X, x) over a perfect field
of prime characteristic. The other problem is to study an equivariant description

of real parabolic vector bundles over a real curve.
Tannakian fundamental group schemes

In Chapter 2, we recall some basic definitions and results from the theory of
neutral Tannakian categories over a field k.

In Chapter 3, we consider Frobenius-finite vector bundles on any pointed smooth
projective variety (X,x) over a perfect field k of prime characteristic. Using
these bundles, in Section 3.4.1, we construct a neutral Tannakian category Cp(X)
over k. By a well-known theorem, associated to Cr(X), there is an affine group
scheme over k. This group scheme will be denoted by mg(X, ) and is called
the F—fundamental group scheme of (X, z). In Section 3.4.2, we study various

properties of the F—fundamental group scheme.
Real parabolic vector bundles over a real curve

The notion of parabolic vector bundles over a compact Riemann surface was
introduced by C. S. Seshadri [Se77] and their moduli studied in [MS80]. In
Chapter 4, we study equivariant description of real parabolic vector bundles over
a real curve.

By a real curve, we mean a pair (X,ox), where X is a compact Riemann

surface and oy is an anti-holomorphic involution on X. A real holomorphic

3



vector bundle F — X is a holomorphic vector bundle, together with an anti-

E = gy omand for all z € X, the

holomorphic involution o of E such that 7 oo
map 0| gy 1 E(x) — E(o(z)) is C-antilinear: o¥(\-n) = X-a¥(n), for all X €
C and all n € E(x).

In Section 4.2, we define real parabolic vector bundles over a real curve. Let
(X,0x), and let S C X be a non-empty finite subset of X such that ox(S) = 5.
Let N > 2 be an integer. In Section 4.3, we construct an N-fold cyclic cover
p Y — X in the category of real curves, ramified precisely over each point
of S, and with the property that for any element g of the Galois group I' of p,
and y € Y, one has oy(gy) = g 'oy(y). Let RP(X) be the category whose
objects are real parabolic vector bundles on (X, ox) with parabolic structure
over S, and morphisms are real parabolic morphisms. Let RP(X, N) denote
the full subcategory of RP(X) whose objects are real parabolic vector bundles
on (X,ox) with parabolic structure over S whose weights are integral multiple
of 1/N. Let REp(Y) denote the category whose objects are all I'-equivariant
real vector bundles on (Y, oy) and morphisms are morphisms of I'-equivariant
real vector bundles. In Section 4.4, we established an equivalence between the
category REr(Y) and the category RP(X, N).

A more detailed introduction to the thesis, including precise definitions, results

and statements of the theorems, is given in the Synopsis (p. i).










Chapter 2
Basics on Tannakian Categories

In this chapter, we recall some basic definitions and results from the theory of
Tannakian categories. It is a well-known theorem due to Saavedra that any
neutral Tannakian category over a field k is equivalent to the category of finite
dimensional representations of some affine group scheme G defined over k.

In Section 2.1, we recall some basic definitions and results about affine group
scheme defined over a field k. In Section 2.2, we recall some basic definitions
from the theory of tensor categories. In Section 2.3, we recall the definition of
neutral Tannakian category and state the main theorem of the theory of neutral

Tannakian categories (Theorem 2.3.3).

2.1 Affine Group Schemes and Hopf Algebras

In this section, we explain the correspondence between affine group schemes and
Hopf algebras. In Subsection 2.1.1, we show that a representation of an affine
group scheme corresponds to a comodule over a Hopf algebra. Results and proofs
in this section are mainly from [Wa79].

Let k be a field. Let Alg, denote the category of k-algebras, and let Grp
denote the category of groups.

Definition 2.1.1 We say that a functor G from the category Alg, to the cate-
gory Grp is an affine group scheme over k if it is representable by some k—algebra
A. We call A the coordinate ring of G, and denote it by k[G].

Remark 2.1.2 In general a group scheme over k can be defined as a group ob-

ject in the category of k—schemes, i.e. a k—scheme G together with k—morphisms

7



8 §2.1. Affine Group Schemes and Hopf Algebras

m : G x G — G (multiplication), e : Spec(k) — G (unit) and i : G — G
(inverse) subject to the usual group axioms. These morphisms induce a group
structure on the set G(S) := Homg(S,G) of k—morphisms into G for each k-
scheme S. Therefore, the contravariant functor S — Homg(S,G) on the cat-
egory of k—schemes represented by G is in fact group-valued. Restricting it
to the full subcategory of affine k—schemes we obtain a contravariant functor
Spec(R) — Homyg(Spec(R),G). Since the contravariant functor R — Spec(R)
induces an isomorphism of the category of affine schemes with the opposite cat-
egory of commutative rings with unit, it follows that when G = Spec(A) is itself

affine, then this is none but the above functor.

Let G be an affine group scheme over k. The coordinate ring k[G] of an affine
group scheme G carries additional structure coming from the group operations.
To see this, note first that the functor G x G given by

R+— G(R) x G(R)
is representable by the tensor product A®; A in view of the functorial isomorphism
Homag, (k[G], R) x Homyyg, (K[G], R) = Homayg, (K[G] ®1 k[G], R)

induced by (¢, %) — ¢ ®1) (the inverse map is given by A — (a = AMa®1),a —
A1 ®a))), and the functor
R — {1}

is representable by k. Therefore, by the Yoneda Lemma, the morphism of functors
m: GxG— G,
given by multiplication is induced by a k—algebra homomorphism
A : k[G] — E[G] @ k[G] .
Similarly, morphism of functors

e: {1} — G
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given by the identity element is induced by a k—algebra homomorphism
e : k[G] — k,
and the morphism of functors
1:G— G
is induced by a k—algebra homomorphism
S 1 k[G] — k[G].

The homomorphisms A, e and S are called the comultiplication, counit, and

coinverse (or antipode), of k[G], respectively. The following diagrams commute:

GxGxG—"5GxG kG ®klG] ® k[G] 22— k[G] @4 k[G]

GXxG——— (G k[G] & k|G < k[G]
G—= LG x@ k[G) 2 k[G] @y, k[G]
Ixe = m E®ﬂ N /{A
GxG——C k(G @4 k[G) ——F5—— k[G]
G o kG] S i) @ k(G
ixe ¢ m m’o(5®1ﬁ > WKA
GxG—r—G kG @ k[G] +———F5—— k[C]

In the last two diagrams c is the constant map G — {1}, 7 the composite
k[G] — k — Ek[G] and m'; k[G] @ k[G] — k[G] the algebra multiplication.

The above diagrams indicate the translation of the associativity, unit and
inverse axioms for groups on the lef-hand side to the corresponding compatibility

conditions on k[G] on the right-hand side. They are called the coassociativity,
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counit and antipode (or coinverse) axioms, respectively.

Definition 2.1.3 A k-algebra (not necessarily commutative) equipped with the
k—algebra maps A, ¢ and S above and satisfying the coassociativity, counit and

coinverse axioms is called Hopf algebra.

Hopf algebras associated with affine group schemes are always commutative.

Remark 2.1.4 In calculations, it is often useful to write down the Hopf algebra

axioms explicitly for concrete elements. For instance, if we write

A(CL) = ZCLZ‘ ® bz

for the comultiplication map, then the counit axiom says that

a = Z&(Cbz)bl = Zazg(bl)

and the antipode axiom says that

Proposition 2.1.5 The functor A +— Spec(A) defines an anti-equivalence be-
tween the category of commutative Hopf algebras over k and the category of affine

group scheme over k.

Example 2.1.1 The functor R — G,(R) mapping a k—algebra R to its under-
lying additive group RT is an affine group scheme with coordinate ring k[z], in
view of the functorial isomorphism R™ = Homy(k[x], R). The comultiplication
map on k[z] is given by A(z) = 1® x4+ 2 ® 1, the counit is the zero map and the
antipode is induced by x +— —ux.

Example 2.1.2 The functor R +— G,,(R) mapping a k-algebra R to the group
R* of invertible elements is an affine group scheme with coordinate ring k[z, z7!],
because an invertible element in R corresponds to a k—algebra homomorphism
k[z,z7'] — R. The comultiplication map on k[z,z~'] is given by A(z) = z®z,

the counit sends x to 1 and the antipode is induced by z + 271

Example 2.1.3 More generally, the functor that maps a k-algebra R to the

group GL,(R) of invertible matrices with entries in R is an affine group scheme.
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To find its co-ordinate ring A, notice that an n xn matrix M over R is invertible if
and only if det M is invertible in R. This allows us to recover A as the quotient of
the polynomial ring in n?+ 1 variables k[z11, . . ., Tpn, 2] by the ideal generated by
det(z;j)x — 1. The isomorphism GL,(R) = Homag, (A4, R) is induced by sending
a matrix M = (m;;) to the homomorphism given by x;; — my;, @ — det(m;;) "
The comultiplication is induced by x;; — >, % ® xy;, the counit sends z;; to
9;j (Kronecker delta), and the antipode comes from the formula for the inverse

matrix.

Definition 2.1.6 Let A be a finite dimensional k-algebra. We say that A is
separable if A ® k is reduced.

Recall that if k is perfect field, then a finite k—-algebra A is separable if and only
if A is reduced.

Definition 2.1.7 Let G be an affine group scheme defined over a field k. We
say that G is finite if k[G] is a finitely generated k—module.

Definition 2.1.8 A finite group scheme G over k is called étale if k[G] is sepa-
rable k—algebra.

The proof of the following result can be found in [Wa79, p. 86-87].
Theorem 2.1.9 All finite group schemes in characteristic zero are étale.

Example 2.1.4 Let I be a finite group. Let A denote the k-algebra k' of
functions from I' to k. Then A is a product of copies of k indexed by the elements
of I'. More precisely, let e, be the function that is 1 on o and 0 on the remaining

elements of I'. The e,’s are a complete system of orthogonal idempotents for A:
ei =e,, e,e,=0 for o#r7, Zea =1.

The maps

0 otherwise

Aey) = S (er®er), eles) = { bifo=1"" o) =er

p=0T

define a Hopf-algebra structure on A. Let (I'); be the associated affine group
scheme, so that
(D)e(R) = Homag, (A, R).
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If R has no idempotents other than 0 or 1, then a k—algebra homomorphism
A — R must send one e, to 1 and the remainder to 0; therefore, (I'),(R) ~ T,
and it is easy to check that the group structure provided by the maps A, e, 5 is
the given one. For this reason, (I'); is called the constant group scheme defined

by I

Remark 2.1.10 Let G be a finite étale group scheme over k. Let ks denote the
separable closure of k. By [Wa79, Theorem 6.4, p. 49|, the category of finite
étale k—group schemes is equivalent to the category of finite groups I' carrying
a continuous Gal(ks/k)—action. In this equivalence, the constant group scheme
(I")x corresponds to I' with trivial Galois action. A finite group scheme G is étale

if and only if G' x k is constant group scheme.

By ignoring the k—algebra structure on a Hopf algebra, we obtain the following

more general notion.

Definition 2.1.11 A coalgebra C' over k is a k—vector space equipped with a
comultiplication A : C — C ®; C and a counit € : C' — k subject to the

coassociativity and counit axioms.

In this definition, the map A and e are assumed to be only k-linear maps. Coal-
gebra over k forms a category: morphisms are defined to be k-linear maps com-
patible with the k—coalgebra structure.

We now define right comodules over a coalgebra by dualizing the notion of
left modules over a k—algebra B. Note that to give a unitary left B—module is to
give a k—vector space V together with a k-linear multiplication [ : B®;V — V

so that the following diagrams commute:

B, Bo, V-2 s B®,V ko V—2 B,V
‘ ‘ \ ll
m'®1 l =~
v

B®,V————V

where ¢ : k — B is the natural map sending 1 to the unit element of B.

Definition 2.1.12 Let C be a coalgebra over a field k. A right C-comodule is
a k—vector space V together with a k-linear map p : V — V ®; C such that
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the diagrams

V— Ve C V—L5 Ve C (2.1)

pJ ll@A \ J@E
V & k

V®kCW>V®kC®kC

Remark 2.1.13 We can write out the comodule axioms explicitly on elements as
follows. Assume p is given by p(v) = > v;®a;, p(v;) = Y v;;@¢; and furthermore
A(a;) =Y aip ® by Here v, v;,v;; are in V' and the other elements lie in C'. Then
the commutativity of the first diagram is described by the equality

sz‘@)az’k@bk = Z%’j@@@ai. (2.2)

ik 1,7

The second diagram reads

28(%)% = . (2.3)

%

Definition 2.1.14 A subcoalgebra of a coalgebra C' is defined as a k—subspace
B C C with the property that A(B) C B ®; B. The restrictions of A and ¢ then
turn B into a coalgebra over k. One defines a subcomodule of an C-comodule V
as a k—subspace W C V with the property that p(W) C W ®; C.

A subcoalgebra B C (' is also naturally a subcomodule of C' considered as a
right comodule over itself. Subcomodules and subcoalgebras enjoy the following

basic finiteness property.

Proposition 2.1.15 Let C be a k—coalgebra and (V, p) a comodule over C. Any
finite subset of V' is contained in a subcomodule of V' having finite dimension over
k. In particular, any finite subset of C' is contained in a subcoalgebra of C' having

finite dimension over k.

Proof. Let {a;} be a basis for C over k. If v is in the finite subset, write

p(v) = Zvi ® a; (finite sum). (2.4)

i

The k-space generated by the v and v; is a subcomodule of V. For, from the
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(2.4) we have

(p @ida)(p(v)) = Z p(vi) ® a;.

On the other hand, by the first comodule axiom, we have

(p®ida)(p(v)) = Y v ® Afa).

(]

Writing A(a;) = >, ;. Aijk(a; ® ay,), we obtain
Zp(’l}k) & Qp — Z Vi X Z )\ijk(aj X Clk).
k i Jik
Since {a;} is a basis for C' over k, it follows that

plon) =D i@ ik,
i .k

for all k. This proves that k—space generated by the v and v; is a subcomodule
of V. Note that by the k-linearity of p : V — V ®; C, k-linear span of finitely

many subcomodules of V' is again a subcomodule. O

Corollary 2.1.16 Any comodule (V, p) over C is direct limit of its finite dimen-

stonal subcomodules.

2.1.1 Representations and Comodules

Let G be an affine group scheme over k, and let V' be a vector space over k (not

necessarily finite dimensional).

Definition 2.1.17 A linear representation of G on V is a natural homomorphism
P G(R) — AU_tR(V Sk R)
In other words, for each k—algebra R, we have an action

G(R) x (V®r R) — (V ®; R)
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of G(R) on (V ®; R) in which each ¢ € G(R) acts R-linearly, and for each
homomorphism of k-algebra R — S, the following diagram

G(R) x (V&r R)—— (V& R)

G(S)x (VarS) —— (V®S)

commutes.

Let ® be a linear representation of G on V. Given a homomorphism « :

R — S and an element g € G(R) mapping to h in G(S), we get a diagram:

V&r R —>CI>(g) VLR
1®a 1®a

Now let g € G(R) = Homg(A,R). Then g : A — R sends the “universal”
element 14 € G(A) = Homg(A, A) to g, and so the picture becomes the bottom

part of the following diagram:

V=Vea.k

=0(1a)lve,k

©(14)

4 ®k A A—linear

Ver A

1®g 1®g

VerR—2 V@R

In particular, we see that ® defines a k—linear map p := ®(14)|y : V — V@, A.

Moreover, it is clear from the diagram that p determines ®, because ®(1,4) is
the unique A-linear extension of p to V ®; A, and ®(g) is the unique R-linear
extension of ®(14) to V ®; R.




16 §2.1. Affine Group Schemes and Hopf Algebras

Conversely, suppose we have a k—linear map p : V — V ®; A. Then the

diagram shows that we get a natural map
® : G(R) — Autgr(V ® R),

namely, given g : A — R, ®(g) is the unique R-linear map making the following

diagram
V— Ve, A
1®g
Ve R—V & R
2(g)
commute.

These maps will be homomorphisms if and only if the following diagram com-

mutes:
V— v A V—Ls Ve A (2.5)
P‘ ll(@A \ J1®a
V &k

For, we must have ®(1g(g)) = lyg,r. By definition, 1) = (A —~+k— R) as

an element of Homy(A, R), and so the following diagram must commute:

V—L sV, A

k—linear

1®e

Vork——V ik

V®kR14>V®kR
VeRR

This means that the upper part of the diagram must commute with the map
V @k k — V ®j k being the identity map, which is the second of the diagrams
(2.5).

Similarly, the first diagram in (2.5) commutes if and only if the formula
®(gh) = ®(g) o ®(h) holds.
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For, by definition, gh is the composition
A A, AYY R

and so ®(gh) is the extension of

VL v A2 ve A0, A2 v e R (2.6)

to V & R.
On the other hand, ®(g) o ®(h) is given by

Vv A v e, R s ve Aoy R v g R (27)
which is equal to
VLo Vep AL v o A, A2 v o R (2.8)

Now (2.6) and (2.8) agree for all g,h if and only if the first diagram in (2.5)

commutes. Therefore, we have

Proposition 2.1.18 Let G be an affine group scheme over k with corresponding
Hopf algebra A, and let V' be a k—vector space. To give a linear representation of

G on V' is canonically equivalent to giving an A—-comodule structure on V.

Example 2.1.5 For any Hopf algebra A over k, the map A : A — A®; A is
a comodule structure on A. The corresponding representation of A is called the

reqular representation.

Remark 2.1.19 1. An element g of G(R) = Homy(A, R) actson v € V & R

according to the rule:
g-v=_((1v,g)op)(v)

2. Recall that a k—subspace W of an A—comodule V is a subcomodule if
p(W) C W & A. Then, W itself is an A—comodule, and the linear repre-
sentation of G on W defined by this comodule structure is the restriction
of that on V.
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2.2 Tensor Categories

We begin this section from the definition of tensor category. In Subsections
2.2.2,2.2.4, 2.2.5 we recall definitions of invertible objects, tensor functors and
morphisms of tensor functors. The main reference for this section is [DM82] (see
also [Sa72], [Sz09]).

2.2.1 Tensor Categories and Tensor Functors

Let C be a category and ® : C x C — C a functor. An associativity constraint
for (C,®) is an isomorphism ® of functors from C x C x C to C given on a triple
(X,Y, Z) of objects by

Pyyz: (X@Y)®Z—>X@(Y®Z)

such that the diagram

XY ®2)eoW 2ol (XeY)®Z)oW
X®(Y®Z) W) (XeY)e(ZaW)

XY (ZoW))

commutes for each four-tuple (X, Y, Z, W) of objects in C. The commutativity of

the above diagram is usually referred to as the pentagon azxiom.

A commutativity constraint for (C,®) is an isomorphism ¥ of functors from

C x C to C given on a pair (X,Y) of objects by
\I/X7y . X@Y %Y@X

such that Uxy o Wy x = 1xgy for all objects X, Y.

An associativity constraint ® and a commutativity constraint ¥ are compat-
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ible if, for all objects X,Y, Z, the diagram

TN

®(Z®Y) (X®Y)®
] 4
(X®2Z)® R(X®Y)

S

commutes. This compatibility is called the hexagon azxiom.

A pair (1, ¢) consisting of an object 1 of C and an isomorphism ¢ : 1 — 1®1
is an identity object of (C,®) if the functor C — C given by X — 1 ® X is an

equivalence of categories.

Proposition 2.2.1 Let (1,:) be an identity object for (C,®). Then

(1) there exists a unique functorial isomorphism
lX X — 11X
such that ly is v and the diagrams

Xy —t 510 (XaY) Xoy—2 ,18X)®Y

] -

X®YT(]1®X)®Y X@(1eY)—— Xe])eY

are commutative.

(2) if (1',0) is an another identity object of (C,®) then there is a unique iso-
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morphism a : 1 — 1’ making the following diagram

1——11

commute.
Proof.

(1) Since X — 1 ® X is an equivalence of categories, to define Iy, it suffices to
define 1®lx : 1® X — 1 ® (1 ® X); this we take to be

10X S5 (1eh)eX 510 ((1X).

(2) The map

-1

Y
1517l -S1e1 251
has the required properties.

O

Remark 2.2.2 The functorial isomorphism ry = VUyxoly : X — X ®1 has

analogous properties to [x.

Definition 2.2.3 A tensor category is a system (C,®, P, V), where C is a cate-
gory, ® is an associativity constraint satisfying the pentagon axiom, and WV is a

commutativity constraint compatible with ®, together with an identity element
(1,0).

2.2.2 Invertible objects

Let (C,®) be a tensor category. An object L of C is invertible if the functor
X — L® X : C— C is an equivalence of categories.

Thus, if L is invertible, there exists an L’ such that L ® L’ ~ 1; the converse
assertion is also true. An inverse of L is a pair (L', ), where § : L&L™' — 1.
Note that this definition is symmetric: (L,d) is an inverse of L™!. If (L1, ;) and
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(Ls, 62) are both inverse of L, then there exists a unique isomorphism « : L; —»
L, such that
51:520(1®Q)2L®L1—>L®L2—>1.

2.2.3 Internal Hom

Let (C,®) be a tensor category. If the functor T+ Hom (T ® X,Y) : C° — Set
is representable, then we denote by Hom(X,Y') the representing object and by
evyy : Hom(X,Y)® X — Y the morphism corresponding to 1gom(x,v)-
Thus, to any element g € Hom(7T'®X,Y’) corresponds a unique f € Hom (7, Hom(X,Y"))
such that evo (f ®id) = g;

T T®X (2.9)

f®idl \
Hom(X,Y) Hom(X,Y)® X Y

id

Note that Hom(1,Y) =Y and
Hom(1,Hom(X,Y)) = Hom(1 ® X,Y) = Hom(X,Y) (2.10)

The dual XV of an object X is defined to be Hom (X, 1). Therefore, there is

amap evy : XV ® X — 1 inducing a functorial isomorphism
Hom (T, XV) — Hom(T ® X, 1) (2.11)

Remark 2.2.4 The dual of an object X is an object X" together with the mor-
phisms ¢ : X¥® X — T and § : 1 — X ® XV such that the following

diagrams

X—— x®1 X\/;ﬂl@XV
| | e
19X ——0 X X'®X XVl —5— X' 0 X® XY
(2.12)
commutes.

A dual of an object X is uniquely determined up to isomorphism. If we fix

one of the maps ¢ or ¢, then this isomorphism is unique.
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To verify this, fix X and e. It then suffices to show that XV represents the
contravariant functor Z — Hom (X ® Z, 1), that is, it suffices to give a functorial
bijection

Hom (X ® Z,1) — Hom(Z, X").
Let ¢ € Hom(X ® Z,1). Define v, : Z — XV to be the composite

7107 (XVeX)0Z X xv g1 = xV

Then the map ¢ — v, is the required bijection. Its inverse is given by v — ¢,

where ¢, is the composite

1xQv 5

X@Z 2S5 XX —1.

Let ix : X — XYY be the map corresponding in (2.11) to evy o W
X ® XY — 1. If ix is an isomorphism, then X is said to be reflezive. If X has
an inverse (X1, : X' ® X —>» 1), then X is reflexive and § determines an
isomorphism X! — XV as in (2.9).
For any pair (X;);ex and (Y;);ex of finite families of objects, there is a mor-
phism
®ier Hom(X;,Y;) — Hom(®ie1 Xi, ®icrYs) (2.13)

corresponding to
<®iel Hom (X, YJ) ® <®ie] Xi) = Rier <HC>_H1(X1', Y;) ® Xi) =, ®ierY;

in (2.9).

In particular, there are morphisms
\%
Rier X — ( Kier Xi) (2.14)

and
XY®Y — Hom(X,Y) (2.15)

obtained from (2.13).

Definition 2.2.5 A tensor category (C,®) is rigid if Hom(X,Y') exists for all

objects X and Y, the maps (2.13) are isomorphism for all finite families of objects,
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and all objects of C are reflexive.

If (C,®) is a rigid tensor category, then the map X — XV can be made
into a contravariant functor: to f : X — Y, we associate the unique map
tf YV — XV defined as the composite

YVéYV®]IL&$>YV®X®XV%YV®Y®XV&>]I®XVi>XV

such that the diagram

YVeX — XV e X
1®fJ Jevx
YVeY vy 1

commutes.

The map f — 'f induces a bijection

Hom (X,Y) — Hom (Y, XV).

Remark 2.2.6 Recall that there is an isomorphism
Hom(X,Y) — Hom (Y, XV) ; f s 'f.

There is also a canonical isomorphism

Hom(X,Y) — Hom(Y", X")
namely
Hom(X,Y) 25 XVeY —— XV YW —=— YW g XY —2" Hom(Y", XV).
More generally, for a rigid tensor category (C,®), the functor

CP —C, X XY, fr'lf

is an equivalence of categories as its composite with itself is isomorphic to the
identity functor. It is even an equivalence of tensor categories in the sense of
2.2.10. Note that C° has an obvious tensor structure for which @ X;* = (®X;)°P.
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2.2.4 Tensor Functors

Let (C,®) and (C',®") be tensor categories.

Definition 2.2.7 A tensor functor (C,®) — (C',®') is a functor F' : C — C’
together with an isomorphism ¢ of functors from C x C — C’ given on a pair
(X,Y) of objects of C by a morphism

cxy  F(X)@ F(Y) — F(X®Y)
with the following properties:
(a) for a triple (X,Y,Z) of objects of C, the diagram

FX)& (FY)& F(2)) 224 F(X) &' F(Y ® Z) - F(X ® (Y ® Z))

| e

(F(X) @ F(Y)) & F(Z) — F(X@Y) &' F(Z) —— F(X oY) © Z)
is commutative;
(b) for a pair (X,Y) of objects of C, the diagram

FX)@ F(Y) ——— FX®Y)

F(Y) & F(X) ——— F(Y ® X)

is commutative;

(c) if (U,u) is an identity object of C, then (F(U), F(u)) is an identity object
of C'.

The conditions (a), (b), (¢) imply that for any finite family (X;);c; of objects

of C, ¢ gives rise to a well-defined isomorphism

¢ @ F(X) F(@ie, X)
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In particular, (F,c) maps invertible objects to invertible objects. Also, the mor-
phism
F(ev) : F(Hom(X,Y)® F(X)) — F(Y)

gives rise to morphisms
Fxy : F(Hom(X,Y)) — Hom(F(X), F(Y))

and
Fx F(XV) — F(X)V.

Proposition 2.2.8 Let (F,c) : C — C' be a tensor functor. If C and C' are
rigid, then Fxy : F(Hom(X,Y)) — Hom(F(X), F(Y)) is an isomorphism for
all pairs (X,Y) of objects of C.

Proof. It suffices to show that F' preserves duality, but this is obvious from the

following characterization of the dual of an object X in C:

The dual of an object X in C is a pair (X,Y ® X SN 1), for which there
exists a morphism 6 : 1 — X ® Y such that
X=1eXE Xo)o X=X (Y X)X,

and the same map with X and Y interchanged, are identity maps. a

2.2.5 Morphisms of Tensor Functors

Definition 2.2.9 Let (F,c) and (G,d) be tensor functor from C to C’; a mor-
phism of tensor functors (F,c) — (G, d) is a morphism of functors A : FF — G
such that, for all finite families (X;);c; of objects in C, the diagram

RierF(X;) — F( Qier X,~> (2.16)

®ierG(X5) — G( Qier Xi>
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Note that it is enough to require that the above diagram commutes for I = {1, 2}.

For I the empty set, (2.16) becomes,

1" — F(1) (2.17)

b

1'—=G(1)

in which the horizontal maps are the unique isomorphisms compatible with the
structure of 1’, F(1) and G(1) as identity objects of C'. In particular, when
diagram (2.17) commutes, the morphism Ay is an isomorphism.

We write Hom® (F, F”) for the set of morphisms of tensor functors from (F, c)
to (F',c).

Definition 2.2.10 A tensor functor (F,c) : C — C' is a tensor equivalence (or

an equivalence of tensor categories) if F' : C — (' is an equivalence of categories.

The above definition is justified by the following proposition.

Proposition 2.2.11 Let (F,c) : C — C' be a tensor equivalence; then there is
a tensor functor (F',¢) : C' — C and an isomorphism of functors F'o F — 1
and F o F' = 1¢1, commuting with tensor product (i.e., isomorphism of tensor

functors).

Proof. See [Sa72, 14.4]. O

Proposition 2.2.12 Let (F,c) and (G,d) be tensor functors from C to C'. If
C and C' are rigid, then any morphism of tensor functors A : F — G is an

1somorphism.

Proof. The morphism g : G — F', making the diagrams

P(XY) =2 G(XY)

F(X)Y —— G(X)"

Hx

commutative for all X € Obj(C), is an inverse for A. O




§2.2. Tensor Categories 27

Remark 2.2.13 For any field £ and k-algebra R, there is a canonical tensor
functor
®p : Vect(k) — Modfgs,

defined by V — V ®; R, where Modfg is the category of finitely generated
R-modules. If (F,c) is a tensor functor C — Vect(k), then we can define
set-valued functors End®(F') on the category of k-algebras by

End®(F)(R) = Hom®(®ro F,®po F) (2.18)

Thus, we get a functor End®(F) : Alg, — Set.

Tensor Subcategories

Definition 2.2.14 Let C’ be a strictly full subcategory of a tensor category C.
We say C’ is a tensor subcategory of C if it is closed under finite tensor products
(equivalently, if it contains an identity object of C and if X; ® Xy € Ob(C’)
whenever X7, X, € Ob(C")).

A tensor subcategory of a rigid tensor category is said to be a rigid tensor

subcategory if it contains X whenever it contains X.

A tensor subcategory of a tensor category becomes a tensor category under the
induced tensor structure. Similarly, a rigid tensor subcategory of a rigid tensor

category becomes a rigid tensor category.

Abelian Tensor Categories

Definition 2.2.15 An additive (resp. abelian) tensor category is a tensor cat-
egory (C,®) such that C is an additive (resp. abelian) category and ® is a

bi-additive functor.

When (C,®) is an abelian, then we say that a family X = (X;);e; of objects
of C is a tensor generating family for C if every object of C is isomorphic to a sub-
quotient of P((X,-)ie 1) for some P € Z|[T;];c; with non-negative coefficients. Note
that for every polynomial P € Z[T;);cs, there exists a finite subset {iy,...,4,} of
I such that

P=3_ ay - Tor,

in
aeNn
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where a, € Z and a, = 0 for all but finitely many «. If P € Z[T;]ics is a

polynomial with non-negative integral coefficients, then

P(<Xi)iel) = @ (Xf?"‘l R ® Xgan)@aa '

aeN"

2.3 Neutral Tannakian Categories

In this section, we recall the definition of neutral Tannakian category and state
the main theorem due to Saavedra. Let k be a field, and let Vect(k) be the

category of finite dimensional vector spaces over k.

Definition 2.3.1 A category C is said to be k-linear if the set of morphisms
between two arbitrary objects of C is a k—vector space and for objects X, Y and

Z in C, the composite map
Home(X,Y) x Home(Y, Z) — Home (X, Z)

is k—bilinear with respect to the k—vector space structures on the Hom-sets in-

volved.

Definition 2.3.2 A neutral Tannakian category over k is a rigid k—linear abelian
tensor category C equipped with an exact faithful k-linear tensor functor w :
C — Vect(k) into the category of finite dimensional k—vector spaces. The

functor w is called a neutral fibre functor.

Let Aut®(w) be the group-valued functor defined on the category of k-
algebras by sending R to the set of R-linear tensor functor isomorphisms. By
Proposition 2.2.12, the natural morphism Aut®(w) — End®(w) of functors is
an isomorphism (see, Remark 2.2.13).

Given an affine group scheme G, the category Rep,(G) of finite dimensional
representations of G with its usual tensor structure and the forgetful functor
wg : Rep,(G) — Vect(k) as fibre functor is a neutral Tannakian category.

Conversely, we have:

Theorem 2.3.3 Let (C,®,1,w) be a neutral Tannakian category over k. Then

(a) the functor G = Aut®(w) of k—algebras is an affine group scheme;
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(b) there is an equivalence W' : C — Rep,(G) of tensor categories such that

the following diagram

C#Repk(G)

T

Vect(k)

commutes.

The affine group scheme determined by the Theorem 2.3.3 is called the Tan-

nakian fundamental group scheme of (C,®,1,w).

Proposition 2.3.4 Let f : G — G be a homomorphism of affine group
schemes and w’ : Rep,(G') — Rep,(G) the corresponding tensor functor.

(1) The homomorphism f is faithfully flat if and only if W' is fully faithful and
every subobject of w! (X") (X' € Rep.(G")) is isomorphic to the image of a
subobject of X'.

(2) The homomorphism f is closed immersion if and only if every object of

Rep, (G) is isomorphic to a subquotient of w/ (X') for some X' € Rep,(G").







Chapter 3

Tannakian Fundamental Group

Schemes

In this chapter we consider Frobenius—finite vector bundles on an arbitrary pointed
smooth projective variety (X, x) over a perfect field k of prime characteristic (see
Section 3.4), and study some properties of the corresponding affine group scheme,
which we called the F'—fundamental group scheme of X with base point x over k
(see Section 3.4.2).

3.1 Some Preliminaries

In this section we recall the definition of the Frobenius morphism, and the no-
tions of semistability and strong semistability. In Subsection 3.1.3, we recall the
definition of principal bundles and its functorial version. We also recall some

basic results about finite étale morphisms.

3.1.1 Frobenius and Etale Morphisms

Let k be a field of prime characteristic p. For any k-scheme Y, the absolute
Frobenius morphism Fy : Y — Y is defined as follows: Fy is the identity
map on the topological space of X, and Ff, : Oy — Oy by the pth power
map f +— fP. For any morphism f : Y — X of schemes over k, we have a

31
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Y Y
X X
Let Y® denote the fibered product Y x x X, where the second factor X endowed
with the structure of an X-scheme via Fy : X — X. We will endow Y® with

commutative diagram

Fy
_—

—
Fx

the structure of an X-scheme given by the second projection ¢ : ¥ xx X — X.
Let us denote the first projection by ¢ : Y® — Y. Then, there exists a
unique morphism of X-schemes Fy/x : Y — Y ®) making the following diagram

%
\
s Y(p)¢—>Y
q

X—X

commutative:

(3.1)

~

We call the above morphism of X-schemes Fy/x : Y — Y®) the relative
Frobenius. Let X = Spec(k), where k is perfect field. Then F} : Spec(k) —
Spec(k) and ¢ : YP) — Y are isomorphisms. Let F} : X — X denotes the

composition of n absolute Frobenius morphisms of X.

Remark 3.1.1 If 7 : X — Spec(k) is a scheme over k, then Fx : X — X is

not k-linear. On the contrary, we have a commutative diagram

Fx
X—X

Spec(k) - Spec(k)

with the Frobenius morphism F of Spec(k) (which corresponds to the pth power
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map of k to itself). We define a new scheme over k, which we denote by X, to
be the same scheme X, but with structural morphism Fon. Thus, k acts on Oy,
via pth powers. Then, Fx becomes a k-linear morphism F” : X, — X. We call

this the k-linear Frobenius morphism.

Etale Morphisms

We first recall the definition of étale morphism. For more details of the results
stated here, see [Mi80, III, §4] and [Sz09, Chap. 5.

Definition 3.1.2 A morphism f : X — Y of schemes is flat if for all points z
of X, the induced map Oy ¢,y — Ox, is flat.

The following proposition is immediate from the usual properties of flat modules.

Proposition 3.1.3 (1) An open immersion is flat.
(2) The composite of two flat morphisms is flat.

(3) Any base extension of a flat morphism is flat.

Remark 3.1.4 Recall that a morphism f : X — Y is faithfully flat if it is
flat and surjective. Any flat morphism that is locally of finite type is open. If
f X — Y is finite and flat, then it is both open and closed; thus, if Y is

connected, then f is surjective and hence faithfully flat.

Definition 3.1.5 A morphism f : X — Y that is locally of finite-type is said

to be unramified at v € X if m;, = m,Ox , and k(z) is a finite separable extension

of k(y), where y = f(x).

If f is unramified at all z € X, then it is said to be unramified morphism.
The next proposition allows us an alternative definition of unramified in terms of

differentials.

Proposition 3.1.6 Let X and Y be locally Noetherian schemes, and let [ :
X — Y be a morphism that is locally of finite-type. Then the following condi-

tions are equivalent:
(1) f is unramified.

(2) The sheaf Q}(/Y is zero.
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(3) The diagonal morphism Ax)y : X — X xy X is an open immersion.

Proposition 3.1.7 (1) Any immersion is unramified.
(2) The composite of two unramified morphisms is unramified.

(3) Any base extension of an unramified morphism is unramified.

Proof. Assertions (1) and (2) are immediate from the definition. Let f: X —
S be an unramified morphism and let ¢ : ¥ — S be a morphism of locally

Noetherian schemes. Then for the base change h: X xgY — Y, we have

~ 1./*

Q%XXsY)/Y - Q%(/S?

where i/ : X xgY — X is the first projection ([Ha77, Proposition 8.10]). From
Proposition 3.1.6, we conclude that h : X XxgY — Y is an unramified morphism.
O

Definition 3.1.8 A morphism of schemes f : X — Y is said to be étale at
x € X, if it is flat and unramified at . A morphism f is said to be an étale
morphism, if it is étale at all the points of X. A finite étale cover is a surjective

finite étale morphism.

Proposition 3.1.9 (1) Any open immersion is étale.
(2) The composite of two étale morphisms is étale.
(3) Any base extension of an étale morphism is étale.

4) If f: X — S and g: Y — S are two morphisms such that f o g is étale

and f 1s unramified, then g is étale.

Proof. Assertions (1), (2) and (3) hold with ‘étale’ replaced by ‘flat’ (see Propo-
sition 3.1.3) or by ‘unramified’ (see Proposition 3.1.7). For (4), consider the
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diagram with Cartesian squares:

Ax/s
X Xg

X—
91\ TQXlx
Y

X
Y xg X —22 X

Ty
4
Y S

Since f o g is étale, pr, is étale by (3). Since Ax/g is an open immersion as f is

—>
fog

unramified, I'y is étale by (3). Therefore, g = pr, oIy is étale by (2). a

Definition 3.1.10 A morphism f : Y — X of schemes over k is called radicial
if it is injective and all the residue field extensions k(f(y)) — k(y) (y € V) are

purely inseparable.

Proposition 3.1.11 Let f : X — Y be a morphism of schemes. The following

conditions are equivalent:
(1) f is radicial.
(2) For any field K, the map of K-points f(K) : X(K) — Y (K) is injective.

(3) (Universal injectivity) For any morphism Y' — Y, the morphism fy)
X Xy Y — Y is injective.

(4) (Geometric injectivity) For any field K and any morphism Spec(K) — Y,
the morphism fr : X xy Spec(K) — Spec(K) is injective.

Proof. Assume (1) and for any field K, let u;,us € X(K) be such that fou; =
f owus. Since f is injective, x = Im(uy) = Im(ug). Hence, uy,us corresponds to
k(f(z))-homomorphisms k(z) — K . Since k(x)/k(f(x)) is purely insepara-
ble, u; = us and hence (2) holds.

Conversely, assume (2) and suppose k(z)/k(f(z)) is not purely inseparable for
some x € X. Then there exist two different k(f(x))-homomorphisms of k(z) into
some field K. Let uy,us : Spec(K) —_ X be the corresponding morphisms.
Then f ou; = f ouy, but u; # ug, a contradiction. Suppose f(z1) = f(z2) =
y for distinct points x;,z5 € X. Then there exists a field K and two k(y)-
homomorphisms k(z;) — K and k(xs) — K. Let uy,us : Spec(K) 3 X
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be the corresponding morphisms. Then f owu; = f o us, but uy; # us. Therefore,
(1) holds.
Assume (2). Then the following diagram

(X Xy Y’)(K) :X(K) Xy(K) Y’(K)

| |

Y'(K) Y'(K)

shows that fy+ also satisfies (2). So by (2) = (1), fy+ is injective and (3) holds.
The implication (3) = (4) is trivial.

Assume (4) and for any field K, let uy, us € X(K) be such that fou; = fous.

Then u; and uy gives rise to sections uf, u), : Spec(K) ! X Xy Spec(K) .

X xy Spec(K) —— Spec(K)
foui=fousg
X —>

Since ¢ is injective, X xy Spec(K) consists of a single point. It follows that

u) = uh, and hence u; = ug. Thus, (2) holds and proof is complete. O

Proposition 3.1.12 (1) Any immersion is radicial.
(2) The composition of radicial morphisms is radicial.
(3) Any base extension of a radicial morphism is radicial.
(4) If f o g is radicial, then g is radicial.

Proof. This is immediate from the Proposition 3.1.11. O

Proposition 3.1.13 Let f : Y — X be an étale morphism of k—schemes. Then

the relative Frobenius Fy,x : Y — Y®) s an isomorphism.

Proof. Consider the diagram (3.1). Since the base change of étale morphism
is étale, the morphism ¢ in (3.1) is étale. Since q o Fy,x = [ is étale, by (4)
of Proposition 3.1.9, Fy,x is étale. Since Fy is universally injective and Fy =

¢ o Fy/x, by (4) of Proposition 3.1.12, Fy,x is universally injective. By [Mu67,
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Lemma 7.2.1.1], Fy/x is an open immersion. Since Fy,x is homeomorphism, it
follows that Fy,x is an isomorphism. O

Given a morphism of schemes ¢ : X — S, we define Aut(X/S) to be the
group of scheme automorphisms of X preserving . For a geometric point 5 :
Spec(§) — S there is a natural left action of Aut(X/S) on the geometric fibre
X5 = X xgSpec(§) coming by base change from its action on X. For a connected
finite étale cover ¢ : X — S, the action of Aut(X/S) on each geometric fibre is
faithful and hence Aut(X/S) is finite.

Definition 3.1.14 A connected finite étale cover ¢ : X — S is said to be
Galois if Aut(X/S) acts transitively on geometric fibres.

Recall that every finite separable field extension can be embedded in a finite
Galois extension and there is a smallest such extension, the Galois closure. Anal-
ogously, every finite étale cover is the image of a Galois cover. More precisely, we

have

Proposition 3.1.15 Let ¢ : X — S be a connected finite étale cover. There
1s a morphism ¢ 'Y — X such that p oy 1Y — S is a finite étale Galois

cover, and moreover every S—morphism from a Galois cover to X factors through
Yy — 5.

3.1.2 Semistability

Let X be a smooth n-dimensional projective variety over k with a very ample
divisor H. If F is a torsion-free coherent sheaf on X then one can define its slope
by setting .
() = 22
where rk(E) is the rank of E. Then E' is H-semistable if for any nonzero subsheaf
F C E we have u(F) < u(E).

Let us recall that every torsion free sheaf £ on X has a unique Harder—

Narasimhan filtration, that is, a filtration

O=ECE C---CE,=F
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in which all quotients E;/FE; ; are H-semistable sheaves and
u(Er) > p(Ea/Er) > -+ > p(E/Eg_1).

We set :umax(E) = :u(El) and :umin(E) = M(E/Ek—l)

Definition 3.1.16 We say that E is strongly H-semistable if for all » > 0 the
pull back (F%)*E is H-semistable.

In [Gie73] D. Gieseker showed for every g > 2 an example of a sequence
{Emn}men of rank 2 vector bundles on a curve C' of genus g such that £ = E; is
not semistable and F,, = F*FE,, 1 for every m > 1. Then for large m the bundles

E,, are semistable but not strongly semistable.

3.1.3 Principal Bundles

In this section we recall a description of principal bundles over a scheme X defined
over k using the language of categories and functors. For the details see [No76].

Let G be an affine group scheme defined over k.

Definition 3.1.17 A principal G-bundle over a scheme X is a surjective flat
affine morphism 5 : P — X together with a group action o0 : P X, G — P
such that the map (py,0) : P X G — P Xx P is an isomorphism.

Let E¢ — X be a principal G-bundle over X. Then, for every object
p: G— GL(V)

in Rep,(G), we can construct the associated vector bundle E, := FEg x V over
X. Here Eg x¢V = (Eg x V)/G with the action of any g € G sending any
(2,v) € Eg x V to (zg, p(¢g~')v). This defines a functor

Eg x% e : Rep,(G) — Vect(X).

Nori proved in [No82, Section 2.2| that this functor determines the principal

G-bundle E¢ in the following sense.

Theorem 3.1.18 [No82, Lemma 2.3, Proposition 2.4] Let F' : Rep,(G) —
Vect(X) be a functor satisfying the following:
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(a) Fis a k—additive exact functor;
(b) Fo®=®o (F x F);

(c1) the functor F' preserves commutativity, in other words, if ¢ is the canonical
isomorphism of V&W with W&V in Rep,(G), then F(c) is the canonical

isomorphism of the corresponding vector bundles;
(c2) the functor I preserves associativity;
(¢3) the vector bundle F'(1) is the trivial line bundle Ox on X
(d) for any V € Rep,(G) of dimension n, the vector bundle F/(V) is of rank n.

Then there exists a principal G-bundle Eg — X (unique up to an isomorphism)
such that F is isomorphic to Eg x© e.

3.2 Etale Fundamental Group Scheme

Let k£ be a perfect field, and let X be a proper integral scheme over k£ endowed
with a rational point x € X (k).

Definition 3.2.1 A vector bundle E over X is called étale trivializable if there
exists a finite étale covering ¢ : Y — X such that the pull-back ¥*FE is trivial-

izable.

Consider the neutral Tannakian category defined by all étale trivializable vec-
tor bundles E over X The fiber functor for this neutral Tannakian category sends
E to its fiber E(x) over z. We denote this category by C*(X). The corresponding
affine group scheme is called the étale fundamental group scheme and is denoted
by (X, ). When k is algebraically closed field, the étale fundamental group
m (X, ) is canonically isomorphic to the group of k—valued points of the étale

fundamental group scheme 7(X, ).

3.3 The Nori Fundamental Group Scheme

For a proper integral scheme X defined over a perfect field k endowed with a
rational point z € X(k), Nori defined in [No76] and [No82] the fundamental
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group scheme 7V (X, ) over k. Let Vect(X) be the category of vector bundles

over X.

Definition 3.3.1 A vector bundle E over X is said to be Nori—semistable if for
every non-constant morphism f : ' — X with C' a smooth projective curve,

the pull-back f*F — C' is semi-stable of degree zero.

Let Ns(X) denote the full subcategory of Vect(X) whose objects are all Nori—

semistable vector bundles over X.

Lemma 3.3.2 [No76, p. 37, Lemma 3.6] The category Ns(X) is an abelian

category.

For any vector bundle E over X and for any polynomial f with non-negative

integer coefficients, we define

n

f(E) = DB,

i=0
where f(t) =Y " a;t" with a; € N, Vi e {1,2,...,n}.

Definition 3.3.3 A vector bundle E over X is said to be finite if there are two
distinct polynomials f and g with non-negative integer coefficients such that f(E)

is isomorphic to g(E).

Definition 3.3.4 A vector bundle E over X is said to be essentially finite if it

is a Nori—semistable subquotient of a finite vector bundle over X.

Let CV(X) be the full subcategory of Ns(X) whose objects are the essentially

finite vector bundles over X. Let
wy : CN(X) — Vect(k)

be the functor which sends an essentially finite vector bundle F to its fibre
E(z) over x. With the usual tensor product of vector bundles, the quadruple
(CN(X), ®,w,, Ox) is a neutral Tannakian category over k. By Theorem 2.3.3, it
defines an affine group scheme over k, which is denoted by 7V(X, ), and called
the Nori fundamental group scheme of X over k with base point x.

The following is a useful characterization of essentially finite vector bundles:
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Proposition 3.3.5 [No76] A vector bundle E over X is essentially finite vector
bundle if and only if there exists a principal G-bundle v : P — X, with G a

finite group scheme, such that V*FE is trivial vector bundle over P.

Corollary 3.3.6 There is a natural faithfully flat homomorphism =™ (X, r) —
(X, ).

Proof. Let E be an étale trivializable vector bundle over X. Then there exists
a finite étale Galois covering ¢ : Y — X with Galois group I' such that ¥*E is
trivial vector bundle over Y. Note that ¢ : Y — X can be viewed as a principal
(I')g—bundle, where (I');, is a finite constant group scheme. By Proposition 3.3.5
it follows that F is essentially finite vector bundle. By Proposition 2.3.4(1), there
is a natural faithfully flat homomorphism 7™ (X, z) — 7%(X, z). O

3.4 The F—fundamental Group Scheme

3.4.1 Construction of the F'-fundamental Group Scheme

Let k be a perfect field of prime characteristic p. Let X be a smooth projec-
tive variety defined over k. Let Fx : X — X denote the absolute Frobenius

morphism. For any integer m > 1, let

m~-times

———
F)T(n = FXO---OFX X — X

be the m—fold iteration of the morphism Fy. We define FY} to be the identity
morphism of X.
For any polynomial f with non-negative integral coefficients, and for any

vector bundle E over X, we define

m

F(E) = D(Fx) )™, (3:2)
=0

where f(t) = Y " nt' withn; e NVie {1,2,--- ,m}.

Definition 3.4.1 A vector bundle E over X is said to be Frobenius—finite if there

exist two distinct polynomials f and g with non-negative integral coefficients such
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that f(FE) is isomorphic to g(E).

Let FF(X) denote the set of Frobenius—finite vector bundles over X. For any

vector bundle F over X, let I(E) denote the set of all indecomposable components
of {(F%)"E}n>o-

Lemma 3.4.2 If E is a Frobenius—finite vector bundle over X, then I(E) is a
finite set.

Proof. For n > 0, let I,(F) denote the set of indecomposable components of
(F'})*E. By the Krull-Remak-Schmidt theorem, I,,(E) is finite. Note that I(E) =
Un>oln(E). Since E is Frobenius—finite, there exist two distinct polynomials f and
g as in the Definition 3.4.1 such that f(E) is isomorphic to §(E). Let IV(X) be
the free abelian group generated by isomorphism classes of indecomposable vector
bundles on X. Now, E(E) = 0in IV(X), where h = f—g. Let d = deg(h). Then,
each indecomposable direct summand of (F¢)*E must be a direct summand of
(F})*E for some j < d. Applying the above to the polynomials (f — g)z? for i > 0
and using induction on i, we see that each element of I(E') can be represented by

a direct summand of (FJ)*E for some j < d. O

Proposition 3.4.3 Let C' be a smooth projective curve. Then, any Frobenius—

finite vector bundle over C' is strongly semistable of degree zero.

Proof. Let E be a Frobenius—finite vector bundle over C'. Then by Lemma 3.4.2,
I(E) is a finite set. Note that for any vector bundle V. — C', we have

deg((F)"V) = p" - deg(V), (3-3)

where p is the characteristic of k. Therefore, the fact that I(F) is a finite set
implies that deg(E) < 0. Since the dual EY is also a Frobenius-finite vector
bundle, we conclude that deg(E) = 0.

Let F' be any subbundle of (F5)*E (r > 0). Then (FZ)*F is subbundle of
(FZT)*E. Since I(F) is a finite set, from (3.3) it follows that deg(F') < 0. Hence
(FL)*E is semistable. O

Let h : X — Y be a morphism. Then the pull-back of any Frobenius—
finite vector bundle F over Y is also a Frobenius—finite vector bundle over X.

Therefore, Proposition 3.4.3 has the following corollary.
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Corollary 3.4.4 Any Frobenius-finite vector bundle over a smooth projective va-

riety X 1s Nori—semistable.

It has been proved in [No76, p. 37, Lemma 3.6] that the category Ns(X) of
all Nori—semistable vector bundles over X is abelian.

Let TFF(X) denote the collection of all tensor products of Frobenius—finite
vector bundles over X. Consider the full subcategory, denoted by Cr(X), of the
category Ns(X) whose objects are: vector bundles £ € Ns(X) for which there
exist F; € TFF(X), 1 <i<m (m >0) and

Ey C B, C (P F with Ey, E, € Ns(X)

i=1
such that £ = Ey/F;.

Proposition 3.4.5 The category Cr(X) defines a neutral Tannakian category

over k.

Proof. The category Cr(X) is an abelian category. For, let f : E — F be
a morphism in Cr(X). Since Cr(X) is a full subcategory of an abelian category
Ns(X), both Kerf and Cokerf lie in Ns(X). By the construction of Cr(X), both
Kerf and Cokerf are in Cp(X). Hence, Cr(X) is an abelian k—category.

We define the tensor operation ® on Cr(X) to be the usual tensor product of
vector bundles. We need to check that Cr(X) is closed under the tensor product
operation. If E and F' are objects of Cr(X), then there exist Vi, Vo, Wy, Wy €
Ns(X), E;, F; € TFF(X), where i =1,...,n and j = 1,...,m, such that

‘/lg%géEi’ W1§W2QéFj
i=1

=1

and F = V5/V; and F = Wy/W;. Then, E ® F is a quotient of Vo @ W, i.e.,
ERF =2 V,0W,/K. By definition of TFF(X), the bundle (B, Ei)® (D], F})
is again a finite direct sum of elements of TFF(X). Since V5, W5 € Ns(X), it
follows that Vo ® Wy € Ns(X). As deg(K) + deg(E ® F) = deg(Va ® Wy), this
implies that deg(K) = 0. This implies that K € Ns(X). Therefore, F ® F is an
object of Cr(X). The pentagon and hexagon axioms follow from the properties
of tensor product of vector bundles. The trivial vector bundle Oy is an object of

Cr(X). It is a unit object for the tensor product.
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That Cp(X) is rigid follows from the fact that TFF(X) is closed under taking
dual of vector bundles. For, if F € Cr(X) is a Nori-semistable subbundle of a
direct sum of finitely many E; € TFF(X), then the dual EV is a quotient of the
direct sum of duals E, which also belong to TFF(X), hence EY is an object
of Cp(X). If E = V3/Vy with Vi C Vi, C @, E;, dualizing the exact sequence
0— Vi — Vo — E, we get that EY = Ker(V,) — V") is an object of Cp(X),
since Cr(X) is an abelian category.

Now, we will define a fibre functor on Cr(X). Let Vect(k) denote the category
of finite dimensional vector spaces over a field k. Fix a k—rational point z € X.
We define w, to be the functor

wy @ Crp(X) — Vect(k) (3.4)

that sends a vector bundle E in Cp(X) to its fiber E(z) over z. This functor
is exact and k-linear on Hom-sets. We show that it is also faithful. For this
assume that E., F' are object of Cp(X), and that f,g € Hom(E, F'), such that
we(f) = we(g), ie. fo = gs: E(x) — F(x). Then, Ker(f — g) is an object of
Cr(X), since Cp(X) is an abelian category. In particular, Ker(f — g) is a vector
bundle, hence all its fibres are of the same dimension. Because of the assump-
tion that the fibre over x is zero-dimensional, we see that Ker(f — g) = 0, hence
f = g. Therefore, the quadruple (Cr(X), ®,w,, Ox) is a neutral Tannakian cat-

egory over k. O

The quadruple (Cr(X), ®, w,, Ox) is a neutral Tannakian category over k. So

it gives an affine group—scheme over k (Theorem 2.3.3).

Definition 3.4.6 The F—fundamental group—scheme of X with the base point x

is the group—scheme associated to the neutral Tannakian category
(CF<X)a &), Wy OX) .

This group—scheme will be denoted by 7p(X, z).

Let Rep,(mr(X, z)) be the category of finite dimensional k-representations
of mp(X, x).

Lemma 3.4.7 There exists a tautological principal 7p(X, x)-bundle over X.
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Proof. By the construction of 7z(X, z), there is an equivalence of categories
Cr(X) — Rep,(mr(X, 2)) (3.5)

such that w, becomes a forgetful functor for Rep,(7r(X, x)) (see [DM82, The-
orem 2.11], [No76]). The resulting functor

T : Rep,(mr(X, 7)) ~ (Cp(X),w,) < Vect(X) (3.6)

satisfies the conditions of Theorem 3.1.18, and hence it defines a principal 7p(X, z)-
bundle X over X. For any V € Rep,(mr(X, x)), the vector bundle X xmr(X.2)
V — X associated to the principal (X, z)-bundle X —s X for the mp(X, z)—
module V' coincides with the vector bundle corresponding to V' by the functor in
(3.5). O

Let ¢ : X — Y be a morphism of smooth projective varieties defined
over k and E an object of Cr(Y). Then ¢*E is an object of Cp(X). Conse-
quently, ¢ induces a homomorphism of Tannakian categories from (Cp(Y'), wy(z))
to (Cr(X),w,). By [No76, Theorem 1.3], this determines a unique homomorphism
of affine group schemes np(X, x) — wp(Y, f(z)).

3.4.2 Some Properties of the F'-fundamental Group Scheme

First we have

Proposition 3.4.8 If o : X — Y s a flat surjective morphism of smooth pro-
jective varieties over a field k with p,Ox = Oy . Then the induced homomorphism
(X, ) — wr(Y, o(x)) is faithfully flat.

Proof. In view of Proposition 2.3.4(1), it suffices to show the following:
1. the functor w? : Cp(Y) — Cr(X) is fully faithful, and

2. any Nori—semistable subbundle F' of ¢*F, where E € Cp(Y), is isomorphic
to p*F’, for some Nori—semistable subbundle F' C E.

Since ¢ is flat morphism, by [EGAT1, 6.7.6.1], there is a canonical isomorphism

Homy (E, F) — @7 omx(0"E, p*F). (3.7)
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By taking global section, we get a bijection
Homy (E, F) — Homx(¢"E, " F). (3.8)

This shows that w? is fully faithful functor.

Let E be an object of Cr(Y), and let F' be a Nori-semistable subbundle
of o*E. Define E' := ¢*E/F, and denote the ranks of E, F' and E’ by r,
r1 and 7y respectively. Let X, := ¢ !(y) be the fibre over a point y € Y.
Then the restriction F|, is degree zero subbundle of the trivial vector bundle
(¢"E), = O%,. Hence Fj, is trivial. Similarly, E|’Xy is trivial. Since F' is flat
over Y and dim H°(X,, F,) =riforally €Y, by [Ha77, III, Corollary 12.9], it
follows that o, F' is locally free of rank 7. Similarly, @, F’ is locally free of rank

Tra.

The quotient map ¢*F — FE’ evidently factors through ¢*p,F' — E'.
Consequently, ¢*p,F' — E’ is surjective homomorphism of vector bundles of

the same rank ro; hence it is an isomorphism. We have,

0 O F gp*gp*E—fmo*(p*E/(p*F—N)

N

(" E/F)

Since rank of p,p*E/p.F and ¢,(p*E/F) are same, it follows that
T Efo P — o (9" E/F)

is an isomorphism. Thus, we get an isomorphism ¢*E/o*¢o, F — ¢*E/F.
Therefore, p*p, ' — F' is also an isomorphism. Take F' = @,F. Since
©*F" = Fis Nori-semistable, we conclude that F” is Nori—semistable. Indeed, let
f : C — Y be a non-constant morphism, where C' a smooth projective curve.
Then there exists a smooth projective curve C’ with the map g : ¢ — X and

a non-constant map h : ¢ — C such that the following diagram commutes:
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This implies that (¢ o g)*F" = (f o h)*F’. Since ¢*F’ = F and F is Nori-
semistable, h*(f*F") is semistable of degree zero. Let W be a subbundle of f*F".
Then A*W is subbundle of A*(f*F") and hence deg(h*W) = deg(h) deg(IV) < 0.
This implies that f*F’ is semistable of degree zero. Therefore, we get a Nori—

semistable subbundle F” of E such that ¢*F” is isomorphic to F'. O

Lemma 3.4.9 Let ¢y : Y — X be a morphism of smooth projective varieties

over k such that the following diagram

Fy
Y —

Y
(4 JI/J
XX

(3.9)

is Cartesian, where Fx and Fy are the absolute Frobenius morphisms of X and
Y respectively. Let E be a vector bundle over Y. Then for any n > 1, there is a

canonical isomorphism
(FR)"(RY.E) — R.((FP)°E)

for each i > 0.

Proof. Since the diagram in (3.9) is Cartesian, and Fx is flat, we have the

following: For any vector bundle £ — Y, the base change homomorphism
FY(RY.(E)) — RY(FVE) (3.10)

is isomorphism for each i > 0 (see [Ha77, III, Proposition 9.3]). Fix any i > 0.
We will prove the lemma using induction on n. For n = 1, this is the isomorphism

in (3.10). Assume that we have an isomorphism
(F ) (R (B)) — Ry ((Fy)'E). (3.11)
Taking inverse image by Fx, the isomorphism in (3.11) gives an isomorphism

(F%) (RY(E)) — FYxRU((Fy7')°E). (3.12)
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Substituting E by (Fy*')*E in (3.10), we get an isomorphism
F (R (Fy ™)' E)) — R (Fy (Fy)'E)) — Rl (FR)'E). (3.13)
By composing the isomorphisms in (3.12) and (3.13), we get an isomorphism
(FY)* (R4 E) — R (FP)*E). (3.14)

This completes the proof of the lemma. O

Base Change

Let k' be an algebraically closed extension of an algebraically closed field k& of
prime characteristic p. Let X be a smooth projective k—variety, and let X, denote
the base change X xj Speck’. We have the following commutative diagram

FX}c/
Xk:’ %Xk”

X=X
X

where Fx, , and Fx are the Frobenius morphisms on X3 and X respectively.
Therefore,
FYE@p k' =Fy (E@p ).

From this it follows that if £ is an object of Cr(X), then E ®j k' is an object of
Cr(Xy). Let Cps be the Tannakian subcategory of

C' = (Cr(Xp), ®, Ty, Ox,,)

whose objects are all vector bundles £’ € Cp(Xy) for which there exists £ €
Cr(X) such that £’ C E®K'. Define G := 7p(Xy, x), and let Rep,, (Gy) denote
the category of all finite dimensional k'-representations of G = G X Speck’.
Now following the argument as in the proof of [MS02, Proposition 3.1], we
conclude that the category C’ is equivalent to Rep,, (Gy). By Proposition 2.3.4,
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the canonical homomorphism
hiﬂ'F(Xk/, .’L'/) —)WF(X, iL‘) Xk 54 (315)

is faithfully flat.

If the canonical homomorphism in (3.15) is an isomorphism then any stable
vector bundle in Cr(X}/) is actually defined over k. For, let £ € Cp(Xy). Since
h is closed immersion, by Proposition 2.3.4(2), there exists a vector bundle E; in
Cr(X) such that E = FE3/F,, where Ey and Ej3 are Nori-semistable subbundles
of £y ® k' with £y C E3 C E; ® k'. If E is stable then it is a component
of gr(E; ® k') (the associated graded object for the Jordan-Hélder filtration of
E, ® k). Since gr(Fy, ® k') = gr(Fy) ® k', it follows that E is a bundle of the
form E' ® k', where E’ is stable vector bundle over X.

But there are stable vector bundles in Cp(Xj/) which are not defined over
k; see [Pa07] for examples. Therefore, the homomorphism in (3.15) is not an

isomorphism in general.

Remark 3.4.10 A vector bundle E over X is called F-trivial if (F&)*E is trivial
for some 7. Note that the category of all F—trivial vector bundles form a Tannakian
category; the corresponding affine group scheme is called the local fundamental
group scheme which is denoted by 7'°¢(X,z) (see [MS08]). By applying the
criterion of Proposition 2.3.4, it can be easily seen that there is a canonical flat

surjective homomorphism

o mp(X, r) — 7YX, 7).

Relation with the S—fundamental Group Scheme

For a smooth projective curve defined over k, the S—fundamental group—scheme
was introduced in [BPS06]. In [La09], this was generalized to smooth projective
varieties defined over an algebraically closed field.

Let X be a smooth projective variety of dimension n over an algebraically
closed field k. Fix a very ample hypersurface H on X.

Recall (see Section 3.1.2) that a torsion-free coherent sheaf £ — X, the

number
C1 (E) - H

E) =
H(E) rank F/

€Q
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is called the slope of E. A vector bundle E is called H—semistable (respectively,
H-stable) if for all subsheaves I of E with rank(F") < rank(F), we have p(F') <
p(E) (respectively, u(F) < p(E)).

Let Vectg (X)) denote the full subcategory of the category of coherent sheaves
on X whose objects are all strongly H-semistable reflexive sheaves with ¢;(F) -
H" ' =0and cy(F)-H" 2 = 0. By [La09, Theorem 4.1], a strongly H-semistable
reflexive sheaf with ¢;(F) - H* ' = 0 and c3(F) - H*? = 0 is locally free. The
category Vects (X) does not depend on the choice of H ([La09, Proposition 4.5]).
Fix a k-rational point 2 € X and define the fiber functor w, : Vects(X) —
Vect (k) by sending E to its fiber E(x). Then (Vect (X), ®, w,, Ox) is a neutral

Tannakian category.

Definition 3.4.11 The affine k—group scheme Tannaka dual to the neutral Tan-
nakian category (Vects(X), ®, w,, Ox) is denoted by 7%(X, ) and it is called
the S—fundamental group scheme of X with base point x.

Recall that a line bundle L over X is said to be numerically effective if the
degree of the restriction of L to any irreducible curve C' in X is non-negative. A
vector bundle E over X is called numerically effective if and only if the tauto-
logical line bundle Op(g) (1) is numerically effective. A vector bundle E is called
numerically flat if both E and its dual EV are numerically effective.

If £ is a vector bundle over a smooth projective curve C, we denote by §(F)
the minimum of the degrees of quotient line bundles of E. For a line bundle L,
define 0(L) = degree(L).

A vector bundle FE is numerically effective if and only if for any finite morphism
f:C — X from a smooth projective curve C, we have §(f*E) > 0 (see, [BaTl,
p. 437]).

Remark 3.4.12 Let C be a smooth projective curve and V' a vector bundle on
C'. Denote by ¢*(V) the minimum of the set {u(Q)|V — @ — 0} and by (V)
the minimum of the set {u(L)|V — L — 0, L is line bundle}. Consider the

Harder-Narasimhan filtration
0=VoCWVC--CVy  CVp=V

of the vector bundle V. Let pumin(V) := u(V/V,—1) and pmax(V) := p(V4). The

subbundle V,,_; is called the maximal destabilizing vector subbundle of V. Since
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uw(V/Vy1) € {u(@Q)|V — Q@ — 0}, we have ppi,(V) > 6(V). 'V — Q —
0 is a quotient of V', then @ is quotient of a semi-stable vector bundle V/V,,_;.
From which it follows that pmin(V) < p(Q) for all quotients V. — @ — 0.
This proves that pumin(V) < 6*(V). Therefore, pimin(V) = 0*(V). It is obvious
that §(V') > 6*(V).

Proposition 3.4.13 There exists a natural faithfully flat homomorphism
(X, z) — (X, 2).

Proof. Take any vector bundle E belonging to Cr(X). For any finite morphism
f:C — X from a smooth projective curve C, the pull-back f*FE is semistable.
Consequently, pmin(f*E) = 0. Note that 6(V) > pmin(V) for any vector bundle
V' over a smooth projective curve C'. Consequently, §(f*F) > 0, and hence E
is numerically effective. Since E* is also an object of Cp(X), it follows that
E is numerically flat. By [La09, Proposition 5.1], we have a natural functor
Cr(X) — Vects (X) which is fully faithful and obviously satisfies the condition
in Proposition 2.3.4(1). O

Product Formula

Suppose that k is an algebraically closed field. Let X and Y be two smooth pro-
jective varieties over k. Fix k-rational points zy and yo of X and Y, respectively.

For any closed point y € Y, we have a canonical morphism
Gy : X — X X3, Y

defined by
X—>X><k{y}—>X><kY

Similarly, for any closed point x € X, we define
Je Y — X X, Y.

Let p: X X3, Y — X and ¢ : X X3 Y — Y be the natural projections. The

morphism é,, : X — X X, Y induces a homomorphism

(X, xo) — (X X Y, 29 X yo)
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of affine group schemes. Since p o, = Idx, and ¢ o 4,, is a constant map, it

follows that the morphism
V(X Xk Y, o X yo) — (X, x0) X (Y, %0)
is surjective.

Definition 3.4.14 A coherent sheaf F on X is called bounded if there is a scheme
T of finite type over k and a coherent sheaf &€ — X x T flat over T such that
there are closed points {t;};>1 of T with the property that the restriction & x 3
is isomorphic to the pull-back (F%)*FE.

Proposition 3.4.15 [BH09] Let E be a bounded sheaf over X. Then

(1) For any morphism g : Y — X, where Y is a smooth projective variety,
the pullback g*E is bounded sheaf overY .

(2) The coherent sheaf E is locally free.

Proof. Since F is bounded, there is a family &€ — X x T" as in the Definition
3.4.14. Consider the family (g x 17)*€ — Y x T, where (¢ x 17) : Y x T —
X xT. Since Fy g« E = g*F{E, and & xxq,y = (F%)*E, we have

(9 x 12)*E) lyxqey = 9" (Exxquy) = 9 (FX)'E = (Fy)*g°E.

Therefore, ¢g*E is bounded sheaf.
To prove that F is locally free, it is enough to show that the fibre dimension
E ® k(x) is constant, where = runs over all closed points of X. For any ¢ as in

the first statement, and any closed point y of Y, we have
dim(g"E ® k(y)) = dim(E ® k(g(y))-

Therefore, in view of the first statement, it suffices to prove that any bounded
sheaf on a smooth projective curve is a locally free sheaf.

Let E be a bounded sheaf over a smooth projective curve C' defined over k.
Let Ei, be the torsion subsheaf of E, and let E; := E/E;, be the locally free
quotient. We have

E=F;® B
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Hence for any n > 1,

(F&) Evor = ((F&)"E) (3.16)

tor’

where ((FZ)*E), s the torsion part of ((F&)*E). Let d be the dimension of
H°(C, Eio,). Then we have

dim H(C, (F3)* Eior) = p"d, (3.17)

where p is the characteristic of the field k. Since F is bounded, using semi-
continuity of the dimension of global sections, we conclude that the sequence
{dim H°(C, (F&)*E) },>1 is bounded by a constant independent of n. Since
dim H°(C, (F&)*E) > dim H°(C, ((F§)*E),,,), from (3.16) and (3.17), it fol-

lows that H°(C, E.,) = 0. Consequently, Fi, = 0.

Lemma 3.4.16 [BH09, Lemma 3.3] Let X and Y be smooth projective varieties
overk. Letp: X XY — X and q : X XY — Y be the natural projections.
Let E be a bounded sheaf on X xY . Then for each i > 0, the direct image Rip,F

and R'q,E are bounded sheaves over X and Y respectively.

Using Lemma 3.4.16 and Proposition 3.4.15, we conclude that for any £ €
Cr(X x; Y), the direct images R'p,FE and R'q.E are vector bundles over X
and Y respectively.

Lemma 3.4.17 Let E be a Frobenius—finite vector bundle over X x; Y. Then
for each i > 0, the direct images R'p,E — X and R'q,E — Y are also

Frobenius—finite vector bundles.

Proof. Consider the following commutative diagram

Fxxy

X X, Y ———— X x, YV (3.18)

’i J”

XF4>X
X

and the Cartesian diagram

(XXkY)XxXéXXkY
]
X X

Fx
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By the properties of a fiber product, we have
(X XkY) XXXE (Y XkX) XXXEX XkY.

From this, it follows that the commutative diagram in (3.18) is Cartesian. Since

Fy is flat, by [Ha77, III, Proposition 9.3], there is a canonical isomorphism
FY(R'p.E) — R'p.(Fxy v E) (3.19)
for each ¢ > 0. Similarly, we have a canonical isomorphism
Y (R'¢.E) — R'q.(F,,vE)

for each ¢ > 0. By Lemma 3.4.9, for any integer n > 1, there are canonical

isomorphisms
(FR)" (R'peE) — R'p.((Fy,y) E) (3.20)

and
(F) (R'¢.E) — R'q.(F%,y)"E) (3.21)

for each 7 > 0.
Suppose that E is a Frobenius—finite vector bundle over X xj Y. Therefore,
there exist two distinct polynomials f, g € Z[t] with non-negative coefficients

such that f(FE) is isomorphic to g(E). Let ¢ : f(E) — g(E) be an isomorphism.
Then

R'p.(¢) : R'p.(f(E)) — R'p.(§(E))

is an isomorphism for each 7 > 0. Using the isomorphism in (3.20), we conclude

that the isomorphism R'p.(¢) induces an isomorphism between f(R'p,E) and
J(R'p.E), since R'p, is additive functor. This completes the proof of the lemma.
O

Theorem 3.4.18 The canonical homomorphism
Ymp(X XY, 2o X yo) — (X, mo) X 7p(Y; yo)

1S an isomorphism.

Proof. It is enough to show that v is closed immersion. By Proposition 2.3.4(2),
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we only need to show that any vector bundle E € Cp(X xj Y) is isomorphic to
a quotient of p*E; ® ¢*Es, for some E; € Cp(X) and Ey € Cp(Y). Let

Ey =p(F® (q*j;OE)v) and Ey := j, I,

where (¢*j5 E)Y is the dual of (¢*j; E).
Since £ ® (¢*j;,E)" is an object of Cp(X x Y'), there are Nori-semistable
vector bundles V; and V5, with

vlcvgcéﬂ,
i=1

where F; € TFF(X) such that
E® (q"j3,F)" is isomorphic to V3/V; .

Using Lemma 3.4.17 it follows that p,F; € TFF, and hence p,V; and p.V, are
subbundles of Nori—semistable vector bundles. Since p,V; and p,V, are degree
zero subbundles of a Nori—semistable vector bundle, it follows that p,V; and p, V5
are themselves Nori—semistable. Note that p,(V5/V}) is a degree zero subbundle
of (@ p.Fi)/p.Vi. This implies that Ey is an object of Cp(X).

There is a natural morphism p*(p.(E ® (¢*j*E)"Y)) — E ® (¢*j*E)Y that

gives the following homomorphism:
N pp(E® (q*j;OE)v) ®q¢jsE— E. (3.22)

Let (z,y) be a closed point of X x Y. There is natural surjective homomor-
phism
a: pp(E @ (0550 E) )y — H' (V.5 E @ (7;,5)7) .

By [BH09, Lemma 3.5], the vector bundles j; £ and j; E over Y are isomorphic

and hence the natural homomorphism
B H(Y, j;E® (7;,E)") @ (¢ 52, E) ) — Eww)
is surjective. The homomorphism in (3.22) induces a homomorphism

Nay) : P P(E (G5 E) ) ) @ (€ J0 E) @) — Elay) - (3.23)
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Since B o (o ® 1) = 1z, it follows that 7, ) is surjective. This proves that the

homomorphism 7 in (3.22) is surjective. O

Behavior under Etale Morphism

Let ¢ : Y — X be an étale morphism of smooth projective varieties over k.
Then the following diagram

y oy

Y Y

XX

is Cartesian (see Proposition 3.1.13). By Lemma 3.4.9, for any n > 1, there is a

canonical isomorphism
(FX)" (0 E) — 0. ((FY)°E) . (3.24)

Lemma 3.4.19 Let ¢ : Y — X be an étale morphism of smooth projective
varieties over k. Let E be a Frobenius—finite vector bundle over Y. Then the

direct image V. E is also a Frobenius—finite vector bundle over X.

Proof. Note that for any vector bundle V' over Y, the direct image .V is a
vector bundle over X. Now, the lemma follows using the isomorphism in (3.24)

and the argument in Lemma 3.4.17. O

Lemma 3.4.20 Let ¢ : Y — X be an étale morphism of smooth projective
varieties over k. Let E be a vector bundle over X. Then E is an object of Cp(X)
if and only if v*E is an object of Cp(Y).

Proof. If F is an object of Cp(X), then ¢*E is clearly an object of Cp(Y).
Suppose that 1)*E is an object of Cr(Y'). Note that for any vector bundle V' over
Y, the direct image ¥,V is a vector bundle over X. Since *E € Cp(Y), there
exist V4,Va € Ns(X) and F; € TFF(X) (i =1,...,k) such that V; C V5, C &, F;
and Y*E = V5/V). Using Lemma 3.4.19, it follows that ¢, F; € TFF(X). This
implies that ¥,¢*E € Cp(X). Since E is a Nori-semistable subbundle of ¢, * E,
it follows that F is an object of Cr(X). O

Lemma 3.4.21 Let v : Y — X be a finite étale morphism and E an object of
Cr(Y). Then 1. E is an object of Cr(X).




§3.4. The F—fundamental Group Scheme 57

Proof. Without loss of generality we may assume that the morphism v is a

Galois covering. For, there always exists a morphism h : Z — Y such that
p:=voh:7Z—X

is finite étale Galois cover. Since E is an object of Cr(Y'), the pull-back h*FE is
an object of Cp(Z). As ¢ is Galois, it follows that the vector bundle

0" E = 9, (h.h*E)

is an object of Cp(X). Note that the direct image 1, E is a degree zero subbundle
of Y. (h.h*E). Therefore, the vector bundle 9, F is an object of Cp(X).

Now consider the following diagram
“w

Y x G—=—Y XxY ——=Y
\lp ld’
Y X

where p is the action of G = Gal(Y/X) on Y. Since 1 is flat, we have

_—
(4

VU E = pp'E = puptE.

Note that p,u*E = @g*E. This implies that 1*1, E is an object of Cr(Y). By
geG
Lemma 3.4.20, it follows that ¢, E is an object of Cp(X). O

Proposition 3.4.22 Letvy : Y — X be a surjective finite étale morphism of

smooth projective varieties over k. Then the induced homomorphism

(Y, y) — mr(X, ¥(y))

1s closed immersion.

Proof. By Proposition 2.3.4(2), we need to check that if £ is an object of Cr(Y),

then E' is isomorphic to a Nori—semistable subquotient of an object of the form
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Y*E’" with E’ an object of Cr(X). Consider the following Cartesian diagram

Y xy Y —2 vy

y——&

>~

where p denotes the natural projection. Since v is flat, we have *(.FE)
p«(p*E). Take E' = ¢,FE. Then, from Lemma 3.4.21 it follows that E’ is an
object of Cr(X). Since E is a sub-bundle of p,(p*E), it follows that F is a degree
zero subbundle of ¥*E’, where E’ is an object of Cr(X). O

Corollary 3.4.23 Let : Y — X be a finite étale morphism of smooth projec-

tive varieties over k. If 1,Oy = Ox, then the induced homomorphism

mr(Y, y) — mr(X, ¥(y))

1 an 1somorphism.

Proof. By Proposition 3.4.8, the induced homomorphism

mp(Y, y) — mr(X, ¥(y))

is faithfully flat. From Proposition 3.4.22) the homomorphism 7g(Y, y) —
mr(X, ¥(y)) is a closed immersion. O
The case of Finite Field

In this subsection, we assume that our base field & is a finite field. The following
theorem is due to Lange and Stuhler (see [LS77]):

Theorem 3.4.24 [LS77, Theorem 1.4] Let E be a vector bundle over a smooth

projective variety X defined over k. Then the following conditions are equivalent:
1. (F{)*E is isomorphic to E for some n > 0.
2. E is étale trivializable.

The implication (1) = (2) also holds for smooth projective varieties defined

over an arbitrary field of positive characteristic. If E is stable vector bundle on
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a smooth projective variety defined over an algebraically closed field, then the
implication (2) = (1) is proved in [BD07, Theorem 1.1].
Let X be a smooth projective variety over k. We will assume that X admits

a k-rational point. Fix a k-rational point xy of X.

Proposition 3.4.25 There is a natural faithfully flat homomorphism

(X, 29) — (X, x0).

Proof. By Theorem 3.4.24, we get a natural functor
B C*X) — Cp(X)

which is evidently fully faithful. The functor g gives a homomorphism B :
mr(X, 19) — m(X,20). In view of Proposition 2.3.4(1), to prove that 3 is
faithfully flat, it suffices to show that if I is a degree zero subbundle of an étale

trivializable vector bundle E, then F' is also étale trivializable.

Since F is étale trivializable, there is a finite étale Galois covering
a:Y — X

such that the pull-back o*FE is trivializable. Note that o*F' is a degree zero
subbundle of a*FE. Since any subbundle of degree zero of trivializable vector

bundle is trivializable, we conclude that F' is étale trivializable. O

In general, the above homomorphism need not be an isomorphism. To see
this, we consider the following example (cf. [Bi09]). Recall that an elliptic curve
C over a field of prime characteristic p is called super—singular if the induced

homomorphism

Fév : H1<C, Oc) — Hl(C, Oc)

vanishes. Let C' be a super-singular elliptic curve defined over a finite field k. Note
that such a curve exists over a finite field. Fix a non-zero element & € H*(C, O¢).
Let

0—0c—F—0;—0

be the extension given by &.
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The cohomology class F5{ = 0 as C'is super- singular. Hence, the short exact
sequence
0— Oc — FLE — Oc — 0

splits. Therefore, F4E = O¢ @ O¢. This implies that E is an object of Cr(C).
Suppose that E is étale trivializable. Then by Theorem 3.4.24, there exists
a positive integer n such that (F@)*E is isomorphic to E. Since the cohomology

class (F2)*¢ = 0, the short exact sequence
splits, which is not possible. Hence, E is not étale trivializable.

Proposition 3.4.26 There is a natural faithfully flat homomorphism
7TF(X, Io) — 7TN<X, SL’(])

Proof. Let E be an essentially finite vector bundle over X. Then there is
a connected étale Galois covering f : Y — X such that the vector bundle
f*E — Y is F—trivial (see [BHO7, p. 557]). Therefore, there exists a non-
negative integer m such that (Fy")*(8*E) is isomorphic to a trivial vector bundle
over Y. Since Fy o § = (o Fy, the vector bundle g*((F{)*E) is isomorphic to
a trivial vector bundle over Y. This implies that (F{)*E is étale trivializable.
By Theorem 3.4.24, there is an integer n > 1 such that (Fy™)*E is isomorphic
to (F¢)*E. This proves that any essentially finite vector bundle E over X is in
Cr(X). By Proposition 2.3.4(1), we have a natural faithfully flat homomorphism

7TF(X, ZL‘Q) — WN(X, LL'[)).
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Chapter 4

Real Parabolic Vector Bundles

over a Real Curve

The notion of parabolic vector bundles over a compact Riemann surface was
introduced by C. S. Seshadri [Se77] and their moduli studied in [MS80]. In this
chapter, we consider real vector bundles with real parabolic structure over a real
curve. For a suitable ramified covering p : Y — X in the category of real curves,
we give the correspondence between real equivariant vector bundles over Y and

real parabolic vector bundles over X with some condition on weights.

4.1 Preliminaries

By a real curve we will mean a pair (X, o), where X is a Riemann surface, and o
is an anti-holomorphic involution on X. Let o¢ : C — C be the conjugate map

2= Z.

Proposition 4.1.1 A continuous involution o : X — X on a Riemann surface
X is an anti-holomorphic involution if and only if for every open subset U of
X, the map 6 = oy : Ox(U) — Ox(o(U)) defined by f +— oco foo is an

1somorphism of rings.

Proof. If 0 : X — X is an anti-holomorphic involution, then the map &y

defined as above is an isomorphism. Conversely, suppose that the map

& =6y : Ox(U) — Ox(a(U))

63
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defined by f — oco foo is an isomorphism. For every pair of holomorphic charts
U — Vi C Cand iy : Uy — Vo € C on X with o(U;) C Us, the map

1/)200'01/)1_11‘/1—>va

is anti-holomorphic, since o¢ o ¥5 o ¢ is holomorphic. This proves that the map

o0 : X — X is an anti-holomorphic involution. O

Real Vector Bundles

Let (X,0) be a real curve. A real holomorphic vector bundle E — X is a
holomorphic vector bundle, together with an anti-holomorphic involution o of

the total space E making the diagram
E
X

commutative, and such that, for all € X, the map o”|p) : E(z) — E(o(z))

oF

—

—
e

e

is C-antilinear:

of?(N-n)=X-c%(n), for all A € C and all n € E(xz).

A homomorphism between two real bundles (£, o) and (£, ") is a homomor-
phism

f:E—FE

of holomorphic vector bundles over X such that foo? = o f.

A holomorphic subbundle F' of a real holomorphic vector bundle F is said to
be real subbundle of F if ¢#(F) = F.

Real Ox—modules

Let (X, 0) be a real curve, and let F be an O x-module. We define an Ox-module
F? as follows. For any open subset U of X, F°(U) = F(c(U)), and for every
f € Ox(U) and s € F7(U), f-s = ou(f)s. Note that, oy (f) € Ox(a(U)),
and s € F(o(U)), therefore, f-s € F7(U). It is easy to check that 77 is an
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Ox-module.
Let ¢ : F — G be a homomorphism of Ox-modules. Define ¢ : F7 — G°

as follows: For every open subset U of X,
ey FOU) — G7(U), ¢ = o)
If feOx(U),and s € F°(U) then

o0 (f+8) = o) (ou(f)(s)) = ou(f)ow)(s),

since Yoy is an Ox(o(U))-linear. Therefore, ¢ (f - s) = f - ¢ (s). It follows

that ¢? is a homomorphism of Ox-modules.

Definition 4.1.2 A real structure on an Ox—module F is an Ox-module homo-
morphism o7 : F — F7 such that (67)” o0’ = 1. By a real Ox -module, we
mean a pair (F,0”), where F is an Ox—module and o7 is a real structure on an

Ox—module F.

Let (F,0%) and (G,09) be two real Ox-modules. A morphism ¢ : F — G
of Ox-—modules is said to be a morphism of real Ox—modules if 090 = 7 0o”.
We recall that a holomorphic vector bundle F on X is called semistable if for

every non-zero subbundle F’ of F, the inequality
W(F) < pu(F)

is valid. If strict inequality is valid for every non-zero proper subbundle F’, then
F is called stable. If F is a direct sum of stable vector bundles having the same

slope, then F is called polystable.

Definition 4.1.3 A real holomorphic vector bundle (E, %) over a real curve

is said to be real semistable (respectively, real stable) if for every proper real
subbundle F of E, we have

W(F) < p(E)  (respectively, u(F) < u(E)).
Let (E,of) be a real holomorphic vector bundle over a real curve (X, o).

Then (E, o¥) is said to be real polystable if E = &7 E;, where (E;,o0¥|g,) is real
stable subbundle of F satisfying u(E;) = pu(F) fori=1,... n.




66 §4.1. Preliminaries

Remark 4.1.4 Let E be a real holomorphic vector bundle over a real curve X.

Then the corresponding locally free Ox—module £ is a real Ox—module.

To see this, for every open subset U of X, we define

o5 E(U) — E(o(U))
by s — oposoo. Then of is an abelian group homomorphism. For every pair
of open subsets U and V' of X with U D V, we have the following commutative

diagram:

For f € Ox(U) and s € £(U), we have

o (fs)(o(x)) =oposoo(o(z))
= on(f(z)s(z))
= oc(f(#))op(s(z))

ou(flog(s)(o(x)) = (oco foo)(o(z))(oposoa)(o(x))
= oc(f(z))os(s(r))
Therefore, of(fs) = Gu(f)of(s), for every f € Ox(U) and s € E(U). For
s € £(U), we have

0'5((]) OOCU(S) = O'g(U)(O-EOSOO') =0go (O-EOSOO-) 00 = §.

Conversely, if £ is a locally free real Ox—module then the corresponding holo-

morphic vector bundle is a real holomorphic vector bundle.

For, let E denote the corresponding vector bundle over X. Then £ can be
identified with the sheaf of holomorphic sections of E. Define 0 : F — E as
follows: Let e € E. Then e € E(x) and there exists a section s € £(U) such
that the image of the stalk s, in F(z) is e. Let €’ denote the image of the stalk

05(8)o(x) in E(o(z)). We define op(e) = €’. Then o is independent of the choice
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of the section. The following diagram
E E
X X

commutes. Since 0 o™ = 7o op, the map 7 o o is an anti-holomorphic map.

oF
—

—

o

Since 7 is holomorphic, it follows that o is an anti-holomorphic map. Note that

0% = 1. Therefore, (E,0p) is a real vector bundle over (X, o).

4.2 Real Parabolic Vector Bundles

Definition 4.2.1 Let (E, o) be a real vector bundle over a real curve (X, o).
Let S be a non-empty finite subset of X such that o(S) = S.
By real quasi-parabolic structure on (E, o) over S, we mean for each z € S,

there is a strictly decreasing flag
E(z)=F'E(z) D F’E(z) > --- D F*E(z) D FF*ME(z) =0

of linear subspaces in F(z) satisfying the following property:
(RP1) oF preserve the flags, i.e., cZ(FE(z)) = FIE(ox(x)).
We define
r; = dim(F/E(r)) — dim(F/t E(x)).

The integer k is called the length of the flag and the sequence (rq, ... 7, ) is called
the type of the flag.

A real parabolic structure on (E,cF) over S is a real quasi-parabolic struc-
ture on (E,0%) over S as above, together with a sequence of real numbers
0 <af <+ <ag <1, which are called weights corresponding to the sub-
spaces (F'E(x), F?E(x), ..., F¥=E(x)), with the following property:

(RP2) the weights over = and ox(x) are same.

We set i
de = ZT]'O(]',
j=1

where r; = dim(FYE(z)) — dim(FV T E(x)).
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The parabolic degree, denoted by pdeg(E), is defined by

pdeg(E) = deg(E) + Y _ d.E, (4.1)

z€eS

where deg(FE) denotes the topological degree of F, and we define the parabolic

slope by deg(E)
_ bdeg

The points in S are called the real parabolic points.

Definition 4.2.2 Given two real parabolic bundles (Ey, o) and (FE,, 0?) over
(X, ox), a real parabolic morphism is a homomorphism ¢ : (Ey, 0%1) — (Ey, o?)
of real vector bundles which respects the real parabolic structures, i.e., for each
real parabolic point x with the real parabolic structures on E; at x for [ = 1,2
given by

E(z) = F'E(x) D F?E)(z) D ... F*E)(x) D 0,

Ogall<0/2<...a§%<1,

we require that v (z) satisfies
af > af = () (F'Ei(z)) C FIH Ey(a). (4.3)

An isomorphism ¢ : (E;, o) — (E,, 0¥2) is said to be an isomorphism of

real parabolic bundles if ¢ and ¢ ~! are real parabolic morphisms.

Remark 4.2.3 We can replace condition (4.3) by the following equivalent con-

1 let a2 be the smallest weight such that

dition on ¥ (x). Given the weight « ;

a; < af, then we require
() (F'E(x)) C F! Ey(z). (4.4)

Lemma 4.2.4 [f¢ : By — FEs and ¢ : E5 — Es3 are morphism of real parabolic

bundles, then @ o is a real parabolic morphism.

Proof. First note that ¢ o is a morphism of real holomorphic vector bundles.

Suppose © € X is a real parabolic point. We use the notation {Fj”, 04;‘} for the

weighted flag in E, at = for n = 1,2,3. Given the weight o}, let oz? be the
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smallest weight with af < o3. Then by condition (4.4), (z)(F}) € F}. Also,
if aj is the smallest weight with of < of, then ¢(x)(F7) C F. Thus we see
that (¢ o ¢)(z)(F}) C F?. On the other hand, let o3, be the smallest weight
with o} < of,. Since o < af, we see that o}, < aj. Thus F}} C F} and hence
(o) (@)(F) C F. O

We denote by RP(X) the category whose objects are real parabolic vector
bundles on (X,ox) with parabolic structure over S, and morphisms are real

parabolic morphisms.

Remark 4.2.5 Given a short exact sequence of real holomorphic bundles over
(X,0x)
0— Ey — By =5 B3 — 0,

it is easy to see that a real parabolic structure on F, determines a unique real
parabolic structure on F; and FE3. Conversely, real parabolic structures on F;
and F3 determine a real parabolic structure on F,. We call F; with this canonical
real parabolic structure, a real parabolic subbundle of 5 and Es a real parabolic
quotient (cf. [Se82], [MS80]).

Indeed, assume that we have a real parabolic structure on E5. Then at each

real parabolic point x € X, we have the flag
Ey(z) = Fj(x) D Fi(x) D -+ D F}*(z) D0
with the following weights
0<ay <aj <---<ap <L

We define the real parabolic structure on E; as follows:

Let H; = .71(Fi(x)). Then we obtain a sequence of subspaces

HiDH,D-- D H,,

To obtain a strictly increasing sequence of subspaces, we can choose a subset
{ir, ... i } C{1,...,ro} such that

le"':HilDHi1+1:"':Hi D"'DHirl_H-l:"':H'

27-1 .
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We set Fl(z) = H;, and a{z = a;jz for 7 = 1,...,r;. This gives at each real
parabolic point € X the following flag for F;(x)

Ey(z)=Fl(2) D Fi(x) D --- D F'(z) D0

with the following weights

1

Ogaix<ai< -<ap <1

Since Fj is a real subbundle of Fs, we have the following commutative diagram:

El( ) E2(

o e

Ei(o(x)) —— Ex(o(z))

From the commutativity of above diagram, it easy to see that o1 (Fi(z)) =
Fi(o(z)) and aj, = aj  for i = 1,...,7. This shows that E; with above
weighted flag structure over real parabolic points is a real parabolic vector bundle

on (X, o) with real parabolic structure over S.

Definition 4.2.6 A real parabolic vector bundle (E, o) is said to be real parabolic
semistable (respectively, real parabolic stable) if for every real subbundle F' of the

real vector bundle E, we have

pu(F) <pu(E)  (respectively, pu(F) < pu(E£)),

where F' is a real parabolic subbundle of E.

We say that a real parabolic vector bundle (E, o) is real parabolic polystable
if £ is a direct sum of real parabolic stable bundles with the same slope pu(FE).

4.3 Construction of the Covering

Let (X,0x) be a real curve, and S C X be a non-empty finite subset of X such
that o(5) = S. Consider the divisor D = > o2 on X. Let L be the line bundle
corresponding to the divisor D on X.

We will show that the line bundle L is real holomorphic line bundle over
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(X,0x). It is enough to give a real structure on the Ox-module £ = Ox(D).
Let U be an open subset of X, and let s € I'(U,Ox(D)). Let u € U and (V, )
be a holomorphic chart centred at u, where z = x + iy. Then, (¢(V), 2,), where
zy, = 100 —1iyoo, is a holomorphic chart centred at o(u). Let > - byz* be the
power series expansion of s with respect to a holomorphic chart (V, z). Then, the
power series expansion of 6 with respect to a holomorphic chart (o(V), z,) is
Soe ezt Since o(S) = 9, it follows that 567 € ['(ox(U), Ox(D)).

For U C X open, we define a map
of + D(U,0x(D)) — T(ox(U), Ox(D))

by s + 5o00. Then, of is well-defined, since ox(S) = S and ord,(s) =
ordy(;)(500). Since o is an involution, o(f(U) o of = Idgw). Thus, we get an

Ox-module homomorphism
O'E : O)((D> — OX(D)U

such that (6%)? 0oo* = Id;. We denote by o* the corresponding anti-holomorphic

involution on L.

Let N > 2 be a positive integer. Consider the holomorphic map

v L —s L®N

given by v — v®V

Let s € H(X, L®N) — {0} be a real holomorphic section such that div(s) =
ND. Let Y =¥ 1(s(X)) and let p : Y — X be the restriction of the natural
projection m : L — X. Then, Y gets a canonical structure of a complex manifold
of dimension 1 such that p is a holomorphic map. For, notice that p~1(X \ S)
has a canonical structure of a complex manifold of dimension 1. Let y € p~1(S).
Let (U = D, 1) be a holomorphic chart centred at p(y) on X. Then, there exists
a homeomorphism ¢ : V = p~}(U) — D such that the diagram




72 §4.3. Construction of the Covering

commutes. Let (V,¢) be a chart at y on Y. If (Vi,¢1) and (Va,ps) are two
such charts, then by using removable singularity theorem, it follows that (V7, ¢1)
and (Va, @) are holomorphically compatible. Consequently, we get a canonical
structure of a complex manifold of dimension 1 on Y. Note that p: Y — X is a
finite holomorphic map of complex manifolds of dimension 1. Hence, p is an open
map. For x € S, the preimage p~'(z) is singleton, and hence Y is connected.
Therefore, Y is a compact Riemann surface.
Note that
Y ={y € L|y®" € Image(s)}.

For y € Y, we have y®~ = s(x) for some x € X. From this, we have
o (y™N) = (o ()N = o (s(x)).

Since s is a real holomorphic section, we have o= (s(z)) = s(o(z)). It follows
that o%(y) € Y. Let
Oy - Y —Y

be the restriction of the anti-holomorphic involution o* : L — L. Therefore, Y

is a real curve and we have the following commutative diagram

oy
—_—

h<
}.<

(4.5)

i}
«—
«—

bS]

>

—
ox

>

where oy : Y — Y is an anti-holomorphic involution.
Consider the action of the multiplicative group C* on the total space of L.

The action of the subgroup
py ={ceC| N =1}

preserves the real curve Y. Clearly, the action of uy satisfies the following: for
y € Y and ¢ € uy, we have oy(c-y) = ¢ loy(y). Also, note that for each
r € X \ S, the cardinality of p~*(z) is N. It follows that p : Y — X is a Galois
covering with Galois group I' = puy.

We summarize the above discussion in the following:
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Lemma 4.3.1 Let (X,0x) be a real curve, and S C X be a finite subset of X
with ox(S) = S. For any positive integer N > 2, there exists an N-fold cyclic
cover p Y — X which is ramified precisely over each point of S, such that the
following diagram

Y 5y

pl p

XX
commutes, where oy s an anti-holomorphic involution on Y. Moreover, the

action of I' on'Y has the following property:

oy(gy) =g toy(y) forallg €T andy €Y .

Equivariant real vector bundles

Let (Y, o0y) be a real curve. Let G be a finite group acting holomorphically and
effectively on Y. with the property that oy (gy) = g oy (y) for all g € G.

Definition 4.3.2 Let Y be a Riemann surface, and let G be a subgroup of
Aut(Y'). An admissible chart for G at a point y € Y is a chart ¢ : U — D on
Y centred at y such that:

e U is G,-invariant, where G, denotes the isotropy subgroup of G at y; and
e gU)NU =0 forall ge G\ G,.
We call U an admissible neighbourhood of y.
Remark 4.3.3 Let Y be a Riemann surface, and let G be a properly discontin-
uous subgroup of Aut(Y). Then the isotropy group G, is finite and cyclic for

each y € Y, and has unique generator g, such that for every admissible chart

¢ : U — D at y, we have

©(g,(7)) = exp(2mv/—1/m,)p(z) for all z € U,

where m,, is the cardinality of G,. We call g, the isotropy generator at y.

Definition 4.3.4 A real G-equivariant vector bundle on (Y, oy) consists of the
following data: a real holomorphic vector bundle (W,c") on (Y, oy), and a lift
of the natural action of G on Y to W such that
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(a) the bundle projection 7 : W — Y is G-equivariant;

(b) if y € Y and g € G, the map W, — W, given by v — ¢ - v is linear

isomorphism.

(c) the following diagram

GxW—W

(inv,o‘W)l lo—w

GxW—W

commutes, where inv : G — G is an inverse map g — g~ 1.

Let Wy and Wy are two G—equivariant real vector bundles on (Y, oy). A real
homomorphism ¢ : Wy, — W, of real vector bundles is called a morphism of real

G—equivariant vector bundles if ¢ is G—equivariant map.

Definition 4.3.5 A G—equivariant holomorphic vector bundle E over a Riemann
surface Y is said to be G-semistable (respectively, G—stable) if for every proper

G—-invariant coherent subsheaf F of E, we have
((F) < p(E)  (vespectively, u(F) < p(E)).

Definition 4.3.6 A G-equivariant real holomorphic vector bundle (E, o) over
a real curve is said to be G-real semistable (respectively, G-real stable) if for

every proper G—invariant real coherent subsheaf F of F, we have
u(F) < p(E)  (respectively, pu(F) < p(E)).

A G—equivariant real holomorphic vector bundle E over a real curve Y is said
to be G'—real polystable if £ = @ | E;, where L; is G—-invariant real subbundle of
E which is G-real stable satisfying u(E;) = p(E) fori=1,... n.

4.4 Correspondence

Let (X,0x) be a real curve, and let S C X be a finite subset of X such that
ox(S) = S. let N > 2 be a positive integer. Let p: Y — X be an N-fold cyclic

ramified covering as in the Lemma 4.3.1.
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Lemma 4.4.1 Let W be a I'—equivariant real vector bundle on (Y,oy). Then

p W is a real vector bundle on (X, 0x).

r

Proof. For U C X open, we define aﬁl’:w :T(p~'(U), T/V)F — D(oy (p~(U)), W)
by s+ JZYI(U)(S). We first show that oW is well defined: Let y € oy (p"(U)
and g € I'. Then

9 0 () () = g-0" (s(ov(y))).

On the other hand, we have

o ($)g-y) =

r

Hence, 0}", o 0 (s) € F(oy(p_l(U)),W)F. For f € I'(U,Ox) and s € I'(p1(U), W),

LW 81
we have o7 (f+5) = 04y (fop)-s) = (fop)- 0} 1y (s) = f-of7 " (s). Hence,
oPsW i W —s (pEW)U is an O xy—module homomorphism, which is a real struc-
ture on pLW. O

Lemma 4.4.2 Let E be a real vector bundle over Y. Then there is natural

isomorphism 1 : E — pCp*E of real vector bundles over X.

Proof. Let U be an open subset of Y and a section s € I'(U, E'). Then a section
s defines naturally a section t € T'(p~1(U), p*E)“ as follows:

t(y) = s(p(y)) for all y € p~'(U).

Since p(g - y) = p(y) for all g € G, a section ¢ is G—invariant. Define
Yy : T(U,E) — T(p~'(U),p"E)" = T(U,pp"E)

by Yu(s) =t. Let s € (U, E). Then o ¥ o ¢y (s)(y) = o ¥ o Yy (s)(oy(y)) =
a?" P (s(p(ay(y))) = o¥(s(ox(p(y))) = o”(s)(p(y)) = Yu(c”(s)). From this, it

follows that 1 is a morphism of real vector bundles. It is enough to check that
the stalk map
by By — (00D E),

is isomorphism for all x € X.
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Injectivity: Let 6 € E, such that ¢,(0) = 0. Then there exists a section
s € I'(U, E) such that ¥y(s), = 0, i.e., there exists an open subset V' C U such
that ¢y (s)]y = 0. This means that s(p(y)) = 0 for all y € p~1(V), i.e., s|y = 0.

Surjectivity: Let n € (p¥p*E),. Then there exists a section t € T'(U, p¥p*E) =
[(p~Y(U),p*E)% such that t, = 7. Define a section s € I'(U, E) by s(x) = t(y),
where y € p~!(z). Since t is G-invariant section, s is well-defined. Clearly,
Yy(s) =t and hence Yy(s), = t, = 1. O

Remark 4.4.3 Let E be a I'-equivariant vector bundle. Consider the following
canonical map ¢ : (pL E)p) — E, defined as follows:

Let 6 € (pLE),(). Then there exists an open neighbourhood U of p(y) in X
and a section s € I'(p~'(U), E)" such that s, = 0. Since y € p~*(U), we define
©(8) = s,. Note that the map ¢ is well-defined. This canonical bijection induces
a canonical isomorphism (y) : (pL E)(p(y)) — E(y).

Proposition 4.4.4 Let W be a I'-equivariant real vector bundle over Y. Then
the vector bundle pLW over X is a real parabolic vector bundle over X with real

parabolic structure over S.

Proof. Let W be a I'-equivariant real vector bundle over Y. Then the invariant
direct image p! E' defines a holomorphic vector bundle over X. The real structure
on W induces a real structure on pLW. Therefore, pL W is a real vector bundle

over X.

Let y € Y be a ramified point of p over x € S, and let ¢ be the isotropy
generator of I' = I'y at y (see Remark 4.3.3). By Remark 4.4.3, the fibre W(y) is
canonically identified with the fibre p. W (z). Note that W (y) is a [~module. For
the generator £ of T, the distinct eigen-values of the operator & : W(y) — W (y)
will be w, ... wh= with their multiplicities n,,...,n,, respectively, where 0 <

x

ky < kg <---<k. <N. LetV, be the whi—eigenspace of ¢ and define
F; =Vi®---oV,
with associated weight a; = k;/N for i = 1,...,7r,. Then

pEW(I) ~W(y) = Fy1 ) Fy2 DRI FJJL S Fyrw+1 —0




§4.4. Correspondence 77

is a flag with weights 0 < a; < as < --- < a, < 1. The multiplicity of the weight

a; is n; = dim(F, /F;™). Since the following diagram

?ﬁ Tw
Wioy) —>Wley)

commutes, we have

JZV(V;) = wki_eigenspace for f;é/) in W(o(y)).

Let v" be a eigenvector of f;(ly) for the eigenvalue w=*. Then we have Eo) (V) =

wkiy/. This shows that

(Vi) = whi-eigenspace for &,y in W (o (y)).

w
Ty

Therefore, we obtain a real parabolic structure on p! W over S. a

Proposition 4.4.5 Let (E,0%) be a real parabolic vector bundle on X with
parabolic structure over S, all of whose weights are integral multiples of 1/N.
Then there exists a T'—equivariant real vector bundle W on'Y such that (pLW) is

isomorphic to E as a real parabolic vector bundle.

Proof. Let E be a real parabolic vector bundle over X, i.e., for each z € S
E(x)=F'D>F?>---DF* >0

0<al<a2<---ar<l,

T

where a’ = k¥/N,0 < k¥ < N, satisfying the following:

oZ(F!) = Fé(m) and a’, = af,(x) foralli=1,...,7,. (4.6)
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Consider weights 0 < ol < .-+ < a” < N according to their multiplicities,
where o, = k¥ /N for all i. Define a map A, : C* — GL(n,C) by

Let y be a ramified point over . Choose admissible neighbourhoods U, of y
and U,y of o(y) in Y such that o(Uy,) = U, (in case if x = o(z) then we can
choose U, so that (U,) = U,). We may assume that U,’s are pairwise disjoint

and p*E is trivial over U, for all y € p~1(95).

Let U =Y \p~(S) and V = Uye,-1(5)U,. Consider a vector bundle E; over U
defined by p*E|y. Then Fj is naturally a I'-equivariant real vector bundle over U.
For y € p~1(S), let ¢, : p*Ely, 3 U, x C" be an isomorphism. let {e;,...,e,}
be a flag basis for E(z) ~ p*E(y), where z = p(y). By an isomorphism ¢,, we
get a basis of C™ which we also denote by {ej,...,e,}. Now, consider a vector
bundle E5 over V to be a trivial vector bundle V' x C™ with the following I'-
action: 7 : V x C* — V x C" define by 71(2,v) = (wz, Ay(w)v), 2z € U,. Let
oV"*C" .V x C" — V x C" be the anti-holomorphic involution induced from
p*E. The action of I" on E;|yny = (UNV) x C™ is given by 715 : (UNV) xC* —
(UNV)xC", (z,v) — (wz,v) and a vector bundle Es|yny = (UNV) x C* have
the following I'-action 7o : (UNV) x C* — (UNV) x C™ defined by 791(z,v) =
(wz, Ag(w)v), 2z € U,NU. Define amap 6 : (UNV) xC* — (UNV) x C" by
d(z,v) = (2, Az(2)v), z € U,NU. Then the following diagram commutes:

UNV)xCr-25UnNV)xC"

| s

UNV)xCr—=(UnNV)xC"

21

For, let (z,v) e (UNV) x C". If z € U,NU, then we have

doT(z,v) =d(wz,v)

= (wz, Ay (wz)v)
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and
To100(z,v) = T21(2, Az(2)v)

= (wz, Ap(w)AL(z)v)
This implies that 0 o Ty9(2,v) = To1 0 0(2,v). Therefore, § o 715 = 791 0 4.

Similarly, the following diagram commutes:

UNV)xCr-225(UNV) xC"

| s

Unv)yxCr——=(UnV)xcr

where 012 = 091 = 0" | yrvyxcn. For, let (z,v) € (UNV) xC™. If 2 € U,NU,

we have
dooa(z,v) =6(z,0V*C" (v))

= (2, 80(@)(2)0" (v))

and
021 O(S(Z,U) =

From (4.6), it follows that ¢ o 015 = 791 0 4.

By glueing, we obtain a ['-equivariant real vector bundle W over Y. From
Lemma 4.4.2, we have an isomorphism v : E — pLp*E of real vector bundles.
We define ¢ : E — pLW as follows: For U C X open and a section s €
I(U, ), we define vi(s) : p~'(U) — W by vi(s)(y) = [¥4(s)(y)]. By the
construction of W and the fact that ¢};(s) € T(p~*(U),p*E)", it follows that
Yy (s) € T(p~H(U), W), From the proof of the Lemma 4.4.2, it follows that 1 is
an isomorphism of real vector bundles. From the construction of W, we conclude
that v is an isomorphism of real parabolic vector bundles. O

Let RP(X, N) denote the full sub-category of RP(X) whose objects are real
parabolic vector bundles on (X, ox) with parabolic structure over S having the
property that all the weights are integral multiples of 1/N. Let REr(Y) denote
the category whose objects are all '—equivariant real vector bundles on (Y, oy)

and morphisms are morphisms of ['-equivariant real vector bundles.

Theorem 4.4.6 There is a canonical functor ¥ : RP(X, N) — REp(Y') which

1s an equivalence of categories.
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Proof. We first define a functor ¥ : REp(Y) — RP(X, N) as follows: Let W
be a I'—equivariant real vector bundle on Y of rank n. Then plW is a locally
free sheaf of rank n on X. The real structure on W induces a real structure on
pLW (see Lemma 4.4.1). We define W(W) to be the corresponding real vector
bundle on X. By Proposition 4.4.4, we obtain a real parabolic structure on W (1)
with real parabolic structure over S having the property that all the weights are
integral multiple of 1/N. This implies that W(WW) is an object of RP(X, N). Let
¢ : Wi — W, be a morphism in REp(Y). Then ¥(yp) : ¥(Wy) — U(Ws) is
defined as follows: For U C X open and a section s € I'(U, ¥(W;)), we define

V(p)u(s) == p-11)(8)-

Since ¢ is ['-equivariant, ¢,-17(s) € D(p~(U), Wa)"'. Therefore, ¥(yp) is well-
defined. For U C X open and s € I'(p~1(U), W), we have

g I
\I[(sp)oy(p*(U))(Up*Wl(S)) =@o oM osooy
and
I
v iy (T(p)u(s) = o™ o posooy.

Since o2 0 o = ¢ 0 e, we conclude that ¥(p) is a morphism of real vector
bundles on X.

Let x € S be a real parabolic point. Then we have
U(Wi)(z)=F DF, D>---DF >0
with weights 0 < a; < ay < -+ < a,, < 1, where a] = k;/N and
U(Wo)(z)=F DF; DD F. >0

with weights 0 < by < by < --- < b,, <1, where b; = h;/N.

To show that W(p) is a morphism of parabolic vector bundle, we must show
that ¥(y)(x) satisfy condition

U(p)(x)(F) C F?,, whenever a; > b;.
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Equivalently, writing U(p)(z) = (U(p);j(x)) in terms of flag bases of W (W;)(x)
and of W(W;)(x), it requires that U(p);;(z) = 0 whenever o; > f3;, where 0 <
ap < <a,<land0< [ <--- < B, <1 are the weights repeated according

to their multiplicities.

Choose an admissible neighbourhood U, of y in Y. We may assume that
Uy, ~D with W; ~ D x C™ and W, >~ D x C". Choose a basis {ey,..., e} for
C™ and {dy,...,d,} for C" so that the action of £ on C™ is given by

where 0 < ky < --- < k,,, < N and the action of £ on C" is given by

where 0 < hy < --- < h, < N. It follows that {e;,..., ey} and {dy,...,d,} gives
flag basis for U(W;)(x) and W (WW3)(z) respectively. Now a I'-invariant section of
Wi on U, can be given by a I'-equivariant holomorphic map f : D — C™ in

these coordinates. We can write
f2) =) filz)e:
in terms of the basis {e1,...,e,}. Since - f-£71(2) = f(2), we have

fi(2) = W fi(@2).

Write

Then we have
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and o
Wk Z 2k L k=l
k=
Evaluating at z = 0, we have a; = a;(@)'w" which implies that a; = 0 unless

| = k;(modN). Therefore, each f;(z) satisfies
z) = 2 Z b(zN) = 28 fi(2N)
1=0

where f;(2V) can be consider as a section of W(W;) near z. Since ¢ is I'—
equivariant, ¢y (s) = ¢ is I'-invariant section of W5 on U,. Applying the above

consideration to ¢, we get

o0
2N), where g;(z E cx(z
k=0

9i(2) = 2" g;(

We write ¢y as the matrix (¢;;). Then we have
Z i (2) fi(2) = g;(2) = 2" G;(2Y)
Write U(p) also as a matrix (¥(yp);;) near = then we have

Z %j(z)zkifi(ZN) = Z Zhj‘l’(@)ij(ZN)fi(ZN)-

i

From this, it follows that
pij(2) = 27T ()i (27). (4.7)
Since ¢;;(z2) is bounded as z — 0, we get
U(p)ij(x) = 0 whenever h; < k;. (4.8)

Therefore, we obtain a canonical functor ¥ : REp(Y) — RP(X,N). Let ¢
and ¢y are morphism from W to W in RErp(Y). Suppose that (1) = 1(p2).
Let y € Y and § € (Wy),. Since (Wy), is canonically isomorphic to (pLW1).,,
there exists a section s € I'(p~1(U), W1)', where y € p~1(U) and z € U C X,
such that s, = 6. Since VU(p1) = ¢(p2), it follows that (¢1),(0) = (2)y(0).
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This implies that ¢; = ¢o. Conversely, given a real parabolic homomorphism
v W(W,) — U (W;), we define ¢ : W, — W5 near y using the equation (4.7).
Since v is real parabolic morphism, ¢ is well defined. This proves that ¥ is fully
faithful functor. To show that ¥ is an equivalence of categories, we only need to
check that W is essentially surjective, which follows from the Proposition 4.4.5.

O

Proposition 4.4.7 A real parabolic vector bundle (E,cf) in RP(X, N) is real
parabolic semistable if and only if the corresponding I'—equivariant real vector

bundle W on'Y 1is semistable in the usual sense.

Proof. Let E be real parabolic semistable vector bundle over X. Let W be the
corresponding ['-equivariant real vector bundle over Y. Note that
_ deg(W)

pdeg(E) = N (4.9)

where N is the order of the Galois group of the covering p : Y — X (see [Se70,
p. 165]). Let
O=WocCcWicCcWyC---CW,1CW, =W

be the Harder—Narasimhan filtration of W. Since ¢V : W — W is an isomor-

phism, we have the following filtration
0=c"(Wy) c V(W) c oV (Wy) C---CaW (W) CaV (W) =W°. (4.10)
We also have another filtration
0=W? cWieCcWyl C---C W12 CW’=W°. (4.11)

Since filtrations in (4.10) and (4.11) of W7 satisfy the conditions of the Harder—
Narasimhan filtration, by the uniqueness of the Harder—Narasimhan filtration we

conclude that
O_W(VVZ ) — Wia

for all = 1,...1. Thus, Wj is a real semistable subbundle of W. Similarly, by
the uniqueness of W it follows that W is left invariant under the action of I on
W. Therefore, W, is G—equivariant real semistable subbundle of W. For every
subsheaf F of W, we have u(F) < u(W;). By the correspondence, pL W is real
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parabolic subbundle of E. Since F is real parabolic semistable, using (4.9), we

have
(W) < p(W).

Since W is maximal semistable subbundle of W, we have p(W;) = p(W). This
proves that W is semistable.

Conversely, assume that W is semistable. Let F' be a proper real parabolic
subbundle of E. Let V be a corresponding I'-equivariant real vector bundle
over Y. By the construction, it follows that V' is a I'-equivariant real subbundle
of W. Since W is semistable, we have p(V) < u(W). Using (4.9), we have
pu(F) < pu(E). This shows that E is real parabolic semistable. O

Remark 4.4.8 Using (4.9), it can be easily seen that a real parabolic vector
bundle FE is real parabolic stable if and only if the corresponding I'-equivariant
real vector bundle W is I'-real stable. Consequently, a real parabolic vector bun-
dle FE is real parabolic polystable if and only if the corresponding I'-equivariant

real vector bundle W is I'-real polystable.










Appendix A

Category Theory

In this appendix, we will recall some facts in category theory, which are used in
this thesis.

A:1 A category C is said to be an additive category if

(a) there exists a zero object in C,
(b) there exist finite coproducts in C, and

(c) each of the morphisms sets Home(A, B) carries the structures of an
abelian group such that the composition of morphisms is bilinear with

respect to the addition of these groups.

A:2 Let C be an additive category. Let f: A — B be a morphism in C. Then

we have the following commutative diagram

Ker(f) —— A—2— CokKer(f)
f h

~

Cok(f) «—— B+ KerCok(f)

p q

where h is uniquely determined by f.

An additive category with kernels and cokernels, where for each morphism
f the uniquely determined morphism h : CokKer(f) — KerCok(f) is an

isomorphism, is called an abelian category.

A:3 Recall that a subcategory of a category C is a category C' which satisfies the

following conditions:
(a) Ob(C") C Ob(C).
(b) For all X,Y € Ob(C’), we have Home (X, Y) C Home(X,Y).

(¢) Forall X € Ob(C), the identity morphism of X in C’ equals the identity
morphism of X in C.

87
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(d) For all X,Y,Z € Ob(C’), the composition function
HOHIC/(Y, Z) X HOHIC/ (X, Y) — I‘IOIIIC/()(7 Z)
is the restriction of the composition function

Home (Y, Z) x Home(X,Y) — Home (X, Z).

A:4 We say that a subcategory C’ of a category C is a full subcategory of C if for
all X, Y € Ob(C’), we have Home (X, Y) = Home (X, Y).

A full subcategory C' is called strict full subcategory if for any object X, all
objects isomorphic to X belong to Ob(C’).

A:5 Let F,G : C — D be functors, and ¢ : F' — G be a morphism of functors.
Then, ¢ is an isomorphism of functors if and only if for all X € Ob(C) the
morphism ¢(X) : F(X) — G(X) is an isomorphism of objects in D.

A:6 Let C and D be two categories, and let F': C — D be a functor. Then we
get a new functor Homp(e, F'(e)) : D°? x C — Set defined by the following

assignments:
(a) For all (Y, X) € Ob(D°? x C)

Homp (e, F'(e))(X,Y) = Homp(Y, F(X)).

(b) If (Y, X) and (Y’, X’) are objects in D°? x C, the function

Hom ((Y, X), (Y, X")) = Hom(Homyp(Y, F(X)), Homp(Y', F(X")))
(9%, f) = Hom(g, F'(f))

is given by
Hom(g, F(f))(u) = F(f)ouog

for all morphisms g : Y =Y inD, f: X - X 'inC,and u: Y —
F(X) in D.

If G: D — Cis a functor then, Hom¢(G(e),®) : D? x C — Set can be
similarly defined.
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A:7 Let C and D be two categories, and let F': C — D and G : D — C be two

A:8

A:9

A:10

functors. We say that G is a left adjoint of F', or that F' is a right adjoint

of G, if there exists an isomorphism
¢ : Homp(e, F'(e)) — Home(G(e), @)

of functors D°? x C — Set; in that case, @ is called an adjunction between
F and G.

By A:5 the adjunction ¢ attaches to each object (Y, X) in D x C, a

bijection of sets
©(Y, X) : Homp (Y, F(X)) — Hom¢(G(Y), X) (4.12)

which is functorial in Y and X, i.e., if g : Y/ — Y is a morphism in D, and
if f: X — X’ is a morphism in C, then the diagram
Homp (Y, F(X)) —"" | Home(G(Y), X
Hom(g,F(f))l lHom
I—IOITI'D(}/I7 F(X )) W HOHIC G(Y’)’ X,

commutes.

By substituting Y = F(X) in (4.12) we get,
o(F(X),X) : Homp(F(X), F(X)) - Home(G(F(X)), X).

Recall that (X, F(X))(1px)) is the counit morphism of X with respect
to the adjunction ¢. We will denote it by ox. For every object Y in D, the

unit morphism of Y with respect to the adjunction ¢, is defined to be the
morphism py : Y — F(G(Y)) in D such that

ov.aw)(py) = law).

A functor F : C — D is said to be faithful (respectively, full, fully faithful)
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if for all X, X’ € Ob(C), the function
Home (X, X') — Homp(F(X), F(X'))

is injective (respectively, surjective, bijective). A functor F' : C — D is
essentially surjective if for every object Y in D, there exists an object X in
C such that F(X) is isomorphic to Y. A functor F' : C — D is said to be
an equivalence of categories if there exists a functor G : D — C such that
GoF=1cand FoG = 1p.

A:11 A functor F': C — D is an equivalence of categories if and only if it is fully

faithful and essentially surjective.

A:12 Let C be a category. Then for every object Y € C, we get the functor Hom,
Hom(e,Y) : C°* — Set,
which is defined by the following assignments:

(a) Ob(C°?) — Ob(Set), X +— Home(X,Y).
(b) If X and X’ are objects in C°P, then

Homgeopwc (X, X') — Homget (Home (X, Y), Home (X', Y))

u’® — Hom(u,Y) := Hom(u, 1y),
where Hom (u, 1y )(w) = wou for u € Home (X', X) and w € Hom(X,Y).
It is easy to verify that Hom(e,Y") : C°? — Set is indeed a functor.

A:13 Let C be a category. We say that a functor F': C°? — Set is representable
if there exists an object Y € Ob(C) such that FF = Hom(e,Y). An object
Y € Ob(C) is called a representing object for F'; we also say that F is
representable by Y. By Yoneda embedding, a representing object is unique

up to a canonical isomorphism.

A:14 Let C be a category, and let ' : C°® — Set be a functor. Let Y € Ob(C).
An element { € F(Y) is called a universal element for F' if it satisfies the

following condition: for every object X € Ob(C) and for every element
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A:15

A:16

A:17

p € F(X), there exists a unique morphism w : X — Y in C such that
p=F(w)(E).
If a functor F' : C — Set is representable by X, then there exist a universal

element £ € F(X) for F. A representation of F is a pair (X,£), where
X € Ob(C), and £ € F(X) is a universal element for F.

Let C be a category, and let S be an object in C. Then, an S-object, or an
object over S, is a pair (X, u), where X is an object in C, and u : X — S

is a morphism in C, called the structure morphism.

An S-morphism, or a morphism over S, from an S-object (X', u’) to another

(X, u) is a morphism f : X’ — X in C, such that the diagram

X/L)X

N

S

commutes. We thus get a category C/S of S-objects and S-morphism. This
category has a final object (S, 1g). If X and Y are S-objects, Home/g(X,Y)
is also denoted by Homg(X,Y).

If (X, u) and (Y, v) are S-objects, then a fibred product of X and Y over S is
a product of X and Y in C/S. It is therefore, a triple (X x gV, p1, p2), where
X xgY isan S-object, and p; : X XgY — X and py : X xgY — Y are
S-morphisms, called the canonical projections with the following universal

property: For every S-object T', the function

Homs(T,X Xg Y) — HOIIls(T, X) X HOHls(T, Y)
h— (p1oh,pyoh)

is a bijection. Equivalently, for every object T" in C, and for every pair of
morphisms f: T — X and g : T'— Y in C such that uo f = vo g, there
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exists a unique morphism h : T — X Xg Y such that the diagram

commutes. We denote h by (f,g)s or just (f,g).

The fibred product of two S-objects, if it exists, is unique up to a canonical
isomorphism. If S is a final object in C, then a fibred product over S is a
product in C. If C = Set, the all fibred product exists in C.

A:18 We say that a diagram in C

z—- X
L]
Y —— 8

is Cartesian if

(a) it is commutative, and

(b) the triple (Z,p,) is a fibred product of (X, u) and (Y, v) over S, or

equivalently, the function

Homg (T, Z) —s Homg(T, X) x Homg(T,Y)
hi— (¢oh,oh)

is a bijection for every S-object T

A:19 Let (X, u) and (Y, v) be two S-objects. Then we have a functor F' : C°? —
Set which maps

T — Home (T, X') X Home(r,s) Home(T,Y)
where the fibred product on the right side is with respect to the functions

Hom(T,u) : Hom(T, X) — Hom(T, S)




§A. Category Theory 93

A:20

Hom(7,v) : Hom(T,Y) — Hom(T, S5).

A triple (X xg Y,p1,p2) is a fibred product of X and Y over S iff the
object X xgY in C represents the functor F', and (py,p2) € F(X xgY) is

a universal element, that is, for every object 7" in C, the function

Homc(T,X Xg Y) — F(T)
h = (F(h)(p1,p2))

is a bijection. Equivalently, for every object T in C, (Homc(T , X Xg
Y),Hom (7', p1), Hom(T', p,) is a fibred product of Hom (7', X') and Hom(7,Y")
over Hom(7', S) in Set.

Let C be a category with a final object S. We assume that finite products
exist in C. A group object of C is an object G of C, together with a functor
C°®» — Grp into the category of groups, whose composite with forgetful
functor Grp — Set is isomorphic to Hom¢(e, G). Equivalently, a group
object is an object G, together with a group structure on Home (X, G) for
each object X of C, so that the function f*: Home(Y, G) — Home (X, G)
associated with an arrow f : X — Y in C is always a homomorphism of

groups.

A group object in the category of topological spaces is called a topological
group. A group object in the category of schemes over a scheme S is called

a group scheme over S.
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the isotropy generator, 73

vector bundle
F—trivial, 49
étale trivializable, 39
essentially finite, 40
finite, 40
Frobenius—finite, 41
real, 64
real G—equivariant, 73
real parabolic, 67
real parabolic polystable, 70
real polystable, 65




	Synopsis
	Conventions and Notations
	Introduction
	Basics on Tannakian Categories
	Affine Group Schemes and Hopf Algebras
	Representations and Comodules

	Tensor Categories
	Tensor Categories and Tensor Functors
	Invertible objects
	Internal Hom
	Tensor Functors
	Morphisms of Tensor Functors

	Neutral Tannakian Categories

	Tannakian Fundamental Group Schemes
	Some Preliminaries
	Frobenius and Étale Morphisms
	Semistability
	Principal Bundles

	Étale Fundamental Group Scheme
	The Nori Fundamental Group Scheme
	The F–fundamental Group Scheme
	Construction of the F–fundamental Group Scheme
	Some Properties of the F–fundamental Group Scheme


	Real Parabolic Vector Bundles over a Real Curve
	Preliminaries
	Real Parabolic Vector Bundles
	Construction of the Covering
	Correspondence

	Appendix
	Bibliography
	Index

