Some Zero Sum Problems
in

Combinatorial Number Theory

By
Bhavin K. Moriya
Harish-Chandra Research Institute, Allahabad

A Thesis submitted to the
Board of Studies in Mathematical Sciences
In partial fulfillment of the requirements
For the degree of
Doctor of Philosophy
of

Homi Bhabha National Institute, Mumbai







Certificate

This is to certify that the Ph.D. thesis titled “Some
Zero Sum Problems in Combinatorial Number Theory” by
Bhavin K. Moriya is a record of bona fide research work done under my
supervision. It is further certified that the thesis represents independent
work by the candidate and collaboration was necessitated by the nature

and scope of the problems dealt with.

Thesis Supervisor: S. D. Adhikari

Place:

Date:







Declaration

The author hereby declares that the work in the thesis titled “Some
Zero Sum Problems in Combinatorial Number Theory”, submitted
for Ph.D. degree to the Homi Bhabha National Institute has been
carried out under the supervision of Professor S. D. Adhikari. Whenever
contributions of others are involved, every effort is made to indicate that
clearly, with due reference to the literature. The author attests that the
work is original and has not been submitted in part or full by the author

for any degree or diploma to any other institute or university.

Thesis Author: Bhavin K. Moriya

Place:

Date:







“We may paint many pictures but there is nothing but paint.... The wise

man should know what is at the root of everything.”

Shri Sadguru Siddharameshwar Maharaj






Acknowledgements

First of all I would like to express my sincere thanks and gratitude to
my supervisor, Prof. S. D. Adhikari, for his continual support and constant
encouragement throughout my stay at Harish-Chandra Research Institute
(HRI). Without his everlasting encouragement and affection, this thesis
would not have possibly taken shape the way it has. I would also like
to thank all my coauthors Prof. S. D. Adhikari, Dr. R. Thangadurai,
Prof. W. D. Gao, M. N. Chintamani, Dr. P. Paul for some wonderful
collaborations. I am very very grateful to Prof. Weidong Gao for suggesting
the problem considered in chapter 3 of this thesis. I express my gratitude to
the National Board of Higher Mathematics for funding in first three years

and HRI for the same in subsequent years.

I am very grateful to all members of HRI for making my stay at HRI
unforgettable. It has been a great pleasure discussing with Dr. R. Thangaduraz.
He was so wvery friendly everytime that I never felt hesitant in asking
anything. I express my sincere thanks and gratitude to him. I would also
like to thank Prof. S. D. Tripathi, Dr. Punita Batra, Dr. Manoj Yadav,
Dr. D. S. Ramana, Dr. Kalyan Chakraborty, Prof. B. Ramakrishnan,
Dr. P. K. Ratnakumar, Prof. R. S. Kulkarni for the courses they have
given. Words are just not enough to thank my parents and brothers and a

sister for their patience and belief in me.

The time I have had with scholars and post docs was splendid. I express
my thanks to my friends Mahender, Kalpataru, Brundaban, Sanjoy, Jaban,
Karam, Archana, Vikas, Pradeep, Pradip, Navin, Rangoli, Eshita, Sneh,
Jay, Kashi et. al. With a less serious note, I enjoyed learning gym n the

evening hours from Prof. S. D. Adhikari and Dr. Kalyan Chakraborty; this



too helped me with my study by improving my power of concentration.

Bhavin K. Moriya
HRI



Abstract

This thesis comprises of three results each of which dealt in separate
chapters. First chapter is of introductory nature, as the title suggest. And
the other three chapters are devoted to three different problems. Following

is a brief introduction to our results.

1. Let G be any finite abelian group of rank r with invariants ny, ng, - - - ,
n,. In other words, G = Z,,, ®Z,, ® - - - B Z,, where n;’s are integers
satisfying 1 < nq|nsg| - - |n,.. The Davenport constant of a group G is
defined as the smallest positive integer ¢ such that every sequence of
length ¢ of elements of G has a non-empty zero-sum subsequence. It
has been conjectured by Sliwa that, D(G) < 3, n;. Thinking in
the direction of this conjecture we have obtained the following upper

bound on Davenport constant D(G), of G,
D(G) < np4n,_1+(c(3)=1)n, o+ (c(4)—1)n,_g+- - -+ (c(r)—1)n; +1,

where ¢(i)’s are Alon-Dubiner constants [10] for respective i’s. Also
we shall give an application of Davenport’s constant to Quadratic

sieve.

2. Let G be a finite abelian group with exp(G) = e. Let s(G) (respectively,
n(G)) be the minimal positive integer ¢ with the property that any
sequence S of length t of elements of GG contains an e-term subsequence
(respectively, a non-empty subsequence of length at most e) of S with
sum zero. For the group of rank at most two this constant has been
determined completely (see [45]). Looking at the problem for groups
of rank greater that 2 gave rise to this result. Our problem is to
determine value of s(CJ,,) under some constraints on n,m, and r.
Let n, m and r be positive integers and m > 3. Furthermore, n(C7) =

a,(m — 1) + 1, for some constant a, depending on 7 and n is a fixed



integer greater than or equal to,

m”(c(rym —a,(m—7r)+m—=3)(m—1)— (m+ 1)+ (m+ 1)(a, + 1)
m(m + 1)(a, + 1)

and s(C7) = (ar +1)(n — 1) + 1. In the above lower bound on n, ¢(r)
is the Alon-Dubiner constant. Then s(C7, ) = (a, + 1)(nm — 1) + 1.

. Given an abelian group G of order n, and a finite non-empty subset
A of integers, the Davenport constant of G with weight A, denoted
by Da(G), is defined to be the least positive integer ¢ such that
every sequence (1, - -+ , ;) with z; € G has a non-empty subsequence
(j,,---, ;) and a; € A such that Y>'_ a;z;, = 0. Similarly, E4(G)
is defined to be the least positive integer ¢ such that every sequence
(21, , ) of length ¢ of elements of G has a subsequence (zj,, -+ ,z;,)
such that "1  a;z;, = 0, for some a; € A. When G is of order n,
one considers A to be a non-empty subset of {1,--- ,n—1}. If G is
the cyclic group Z/nZ we denote E4(G) and D4(G) by Ea(n) and
D 4(n) respectively.

Here we extend some results in an article of Adhikari et al. [5] and
determine bounds for Dg, (n) and Eg, (n), where R, = {2 : = €
(Z/nZ)*} and (Z/nZ)* is a group of units modulo n. We follow some
line of arguments in [5] and use a recent result of Yuan and Zeng [79],

a theorem due to I. Chowla [24] and Kneser’s theorem [52].
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Let G be a finite abelian group, written additively. The Davenport constant
of the finite abelian group G, denoted by D(G), is defined to be the least
positive integer t such that any sequence of ¢ elements of G contains
a subsequence whose sum is zero (the identity element of G). Such a
subsequence is called a zero-sum subsequence. By the structure theorem,
we know G = Zy,, B Zyn, & --- B Z,, where n;’s are integers satisfying
1 < nq|na| -+ |n.; n, is the ezponent (denoted by exp(G)) of G and r is

the rank of G. Also, ny,ns,--- ,n, are called invariants of G. Let

r

M(G) =1+ (n;—1).

i=1
It is trivial to see that M(G) < D(G) < |G|. The equality holds if and
only if G = Z,, the cyclic group of order n (See [6]). Olson (See [64]
and [65], for instance) proved that D(G) = M(G), for all finite abelian
groups of rank 2 and for all finite abelian p-groups. It is also known
that D(G) > M(G), for infinitely many groups (See for instance, [46]).
The best known upper bound is due to Emde Boas and Kruyswijk [78],
Meshulam [59] and Alford, Granville and Pomerance [8], (see also, [13]):



D(G) < exp(G) (1 + log exﬁg)> : (1)

Some refinement of this bound was recently achieved by Rath, Srilakshmi
and Thangadurai in [70]. Obtaining a good upper bound for the Davenport
constant constitutes a very important question about which the current
state of knowledge is rather limited. However, we do have the following

conjectures.

Conjecture 1.

(i) D(G) = M(G) for all finite abelian groups G with rank r = 3 or
G =17, (See [36], [37], for instance);

(ii) For any finite abelian group G, D(G) < Z n; (See [61], for instance),
i=1

where n;’s are the invariants of G.

Recently, G. Bhowmik and J-C. Schlage-Puchta [15], proved that 1(i)

above is true whenever
G =73 D ZLzq D Lap.

Let G be an abelian group of order n, written additively. The Davenport
constant D(G) has already been defined. Another combinatorial invariant
E(G) (known as the EGZ constant) is the smallest natural number ¢ such
that any sequence of length ¢ of elements of G has a subsequence of length
|G| whose sum is zero. A classical theorem of Erdés, Ginzburg and Ziv
[32] says that E(Z/nZ) = 2n — 1. These two constants are related by a
theorem of Gao [35], which states that E(G) = D(G) +n — 1.

Definition. The constant s(G) is defined to be the least positive integer
t such that any sequence of length t of elements of G has a zero-sum
subsequence of length precisely the exponent of G. Another constant p(Q)

15 defined to be the least positive integer t such that any sequence of length



t of elements of G has a zero-sum subsequence of length less than or equal
to exp(G). Sometimes the notation n(G) is also used instead of p(G) in
the literature.

When G = Z], by the work of Alon and Dubiner [10], it is known that

s(@G) is bounded above by a linear function in n and they showed that
s(Zy) < e(r)n, (2)

where ¢(r) is a constant which depends on 7. It is known that ¢(1) can be
taken as 2 (due to Erdés, Ginzburg and Ziv [32]) and ¢(2) can be taken as
4 (due to C. Reiher [71]). In general, in our current state of knowledge,

c(r) can be taken satisfying
c(r) < 256(rlogyr +5)c(r —1) + (r+1) (3)

for all r > 3.
One of our main result, is the following :
Theorem 1. Let G be any finite abelian group of rank r with invariants

ni,Na, -+ ,N,.. Then

D(G) < np+np_1+(c(3) =Dz + (c(4) = Dng—g +- -+ (c(r) = ny + 1.

where the constants ¢(r) satisfy (2). Theorem 1 is an extension of the
results proved by Dimitrov in [28] and Balasubramanian and Bhowmik in
[14].

Definition. A non-empty finite set of positive integers consisting of distinct
primes pi, P, -+ ,Pq 1S called a factor base. An integer n > 1 is said to be
smooth with respect to factor base F' = {p1,ps, -+ ,pa} if all prime factors

of n are in F.

In quadratic sieve (see [69]), to factor a given integer N with a factor

base F', one needs to know how many smooth integers that are required



to produce two distinct squares such that z? = y? (mod N). Tt is well-
known that if we can find |F| + 1 = d + 1 number of smooth integers
with respect to factor base F', then we can find two squares which are
equivalent modulo N. Instead of squares, if we want to produce two cubes
which are equivalent modulo N, then how many smooth numbers we need
to produce? More generally, for any given integer k > 2, if we want
to produce two kth powers which are equivalent modulo N, how many

smooth integers we need to have?

Definition. By c(k,d), we denote the least positive integer t such that for
any multiset U of smooth integers, with respect to F', of cardinality at least
t, there is a non-empty multisubset T with the following property:

Ha:bk

a€T
for some integer b.
It is clear that often a good bound for ¢(k,d) will supply us two distinct
squares such that z? = y? (mod N).
Theorem 2. For all positive integers n and d, we have c¢(n,d) = D(Z2).
Following are the few more results that we have obtained,
Theorem 3. Let n be any integer and w(n) denote the number of distinct

prime factors of n. Then

D(Z:) <™ (n —1) 4 1.

n

Theorem 4. Let n = 3%p’ be any integer, where p > 3 be any prime
number. Then
3n—2< D(Z2) <3n+3T -7

In particular, when o = 1, we get,

3n—2< D(Z2) < 3n+2.



Theorem 5. Let G be a finite abelian group of rank r with invariants

ni,Na, - ,n,.. Then
s(G) < c()ny +c(2)np—q + -+ - + c(r)ny.

Theorem 6. Let G be a finite abelian group of rank r with invariants

ni,Na, -+ ,Ny.. Then
p(G) < (c(1) = Dne + (e(2) = Dy + -+ -+ (c(r) — Dy + 1.

Additive number theory, factorization theory and graph theory provide
a good source for combinatorial problems in finite abelian groups (for
instance, see [56, 57, 62, 27, 12]). Among them, zero-sum problems have
been of growing interest. The corner-stone of almost all recent combinatorial
research on zero-sum problems is the Erdds-Ginzburg-Ziv Theorem [32].
Then there is the important question of determining D(G) for all finite
abelian groups.

Let G be a finite abelian group. The investigation of invariants s(G) and n(G)
has a long tradition, and in recent years the investigation of these invariants
and of the related inverse problems, i.e., the investigation of the structure
of extremal sequences with, and without, the respective properties, received
a good deal of attention. Among others, this is due to applications in the
theory of non-unique factorizations. We refer to the monograph of A.
Geroldinger and F. Halter-Koch [45], in particular to Chapter 5, for a
detailed account of results on these invariants and their applications in
the theory of non-unique factorizations, and to the recent survey article of
Gao and Geroldinger [39] for an exposition of the state of the knowledge

and numerous references.

Still, many questions are wide open. The precise value of s(G) for cyclic

groups is known by the classical Erdés-Ginzburg-Ziv Theorem [32], but



s(G) for groups of rank 2 has only recently been determined (see [71, 45])
and the precise value of s(G) is unknown for most groups of rank greater
than 2, as is the value of n(G). One can see lower bounds on s(G) and
n(G) in [49, 30, 31]. We will describe bounds and precise values of these
constants in certain cases.

Conjecture 2 (Gao, Hou, Schmid and Thangadurai [41]). Let
n € N. Then

8n — 7, if n s even
S(Z2) - !
In — 8, if n is odd.

Above conjecture had been established by Gao (see [41]) for n = 3%5° and
n = 2%3, where a,b € N. Thinking in the direction of the above conjecture
we got the desired value of s(Z], ), under some assumptions on n, m and r.
The precise statement of the theorem is as follows:

Theorem 7. Assume that m > 3 is a fixed positive integer such that
n(Zr) = a.(m — 1) + 1, for some constant a, depending on r. Further,
assume that

m”"(c(rym —a,(m—1)4+m—=3)(m—1)— (m+1)+ (m+1)(a, + 1)
- m(m+ 1)(a, + 1)

n

is a fized positive integer such that s(Z!) = (a,+1)(n—1)+1. In the above
lower bound on n, c(r) is the Alon-Dubiner constant. Then, s(Z! ) =
(a, +1)(nm —1) + 1.

Basically, the technique of proving this theorem is to extract zero-sum
subsequences cleverly. After proving the theorem, we shall give some
examples and observations, which will give us the exact value of n(G)

and s(G) for few more groups.
Generalizations of the combinatorial invariants E(G) and D(G) with weights
were considered in [4] and [7] for finite cyclic groups. Later in [3], generalizations

for an arbitrary finite abelian group G were introduced. Given an abelian



group G of order n, and a finite non-empty subset A of integers, the
Davenport constant of G with weight A, denoted by D4(G), is defined to
be the least positive integer ¢ such that for every sequence (xy,--- ,x;)
with z; € G, there exists a non-empty subsequence (z;,,---, ;) such
that 22:1 a;,xj, = 0, for some a; € A. Similarly, for an abelian group G' of
order n, F4(G) is defined to be the least positive integer ¢ such that every
sequence of length ¢ of elements of G contains a subsequence (xj,,-- - ,2;,)
such that "7  a;x;, = 0, for some a; € A. When G is of order n, one
may consider A to be a non-empty subset of {0,1,--- ,n — 1} and for the
obvious reasons one assumes that 0 ¢ A. If G is the cyclic group Z/nZ
we denote F4(G) and D(G) by E4(n) and D4(n) respectively.

S. D. Adhikari, C. David and J. Urroz (See [5]) considered the problem of
determining values of Dg, (n) and Eg, (n), where R,, = {z* : x € (Z/nZ)*}
and (Z/nZ)* is group of units modulo n. The case n = p, a prime had
already been dealt with by S. D. Adhikari and P. Rath in [7]. We have
extended some results from [5]. In what follows, for a positive integer n,
Q(n) (resp. w(n)) denotes the number of prime factors of n counted with

multiplicity (resp. without multiplicity).

We now state some results which are used in our proofs.
Theorem A (Yuan and Zeng [79]). Let A be a finite non-empty subset

of integers and n a positive integer. We have

E4s(n) =Dy(n)+n—1.

Theorem B (I. Chowla [24],[62]). Let n be a natural number, and let
A and B be two non-empty subsets of Z/nZ, such that 0 € B and A+ B #
Z/nZ. If ged(x,n) =1 for all x € B\ {0} then |A+ B| > |A| + |B| — 1.

Definition. For a non-empty subset A of an abelian group G, the stabilizer



of A, denoted by Stab(A) is defined as follows,

Stab(A) ={x € G:z+ A= A}

We shall also need the following generalization of Theorem B due to M.
Kneser [52, 53, 54] (for the statement in the following form one may look
into [62] or [45]).

Theorem C. Let G be an abelian group, and let A and B be finite, non-
empty subsets of G. Let H = Stab(A + B). Then

|A+ B|>|A+ H|+|B+ H| - |H]|.

More precisely, we prove

Theorem 8. Let n = 3%. Then we have
(i) Dg,(n)=2Q(n)+1, and
(ii) Eg,(n) =n+2Q(n).

Theorem 9. Let n = 2% « > 3. Then we have Dg, (n) < 7Q(n) 4+ 1 and
Egr,(n) <n+7Q(n).

To prove the following theorem we have extended Lemma 9 and Lemma
10 of [5].

Theorem 10. Letn = 5' HfZQ pit, wherel,a; > 0, primesp; > 7, for each
i€{2,---k}. Let m > 3w(n)+1 and S = (z1,%2,"+ , Tpmi20(n)+1) b€ @
sequence of length m~+2€(n)+1 of integers. Then there exists a subsequence
(Tiyy Tig, -+ ) and ay, ag, - -+, am € Ry, such that Z;nzl a;jr;; =0 (mod n).
In particular,

Er,(n) <n+2Q(n)+1.



This completes the sketch of my thesis.

After the brief introduction to my thesis, I would like to indicate how this
thesis is organised in the rest. In the first chapter, we recall the important
results about zero-sum problems and give some basic definitions. We shall
also give proofs of certain important results. The second chapter (based on
[22]) is on upper bound of Davenport constant of a finite abelian group. In
the third chapter (based on [60]), we shall talk about higher dimensional
analogue of Erdés-Ginzburg-Ziv Theorem. Finally, in the fourth chapter
(based on [23]), we shall talk about weighted zero-sum problems with

respect to the weight A = {1, —1}.
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Chapter 1

Introduction

Zero-sum additive theory is an area of mathematics whose oldest roots trace back to
Cauchy, but which has only recently begun experiencing rapid growth and develop-
ment. In this chapter we shall give proof of the some of the theorems that we are
going to use in the subsequent chapters of this thesis. And we shall give the references

to the theorems which we are not proving in this chapter.

1.1 The Erdos-Ginzburg-Ziv Theorem

A familiar high school problem says that given any sequence of n integers aq, as, - - - , Gy,
there exists a non-empty subsequence, which sum up to 0 (mod n). In other words,
I nonempty I C {1,2,--- ,n} such that
Zai =0 (mod n). (1)
iel
Indeed, if one considers the sums s; = ay,82 = a1 + ag, -+, 8, = a; + -+ + a,, then
either some s; is 0 (mod n) or by Pigeon Hole Principle at least two of the s;’s are

equal modulo n.

Weighted generalization of the above problem is an interesting question. We do not

take up this question in the present chapter, but shall be dealing with this problem
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in the last chapter.

We [23] take up generalization of the problem in another direction, where one asks
about prescribing the size of I (with introducing some weights) in (1). In this partic-
ular direction, a theorem of Erdds, Ginzburg and Ziv [32] (henceforth, referred to as

the EGZ theorem) says the following,

Theorem 1.1.1 (EGZ Theorem). For any positive integer n, any sequence ay, as,- - ,

aon—1 of 2n — 1 integers has a subsequence of n elements whose sum is 0 modulo n.

A prototype of zero-sum theorems, the KGZ theorem continues to play a central role
in the development of this area of combinatorics. In the chapter, we survey this area,
give references to some related questions and try to summarize some of the recent
developments including the result of C. Reiher [71]. We shall also give a proof of

Rényai’s theorem at the end of Section 1.3.

Apart from the original paper of Erdés, Ginzburg and Ziv [32], there are many proofs
of the above theorem available in the literature (see [1], [11], [17], [62], for instance).

We shall present two proofs of EGZ theorem in this section.

The higher dimensional analogue of the EGZ theorem, which was considered initially
by Harborth [49] and Kemnitz [51] has given rise to a very active area of combinatorics
today. In Section 1.2, we shall take up this theme and mention some results of Alon,
Dubiner [11], [10] and Reiher [71] in this direction along with other related questions.
We shall end Section 1.3 with a Rényai’s [72] proof of f(p,2) < 4p — 2, where p is
a prime number. And in Chapter 3 we shall be dealing with results in this direction
(see [60]).

Finally, in Section 1.4, we briefly describe the analogous questions related to general

finite groups.

Proof of Theorem 1.1.1 We observe that the essence of the EGZ theorem lies in
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the case when n is a prime. For the case n = 1, there is nothing to prove and let us
assume the result is true in the case when n is a prime. Now, we proceed by induction
on the number of prime factors (counted with multiplicity) of n. Therefore, if n > 1
is not a prime, we write n = mp, where p is prime. Since number of prime factors of
m (counted with multiplicity) is less than that of n, by induction hypothesis theorem

holds true for m. We shall use this fact later.

By our assumption, each subsequence of 2p—1 members of the sequence ay, as, -+ , as,_1
has a subsequence of p elements whose sum is 0 modulo p. From the original se-
quence we go on repeatedly omitting such subsequences of p elements having sum
equal to 0 modulo p. Even after 2m — 2 such sequences are omitted, we are left with
2pm — 1 — (2m — 2)p = 2p — 1 elements and so we can extract at least one more
subsequence of p elements with the property that sum of its elements is equal to 0

modulo p.

Thus we have found 2m—1 pairwise disjoint subsets I, Is, - -+, Io,, 1 of {1,2,- -+ 2mp—
1} with [I;] = p and >, a; = 0(mod p) for each i € {1,2,---,2m — 1}. We now
consider the sequence by, by, -+, byy,—1 where for i € {1,2, --- ,2m — 1}, b; is the
integer % > jer, G5

Now as we have just observed by the induction hypothesis, this new sequence has
a subsequence of m elements whose sum is divisible by m. The union of the cor-
responding sets I; will supply the desired subsequence of mp = n elements of the
original sequence such that the sum of the elements of this subsequence is divisible

by n.

Let us now proceed to establish the result in the case n = p, a prime. For the first
proof presented here, we shall need the following result (for a proof of which, one may

look into [1] or [50], for instance).

Theorem 1.1.2 (Chevalley-Warning). Let fi(x1,zo, -+ ,x,), 1 =1,--- 7, be r poly-

nomials in Fy[xy, e, -, x,] such that the sum of the degrees of these polynomials is
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less than n and f;(0,0,---,0)=0,i=1,---,r. Then there ezists (1,9, -+ , ) €

FZ with not all o;’s zero, which is a common solution to the system fi(x1,xe, -+ ,x,) =

Here and in what follows, for any prime power ¢, F, will denote the finite field with ¢
elements and the symbol F; will denote the multiplicative group of non-zero elements
of F,.

Now we proceed to prove Theorem 1.1.1 for the case n = p, a prime, which will finish
the proof of Theorem 1.1.1. Given a sequence ai, as, - - - , agp—1 of elements of F,, we
consider the following system of two equations in (2p — 1) variables over the finite

field F,:

2p—1
Z aixf_l =0,
i=1
2p—1
Z 't =0,
i=1
Since 2(p —1) < 2p—1and 1 = 23 = --- = X9,—1 = 0 is a solution, by Theorem
1.1.2 above, there is a nontrivial solution (y1,--- ,¥y2p—1) of the above system. By
Fermat’s little theorem, writing I = {i : y; # 0}, from the first equation it follows

that » .., a; = 0 and from the second equation we have |I| = p.

For our second proof of the ‘prime case’ of EGZ theorem, we shall need the following
generalized version of Cauchy-Davenport inequality ([20], [25], can also look into [58]

or [62] for instance):

Theorem 1.1.3 (Cauchy-Davenport). Let Ay, Ay, -+, A, be non-empty subsets of

F,. Then
h

>4

i=1

h
> min (p,Z\Ai]—fH—l).

i=1
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(Here S, A; is the set consisting of all elements of F,, of the form Y a; where
a; € Az)
Now, for a prime p, we consider representatives modulo p in the interval 0 < a; < p—1

for the given elements and rearranging, if necessary, we assume that
0<a;<ay<---<ag1<p—1

We can now assume that
aj # Qjip_1, forj=1,--- ,p—1.

For otherwise, the p elements a;, a;11,- - - , aj4,—1 being equal, the result holds trivially.

Now, applying Theorem 1.1.3 on the sets
Ai = {ajaaj+p—1}7 for ] = 17 P 17

so that

p—1 p—1
> Ail = min (paZlAzw ~(p- 1>+1> .
j=1 i=1

we have
p—1
—Q2p-1 € g A;
j=1

and hence once again we have established EGZ theorem for the case when n is a

prime. O

Remark 1.1.1. The EGZ theorem as well as many other zero-sum results can also
find their place in a larger class of results in combinatorics. More precisely, a result
saying that a substructure can not avoid certain regularity properties of the original
structure because the ‘size’ of the substructure is ‘large’ enough, or a structure which
sufficiently ‘big’ has certain unavoidable regularities, is termed as a Ramsey-type the-

orem in combinatorics.
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Remark 1.1.2. Let us now observe that in Theorem 1.1.1, the number 2n — 1 is
the smallest positive integer for which the theorem holds. In other words, if f(n)
denotes the smallest positive integer such that given a sequence aj,as,--- ,asp) of
not necessarily distinct integers, there exists a set I C {1,2,---, f(n)} with |I| =n
such that )., a; = 0(mod n), then f(n) = 2n — 1. This can be seen as follows. From
Theorem 1.1.1, it follows that f(n) < 2n—1. On the other hand, if we take a sequence
of 2n — 2 integers such that n — 1 among them are 0 modulo n and the remaining
n — 1 are 1 modulo n, then clearly, we do not have any subsequence of n elements,
sum of whose elements is 0 modulo n. The idea we have used to prove EGZ theorem

will be used many times in this thesis.

1.2 Higher dimensional analogue of EGZ theorem

As in Remark 1.1.2; for any positive integer d, we define f(n,d) to be the smallest
positive integer such that given a sequence of f(n,d) number of not necessarily distinct
elements of Z¢, there exists a subsequence w;,, z;,,- -+ ,;, of length n such that its
centroid (x;, + 5, + - -+ + ;,)/n also belongs to Z<. In other words, f(n,d) is the
smallest positive integer N such that every sequence of N elements in (Z/nZ)? has a

subsequence of n elements which add up to (0,0,---,0). We observe that f(n,1) =
———

d-times
f(n) where f(n) is as defined in Remark 1.1.2.

This higher dimensional analogue was first considered by Harborth [49]; he observed

the following general bounds for f(n,d).

Since the number of elements of (Z/nZ)? having coordinates 0 or 1 is 2¢, considering

a sequence where each of these elements are repeated (n — 1) times, one observes that

14+2%n—1) < f(n,d). (2)

Again, observing that in any sequence of 1+ n?(n — 1) elements of (Z/nZ)? there will
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be at least one vector appearing at least n times, we have
f(n,d) <1+n%n—1). (3)
For d = 1, the EGZ theorem gives the exact value
fn,1)=2n—1.

For the case d = 2 also, the lower bound in (2) is expected to give the right magnitude
of f(n,2) and this expectation, which is known as Kemnitz Conjecture in the literature,
has been recently established by Reiher (see [71]). In view of (2) and (4), to establish
the Kemnitz’s conjecture, it is enough to prove f(p,2) = 4p — 3, for all primes p,
and that is what Reiher did. We shall state Reiher’s result in the next section.
Historically, the first result in this direction was contained in the above mentioned
paper of Harborth [49] where he proved that f(3,2) = 9. Kemnitz [51] established
this conjecture when n is of the form 2¢3/597". However, the lower bound given in
(2) is known not to be tight in general. Harborth [49] proved that f(3,3) = 19; this is
strictly greater than the lower bound 17 which one obtains from (2). Different proofs
of the result f(3,3) = 19 appeared since then (see [18] and [2], for instance; see also
[10] for some more references in this regard). However, Harborth’s result on f(3,3)
did not rule out the possibility that for a fixed dimension d, for a sufficiently large
prime p the lower bound in (2) might determine the exact value for f(p,d). But a
recent result of Elsholtz [31] in this direction, rules out such possibilities. We shall

come back to this theme very shortly.

Another important observation made by Harborth [49] was the following:
Fmn, d) < min(f(n,d) +n(f(m,d) — 1), f(m, d) + m(f(n,d) 1)) (4)

This result follows by an elementary argument of the same nature as was adopted in

deriving Theorem 1.1.1 from the result in the ‘prime case’.
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Harborth [49] observed that from (2), (3) and (4), one can easily derive the exact
value for f(2¢/d) for any d > 2. More precisely, for n = 2 the lower and upper
bounds for f(2,d), given respectively by (2) and (3), are both 2¢ + 1 and assuming
f2r.d) = (2" —1)2¢ + 1, f(2°,d) = (2° — 1)2¢ + 1 for some particular d, by (2) and
(4), it follows that f(27+% d) = (2" — 1)2¢ + 1.

However, for all odd primes p and d > 3, we have a long way to go regarding the

exact values for f(p,d).

Coming back to the cases d > 3, the lower bound in (2) is known not to be the exact
value of f(p,d) for all odd primes p. As mentioned earlier, a particular instance of
this phenomenon was observed by Harborth [49] by proving that f(3,3) = 19. The

following general result in this direction was proved by Elsholtz [31].

Theorem 1.2.1. For an odd integer n > 3, the following inequality holds:

wla.

f(n,d) > @)[ | (n—1)2% + 1.
Thus the lower bound in (2) is not the correct value of f(n,d) for d > 3.

Now, one observes that the gap is quite large between the lower and the upper bounds
given respectively in (2) and (3). A very important result of Alon and Dubiner [10]
says that the growth of f(n,d) is linear in n; when d is fixed and n is increasing, this
is much better as compared to the upper bound given by (3). More precisely, Alon

and Dubiner [10] proved the following.

Theorem 1.2.2. There is an absolute constant ¢ > 0 so that for all n,

f(n,d) < (cdlog, d)n.

The proof of Theorem 1.2.2 due to Alon and Dubiner combines techniques from addi-

tive number theory with results about the expansion properties of Cayley graphs with
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given eigenvalues. In the same paper [10] the authors conjecture that the estimate in
Theorem 1.2.2 can possibly be improved. More precisely, the existence of an absolute

constant c is predicted such that

f(n,d) < ¢n, for all n and d.

1.3 The two dimensional case

As have been mentioned, with Reiher’s [71] recent proof of Kemnitz’s conjecture the
problem has been solved in the two dimensional case. We go through the historical

development to some extent.

In the two dimensional case, in a very significant paper [11], Alon and Dubiner proved

that

Theorem 1.3.1. We have
f(n,2) <6n—5.

One can observe that by an argument similar to the one used in the proof of Theorem
1.1.1, the inequality f(p,2) < 6p — 5, for every prime p, implies f(n,2) < 6n — 5, for
every n. The proof of the fact that f(p,2) < 6p — 5, as given in this paper of Alon
and Dubiner, is ingenious and uses algebraic tools such as the theorem of Chevalley
and Warning (Theorem 1.1.2) and the algebra of permanents. It also uses the EGZ
theorem, the result in the one dimensional case. It has been indicated in [11] that the
proof can be modified to yield the stronger result that f(p,2) < 5p — 2. A relatively
simple proof of a slightly weaker version of Theorem 1.3.1 is also sketched in this
paper.

We now state a sharper result due to Rényai [72].
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Theorem 1.3.2. For a prime p, we have

Remark 1.3.1. As we have mentioned before, from the inequality f(p,2) < 6p — 5,
for every prime p, by an argument similar to the one used in the proof of Theorem
1.1.1 one gets the result f(n,2) < 6n — 5, for every n. Such would be the case for the
bound f(n,2) < 4n — 3 of Kemnitz’s conjecture. However, this argument does not
go through for the bound given by the above theorem. But, as mentioned in Rényai
[72], it is not difficult to observe that Theorem 1.3.2 along with (4) implies that

41
< —n.

Since Kemnitz proved f(n,2) = 4n — 3, whenever n is of the form 2¢3/597" and
4n—3 < %n. So f(n,2) < %n for all positive integers n which does not have a prime
factor greater than 7.

. . o . . 41
Indeed, if we write n = mp, where p > 11 is a prime and assume f(m,2) < {5m,

then using f(p,2) < 4p — 2 and (4), we get f(mp,2) < (f(p,2) — 1)m + f(m,2) <

(4p—3)m—|—%m§}—ém+4mp§%’+4mp:%n.

Gao [34] obtained the following generalization of the result (Theorem 1.3.2) of Rényai

[72] mentioned before.

Theorem 1.3.3. For an odd prime p and a positive integer r, we have

f(p",2) <4p" —2.

Following Gao [34], we now sketch a proof of Theorem 1.3.3. We note that this proof
proceeds along a line which is quite different from the proof of Theorem 1.3.2 as given

by Rényai [72].
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The proof uses the following special case of a very elegant result of Olson [64]. Apart
from being interesting in its own right, it has several important results as its immediate

corollaries.

Lemma 1.3.4 (Olson). For a prime p, let 1,82, -+, Sk be a sequence S of elements
of (Z/p"Z)¢ such that k > 1+ d(p" — 1). Then, writing f.(S) for the number of
subsequences of even length of S which sum up to zero and f,(S) for the number of

subsequences of odd length which sum up to zero, we have

fe(S)_fo(S)E_l (mOd p)

First we note the following two corollaries to Lemma 1.3.4; these will be used to prove
Theorem 1.3.3. Later we shall remark about few more consequences of the above

lemma of Olson.

Lemma 1.3.5. If S is a zero-sum sequence of 3p" elements in (Z/p"Z)?, then S

contains a zero-sum subsequence of length p".

For any sequence S of elements of (Z/p"Z)?, if r(S) denotes the number of zero-sum

subsequences W of S with |[W| = 2p", one has the following.

Lemma 1.3.6. Let T be a sequence of elements of (Z/p"Z)* with 3p" — 2 < |T| <

4p" — 1. Suppose that T contains no zero-sum subsequence of length p". Then

r(T)=-1 (mod p).

Both the above lemmas follow easily from Lemma 1.3.4 by appending 1 as the third
coordinate to each of the elements in S and 7" respectively. For instance, if S'in Lemma

1.3.5 is (a1,b1), (ag,ba), -, (am,by), where m = 3p”, one considers the sequence
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S" = (a1,b1,1), (ag,bo, 1), -+, (a;,b,1) with [ = 3p" — 2. Now, by Lemma 1.3.4, 5’
and hence S = (a1, b1), (az,bs), - - , (a;, b)) must have a zero-sum subsequence, length
of which must be p” or 2p". If there is a zero-sum subsequence S, of S} of length 2p”,
then its complement in S provides us with one such with length p". Hence Lemma
1.3.5 follows. Let T" be the sequence corresponding to 7" with the length same as that
of T'. Since T' does not have a zero sum subsequence of length p”, by Lemma 1.3.5 it
does not have a zero sum subsequence of length 3p”. So f.(T")— fo(T") = r(T") = r(T).

Therefore, by Lemma 1.3.4, we get Lemma 1.3.6.

Proof of Theorem 1.3.3. If possible, suppose that there is a sequence S of elements
of (Z/p"Z)? such that S is of length 4p” — 2 and S has no zero-sum subsequence of
length p”.
By Lemma 1.3.6,

r(T)=-1 (mod p),

for every subsequence T of S with |T'| > 3p" — 2.

We have
4dp" — 2 — 2p"
S = (3pr L 2pr>r(5).

TCS, |T|=3p"—2 P p

Hence
2" — 2
> o= oap.
TCS, |T|=3p"—2 p

Thus

dpr — 2 2 — 2
= d
(3197" - 2) (p” - 2) (mod p),

4p" — 2 2p" — 2
= =1 d
<3pr - 2) (P”” —2 ) (mod 7)

which would imply that

3
- a contradiction. O

Remark 1.3.2. As was observed by Alon and Dubiner [11], the EGZ theorem follows

almost immediately from Lemma 1.3.4. More precisely, for any prime p, given any
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sequence ay, g, - - - , azy—1 Of elements of (Z/pZ), we just consider the sequence

(ah 1)? (a27 1)7 T 7(a2p*17 1)

in (Z/pZ)>.

Remark 1.3.3. Regarding implications of Lemma 1.3.4 we must mention that in the
original paper of Olson [64], the lemma was used to find the value of Davenport’s
constant D(G) for a finite abelian p-group G. For any finite abelian group G, the
important combinatorial invariant Davenport’s constant D(G) is defined to be the
smallest positive integer s such that for any sequence g1, go, - - - , g5 of (not necessarily
distinct) elements of G, there is a nonempty I C {1,--- ,s} such that > _, g; = 0. For
relations between Kemnitz’s conjecture and a conjecture involving the Davenport’s
constant and some other conjectures related to zero-sum problems, one may look into
some papers of Thangadurai [77] and Gao and Geroldinger [40]. In Section 1.4, we
shall have an occasion to state an important relation (due to Gao [35] ) between the
Davenport’s constant and another constant emerging out from a natural generalization

of the EGZ theorem for finite abelian groups.

Theorem 1.3.7 (Reiher). For an odd prime p, we have

f(p72):4p_3

We now consider a generalization of f(n,d) as defined in the beginning of Section
1.2. Let f.(n,d) denote the smallest positive integer such that given any sequence of
fr(n,d) elements in (Z/nZ)?, there exists a subsequence of (rn) elements whose sum
is zero in (Z/nZ)%. Thus fi(n,d) = f(n,d).
As has been mentioned in a paper of Gao and Thangadurai [43], one can derive (as
in [40]) that

fr(n,2) = (r+2)n — 2, for integers r > 2 (5)
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from the known results about the Davenport’s constant for finite abelian p-groups and
by using Reiher’s result on the exact value of fi(n,2). Indeed we shall use following

result of Gao [34] and Reiher’s Theorem [71] to conclude (5).

Theorem 1.3.8. Let g be a prime power. Then we have f(q,2) < 4q—2 and f5(q,2) <
4q — 2.

Exact values of f,.(n,1) for » > 1 can be easily obtained from the EGZ theorem. We

shall be dealing with case r = 1 in Chapter 3 (See [60]).

As had been mentioned in the introduction, we shall conclude this section with a sketch
of Rényai’s recent proof of Kemnitz’s conjecture. We mention that some interesting
partial results towards the conjecture of Kemnitz and some related results had been
obtained by Gao [41], Thangadurai [76] and Sury and Thangadurai [74]. We shall

need following lemma before giving the proof of Rényai’s theorem [72] (see also [1]).

Lemma 1.3.9. Let F be a field and m a positive integer. Then the (multilinear)

monomials [[,c;x;, I C {1,2,-+- ,m} constitute a basis of the F-linear space of all

icl

functions from {0,1}™ to F' (Here 0 and 1 are viewed as elements of F).

Proof. The monomials [[,.;z;, I C {1,2,---,m} span a linear space of dimen-

iel
sion 2" over F. This is also the dimension of the space of functions from {0,1}™
to F, therefore it suffices to verify that every function from the latter set can be ex-
pressed as an F-linear combination of the monomials [[,.; ;. The space of functions
is clearly spanned by the characteristic functions x,, uw € {0,1}™, where y,(u) = 1
and y,(v) = o if v # u, hence it is enough to establish the required representation for
characteristic functions. Write u = (uy,ug, -+ ,u,,) and let U C {1,2,--- ,m} be the

set of coordinate positions j where u; = 1 and U’ be the set of indices j with u; = 0.

Then we have

Xu(T1, o,y -+ ) = le H(l — ;)

wcU el
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as functions on {0, 1}™. By expanding the right hand side we obtain an expression of
the desired form. This proves the lemma. [l
Now, we shall give the proof of the Rényai’s theorem.

Proof of Theorem 1.3.2. The assertion is obvious for p = 2, hence we may assume
that p is an odd prime. Put m = 4p — 2.

Let

v = (al,bl),vg = (ag,bg), o, Um = (am,bm)

be a sequence of terms from Z, ® Z,. We have to prove that there exists an I C
{1,2,---,m}, |I| = p such that )., v; = (0,0).

Let o(xy, 20, ,Tpm) = ZIC{1,2,--~,m}, T=p [L;c; i denote the p-th elementary sym-
metric polynomial of the variable xq,zs, - ,2z,. By Lemma 1.3.5 it is enough to
prove that there is a subset J of {1,2,--- ,m}, with |J| = p or |J| = 3p such that
> ics Vi = (0,0). Assume on the contrary that, there does not exist such J. Consider

the polynomial P over the prime field [F,,

m p—1 m p—1 m p—1
' i=1 i=1

where A = (o(z1, 22, -+ ,2y) — 2). We claim that P vanishes on all vectors u €
{0,1}™, except on the all 0 vector 0, where P(0) = 2. Indeed, the third factor vanishes
on u unless it has Hamming weight (the number of ones) multiple of p. If the Hamming
weight of u is 2p then one can easily see that, o(u) = (2;’) = 2 in [F,, hence the last

factor vanishes on u. Finally if the Hamming weight of u is p or 3p then

m p—1 m p—1
i=1 =1

is 0 on u by the indirect hypothesis. We obtained that P = 2y, as function on {0, 1}™.
Note also that deg P < 3(p—1)+p = 4p—3. Now, reduce P into a linear combination

of multilinear monomials by using the relations x? = z; (which are valid on {0,1}™)
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and let ) denote the resulting expression. Clearly, we have ) = 2y, as a function
on {0,1}™ and deg @ < 4p — 3, because reduction can not increase the degree. But
this is in contradiction with the uniqueness part of Lemma 1.3.9, form the multilinear
representative of 2yg = 2(1 — x1)(1 — x3) - -+ (1 — x,,) has degree m = 4p — 2. Hence

theorem is proved. [l

1.4 EGZ theorem for finite groups

It is not difficult to see that following the method employed in deriving Theorem
1.1.1 from the ‘prime case’, and appealing to the structure theorem for finite abelian

groups, one can derive Theorem 1.4.1 from the EGZ theorem.

Theorem 1.4.1. Let G be an abelian group of order n. Then given any sequence
91,92, s gon_1 of 2n — 1 elements of G, there exists a subsequence of n elements

whose sum is the identity element 0 of G.

We note that for the cyclic group of order n, 2n — 1 is the smallest number satisfying
the above property. That is, if for any abelian group G of order n, if ZS(G) is
the smallest integer ¢ such that for any sequence of ¢ elements of GG, there exists a

subsequence of n elements whose sum is the identity element 0 of GG, then we have
ZS(Z/nZ) = 2n — 1.

Sometimes the notation F(G) is also used instead of ZS(G) in the literature. By
Theorem 1.4.1, ZS(G) < 2n — 1, for any abelian group G of order n. However, for a
non-cyclic abelian group G of order n, ZS(G) need not be equal to 2n — 1. In this
direction, a result of Alon, Bialostocki and Caro [9] says that for a non-cyclic abelian
group G of order n, ZS(G) < 37" and the bound 37" is realized only by groups of the

form Z/27Z & 7Z/2mZ. Subsequently, Caro [19] showed that if a non-cyclic abelian
group G of order n is not of the form Z/2Z & Z/2mZ, then ZS(G) < 3* + 1 and this
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bound is realized only by groups of the form Z/3Z®7Z/3mZ. Further generalization of
the same nature have been obtained by Ordaz and Quiroz [68] rather recently stating
that apart from the groups Z/2Z&7Z/2mZ and Z /3747 /3mZ which appear in the last
statement, for any non-cyclic abelian group G of order n, ZS(G) < %” +2 and equality
holds only for groups of the form Z/4Z & Z/4mZ. Further generalization of these
results describing the situation with abelian groups G having smaller values of ZS(G)
may involve groups other than Z/2Z & Z/2mZ, 7./32Z. & Z/3mZ, - - -, L|r7 & Z/rmZ,
for positive integers r. One should mention that the method of Ordaz and Quiroz [68]
involves obtaining an upper bound for the Davenport’s constant D(G) (as defined in
Remark 1.3.3) of the relevant groups G and using the following beautiful result of
Gao [35] which links ZS(G) with D(G).

Theorem 1.4.2. If G is a finite abelian group of ordern, then ZS(G) = D(G)+n—1.

One would also like to know the validity of the statement of Theorem 1.4.1 for general
finite groups.

For a finite solvable group G, by induction on the length &£ of a minimal abelian
tower (0) = Gy C Gx—1 C --- C Gy = G and using the result in Theorem 1.4.1, one
can easily derive (see [67],[73], for instance) the following result employing the same
argument as employed in the proof of Theorem 1.1.1 in deriving the general case from

the ‘prime case’.

Theorem 1.4.3. Let G be a finite solvable group (written additively) of order n. Then
given any sequence gi,gs,- - ,9an—1 of 2n — 1 elements of G, there exist n distinct

indices i1, -+ - , i, such that
9ir + iy + -+ gin, = 0.

The above result holds without the assumption that the group G is solvable. This

follows from the following general result of Olson [66].



Chapter 1. Introduction 18

Theorem 1.4.4. Let G be a finite group (written additively) of order n > 1. Let S
be a sequence gi,Gs, - ,gon_1 of elements of G in which no element appears more
than n times. Then G has a subgroup K of order k > 1 and S has a subsequence
T=ay, - ,anip_1 Such that

i) K is a normal subgroup of the subgroup H of G generated by the elements {ay, as,

L Qpik-1},

ii) there exists an a € H such that a; € a+ K =K +a for 1 <i<n+k—1, and
iii) K is the set of all sums a;, + -- -+ a;, where iy,--- i, are n distinct indices (in

any order) in {1,--- ;n+k—1}.

We note that for a non-abelian group G of order n, given a sequence of 2n —1 elements
of GG, we are not ensured that there is a subsequence of n elements which adds up to
the identity, rather a permutation of a subsequence of length n will do so. However,
it is conjectured [66] that there must be a subsequence of n elements which adds up

to the identity. This is not known even for solvable groups.

1.5 Kneser’s Addition Theorem

A beautiful theorem of Kneser is about sums of finite subsets of an abelian group G.
We need the following definitions to state the theorem.
For a non-empty subset A of an abelian group G. The stabilizer of A, denoted by
Stab(A), is defined as the following set,

Stab(A) ={xr e G:x+ A= A}
One can easily see that 0 € Stab(A) and Stab(A) is a subgroup of G. Moreover,
Stab(A) is a largest subgroup of G such that,

Stab(A) + A = A.

In particular, Stab(A) = G if and only if A = G. An element g € Stab(A) is called a
period of A, and A is called a periodic set if Stab(A) # {0} and A is called an aperiodic
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set if Stab(A) = 0. For example, if A is an infinite arithmetic progression in Z with
difference d, then Stab(A) = dZ.
Kneser proved that if A and B are non-empty, finite subsets of an abelian group G,

then either |A + B| > |A| + |B] or
|A+B|=|A+H|+|B+ H|— |H],

where H = Stab(A + B) is the stabilizer of A 4+ B.
Note that, if ¢ : G — G/ H is the natural group homomorphism, where H = Stab(A),
then Stab(¢(A)) = {H} C€ G/H. In other words, ¢(A) is an aperiodic subset of G/H.

Next, we shall state Kneser’s Theorem.

Theorem 1.5.1 (Kneser’s Addition Theorem). Let G be an abelian group, and let A
and B be finite, non-empty subsets of G. Let H = Stab(A + B). Then

| A+ B|>|A+ H|+|B+ H|—|H]|.

Following theorem is a consequence of the above theorem, which is also referred as

Kneser’s Addition Theorem sometimes.

Theorem 1.5.2. Let G be an abelian group, and let Ay, As,--- , Ay be k finite, non-
empty subsets of G. Let H = Stab(A; + Ay + -+ -+ Ag). Then

Ay +As+ -+ Al > |Ayv+ H|+ |As+ H|+ -+ |A + H| — (K — 1)|H|.

Theorem 1.5.3 (I. Chowla). Let m > 2, and let A and B be non-empty subsets of
Z/mZ. If 0 € B and ged(b,m) =1 for all b € B\ {0}, then

|A+ B| > min(m, |A| + |B| — 1).

In the special case when G is a finite cyclic group, Kneser’s theorem implies the theo-
rems of Cauchy-Davenport (Theorem 1.1.3) and I. Chowla (Theorem 1.5.3). Theorem

1.5.3 follows from Kneser’s theorem in following way;,
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Let A and B be non-empty subsets of Z/mZ such that 0 € B and ged(n,m) = 1, for
any n € B\ {0}. If A+ B =7Z/mZ, then we are through. Suppose A + B # Z/mZ.
Kneser’s Theorem implies |[A+ B| > |A+ H|+|B+ H|—|H|, where H = Stab(A+ B).
Since ged(n,m) = 1, for any n € B\ {0}, H # n+ H. Therefore |B+H| = |B'+ H|+
|H|, where B = B\ {0}. So |A+B| > |[A+ H|+|B'+ H| > |A|+|B'| = |A|+|B| —1.
So we have Chowla’s theorem. Clearly Cauchy-Davenport theorem (Theorem 1.1.3)

follows from Chowla’s theorem.

1.6 Weighted EGZ Theorem

If n is a positive integer, we will identify Z,, with the set of integers {0,1,2,--- ;n—1}.
Adhikari et. al. [3, 7, 4, 5] generalized well known constants ZS(G) and D(G) to E4(G)
and D4(G) respectively. Sometimes the notation E(G) is used instead of ZS(G), in
literature. Let G be an additive finite abelian group of order n with additive identity
0. Let A be a non-empty subset of integers. The weighted EGZ constant, denoted
by E4(G), is defined as the least ¢ € N such that for every sequences z1, xs, - - - , x; of
elements of G, there exist indices ji,j2, - ,jn €N, 1 <1 < jo < -+ < j, <t and

(ar,as, -+ ,a,) € A" with >  a;x;, = 0. And the weighted Davenport’s constant

D4(G), is defined as the least t € N such that for all sequences zy,xs, -, x; of
elements of G, there exist indices j1,j9, - ,jk €N, 1 < j1 < jo < - < jJi <t
and (a1,as,--- ,a;) € A¥ with 32F az;, = 0. For obvious reasons we take A C

{1,2,--+ ,exp(G) — 1}. When G is a cyclic group Z,, we denote F4(G) and D4(G)

by Ea(n) and Da(n) respectively.

For several sets A C Z, \ {0} of weights, exact value of E4(n) and Da(n) have
been determined (see [4, 5, 7]. The case A = {1} is covered by the well known EGZ
theorem. In [23] we shall be extending the results of [5]. And in [22] we shall be giving
an upper bound on the Davenport constant D(G). The case A = {£1} = {1, —1} was

done in [4], where it has been shown that, F4(n) = n + |log,n|. Moreover, by the
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pigeonhole principle one can easily see, Da(n) < |logon| + 1 (See [4]). And by
considering the sequence 1,2,22,---,2", where r is defined by 2"t < n < 272 it
follows that, D4(n) > [logyn] + 1. Hence, D4(n) = [logyn| + 1. It has also been
observed in [4] that for A = {1,2,3,--- ,n—1}, we have E4(n) = n+1. In this case it
is very clear that, D4(n) = 2. So for A ={1,2,3,--- ,n— 1} and A = {£1} we have
Ex(n) = Da(n)+n—1. In [4] it has been conjectured that E4(n) = n+ Q(n), where
A={ae{1,2,3,--- ,n—1} : ged(a,n) = 1} and Q(n) is the number of prime factors
of n, counted with multiplicity. This conjecture was independently established by F.
Luca [55] and S. Griffiths [47]. It has been expected by Adhikari and conjectured by R.
Thangadurai [75] that, E4(G) = Da(G)+|G|—1. This conjecture has been established
recently by Grynkiewicz, Marchan and Ordaz [48]. Before this the following partial
results had been obtained by Adhikari and Chen [3], Yuan and Zeng [79].

Theorem 1.6.1 (Adhikari, Chen). Let G be a finite abelian group of order n and
A = {ay,a9, -+ ,a,} be a non-empty subset of Z and r > 2. If ged(ay — ay,a3 —
ap, - ,a, —a,n) =1, then Eo(G) = Ds(G) +n — 1.

Theorem 1.6.2 (Yuan, Zeng). Let A be any non-empty subset of Z. Then E4(n) =
Dy(n)+n—1.

Now we give the plan of the remaining chapters. In Chapter 2 we shall be giving an
upper bound on a Davenport constant of a finite abelian group of rank r. In Chapter
3 we shall give a conditional result in the direction of higher dimensional analogue of
Erdés-Ginzburg-Ziv Theorem. In Chapter 4 we shall be giving an upper bound on

weighted Erd6s-Ginzburg-Ziv constant for one particular weight, A = {£1}.






Chapter 2

On Davenport’s constant

2.1 Introduction

Let G be a finite abelian group. By the structure theorem, we know G = Z,, &
Ly ® -+ - ® Ly, where n;’s are integers satisfying 1 < nq|ngl| - - |n,; n, is the exponent
(denoted by exp(G)) of G and r is the rank of G. Also, ny,ne,--- ,n, are called

invariants of G. Let
M(G) =1+ (n;—1).
i=1

As had been mentioned in Remark 1.3.3, Davenport constant (respectively, Olson
constant) of a finite abelian group G denoted by D(G) (respectively, Ol(G)) is defined
to be the least positive integer ¢ such that any sequence (respectively, set) of ¢ elements
in G contains a subsequence (respectively, subset) whose sum is zero in G. Such a
subsequence (respectively, subset) is called zero-sum subsequence (respectively,

zero-sum subset).

It is trivial to see that M (G) < D(G) < |G|. The equality holds if and only if G = Z,,
the cyclic group of order n (See [6]). Olson [64] and [65] proved that D(G) = M(G)
for all finite abelian groups of rank 2 and for all finite abelian p-groups. It is also

known that D(G) > M(G), for infinitely many groups (See [46], for instance). The
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best known upper bound is due to Emde Boas and Kruyswijk [78], Meshulam [59]

and Alford, Granville and Pomerance [8], (see also, [13]) and they proved that

D(G) < exp(G) (1 + log exﬁéﬁ) . (1)

Some refinement of this bound was recently achieved by Rath, Srilakshmi and Thangadu-
rai in [70]. Their theorem is as follows:
Let G be a finite abelian group of rank m and of exponent n. Let {1,0o,--- ,lq_1 and r

be integers such that 1 < {; <n—1 foralli=1,2,--- ,d—1 and the positive integer

d—1 d
, n
(E log ¢; — log|G’>] if H€i>@
i=1

ri=
n otherwise
Let
S = (gla"' y 91, 5 9d-1," " ;9d-1,C1,C2, - 767')
— ——
(n—£1) times (n—L£g—1) times

be a sequence in G of length p = Z?;ll (n—4¢;)+r. Then S has a subsequence whose

product is identity in G.

Obtaining a good upper bound for the Davenport constant constitutes a very impor-
tant question about which the current state of knowledge is rather limited. However,

we do have the following conjectures.

Conjecture 2.1.1. (i) D(G) = M(G) for all finite abelian groups G with rank
r=3or G="17 (See [36], [37], for instance);

(i) For any finite abelian group G, D(G) < Zn, (See [61], for instance), where
i=1

n;’s are ivariants of G.

Concerning Conjecture 2.1.1(%), recently, G. Bhowmik and J-C. Schlage-Puchta [15],

proved that 2.1.1(7) above is true whenever

G = 7y ® Lizq © Lisap-
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We have been thinking in direction of getting an upper bound on Davenport’s constant
of an abelian group of rank r. And we ended up with the upper bound given in

Theorem 2.1.1. Before introducing this theorem we need to define certain constants.

For a subset S of natural numbers and a finite abelian group G, we define the gener-
alized davenport constant (denoted by D%(G)) to be the least integer ¢ such that
every sequence of length t of elements of G has a zero-sum subsequence of length ¢

for some ¢ € S. Dimitrov [28] defined this constant and studied its properties.

When S = N, then we see that DY(G) = D(G). When S = {1,2,--- ,m}, then we
denote D%(G) by D™(G). Also, when S = {exp(G)}, then the constant DI*P@} ()
is nothing but the well-known constant s(G) which is defined to be the least positive
integer t such that given any sequence of GG of length ¢ has a zero-sum subsequence of

length precisely the exponent of G.

Also, in the literature D™P()(G) is known as p(G) which is defined to be the least
positive integer ¢ such that any sequence of G of length t has a zero-sum subsequence
of length less than or equal to the exponent of G. Both of these constants p(G)
and s(G) will be explored in the chapter on higher dimensional analogue of Erdés-

Ginzburg-Ziv Theorem. Sometimes in literature, the notation 7(G) is used in place

of p(@).

By definition of p(G), there exists a sequence of length p(G)—1 of elements of G which
does not contain a zero sum subsequence of length at most exp(G). Considering this
sequence together with sequence of exp(G) — 1 many 0 (identity element of G), we
shall get a sequence of length p(G) + exp(G) — 2, which does not have a zero sum
subsequence of length exp(G). And one can easily see by definition, D(G) < p(G).
Therefore we have,

D(G) < p(G) < s(G) — exp(G) + 1.

Indeed, D(G) and s(G) are the corner-stones of these type of ‘zero-sum problems’.

When G = Z!, by the work of Alon and Dubiner [10], it is known that s(G) is bounded
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above by a linear function in n and they showed that
s(Zy) < c(r)n, (2)

where ¢(r) is a constant which depends on r. It is known that ¢(1) can be taken as 2
(due to Erdds, Ginzburg and Ziv [32]) and ¢(2) can be taken as 4 (due to C. Reiher

[71]). In general, in our current state of knowledge, c¢(r) can be taken satisfying

c(r) < 256(rlogyr+5)c(r—1) + (r+ 1) (3)

for all » > 3. In particular,

c(3) <9994. (4)
Also, from (3), one can arrive at the following general bound;
c(r) < (crlogyr)’, ()

for an absolute constant c.

Also, it is clear that

p(Zr) <s(Z) —n+1<(c(r)—1n+1. (6)

Conjecture 2.1.2 (Gao [39]). We have, ¢(3) <9

The following is the main theorem in this chapter, which is in the direction of Con-

jecture 2.1.1(17i).

Theorem 2.1.1. Let G be any finite abelian group of rank r with invariants ny,ng, - - - ,

n,.. Then
D(G) <np+npy + (e(3) = Dnga + (c(4) = Dnpg + -+ (c(r) = Dy + 1,

where the constants c(r) satisfy (2).
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Corollary 2.1.2. If Conjecture 2.1.2 is true, then, we have
D(G) <ng+ny+8n;+1

for all finite abelian groups G of rank 3.

Corollary 2.1.3. Let G = Z,, & --- & Z,, be the finite abelian group of rank r If
Congecture 2.1.1(i) is true for Z,, ®--- B ZL,, for some positive integer 3 < k <r—1,

then, we have,

D(G) <np4na+ -+ + (e(b+1) = Dnpggo + -+ (c(r) = Dng + 1.

Theorem 2.1.1 is the extension of the results proved by Dimitrov in [28] and Balasub-
ramanian and Bhowmik in [14]. Dimitrov used Alon Dubiner constant to prove that

D(G) < M(G)(Krlogr)", where K is an absolute constant.

Theorem (Balasubramanian and Bhowmik). Let G be a finite abelian group of order
n and exponent m, then for k <7, its Davenport constant D(G) < 7 +k—1, whenever

> k.

Note that Theorem 2.1.1 asserts that for all finite abelian group G of rank r» > 3, we

have

D(G) < rd(r) exp(G) (7)
where d(r) is a constant depends only on the rank r. Whereas (1) implies
D(G) < rexp(G)logexp(G). (8)

This is because, (1) and |G| < (exp(G))" together implies

|G|
exp(G)
exp(G) + (r — 1) exp(G) log exp(G)

D(G) < exp(G)+ exp(G)log

IN

IN

rexp(G) log exp(G).
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Note that when exp(G) < e, then (8) is better bound than the bound in (7).

Before giving the proof of Theorem 2.1.1, we shall provide an application of Daven-
port’s constant to factor integers using smooth numbers. To state the precise result,

we need the following.

A non-empty finite set of positive integers consisting of distinct primes pi, pa, - , pa
is called a factor base. An integer n > 1 is said to be smooth with respect to factor

base F' = {p1,ps, -+ ,pa} if all prime factors of n are in F.

In quadratic sieve (see [69]), to factor a given integer N with a factor base F', one
needs to know how many smooth integers that are required to produce two distinct
squares such that 22 = y? (mod N). It is well-known that if we can find |F|+1 = d+1
number of smooth integers with respect to factor base F', then we can find two squares

which are equivalent modulo V.

Instead of squares, if we want to produce two cubes which are equivalent modulo /V,
then how many smooth numbers we need to produce? More generally, for any given
integer £ > 2, if we want to produce two k-th powers which are equivalent modulo

N, how many smooth integers we need to have?

By ¢(k, d), we denote the least positive integer ¢ such that for any multiset U of smooth
integers, with respect to F', of cardinality at least ¢ has a non-empty multisubset T’

with the following property:

Ha:bk

aceT

for some integer b.

It is clear that often a good bound for ¢(k, d) will supply us two distinct squares such

that z° = y? (mod N). When k = 2, it is well-known that ¢(2,d) = d + 1.

Question. What is the exact value of ¢(k, d) for each k,d > 27
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Theorem 2.1.4. For all positive integers n and d, we have c(n,d) = D(Z2).

Proof. We shall first prove that c(n,d) < D(Z%). Let { = D(Z%) and let U =
{my,ma, - ,my}, be a multiset, where each m; is smooth number with respect to F.
Hence we can write

€17 .62 €di

m; =p1 Py " Pg

for each i =1,2,--- , € where ¢;; > 0 integers.
We associate each m; to a; € ZfL as follows;
m; — a; = (e, €2, - ,€eq4) (modn)

for all i = 1,2,--- ,£. Let S = (aj,as, - ,a,) be the sequence in Z% of length { =
D(Z2). Therefore, by the definition, we can find a non-empty subsequence 7" whose
sum is identity in Z2. Let T" = (a;,,a ,,- - ,a;,) be the subsequence of S whose sum

is the zero element of Z¢. Hence, we get,
t
D e, =0 (modn)forall k=1,2,--,d. (9)
i=1

Consider the multisubset 7" of U which is corresponding 7”. Clearly, T' = {m;,, mj,,
-, mj,} and by equation (9), we get
d . d n
I1m=]p " = (pr:>
meT =1 i=1
for some integers k; > 0 for all i = 1,2, -- ,d. Thus, by the definition of ¢(n,d), it is
clear that c(n,d) < D(Z2).

Now, let us prove D(Z%) < ¢(n,d). Let £ = c¢(n,d) and let S = (ay, as, -+ , a;) be a
sequence in Z4 of length ¢ where for each i = 1,2,--- , ¢ we have
a; = (e, €2, ,€ai) € L2
Let
€17 ,,€24 €di

m; =Py Po” - Pyg
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forall i = 1,2,--- £. Clearly, if we let U = {my, mg, -+ ,my}, then U is a multiset
of smooth numbers with respect to F. Since ¢ = ¢(n,d), by definition, there exists a
non-empty subset 17" of U such that

H a = b" where b = plflp’;€2 . -psd

a€T
for some integers k; > 0. If we let T = {mj,, mj,,--- ,m;, }, then a subsequence 7" of
S corresponding to 7', will sum up to identity in Z%. Hence D(Z%) < ¢(n,d) and the

theorem follows. O

Corollary 2.1.5. We have c(p*,d) = d(p* — 1) + 1 where p is any prime number and

¢ > 1 is an integer.

Proof. As we have mentioned in Section 2.1, D(G) = M(G) for G = Zﬁe, the corollary

follows from above theorem. O

Theorem 2.1.6. Let n be any integer and w(n) denote the number of distinct prime
factors of n. Then

D(Z:) <™ (n —1) 4+ 1.

For any rank r > 3, Theorem 2.1.6 asserts that D(Z") < r*(n — 1) + 1 for every
n = p{'py? for two distinct primes p; # py. This bound cannot come from Theorem
2.1.1, as the constant involved in Theorem 2.1.1 is ~ (rlog, r)". Also, for rank 3 case

we have the following better bound for specific values of n’s.

Theorem 2.1.7. Let n = 3°p’ be any integers such that p > 3 be any prime number.
Then
3n—2< D(Z2) <3n+3T -7
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In particular, when o = 1, then we get,

3n—2< D(Z2) <3n+2.

Along the same lines of the proof of Theorem 2.1.1, we can prove the following theorem

for s(G).
Theorem 2.1.8. Let G be a finite abelian group of rank r with invariants ny, ng, - -+ , M.
Then

s(G) < c()ny +c(2)np—q + -+ - + c(r)ny.
Theorem 2.1.9. Let G be a finite abelian group of rank r with invariants ny, ng, - -+ ,n,.
Then

p(G) < (e(1) = Dny + (e(2) = Dnpy + -+ (e(r) — )ng + 1.

2.2 Preliminaries

We shall start with some basic propositions which will be useful to conclude theorems.
Throughout this section, we assume that the given finite abelian group G, unless

otherwise specified, is not a p-group.

Proposition 2.2.1. Let p be a prime number and let ny,ng,--- ,n, > 1 be integers

such that p¥|ny|ng| -« - |n,. Let m > 1 be the unique integer such that

(m —1)D(Zl,) < D¥(Z1) < mD(Zy).
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Let )
D(Z% @ZM) if nq #pk
, D(Zr O Zny) if g =pF ng #p*
\ D(Z%) ifny=ng = =n,_y = pF,n, #p

(h—m+1)pr+D"(Z) ifh>m—1

Dt (Z3) otherwise.
Furthermore, if Dpk(Z;k) —(m—-1)D(Z},) > Pk, then we have
D(Z, &+ & Ly,) < (h—m)p + D7 (Z),
provided h > m — 1.

Proof. t G =2 Z,,, @+ ® Zy, is a p-group, then we know exact value of D(G). Hence

we can always assume that G is not a p-group and so n; # p* for some i < r.

Let
, (h—m+1)p"+ D" (Zr) ifh>m—1
Dz, if h <m—1.
Let & : G — Zy be the natural homomorphism. Let S = (ay,a9, -+ ,ay) be a

sequence of length ¢ of elements of G. To end the proof, it is enough to produce a

zero-sum subsequence T of S.
Assume that h < m — 1. Then, clearly,
hD(Zly) < (m —1)D(Zl,) < DV (Z3y).

Therefore, there are pairwise disjoint subsets Aj, Ag, -+, Ay of {1,2,--- ,¢} such that

> ®(a;) =0,

i€A;
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for each j =1,2,---  h. As ® is a homomorphism, we get
(> a] =0
iI€EA;

for each j = 1,2,---,h. That is, for each 7, Zai € Ker(®). By the definition,
iEAj

h = D(Ker(®)), there exists a subset A C {1,2,---,h} such that

) ap=0inG.

JEA feA;,
Now, we assume that h > m — 1. Since ¢ > D”k(ng)7 then by the definition, we
can extract h —m + 1 disjoint zero-sum subsequences ®(By), ®(Bs), -, P(Bh—m+1)
of ®(S) such that the length of each B; is at most p*. The length of the remaining
sequence S, which is obtained by deleting all the elements of ®(B;) from ®(.5), is at
least

0~ (h—m+1)p* > D"(Z,) > (m — 1)D(Z0),).

By the definition of D(Z;k), we can extract m — 1 disjoint zero-sum subsequence say
O(Bh—m2), -+, P(By) of &(S5). Clearly, the sums of B; lie in the kernel of ® which
is a proper subgroup H with D(H) = h. Therefore, by the definition of h, we have a

zero-sum subsequence of S and hence the result. [l
When r = 3, we can improve Proposition 2.2.1 as follows;

Corollary 2.2.2. Let p > 3 be a prime number and let ni,ny and ng be integers such

that p*|ny|ng|ns. Let

D(Zry ® Ly ©Zny) if ma # p"
hi=q D(Znp & Zny) if ny = p¥ ny # p*
D(ang) if i =ng = p*,ng # p".

Then we have,

D(Ziny © Ln, ® L) < (h = 3)p" + D™ (Z3y).
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Proof. By the result (due to Edel, Elsholtz, Geroldinger, Kubertin and Rackham in
[30]), we know that D™(Z3) > 8n — 7 for all odd integer n. Therefore, the integer m
is > 3 in Proposition 2.2.1. Suppose m = 3. Since Davenport constant of p-group
is known we can assume that G is not a p-group. So h > 2 =3—-1=m — 1. Also
8pF — 7 — 2D(Z§k) = 8pF —7—2(3p* —2) = 2p*¥ — 3 > p*. Hence by Proposition 2.2.1,
we get the desired result. Suppose m > 4. If h > m — 1 than by Proposition 2.2.1,
D(Zpy @ Ly ®Zy) < (h—m—+1)p*+ Dpk(Zik) < (h—3)p*+ D" (Z2y). Hence we are
through in this case also. If b < m — 1, then we get D(Zy, ® Zy, @ Zyp,) < D?" <Z2k)'
If h > 3 then Dpk(sz) < (h = 3)p* + Dpk(Zf;k). Hence we are through in this case.
Since h > 2, only case we need to take care of is h = 2. If h = 2, we can clearly see
that G = Zyk © Zy,r ® Zsg,r. We shall see in the Proposition 2.2.3 that, taking H = Z,
we get D(G) < (D(Z3) = 1)D(H) +2 < 6(p" — 1) +2 < 7p* — 7, since p > 3. And
7k —7 < DP* (Z3) =" = Dt (Z2:) + (h —3)p*. Hence we are through in every case.

Hence the corollary is proved. O]

Proposition 2.2.3. If H be any subgroup of G, then

D(G) < (D(G/H) — 1)D(H) + 2.

Proof. We know from [28] that for any integer m > 1, we have
D(G) < D™(G/H)+m(D(H) —1).

By choosing m = D(G/H) — 1 and by noting that DP(@~1(G) = D(G) + 1, we get

the desired result. O
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2.3 Proof of Theorems

Proof of Theorem 2.1.1. Given that G is a finite abelian group of rank r. We shall

prove that
D(G) <n,+n,_1+ (c(3) = Dny—o+ (c(4) — Dnp3+ -+ (c(r) — 1)ny + 1

by the induction on r. Since D(Z,) = n, result follows when G is a finite cyclic group.

When r = 2, a result of Olson implies that

and hence the theorem follows for groups of rank 2. So we assume the result for some

k > 3 and we shall prove the result for r = k + 1.
If ny =ny =--- =n,, then, by (6),

D(G) < pl@) = plZ},) < (clr) — Dy + 1.
Therefore, the result is true. Hence we assume that n, > n;. Let

H=7 and K=2G/H = Zn © - @ Lna.

ni

Let ¢ : G — H be a canonical homomorphism from G onto H. Then, Ker(y) = K.

Let S be a sequence in G of length

|S| =n, +np—1+ (c(3) = Dnp—g + - + (e(r) — )ny + 1.

Since p(H) < (¢(r) —1)ny + 1, we can find disjoint subsequences Sy, S, - - - , Sy where
ny Ny—1 Ny_2 no
(=" 3) -1 -2
B B (o(3) - )P (el - 1) - )2

of S such that 1 < [S;| < ny for every i = 1,2,--- £ and o(p(5;)) == @(3_,cq,a) =0
in H. Therefore, o(51),0(Ss),---,0(S;) € Ker(p) = K. Since the rank of K is r —1,
by the induction hypothesis, we have

Ny—1 Ny—2 )

DKy <™ 4 +(e(3) = 1)

ni ni ny ny



Chapter 2. On Davenport’s constant 36

and hence, we can find a subsequence 7' of the sequence o(S7),0(S), -+ ,0(S,) such
that whose sum is zero in K. That in turn produces a zero-sum subsequence of S in

(. Therefore the result follows. O

Proof of Corollary 2.1.2 and Corollary 2.1.3 are straightforward from the proof of

Theorem 2.1.1 and hence we omit their proofs.
To prove Theorem 2.1.6, we need the Proposition 2.2.3.

Proof of Theorem 2.1.6. We shall prove this result by induction on w(n), the number
of distinct prime factors of n. When w(n) = 1, then n = p® and hence result is true,
by Olson’s result. We shall assume that the result is true for integers m satisfying
w(m) < k. Let w(n) = k and n = p*pg? - - - pi* where o, a; > 0 are integers.

Set H =7 Jpar- Since p® divides n, clearly H is a subgroup of Z . Therefore we have
G/H = Z;.. Hence by Proposition 2.2.3, we get,

D(Zy,)

IN

(D(Zyo) = 1)D(H) +2=1r(p* —1)D(H) + 2

< r(p*-1) (T“(”/pa) (ﬁ - 1) + 1) + 2.
pOé

o]
w(n) —(p >n — (p* — 1)(T“’(") —7r)+ 2.
pa

r

To prove the theorem, it is enough to prove that

*—1
T“(")Mn —(p* =™ =) 2 <MW (n — 1) + 1.
pO{

That is to prove that,
remp,

pa

@1
= <y (1 — u) > e (p = 1)(r¥™ — ),
pO{

If (p® — 1)(r*™ —7) > r*() then the above inequality obviously holds. So we can
assume that (p® — 1)(r*™ —r) < 7 Since w(n) > 2, we get p* < 2. Since
a > 0, p® = 2. Hence it is enough to prove that,

w(n)

r n

> o) (rw(”) —r)=r,

pO{
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which is true. Hence the theorem. O

Remark 2.3.1. (a) Let n > exp H ®y(r) | where ®4(X) denote the k-th

Liw(n)L#1
cyclotomic polynomial. Then the above bound improves the bound (1). For,

since

win) _
n > exp H Oy(r) | =exp (7’—)

Liw(n)Ll#1
This implies,
(r—1)logn > ) 1,

Therefore,

n(1+ (r—1)logn) > r*™n > r*™(n 1) + 1.

In particular, for all integers n = p’q™ > exp (r+ 1) where p # ¢ primes,

Theorem 2.1.6 does improve the known bound (1).

(b) When r = 3 and n = ¢*p® for any primes p # ¢ in Theorem 2.1.6, we get

D(Z3) < 9n — 8. Theorem 2.1.7 improves this result, when n = 3%p* where

p#3.

Proof of Theorem 2.1.7. We shall prove the upper bound. First note that D3(Z3) =
17 =8 x3—7 (see [31, 49, 18]). Second, observe that if f(p) = DP(Z}) = 8p—7, then
fp*) < 8p* —1.

To show this, it is enough prove that

Fo®) < (f*) —Dp+ f(p).

For, let £ = (f(p® ') —1)p+ f(p). Consider a sequence S in Zpo of length ¢. Consider
an endomorphism ® : Z7., — Z;. Look at the image sequence ®(S) and apply the
definition of f(p). We get disjoint zero-sum subsequences ®(A;),--- , P(Ax) of ®(5)
each of whose length is at most p where k = f(p®!). Look at the kernel of ® which
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is Zj 1. Then by induction, we can get the desired zero-sum sequence of length at
most p® in S.

Put p = 3 in f(p®). We get f(3%) < 8 x3%—7. But we know that D"(Z3) > 8n—7 for
all odd integer n (see [30]). So f(3%) > 8 x 3% —7 and hence we get f(3%) =8x3*—T.

Now, apply Corollary 2.2.2, by putting n = 3*p* for all prime p > 3. We get
D(Z3) < (D(Z)—3)3" + D¥(Z3.) = (3p' — 5)3* + 8 x 3* — 7

< 3n43%tt—7.

Hence the theorem. O

Next we shall give proof of Theorem 2.1.8 and 2.1.9 which is similar to the proof of
Theorem 2.1.1.

Proof of Theorem 2.1.8. Given that G is a finite abelian group of rank r. We shall
prove that

s(G) <c()n, +c(2)n,—g1 + -+ c(r)ny
by the induction on r. Since ¢(1) can be taken as 2 (see [32]), result follows from EGZ
theorem, when G is a finite cyclic group. Also we know that ¢(2) can be taken as 4
(see [71]). It has been proved that, s(Z,, ® Z,) = 2m + 2n — 3, where m|n (see [45]).
Hence for » = 2, the theorem follows. So we assume the result for some k£ > 3 and we

shall prove the result for r = k + 1.

If ny =ng =--- =mn,, then, by (2),
s(G) < e(r)n,.

Therefore, the result is true. Hence we assume that n, > n;. Let

H=7 and K=2G/H = Zn @@ Lna.
ny ny

ni

Let ¢ : G — H be a canonical homomorphism from G onto H. Then, Ker(¢) = K.

Let S be a sequence in G of length

IS] = c(D)n, + c(2)np—1 + -+ + c(r)ny.
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Since s(H) < ¢(r)ny, we can find pairwise disjoint subsequences Sy, Ss, - -+ , Sy, where

Ny —2

Ny Nr—q no
(= c(1)—= 2 —1—=4+1
e )n1 + ¢(2) o + ¢(3) o + - Fo(r )n1 +

of S such that |S;| = ny for every i = 1,2,--- £ and o(¢(S5;)) 1= @(D_,cq,a) = 0 in
H. Therefore, 0(51),0(S2),---,0(S¢) € Ker(p) = K. Since the rank of K is r — 1,

by the induction hypothesis, we have

Ny Nyr—1
K) <e¢(l)— 2
sUE) < (D)7 +e2)7 - o o

and hence, we can find a subsequence T' of length n,./n; of the sequence o(51), o (S2),
o(S3) ,---,0(Sy) whose sum is zero in K. That in turn produces a zero-sum subse-

quence of S of length n,. Therefore the result follows. O

Proof of Theorem 2.1.9. Given that G is a finite abelian group of rank r. We shall

prove that
p(G) < (c(1) = Dnp + (e(2) = Dnyey + -+ + (e(r) = Dny + 1

by the induction on r. It has been proved that, s(Z,, ® Z,) = 2m + n — 2, where m|n
(see [45]). As we mentioned in the proof of Theorem 2.1.8, ¢(1) can be taken as 2 and
¢(2) can be taken as 4. Hence for r < 2, the theorem follows. So we assume the result
for some k& > 3 and we shall prove the result for r = k + 1.

If ny = ng = --- = n,, then, since p(G) < (¢(r) — 1)n, + 1, we are done. Hence we

may assume that n, > n;. Let

H=7 and K=G/H=Zn © - @ Lna.
ny ny

ni

Let ¢ : G — H be a canonical homomorphism from G onto H. Then, Ker(p) = K.

Let S be a sequence in G of length

IS] = (c(1) = Dny + (e(2) — Dy + -+ -+ (e(r) — D)ng + 1.
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Since p(H) < (¢(r)—1)n;+1, we can find pairwise disjoint subsequences Sy, So, - -+ , Sy,

Ny_9 no
3)—1 1) -1)—2+1
. T (3 - DL e (=) 1) 2

of S such that 1 < [S;| < for every i = 1,2,--+ , £ and o(p(S5;)) = 0(D_,eq,0) =0
in H. Therefore, 0(S1),0(S2),---,0(S;) € Ker(y) = K. Since the rank of K is r —1,
by the induction hypothesis, we have

() < (e() = )20+ (6(2) = D 4 (e(3) D2 o4 (el = D)~ D2 4 1 = f

Ny_2

and hence, we can find a subsequence T' of length at most n,/n; of the sequence
0(S1),0(52),--+,0(Se) whose sum is zero in K. That in turn produces a zero-sum

subsequence of S of length at most n,.. Therefore the result follows. a

2.4 Concluding remarks

It is clear from the definition of Olson’s constant that OI(G) < D(G). This constant
came from a question of P. Erdds and Heilbronn [33]. For early history, we refer to

an article [42]. P. Erdds conjectured the following.

Conjecture 2.4.1 (P. Erdés). For all finite abelian group G, we have

0l(G) < /2[G.

From the upper bound (1) for D(G), we can see that the Conjecture 2.4.1 is true for
all G satisfying
|G| > (r exp(G) log exp(G))*. (7)

However, Theorem 2.1.1 implies that Conjecture 2.4.1 is true for all G satisfying,

1> CO
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In particular, (7) implies that Conjecture 2.4.1 is true when G = Z! for all » > 4 and
for all n > 5 and when G = Zi, the Conjecture 2.4.1 is true for all n > 290. This can

be improved for all odd n > 85 using Corollary 2.1.3.

The above relation does not imply Conjecture 2.4.1 for all groups G with rank < 2, as
for these groups |G| < exp(G)?2. However, we know that when r < 2, D(G) = M(G).
When G 2 Z2, we know that Ol(G) < D(G) =2n —1 < 24/|G| for all n > 1. Tt will

be interesting to prove that Ol(Z2) < v/2 n for all n > 1.

Recently, Nguyen, Szemerédi and Vu [63] and Deshouillers and Prakash [26] indepen-

dently proved that
OUZ,) < +/2p+e

for all large enough primes p. In 2004, Gao, Ruzsa and Thangadurai [42] proved that
Ol(Z2) = Ol(Zy) +p — 1

for all primes p > 4.67 x 103*. Recently, Bhowmik and Schlage-Puchta [16] have
proved that the above relation is true for all primes p > 6000. Therefore, Conjecture

2.4.1 is open for G = Z?2 for all composite numbers n > 1 and for all primes p < 6000.

It is also known (see [38]) that OI(Z]) > r(n — 1) + 1 for any odd integer n > 1 and
for any r > 2n 4+ 1. By Conjecture 2.1.1 (i), we have D(Z]) = r(n — 1) + 1. Hence
together with the above result, we get, Ol(Z!) = D(Z},) for every odd integer n and

for any r > 2n + 1.






Chapter 3

Higher dimensional analogue of

Erdos-Ginzburg-Ziv Theorem

3.1 Introduction

Additive number theory, factorization theory and graph theory provide a good source
for combinatorial problems in finite abelian groups (See [56, 57, 62, 27, 12], for in-
stance). Among them, zero sum problems have been of growing interest. The corner-
stone of almost all recent combinatorial research on zero-sum problems is a theorem
of Erdés-Ginzburg-Ziv [32] and a question of H. Davenport on an invariant of finite

abelian groups.

In general, our notations and terminology will be the same as the one in factorization
theory (cf. survey articles by Chapman, Halter-Koch and Geroldinger in [12] and the
paper of Gao and Geroldinger [38]). Here for a finite sequence S = {g1, 92, - , g1} =
9192 - - - g; of elements of GG, repetitions are allowed and the order is disregarded. If
S =Aai, a9, -+ ,ar}, T = {by,ba,--- by} are two sequences of elements of group G

then ST will denote the sequence {ay,as,- - ,ag, by, ba, -+ , b }. In an analogous way
k

one defines the sequence HAi for given sequences Ai, Ay, -, Ax. A sequence T' is
i=1
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called a subsequence of S if there exists a sequence 7" such that 7T = S; clearly the

sequence T" is uniquely determined by S and 7' and we denote it by ST,

Let G be a finite abelian group. We denote a cyclic group of order n by C,,. As defined
in Section 2.1, by s(G) (or n(G) respectively) we denote the smallest integer ¢ € N such
that every sequence S of length |S| > £ of elements of G has a zero-sum subsequence
T of length |T| = exp(G) (or 1 < |T'| < exp(G) respectively). The investigation of
these invariants has a long tradition, and in recent years the investigation of these
invariants and of the related inverse problems; i.e., the investigation of the structure of
extremal sequences with, and without, the respective properties, received a good deal
of attention. Among others, this is due to applications in the theory of non-unique
factorizations. We refer to the monograph of Geroldinger and F. Halter-Koch [45],
in particular to Chapter 5, for a detailed account of results on these invariants and
their applications in the theory of non-unique factorizations, and to the recent survey
article of Gao and Geroldinger [39] for an exposition of the state of the knowledge

and numerous references.

Still, many questions are wide open. The precise value of s(G) for cyclic groups is
known by the classical Erd6s-Ginzburg-Ziv Theorem [32], but s(G) for groups of rank
2 has only recently been determined (see [71, 45]) and the precise value of s(G) is
unknown for most groups of rank greater than 2, as is the value of n(G). We will

describe the bounds and precise value in certain cases.

Lemma 3.1.1 (Chi, Ding, Gao et. al. [21]). Let G be a finite abelian group and let
H C G be a subgroup such that exp(G) = exp(H)exp(G/H). Then

s(G) <exp(G/H)s(H)+ s(G/H) — exp(G/H).
Theorem 3.1.2. Let m,n,r € N with m|n.

(1) N(Cp ® Cy) =2m~+n—2 and s(Cp, ® Cy) =2m+2n — 3 (See [71], [45]).



Chapter 3. Higher dimensional analogue of Erdés-Ginzburg-Ziv Theorem 45

(1)) n(Cr) > (2" =1)(n—1)+ 1 and s(Cr) > 2"(n — 1) + 1. If n is a power of 2,
then equality holds (See [49], [30]).

(iii) If n is odd, then n(C3) > 8n — 7 and s(C3) > 9n — 8. If n is a power of 3, then
equality holds (See [31]).

In order to prove the main theorem of this paper we will need following upper bound

obtained by Alon and Dubiner [10] :

When G = C? then s(G) is bounded above by a linear function of n and they showed
that,
s(Cy) < elr)n, (1)

where ¢(r) is a constant which depends on 7. It is known that ¢(1) can be taken as 2
(due to Erdés, Ginzburg and Ziv [32]), and ¢(2) can be taken as 4 (due to C. Reiher

[71]). In general, in our current state of knowledge ¢(r) can be taken satisfying,

c(r) < 256(rlogyr+5)c(r—1)+r+1, forr > 3.

Remark 3.1.1. From above expression ¢(3) turns out to be approximately 9994. So

s(C?) < 9994n.

Conjecture 3.1.1 (Gao, Hou, Schmid, Thangadurai [41]). Let n € N. Then

8n — 7, ifn is even
S(C) = !
In — 8, if n is odd.
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Remark 3.1.2. If one assumes Conjecture 3.1.1 then from the fact that s(G) >

n(G) + exp(G) — 1 and Theorem 3.1.2(744) it follows that,

n(C?) = 8n — 7, if n is an odd integer.

Remark 3.1.3. If one assumes Conjecture 3.1.1 then from the fact that s(G) >

n(G) + exp(G) — 1 and n(Z3) > Tn — 6, for n an even integer, it follows that
n(C3) = Tn — 6, if n is an even integer.

Remark 3.1.4. It can be easily proved that for n, m both positive integers if s(C") =
a.(n—1)+1and s(C},) = a,(m—1)+1, then s(C" ) < a,(nm—1)+1. According to
Dr. Wolfgang Schmid, there doesn’t seem to be a general process available to get the
lower bound on s(C”, ) in this situation. For example note, s(C5) = 45(3 — 1) + 1 is
known, but as per him nobody knows s(C§) and there are reasons to believe that they
are not related in the form one might expect; for s(C3) = 45(3 — 1) + 1 is known but
the best lower bound for s(C3) is 42(9 — 1) + 1 and the upper bound is 45(9 — 1) + 1.
One can see the paper by Y. Edel [29, Theorem 1] for the information on this. Also it
has been proved that, s(C3) = 9(3) — 8 = 19 (see [49, Satz 4]); also cf. [30, Corollary
4.5]. So in view of Theorem 3.1.2(iii), s(C3,) = 9(3*) — 8, for k € N.

We prove the following Theorem :

Theorem 3.1.3. Assume that m > 3 is a fized positive integer such that n(Cr) =

a,(m — 1)+ 1, for some constant a, depending on r. Further, assume that

m"(c(rym —a,(m—=1)+m—=3)(m—1)— (m+1)+ (m+1)(a, + 1)
m(m+1)(a, + 1)

n >

is a fized positive integer such that s(C)) = (a, +1)(n — 1) + 1. In the above lower

bound on n, c(r) is the Alon-Dubiner constant. Then, s(C" )= (a,+1)(nm—1)+1.
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3.2 Proof of the Main Theorem

Proof of Theorem 3.1.3. Let S is a sequence in C7_ . |S| = (a, +1)(nm — 1) + 1.

m )

Let S, be the sequence of all elements of S modulo m. Then, we see that there exists
an element x € S, which is repeated maximum number of times. We can assume x

to be the zero element of .5,,, if necessary by translating the elements of S. Note that

(a, +1)(nm —1)+1
mT

[x] we mean, the least integer > z).

in S, at least [ —‘ zeros are available. (For a real number x by

Let S}, be the sequence of all non-zero elements of S,,. From S}, take out all pos-

sible & > 0 disjoint non-empty subsequences Ri, Ra,--- , R, with |R;] = m such

B -1
that Z a=0e€C;, Vi=12- -,k Hence, W:=S5], (H RZ) contains no
m—eleﬁgﬁt subsequence whose sum is zero in C),. Hence by alzt%heorem of Alon and
Dubiner [10], we have |W| < ¢(r)m — 1.

If [W| < a,(m—1) then we shall show that there exist a subsequence of S of length nm
which sum up to zero in C),,. Let us count all the disjoint m-element subsequences
of S, whose sum is zero in C), . First remove all possible disjoint m-element zero
sum subsequences from S,,(S%)™' and say the remaining sequence be A (It may
happen that there is no such subsequence. In this case take A = S,,(S*)7"). Let the

number of all possible disjoint m-element subsequences from S,,(S) ™" be t. Clearly,

0 <|A] <m —1. Then,
tm+km = (a, + 1)(nm — 1) +1 — |W| — |A].

Hence,

1 1
t+k>—((a,+1)(nm—-1)4+1—-a,(m—1)—m+1)=(a,+1)(n—1)+ —.
m m
Since (t+k) is an integer, (t+k) > (a,+1)(n—1)+1. Hence we have pairwise disjoint

m-element subsequences, Iy, I, -+, I4,+1)(n—1)4+1 of S such that Zb =0¢€ ()], for
bEIj
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1
every j =1,2,---  (a,+1)(n—1)+1. Write ¢; = —Zb, forevery j =1,2,--+ , (a,+
m
bG]j
1)(n—1)4+1. Since s(C}) = (a,+1)(n—1)+1 and we have (a, +1)(n—1)+ 1 number

of integer lattice points ¢y, ca, g, 41)(n—1)+1, there exist n element subsequence

n

such that its sum is zero in C). Thus we get,

icij:0€C;:>iZb:0€Cflm.
j=1

j=1bel;;

CiryCigy~ " 5 Gy

Hence we are done in this case.

Now we assume that |W/| > a,(m — 1) and we show that

1. There are disjoint subsequences By, Bs,--- , B, of W of length < m with zero
sum in C}, and with |B;| + | B;| > m for ¢ # j,

(c(ry)m —a,(m —1)+m —3)(m — 1)
m—+1

2. There are at least zeroes in S,,(S5)71,

and
p -1
3. |W (HBZ> <a,(m—1).
i=1
Since |W| > a,(m — 1) we can find a natural number ¢, 2 < ¢ < m — 1 such that one
finds such a t-element subsequence of W sums to zero in C],. Let B; be a maximal
subsequence of W such that |B;| = ¢; with 2 <¢; < m — 1 and its sum is zero in C,.
Then we can take a subsequence A; of S, which contains m — ¢; zeros and together

with B; we get an m-element subsequence whose sum is zero in C7,.

If [W(B;)™ '] > a.(m — 1) + 1, we can find B, which is the maximal subsequence
of W(By)™! with |By| = t5 with 2 < ¢, < m — 1, whose sum is zero in C”,. Note
that ¢; > ty and |ByBs| > m. If not, we would have chosen BjB; in the first step
and it would have contradicted the maximality. Once we have chosen B,, take As, a
subsequence of S, of all zeros disjoint from A; and having cardinality m — t5. Then,

A B, produces an m-element subsequence of S, whose sum is zero in CJ,.
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Continue this process, until we arrive at [W([]'_, B;) ™| < a.(m — 1), where £ is a

positive integer. We will calculate upper bound of ¢ now. By definition of ¢, we have
-1 ¢
ap(m—=1)+1+ Y [B| < |W|<a(m—1)+ ) |Bi (2)
i=1 i=1
Case 1. { =2k, k € N.
Since |B;| > 2, Vie {1,2,--- ,{} and |B;|+|B;| > m+1, Vi,j e {1,2,--- ,{}, i #j,
we have
-1
(k=1)(m+1)+2< Y |B| < [W[—a/(m—1)—1
i=1
Hence,

(k—1)(m+1)+2 < c¢(r)m—a,(m—1)—2
c(rym —a.(m—1) —4
= (k-1) < 1
Sk o< crym —a,(m—1)—4+m+1
m+ 1
_ c(rym —a,(m—1)+m—3
m+ 1

(c(rym —a,(m —1)+m —3)(m — 1)
m+1

Hence at most X =

zeros are required in this

case.

Case 2. { =2k+1, ke NU{0}.
Sub-case (I) : k = 0. Clearly, number of zeros required is at most m — 2.

Sub-case (II) : k € N. Then from (2), we have
-1
k(m+1) <> B < [W|—a,(m—1)—1
i=1
(rym —a.(m—1) —2

m+ 1
For this sub-case ¢ > 3. Observe that there exists B; such that |B;| > mTH Hence

C
=k <

the number of zeros required in this sub-case is at most,

(c(ry)m —a,(m—1)—=2)(m—-1) m—1
m+ 1 * 2

Y —
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Since m > 3, X = max{X,Y,m — 2}. Hence the number of zeros needed in any case

is at most, X = (er)m = ar(m = 1) £ m = 3)(m 1).
m+1

Hence in order to make sure that there are at least X zeros in S,,, we need the

following condition,

1S(S2)7| [(‘”“)(”m‘ ”*ﬂ > X

mT

This holds because

0> m"(c(rym —a,(m—=1)+m—3)(m—1)— (m+ 1)+ (m+1)(a, + 1)
- m(m + 1)(a, + 1)

by hypothesis.
‘ -1

If [S,(S5) ! (H Ai> > m, remove all possible disjoint m-element subsequences
i=1

and say the remaining sequence be A. Let us say these subsequences are ¢ in number.

Clearly, 0 < |A| < m — 1. Then,

¢

tm+]A = (a,+1)(nm—1)+1—1[5;] =) |4
i=1
1

= tm+m+ A = (a,+1)nm—1)+1— S5+ |Bi.
=1

4

= (a,+1)(nm—1)+1—[W|—km+ ) |B].

=1

J4
= (t+L+km = (a+)mm—1)+1— W[+ > [B]-|A]

i=1
Hence,

1 1
(t+0+Fk)> E((ar—i—l)(nm—1)+1—aT(m—1)—m+1):(ar—i—l)(n—l)qta.
Since (t + ¢ + k) is an integer, (t+ ¢+ k) > (a, +1)(n — 1) + 1. Hence as in the case

|[W| < a.(m — 1) we can extract a zero sum subsequence of S of length nm. Hence

the theorem is proved. O]
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Following are some observations in rank 3 case.

Observations :

1. Take r = 3, a, = 8 and n, m odd in the Theorem 3.1.3. Then by Remark 3.1.1
(9987m + 5)(m — 1)m3 + 8(m + 1)
I9m(m + 1)

the lower bound on n becomes .

2. Take r =3, a, = 7 and n, m even in the Theorem 3.1.3. Then by Remark 3.1.1

(9988m + 4)(m — 1)m3 + 7(m + 1)
8m(m + 1)

the lower bound on n becomes

3. There is one more bound on s(G) which was given by W. D. Gao et al. [44]
(see also [45, Theorem 5.7.4]), which says that for a finite abelian group G of
exponent m, s(G) < |G|+m—1. For those m for which this bound is lesser than
that comes from Alon and Dubiner, we can get a better bound on n following
same procedure as in the main theorem apart from replacing Alon Dubiner
bound by this particular bound. We will get to see the difference between two
bounds when we see some examples at the end of this chapter. Following are
the bounds that one will get in this situation,

(i) Assume n(C?) = 8m — 7, m-odd and m > 3. If s(C?) = 9n — 8, n-odd and

m3(m3 —6m +4)(m — 1) + 8(m + 1)

if n >
nh= I9m(m + 1)

, then s(C3, ) = 9nm — 8.

(i) Assume n(C3) = 7m — 6, m is an even integer and m > 4. For n even
m3(m® —5m+3)(m—1)+7(m+1)

then
8m(m + 1)

integer if s(C?) = 8n—7, and if n >

s(C3)=8nm — 1.

Now, we will see that using condition on n and m in above Observations and following

Theorem one can get conjectured bound for few more groups.

Theorem 3.2.1 (Gao [41]). (i) Let n = 3%5° for a,b € NU{0}. Then

s(C)=n(C*+n—1=9n-38.
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(i1) Let n =23 for a € N. Then

s(C3)=nCH+n—-1=8n—T.

Examples : (1) Let n = 32, m € {3,5,7} (using Observation 1). Then
s(C2 ) =n(C2 ) +nm—1=9nm — 8.

By using Observation 3(i) we can see that these holds true for m € {3,5,7,9,
11,13,15,17,19, 21}.

(2) Let n =223, m € {4,6,8,10,12,14} (using Observation 2). Then

s(C2 ) =n(C2 ) +nm—1=8um —T.

By using Observation 3(ii) and Remark 3.1.4 we can see that relation holds true for
m € {2n:n € [1,15]}.

(3) Let n = 2'° m = 4 (using Observation 2). Then

s(C2 ) =n(C2 ) +nm—1=8um —T.

By using Observation 3(ii) and Remark 3.1.4 we can see that relation holds true for

m € {2,4,6,8,10,12, 14},



Chapter 4

Weighted Zero Sum Theorems

4.1 Introduction

Let G be an abelian group of order n, written additively. The Davenport constant
D(@G) is as it had been defined in Remark 1.3.3. And as it had been mentioned in
Section 1.4 another combinatorial invariant F(G) (known as the EGZ constant) is the
smallest natural number ¢ such that any sequence of length ¢ of elements of G has a
subsequence of length |G| whose sum is zero. A classical theorem of Erdés, Ginzburg
and Ziv [32] says that E(Z/nZ) = 2n — 1. These two constants are related by a
theorem of Gao [35], which states that E(G) = D(G) +n — 1.

Generalizations of the constants E(G) and D(G) with weights were considered in [4]
and [7] for finite cyclic groups. Later in [3], generalizations for an arbitrary finite
abelian group G were introduced. Let us recall definitions of weighted Davenport
constant and FGZ constant given in Section 1.6. Given an abelian group G of order
n, and a finite non-empty subset A of integers, the Davenport constant of G with
weight A, denoted by D4(G), is defined to be the least positive integer ¢ such that
for every sequence (xy,---,z;) with x; € G, there exists a non-empty subsequence

(xj,,- -+ ,x;) such that 22:1 a;xj, = 0, for some a;, € A. Similarly, for an abelian
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group G of order n, E4(G) is defined to be the least positive integer ¢ such that
every sequence (xy,Ts, -+ ,x;) of length ¢ of elements of G contains a subsequence
(zj,,--- ,x;,) such that " | a;x;, = 0, for some a; € A. When G is of order n, one
may consider A to be a non-empty subset of {0,1,--- ,n — 1} and for the obvious
reasons one assumes that 0 ¢ A. If G is the cyclic group Z/nZ we denote E4(G) and
D4(G) by Ea(n) and D(n) respectively.

S. D. Adhikari, C. David, J. Urroz (See [5]) considered the problem of determining
values of Dy, (n) and Eg,(n), where R, = {2* : © € (Z/nZ)*}, where (Z/nZ)* is
group of units modulo n. The case n = p, a prime had already been dealt with by
S. D. Adhikari and P. Rath in [7]. In this chapter we will be extending some results
from [5].

In what follows, for a positive integer n, 2(n) (resp. w(n)), denotes the number of

prime factors of n counted with multiplicity (resp. without multiplicity).

We shall prove the following theorems.
Theorem 4.1.1. Let n = 3%*. Then we have
(i) Dg,(n) =2Q(n)+1, and

(ii) Egr,(n) =n-+2Q(n).

Theorem 4.1.2. Let n = 2% « > 3. Then we have Dg, (n) < 7Q(n) + 1 and
Egr,(n) <n+7Q(n).

Theorem 4.1.3. Let n = 5 Hfzzp

(e7}
7 0

where l,a; > 0, primes p; > 7, for each

i €4{2,---,k}. Let m > 3w(n)+1 and S = (z1,%2, - , Tmi20m)+1) be a sequence of
length m + 2Q(n) + 1 of integers. Then there exists a subsequence (x;,,Tiy, - , ;)
and ai,as, -+ ,a, € R, such that Z;’Ll a;jr;; =0 (mod n). In particular,

Egr,(n) <n+2Q(n)+1.
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As a consequence of above theorem we have the following :

Remark 4.1.1. Let n be an integer such that ged(30,n) = 1 then combining Theorem
4.1.3 with Theorem 1 from [5] we get Eg, (n) = n + 2Q(n). Then using Theorem A

(which will be stated in the next section) we get Dg, (n) = 2Q(n) + 1.

4.2 Notations and Preliminaries

First, we shall recall some results stated in Section 1.5 and 1.6, which we shall be

using in this chapter.

As conjectured in [7], a result similar to the result of Gao [35], the link between the

constants F4(n) and D4(n) was established by Yuan and Zeng [79] :

Theorem A (Yuan and Zeng). Let A be a finite non-empty subset of integers and n

a positive integer. We have

EA<TL) = DA(TL> +n—1.

It should be remarked that the corresponding generalization of the above result for
arbitrary finite abelian groups has been established by Grynkiewicz, Marchan and
Ordaz [48].

We shall need following theorem due to I. Chowla (See [24] and [62]).

Theorem B. Let n be a natural number, and let A and B be two non-empty subsets
of Z/nZ, such that 0 € B and A+ B # Z/nZ. If gcd(xz,n) =1 for all x € B\ {0}
then |A+ B| > |A| + |B| — 1.
For a non-empty subset A of an abelian group G, the stabilizer of A, denoted by
Stab(A) is defined as follows,

Stab(A) ={xr e G:x+ A= A}
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We shall also need the following generalization of Theorem B due to M. Kneser [52,

53, 54] (for the statement in the following form one may look in [62] or [45]).

Theorem C. Let G be an abelian group, and let A and B be finite, non-empty subsets
of G. Let H = Stab(A+ B). Then

|A+B| > |A+ H|+ |B+ H|— |H]|.

From Theorem C, the following can be easily deduced.

Theorem D. Let G be an abelian group, and let Ay, Ao, --- , Ay be k finite, non-empty
subsets of G. Let H = Stab(A; + As + -+ + Ag). Then

|Ay + Ag + -+ Ap| > [Ay + H| + [Ay + H| + - + |Ap + H| — (k= 1)|H]|.

In what follows, for a positive integer n, we shall denote the set {1,2,3,--- ,n} by
the symbol [n].

If n = p® p an odd prime number and a € N then (Z/nZ)* is a (multiplicative)
cyclic group (see [50]). Let x be a generator. Then clearly R, = (z?). Hence |R,| =
ord(z?) = ¢(n)/2.

If n =2% a € N, a > 3, then (Z/nZ)* is isomorphic to Z/2Z & Z/2**7 (see
[50]). Let = be a generator of Z/2%72Z. Then clearly (0,2z) is a generator of R,. So
|R,| = ord((0,2x)) = 2473.

We will be using the following remark several times in this note.

Remark 4.2.1. Let m,n € N, with m|n. Let ¢ : Z/nZ — 7Z/mZ be a surjective ring
homomorphism. Then (Z/mZ)* = ¢((Z/nZ)*) and R, = ¢(R,).

Above remark can be observed as follows.
Since ¢ is an abelian group homomorphism, it is completely determined by where it

maps an additive generator, say identity 1,,. On the other hand, ¢ being a surjective
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ring homomorphism it must take the multiplicative identity to the multiplicative
identity. Thus we have ¢(1,) = 1,,, where 1,, is the multiplicative identity of Z/mZ.
Since (Z/nZ)* is precisely the subset of all the generators of Z/nZ (as an abelian
group), we have ¢((Z/nZ)*) C (Z/mZ)*. Now it remains to show that for any a-1,, €
(Z/mZ)* there exists some (-1, € (Z/nZ)* with a1, = ¢(f-1,) = B - 1,,. This is
equivalent to showing that, for any number o € Z that is relatively prime to m there
must be some oo+ max, where x € Z, that is relatively prime to n. If the prime divisors
of m and n are the same, then ged(m, a) = 1, implies ged(n, o) = 1, as needed. Let
p be a prime divisor of n, not dividing m. If « +2m =0 (mod p), for all x € Z, then
a+axm = a+ (r+ 1)m (mod p), which implies m = 0 (mod p), contradicting that
p does not divide m. Thus we can find z € Z such that a + zm is not divisible by p.
Iterating this procedure for remaining prime divisors of n but not m (replacing « by
a+ xzm and m by pm each time) yields the integer with the needed properties. Thus
O((Z/nZ)*) = (Z/mZ)*. Now one can easily observe that, ¢(R,) = R,.

4.3 Proof of our Theorems

Lemma 4.3.1. Let p > 7 be any prime number and n = p®*.

Then, given xy, X2, X3 €
(Z/nZ)* we have,

Rn.’ll'l + Rnl’z + Rnxg = Z/nZ

Proof. Let H = Stab (R,x1 + R,xs + R,x3). Clearly, the quotient group (Z/nZ)/H
is cyclic, say Z/mZ, where m = p®, 3 < a. Consider ¢ : (Z/nZ) — (Z/mZ) to be

the natural homomorphism with kernel H. Since ¢(R,) = R,,, we have

¢ (Z Rnxi> = Z Rind(;).



Chapter 4. Weighted Zero Sum Theorems 58

Since H is the Stab (R,z1 + R,x2 + Ryxs) and ¢ : (Z/nZ) — (Z/mZ), we get
Stab (327, Bmd(x:)) = {#(0)}.
Observe that, as each of the x;’s generate Z/nZ, we have (¢(x;)) = Z/mZ, for each

i =1,2,3. Applying Kneser’s theorem (Theorem D) we get,

3
> Rpd(xi)| > 3[Ryl —2
=1
30p° —pY)
= TP ) g
2
> pf

Thus, Y7, R,s¢(x;) = Z/p°Z. Therefore, Stab 2, Rys¢(x;)) = Z/p°Z. Since
H = Stab (R,x1 + R,xs + Ryx3), we get Stab (¢(Rnx1 + Ryxe + Ryxs)) = {0}. That
is, Z/p°Z = {0}. Therefore, H = Z/p®Z. Hence R,x, + R,x3 + Ryx3 = Z/nZ. [

The proof of the following lemma is similar to that of the above.
Lemma 4.3.2. Let n = 5%. Given o1, T3, 3, x4 € (Z/nZ)*, we have

Rnl‘l + Rnl'g + Rnl'g + Rnl'4 = Z/TLZ

Proof of Theorem 4.1.1. In view of Theorem 1 of [5], for part (i) of the theorem
we have only to prove that Dg, (n) < 2Q(n) + 1.

Consider a sequence 1, Za, - - , Tag(n)+1 of elements of (Z/nZ) \ {0}. Observe that
there are three elements, say x1, o and x3, such that 3"||z; for ¢ = 1,2,3 and some
r e {0,1,--- ,a — 1}. Put y; = x;/3". By repeated application of Theorem B of

Chowla, we see that
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’(Rnyl + Rny2 U {O}) =+ Rny3 U {O}|

> min{n7 |Rny1 + RnyQ U {O}l + |Rny3 U {0}| o 1}
> min{n, min{n, 2|R,|} + |R.ys U {0}| — 1}
= min{n, 3|R,|}
a _ qa—1
~ i {n M}
2
= n.

Looking at the set (R,y1 + R,y2 U{0}) + R,ys U {0} and Theorem B of Chowla, one
sees that the reason behind including 0 to R,y, and R,ys is just to get the setting in
which we can apply Theorem B. Since ys,y3 are coprime to n, 0 € R,y U R,y3. So
including 0 increases the cardinality of both the sets R,y» and R,ys by 1.

From the above inequality, it follows that 0 € (R,y1 + Rny2 U {0}) + R,ys U {0}.
Hence, Dg, (n) < 2Q(n) + 1, as desired. Part (ii) follows from part (i) and Theorem
A. O

Proof of Theorem 4.1.2. Observe that by the structure of (Z/nZ)* we get |R,| =
2073 Observe that any sequence of length 7Q(n) + 1 of elements of (Z/nZ) \ {0}
contains 8 terms such that k is the largest power of 2 dividing these 8 terms for some
ke {0,1,2,--- ,a—1}. Now we get the result by arguments similar to that employed

in the above theorem. [
Proof of Theorem 4.1.3. We shall prove the theorem by induction on Q(n).
Suppose Q(n) = 1. Therefore, n = p, a prime.

First, suppose that p = 5. In this case, m > 3(1)+1 =4 and S = (21,22, + , Tpi3).
If there are at least four non-zero terms modulo 5 in the given sequence, then by
Lemma 4.3.2 we shall get an R,-weighted zero sum subsequence modulo 5 of length

m. If the sequence does not have more than three non-zero terms modulo 5, then the

sequence has at least m terms which are zero modulo 5 and so we are through.

Suppose p # 5. If the sequence contains at least three non-zero terms modulo p,
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then by Lemma 4.3.1 we shall get an R,,-weighted zero sum subsequence modulo p of
length m. Otherwise, at most two terms of the sequence are units modulo p which

implies that at least m terms are divisible by p and we are through.
Thus the result is established for the case Q(n) = 1.
Now, assume that €(n) > 1 and that the result holds for all N with Q(N) < Q(n).

Case 1. Suppose there exists a prime divisor p; # 5 of n such that number of terms
in S which are coprime to p; is at most 2. Let S; be the subsequence of S obtained
by removing these terms. Clearly, the length of S; is at least m + 2Q(n/p;) + 1. Since
m > 3w(n/p;)+1, by the induction hypothesis, we get a subsequence (x;,, T, - , ;)

of S such that

g aj — =0 (modn/p), with a; € R, ,.
. bt
Jj=1

Since n/p; divides n by Remark 4.2.1, we can see that ¢(R,) = R,/p,. In fact, map ¢
is just reducing an element of R,, modulo n/p;. Therefore, for each j € {1,2,--- ,m},
there exists a € R, such that a} = a; (mod n/p;). So

e s .

Za; — =0 (modn/p;), with a; € R,.

} D

7=1

Therefore,

Z ajz;, =0 (mod n).

j=1
Case 2. Suppose the sequence contains at most three units modulo 5. Let S; be
the sequence obtained by removing these terms from S. Clearly, the length of S is
at least m + 2Q(n/5) + 1 — 1. Since m > 3w(n/5) + 1, by applying the induction
hypothesis, we get > 7" a; % =0 (mod n/5), where a; € R, 5. As in Case 1, using
Remark 4.2.1, we get b; € R, such that 7" bjz;;, =0 (mod n).

Case 3. Suppose the sequence contains at least four units modulo 5 and at least three
units modulo p; for each t € {2,3,---  k}. Then by Lemma 4.3.1 and Lemma 4.3.2,

we get a subsequence (zi,,Zi,, -, ¥;,) of S such that, 77" agl)xij = 0 (mod 5')
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and )7, a§i)xij =0 (mod p{*), for some ay) € R,e: and ag-l) € Rs. Now the result

follows by the Chinese Remainder Theorem. n
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