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Conventions and Notations

Symbol Description
Z(G) center of G
o(G) frattini subgroup of G
G’ commutator subgroup of GG
73(G) third term of the lower central series of G
H<LG H is subgroup of G
H<d H is proper subgroup of G
HJG H is normal subgroup of G
H«G H is proper normal subgroup of G
HY set of non-trivial elements of H
[z, Y] 'y tzy, the commutator of z and y
[z, v, 2] [z, y], 2]
Cy(z) the centralizer of z in H
z¢ the conjugacy class of z in G
G, ] the set {[g, z] | g € G}
exp(G) exponent of G
\ set minus
| Al cardinality of the set A
Un(q) group of lower unitriangular matrices with entries from field of order q

|z | integral part of z






Synopsis

Study of finite groups having only two conjugacy class sizes goes back to 1953,
when N. Ito studied them first time and proved that such groups are more or
less finite p-groups. It was later proved that the nilpotency class of such finite
p-groups is at most 3. Conjugate rank of such a group is defined to be 1. This
thesis deals with classification of such groups.

The thesis contains three principal parts. The first part deals with finite
p-groups of conjugate type (1, p*). If a finite group G has only two conjugacy
class sizes 1 and p", n > 1, then we say that G is of conjugate type (1, p™). In
1999, K. Ishikawa [11] classified (up to isoclinism) finite p-groups of conjugate
type (1, p) and (1, p?). We contribute in the same line of research by presenting
classification (up to isoclinism) of finite p-groups of conjugate type (1, p?).

In the second part of thesis, we present a complete classification (up to
isoclinism) of finite p-groups of conjugate type (1, p™) and nilpotency class 3.

The last part of the thesis deals with the probability distribution associated
to commutator word map in finite p-groups of conjugate rank 1. Let P(G) denote
the set of sizes of fibers (for section 0.3 for definition) of non-trivial commutators
of the commutator word map. We prove that |P(G)| = 1, for any finite group G

of conjugate rank 1 and nilpotency class 3. We also show that for given n > 1,
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there exists a finite group G of conjugate rank 1 and nilpotency class 2 such

that |P(G)| = n.

0.1 Finite p-groups of conjugate type (1, p*)

A finite group G is said to be of conjugate type (1 = mg, mq,...,m,), m; < myq,
if m;’s are precisely the different sizes of conjugacy classes of G. We also say
that such groups G are of conjugate rank r.

In 1953, N. Ito started the study of finite groups with few conjugacy class

sizes. He proved the following result.

Theorem 0.1.1 [13] If G is a finite group of conjugate type (1, m), then m =
p", for some prime p and integer n > 1, and G 1is isoclinic to a non-abelian

Pp-group.

Nearly half a century later, K. Ishikawa proved following important result.

Theorem 0.1.2 [12]| Let G be a finite p-groups of conjugate type (1, p"™). Then

nilpotency class of G is at most 3, for odd primes p and ezxactlly 2 for p = 2.

In a different paper [11], Ishikawa classified finite p-groups of conjugate type
(1, p™), up to isoclinism, for n < 2.

The natural problem which arises here is: classify finite p-groups of conjugate
type (1, p"), where n > 3.

For any positive integer » > 1 and prime p > 2, consider the following group

constructed by N. Ito [13].

Gr = <a1, N | | [ai, CL]‘] = bij7 [(lk, bl]} = 1, (]_)

af =al =W, =11<i<j<r+1,1<k<r+1).
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Ito showed that the group G, (defined above) is of conjugate type (1, p”). Here
we give necessary and sufficient conditions for some quotients of G, to be of

conjugate rank 1.

Lemma 0.1.3 20| Suppose G = G,,_1 (as defined in (1.1)) is generated by ay,
as, ..., ap, where n > 4. Suppose that M < Z(G) = G" with |M| = p. Then

G /M s of conjugate type (1, p"~1) if and only if M can be reduced to the form

M = ([a1, as][as, a4]las, agl...|agm—1, aom]), where2 < m < |n/2].

For simplicity of notation, say G5 is generated by a, b, ¢ and d.

Lemma 0.1.4 [20] Suppose G = G3 and N < Z(G) = G’ with |N| = p*. Then
G/N ‘s of conjugate type (1, p®) if and only if N can be reduced to the following

form
N = {[a, b][c, d], |a, c|[b, d]"), wherer is any fixred non-square integer modulo p.

A finite group G is said to be a Camina group if ¢ = 2G’ for all z € G \ &,
where ¢ denotes the conjugacy class of = in G.
We provide a classification of all finite p-groups of conjugate type (1, p?),

p > 2, upto isoclinism, in the following theorem.

Theorem 0.1.5 [20] Let G be a finite p-group of conjugate type (1, p*), p > 2.
Then the nilpotency class of G is 2 and G 1is isoclinic to one of the following

groups:

1. A finite Camina p-group of nilpotency class 2 with commutator subgroup

of order p;

2. The group Gs (as defined in (1));




viii §0.1. Finite p-groups of conjugate type (1, p?)

3. The quotient group Gz/M , where M is a normal subgroup of Gz given by
M = <[aa b][c> d]>7'

4. The quotient group G3/N, where N is a normal subgroup of G3 given by
N = {([a, bl[c, d], [a, c|[b, d]'); with t any fized integer non-square modulo

p.

Now, we consider a more general family of finite p-groups of class 2 and
conjugate type (1, p3) to include the case p = 2.

Let G, denote the family consisting of (n 4 1)-generator non-abelian special
p-groups G of order p(t)("+2)/2 Then it follows that all groups of this family
are of conjugate type (1, p™). It also turns out that any two groups in G
are isoclinic. So, all groups in the family G5 are of conjugate type (1, p?),
where p is any prime including 2. Let G5 denote the subfamily of Gs consisting
of 2-groups. For simplicity of notation, we assume that a group G from G is
minimally generated by the set {a,b, ¢, d}.

Here we give necessary and sufficient conditions for some quotients of G to
be of conjugate type (1, 8), where G € Gs. Following two results are analogous

to Lemma 0.1.3 and Lemma 0.1.4, for p = 2.

Lemma 0.1.6 [20] Let G = (a,b,¢,d) € Gs. Then G/M with |M| = 2 is of

conjugate type (1, 8) if and only N can be reduced to the form M = ([a, b][c, d]).

Lemma 0.1.7 [20] Let G = (a,b,c,d) € Gs. Then G/N with |N| = 4 is of

conjugate type (1, 8) if and only N can be reduced to the form
N = ([a, Y[c, d], [a, b, d][e, d]).

In the following theorem we provide a classification of 2-groups of conjugate
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type (1, 8) upto isoclinism.

Theorem 0.1.8 20| Let G be a finite 2-group of conjugate type (1, 8) and

nilpotency class 2. Then G is isoclinic to one of the following groups:
1. A finite Camina 2-group with commutator subgroup of order 8;
2. A fized group G in the family Gs, defined above;

3. The quotient group G/M, where M is a normal subgroup of G such that
M = ([a, b][c, d]);

4. The quotient group G/N, where N is a normal subgroup of G such that
N = ([a, V][e, d], [a, c][b, d][c, d].

0.2 Finite p-groups of nilpotency class 3 with 2
conjugacy class sizes

Ito [13] constructed a group W of conjugate type (1, p?) and nilpotency class 3.

Presentation of W is as follows:

W = (a1,a2,b,¢1,¢ | [an, ag] = b, [a;, D] = ¢

(2

al = = =la;, ¢;] = a1, o] =[ag, c1] =1 (i =1, 2)>

After that nothing much was known about finite p-groups of conjugate type
(1, p") and nilpotency class 3. In 1996, the examples of p-group of nilpotency
class 3 and of conjugate type (1, p*™) appeared in the construction of certain
Camina p-groups of nilpotency class 3 by Dark and Scoppola [4, p. 796-797|. It

can be shown that for a given integer m > 1 and a prime p > 2, the p-group
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of conjugate type (1, p*™) and class 3, constructed by Dark and Scoppola, is

isomorphic to H,,/ Z(H ), where H,, is presented as follows.

Hm: C b 1 00 ZCL7b,C,d,€,fEFpm . (2>

LS e c b1

. Vs

In view of these examples, a natural question which arises here is the following:
Question. Does there exist a finite p-group of nilpotency class 3 and conjugate
type (1, p"), for an odd prime p and odd integer n > 57

We answer this question, by proving the following much general result.

Theorem 0.2.1 [21]| Let p > 2 be a prime and n > 1 an integer. Then there
exist finite p-groups of nilpotency class 3 and conjugate type (1, p™) if and only
if n 1s even. For each positive even integer n = 2m, every finite p-group of nilpo-
tency class 3 and of conjugate type (1, p™) is isoclinic to the group Hp,/ Z(Hum),

where Hy, is as in (3.1).

0.3 Probability distribution associated to com-
mutator word map

Let G be a finite group and K(G) denotes the set of commutators of G. For
g € K(G), we define fiber of g as, fiber(g) :== {(z,y) € G x G | [z, y] = g}.
In 2008, Pournaki and Sobhani [25] introduced the notion of Pr,(G), which is

defined as follows:
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Pry(G) = {(z, y) € G x G : [x,y] = g}|/|G|* = | fiber(9)|/|G|*.

Nath and Yadav|23] introduced the set P(G), which is defined as follows:

P(G) = {Pr,(G) : 1 # g € K(G)}.

Nath and Yadav|23] proved that |P(G,)| = 1, for all v > 2, where G, is the
group as defined in (1.1). They asked the following question: Is it true that
|P(G)| =1 for all finite p-groups G of conjugate rank 1 and nilpotency class 2 ?

We negatively answer this in the following theorem.

Theorem 0.3.1 [22] Let n > 2 be a given positive integer. Then there always

exist a group G of conjugate rank 1 and nilpotency class 2 such that |P(G)| = n.

For finite p-groups of conjugate rank 1 and nilpotency class 3, we prove the

following result.

Theorem 0.3.1 [22| Let G be a finite p-group of conjugate type (1, p**) and

nilpotency class 3. Then for g € G',

3n 2n_1

L g
Pry,(G) = 1

. if1#£ge€d.

Hence |P(G)| = 1.

This theorem rectifies a faulty statement |23, Theorem 5.13], where it was proved
that |P(G)| > 1, for a finite p-group G of conjugate type (1, p*) and nilpotency

class 3.







CHAPTER

Background

This chapter has three sections. In the first section, we present some basic
definitions and literature on finite p-groups of conjugate rank 1. In the second
section, we introduce the concept of isoclinism of finite groups. In the last section
of this chapter, we collect some results, which are used later in the thesis. We
do not give many proofs in this chapter as almost all the material presented, is
either well known or easily available from the references.

We mainly, with a little diversion, present what is relevant to this thesis, and

by no means this chapter is a complete overview of the subject.

1.1 Literature and Definitions

Throughout this thesis, all the groups are finite, unless stated otherwise. In-

particular, G’ always stands for a finite group.

Definition 1.1.1 (Conjugacy class) For any element x € G, the conjugacy

1
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class of x in G is defined as

%= {y'zy |y € G}.

It is well known that z € ¢ and |Cg(7)||z%] = |G|. Hence |2%| = 1 if and only
if |Cq(x)| = |G|, ie., x¢ = {x} if and only if = belongs to the center of G. In

other words |z%| > 1 (i.e., there exists y # x € %) if and only if x ¢ Z(G).

Definition 1.1.2 (Conjugate type and conjugate rank) G is said to be of
conjugate type (1 = mg, mq, -+ ,m,), m; < miy1, if m;’s are precisely the differ-
ent sizes of all conjugacy classes of G. In this case, we say that G is of conjugate

rank r.

Remark 1.1.3 G is of conjugate rank 0 if and only if G is abelian, and G is of
conjugate rank 1 if and only if there exists an integer m > 1 such that |x%| = m

for all x € G\ Z(G).

N. Ito initiated the study of finite groups with few conjugacy class sizes. In
a series of paper “On finite groups with given conjugate type 1,11, 111" (|13],
[14], [15]), he studied finite groups of conjugate rank 1,2 and 3 respectively. He

proved [13] the following path-breaking result for groups of conjugate rank 1.

Theorem 1.1.4 [13]| Let G be a finite group with exactly two conjugacy class

sizes, namely 1 and m. Then the following hold:
(i) m is a power of some prime p, say m = p".

(ii)) G = P x A, where P is the non-abelian sylow p-subgroup of G and A is

an abelian p’ subgroup of G. In particular, G is nilpotent.
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Remark 1.1.5 To understand finite groups of conjugate rank 1 it is sufficient

to study finite p-groups of conjugate rank 1.

Remark 1.1.6 As p-group of conjugate type (1, p™) and p-group of conjugate

rank 1 both are equivalent, we use one of either terminology as per convenience.

In the same paper [13], N. Ito gave examples of p-groups of conjugate rank
1 with nilpotency class 2 and 3 separately, which opened the path for future
research.

For any positive integer » > 1 and prime p > 2, N. Ito constructed the

following group of conjugate rank 1 with nilpotency class 2.

Example 1.1.7 (Example 1, [13])

GT = <CL1, vy Qpyq ’ [CLZ',CLJ‘] = bij7 [ak,bij] = 17 (11)

o =ay, =b;=11<i<j<r+1,1<k<r+1).

Note that the group G, defined in (1.1) is a special p-group (see Definition 1.1.8)

r+D+2)/2 with exponent p and |G”| = p""*+Y/2. The group G, enjoys

of order p!
the property Cg, () = (z, Z(G,)), for all z € G, \ Z(G,). In particular G, is of

conjugate type (1, p") and nilpotency class 2.

Definition 1.1.8 (Special p-group) A p-group G is called special, if it’s com-

mutator, center and frattini subgroup are all equal and elementary abelian.

Definition 1.1.9 (Extra special p-group) A p-group G is called extra-special,
if it is special and | Z(G)| = p.

For prime p > 2, N. Ito constructed the following group of nilpotency class

3 and conjugate rank 1.
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Example 1.1.10 (Example 2, [13])

W = {a,bh,z1,2 | |a, b] =h,[a, h] = z1,[b, h] = 2 (1.2)

A =0V=m=2:X=la, z]=b z=1>0=12).

Note that the group W defined in (1.2) is of order p® with nilpotency class
3 and exponent p. The center, Z(W) and commutator subgroup, W’ of W are
elementary abelian p-groups of order p? and p? respectively. Cy (z) = (x, Z(W))
and Cy (h) = W', for each x € W\ W’ and y € W'\ Z(W). In particular W is
of conjugate type (1, p?).

Now, we take a diversion from our discussion on finite p-groups of conjugate
rank 1, and recall some related results on groups of higher conjugate ranks.
In 1970, N. Ito proved following results for groups of conjugate rank 2 and 3

separately.

Theorem 1.1.11 (Page 231, [14]) Let G be a finite group of conjugate rank

2, then G is solvable.

Theorem 1.1.12 (Page 267, [15]) Let G be a finite simple group of conjugate

rank 3, then G is isomorphic with some SL(2, 2™), for m > 2.

In 2009, S. Dolfi and E. Jabara studied finite groups of conjugate rank 2
and characterized all such groups G except the case when |G| is a prime power.
Before stating their results, we collect some related terminology used in their

work.

Definition 1.1.13 (Frobenius group) Let G be a group and H be a non-
trivial subgroup of G such that H N H* =1, for all x € G\ H. In this case G

1s called a Frobenius group.




§1.1. Literature and Definitions 5

Definition 1.1.14 (O,(G)) Let G be a group and p be a prime number. Then

the following two statements are equivalent:
(i) H is the intersection of all sylow p-subgroups of G.
(11) H is the unique largest normal p-subgroup of G.

In this case the subgroup H is denoted by O,(G).

Definition 1.1.15 (F-group) A non-abelian group G is an F-group, if for
every x, y € G\ Z(G), we have that Cg(x) < Ca(y) implies Ca(z) = Ca(y).

Theorem 1.1.16 (Theorem A, [6]) A finite group G has conjugate rank 2 if

and only if, up to an abelian direct factor, either of the following cases hold:
(A) G is a p-group of conjugate rank 2; or
(B) G = KL with K <G, (|K|, |L|) =1 and one of the following occurs:

(B1) Both K and L are abelian, Z(G) < L and G/Z(G) is a Frobenius
group;

(B2) K is abelian, L is a non-abelian p-group, M = O,(G) is an abelian
subgroup of index p in L and G/M is a Frobenius group;

(B3) K is a p-group of conjugate rank 1, L is abelian, Z(K) = Z(G) N K

and G| Z(G) is a Frobenius group.

Theorem 1.1.17 (Theorem B, [6]) Let G be a finite group of conjugate rank
2. Then G is either an F'-group or the direct product of an abelian group and a

group of prime power order.

Theorem 1.1.18 (Corollary C, [6]) Let G be a finite group of conjugate type

(1, m, n). If m and n are not coprime, then either m or n is a prime power.
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The following theorem was due to J. Cossey and T. O. Hawkes, where they

proved the existence of p-groups of given conjugate type.

Theorem 1.1.19 (Page 49, [3]) Let p be a prime and 0 =ep < e; < --- < e,

be integers. Then there exists a p-group G of nilpotency class 2 such that, G s

of congugate type (1 =p° p=, ... p°m).

The preceding result is actually a dual of the following result, which was

proved by I. M. Isaacs.

Theorem 1.1.20 (Page 552, [10]) Let p be a prime and 0 = ey < €1 < -+ <
e, be integers. Then there exists a p-group G of nilpotency class < 2 such that the

set of irreducible complex character degrees of G is exvactly (1 = p° p, ... p°m).

In a short survey prepared for the workshop Finite Groups and Their Auto-
morphisms, Bogazici University, Istanbul, June 7-11, 2011, A. Mann raised a

problem, which is as follows.

Problem 1.1.21 (Problem 1, [19]) Find other constructions, in particular

ones that produce groups of higher class.

After this much diversion, we come back to p-groups of conjugate rank 1. In
1970, I. M. Isaacs [9] proved the following beautiful result, from which, exact

nilpotency class for 2-groups of conjugate rank 1 can be derived.

Theorem 1.1.22 (Page 501, [9]) Let G be a finite group, which contain a
proper normal subgroup N such that all the conjugacy classes of G, which lie
outside N have same lengths. Then either G/N is cyclic or every non-identity

element of G/N ‘s of prime order.

Putting N = Z(G) in Theorem 1.1.22, we get
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Corollary 1.1.23 Let G be a finite p-group with conjugate type (1, p™). Then
both G' and G/ Z(G) are of exponent p.

Putting p = 2 in Corollary 1.1.23, we get

Corollary 1.1.24 Let G be a finite 2-group with conjugate type (1, 2"™). Then

G/ Z(QG) is abelian and thus the nilpotency class of G is exactly 2.

Apart from above result (Corollary 1.1.24), not much progress was made to
understand finite groups of conjugate rank 1. It was K. Ishikawa, who came
with some major breakthrough ([11], [12]). Not only he gave an exact bound for
nilpotency class of groups of conjugate rank 1, but he also initiated the study of
groups of conjugate type (1, p"), for n > 1. He proved the following important

results.

Theorem 1.1.25 (Page 119, [12]) Let G be a p-group with exactlly two con-
jugacy class sizes; p be a odd prime. Then the nilpotency class of G is either 2

or 3.

Theorem 1.1.26 (Proposition 3.1, [11]) A finite p-group G has exactly two
conjugacy class sizes 1 and p if and only if G is isoclinic (see Section 1.2 for

definition) to an extra special p-group (see Definition 1.1.9).

Theorem 1.1.27 (Theorem 4.2, [11]) Let G be a finite p-group of conjugate

type (1, p?) and nilpotency class 3. Then G is isoclinic to W (as defined in

(1.2)).

Theorem 1.1.28 (Theorem 4.1, [11]) Let G be a finite p-group of conjugate

type (1, p?) and nilpotency class 2. Then G is isoclinic to one of the following:

(i) A camina p-group (see definition 1.1.29) H with |H'| = p*.
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(i) Go, as defined in (1.1), for r = 2.

We recall GGy below;

Gy = <a17a27a3 | [ai, a;] = by, [ax, bij] = 1,

al =df =W, =1,1<i<j<31<k<3)

]

Definition 1.1.29 (Camina group) A finite group G is said to be a Camina
group if ¢ = 2G’ for allz € G\ G'.

Example 1.1.30 (Camina Group) For an integer m > 1, let

1 a1 Q9
H = 0 1 as|:an,a,az€Fmp,
0 0 1

where Fym 1s a finite field of p™ elements. It is easy to check that H is a Camina

m

p-group of nilpotency class 2 with |H'| = p™. This group is minimally generated

by 2m elements.

Let H be a finite Camina p-group of nilpotency class 2 with |H’| = p™. Let A
be any subgroup of H' of order p™ ™, where n < m. Then it is easy to see that

H/A is a Camina group of conjugate type (1, p™).

Remark 1.1.31 For a given integer n > 1, the number of generators of Camina

groups of conjugate type (1, p"™) and nilpotency class 2 can not be bounded.
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1.2 Isoclinism

The concept of isoclinism of groups was introduced by P. Hall [8]. Let X be a
finite group and X = X/ Z(X). Then commutation in X gives a well defined map
ax : X x X + 7(X) such that ax(z Z(X),y Z(X)) = [z,y] for (z,y) € X x X.
Two finite groups G and H are called isoclinic if there exists an isomorphism ¢
of the factor group G' = G/ Z(G) onto H = H/ Z(H), and an isomorphism 6 of

the subgroup G’ onto H' such that the following diagram is commutative

GxG 25 ¢
wl
HxH 5 H.
The resulting pair (¢, 0) is called an isoclinism of G onto H.
Notice that isoclinism is an equivalence relation among finite groups. The
equivalence classes of finite groups with respect to the isoclinism relation are
called as isoclinism families.

The following two results follow from [§].

Proposition 1.2.1 Let G and H be two isoclinic finite p-groups. Then G and

H are of the same conjugate type.

Proposition 1.2.2 Let G be a finite p-group. Then there exists a group H in
the isoclinism family of G such that Z(H) < H'.

Group H which occurred in Proposition 1.2.2 is called a stem group in its
isoclinism family. In the light of the preceding two results, for the classification
of finite p-groups of conjugate type (1, p") upto isoclinism, we only need to

consider a stem group from the respective isoclinism family:.
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1.3 Key Lemmas

As mentioned earlier, here we collect some results which will be used in upcoming
chapters more often. We start with the following important result given by

N. Ito.

Proposition 1.3.1 (Proposition 3.2, [13]) Let G be a finite p-group of con-
Jugate type (1, p™). Then the number of elements in any minimal generating set
is at least n, and the order of the subgroup of all the elements of order p of Z(G)

18 at least p™.

Before going forward, we recall the notion of breadth in finite p-groups.

Definition 1.3.2 (Breadth) Let G be a finite p-group and x € G be such that
|2%] = p*@) . Then b(z) is called the breadth of x. The breadth of G, denoted by
b(@), is defined as maz{b(z) | x € G}.

The following important result is due to Vaughan-Lee.

Proposition 1.3.3 (Page 278, [27]) Let G be a finite p-group such that b(G) =

n. Then |G'| < pr(n1/2,

The following characterization of p-groups of breadth 3, p odd primes is due
to Parmeggiani and Stellmacher. Similar result was proved earlier by Gavioli et

al., (Corollary 3, [7]) for all primes p > 5.

Proposition 1.3.4 (Page 53, [24]) Let G be a p-group, p > 2. Thenb(G) =3

if and only if one of the following holds:
(i) |G'| = p® and |G : Z(@)] > p*.

(ii) |G'| = p* and there exists H < G with |H| = p and [G/H : Z(G/H)| = p>.
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(iii) |G'| > p* and |G : Z(G)] = p*.

A similar result for p = 2 is proved by Wilkens (Pages 203-204, [29]), a
consequence of which is stated in the last section of Chapter 2, for the groups
having conjugate type (1, 8).

Now, we recall the famous Hall-Witt Identity.

Lemma 1.3.5 (Hall-Witt Identity) Ifz, y, z € G, then

1

[z, vy, 2y, 2~

We conclude this chapter with the following two elementary facts, proofs of

which are immediate from the Hall-Witt identity.

Lemma 1.3.6 Let G be a group of nilpotency class 3 and x,y,z € G such that
2, 2}y, 2 € Z(G). Then [z, y, 2] = 1.

Lemma 1.3.7 Let G be a group of nilpotency class 3 and x, y € G such that
[z, y| € Z(G). Then [z, z, y| =y, z, x|, for all z € G.







CHAPTER

Finite p-groups of conjugate type

(1, p?)

K. Ishikawa classified (up to isoclinism) finite groups of conjugate type (1, p) and
(1, p*). Following his footsteps, we present the classification (up to isoclinism)

of finite p-groups of conjugate type (1, p*) in this chapter.

2.1 Introduction

Recall that the group G, defined in (1.1) (preceding chapter) is of conjugate
type (1, p") and nilpotency class 2. In particular G is of conjugate type (1, p?)
and nilpotency class 2. For simplicity of notation, now onwards we assume that

(G5 is generated by a, b, ¢, and d. Now, we recall the group G35 below.

Gy = (a,b,c,d|aP = [z, yI" =[x, y, 2] =1, (2.1)
z, y, z €{a, b, c, d}>

13
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In the following theorem we provide a classification of all finite p-groups of

conjugate type (1,p?), p > 2, upto isoclinism.

Theorem 2.1.1 Let G be a finite p-group of conjugate type (1, p*), p > 2.
Then the nilpotency class of G is 2 and G is isoclinic to one of the following

groups:

(i) A finite Camina p-group of nilpotency class 2 with commutator subgroup

of order p?,
(i) The group Gs, defined in (2.1),

(i1i) The quotient group Gs/M , where M is a normal subgroup of G3 given by
M = <[CL, b][c7 d]),

(iv) The quotient group Gs/N, where N is a normal subgroup of Gs given by
N = {[a, b][c, d], |a, c|[b, d]') with t any fized integer non-square modulo

p.

Since the nilpotency class of a finite 2-group of conjugate type (1, 2") for all
n > 11is 2 (see Corollary 1.1.24), classification problem reduces to finite 2-groups
of class 2. To include the case p = 2, we consider a more general class of finite
p-groups of class 2 and conjugate type (1, p?).

Let G,, denote the family consisting of (n + 1)-generator non-abelian special
p-groups G of order p(tD("+2)/2 Then it follows that all groups of this family
are of conjugate type (1,p"). It also turns out that any two groups in G, are
isoclinic (see Remark 2.2.13). So, all groups in the family G are of conjugate
type (1, p*), where p is any prime including 2.

Let Gs denote the subfamily of Gs consisting of 2-groups. For simplicity

of notation, we assume that a group G from Gs is minimally generated by the
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set {a,b,c,d}. A magma check shows that this family has exactly 989 non-
isomorphic groups [1].
Now we are ready to state our next result which provides a classification of

2-groups of conjugate type (1, 8) upto isoclinism.

Theorem 2.1.2 Let G be a finite 2-group of conjugate type (1, 8) and nilpo-

tency class 2. Then G s isoclinic to one of following groups:
(1) A finite Camina 2-group with commutator subgroup of order 8;
(i1) A fized group G in the family Gs, defined above;

(1) The quotient group G/M, where M is a normal subgroup of G such that
M = ([a, V][c, d]);

(iv) The quotient group G/N, where N is a normal subgroup of G such that
N = ([a, bl[c, d], [a, c][b, d][c, d]).

2.2 Technical Lemmas

Here we prove some lemmas, which we require to prove our main results of this

chapter (Theorems 2.1.1 and 2.1.2).

Lemma 2.2.1 Let G be a finite p-group of conjugate type (1, p*), p > 2. Then

one of the following holds:
(i) |G'| =p® and [G - Z(G)] = p*;
(ii) |G'| > p* and |G : Z(G)] = p*.

Proof. Suppose that there exists a normal subgroup H of G such that |H| = p
and [G/H : Z(G/H)] = p®. Then, since G is of conjugate type (1, p*) and |H|
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= p, it follows that Z(G/H) = Z(G)/H. Thus,

p’=[G/H :Z(G/H)| = [G/H : Z(G)/H] = |G : Z(G)].

But, since G is of conjugate type (1, p*), we have [G : Cg(z)] = p?, for all z €
G\ Z(G). Since z € Cg(z) \ Z(G), we have Z(G) < Cg(x); contradicting the
equality [G : Z(G)] = [G : Ce(x)] = p. Hence there can not exist any H <
G with |H| = p and [G/H : Z(G/H)] = p*. The proof is now complete from

Proposition 1.3.4. O

Definition 2.2.2 (Autoclinism) For a given group G, an isoclinism (¢, 0)

from G onto itself is called an autoclinism of G.

It is not difficult to prove the following result.

Lemma 2.2.3 Let G be a group from the family G, (defined above). Then a bi-
jection between any two minimal generating sets for G extends to an autoclinism

of G.

For the groups G := G, defined in (1.1), the following more general result holds

true.

Lemma 2.2.4 A bijection between any two minimal generating sets for G := G,

extends to an automorphism of G.

We have noticed above that any group G from the family Gt is of conjugate
type (1, p"~!) with |G| = p"™*Y/2 and G is minimally generated by n elements.
The following two results characterize all finite n-generator special p-groups of

n+1)/2—1

order p™ and conjugate type (1, p"~1).
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Lemma 2.2.5 Let G € én_l be a group generated by n > 4 elements ay, as,
oo vy Ay Suppose that M < Z(G) = G' with |M| = p. Then G/M is of conjugate

type (1, p"~1) if and only if M can be reduced to the form

M = ([a1, as]as, ad]las, agl...[agm-1, aom]), where2 < m < |n/2].

Proof. Notice that |G| = p™™+Y/2 Also notice that any bijection between two
minimal generating sets for GG extends to an autoclinism of G by Lemma 2.2.3.
Set G = G/M; then |G| = p(*+D/2=1  Since G is of conjugate type (1, p"~ )

and |M| = p, we have
72(G) /M =7%(G) =G = o(G)

is an elementary abelian p-group of order p(®(»—1/2)-1,

Thus [G : Z(G)] = p". Hence G is of conjugate type (1, p"~!) if and only
if each non-central element of G commutes only with its own powers up to the
central elements.

Let 7, ¥ € G \ Z(G) be such that no one is a power of the other (reading

modulo Z(G)). Then it is not difficult to see that [z, y] # 1 in G. Hence, if

[z, 4] = 1 in G, then [z, y] € M¥.

Any given central subgroup M; of order p, without loss of generality, can be

written as
M1 = <[a1, ag][al, ag]a1’3 . [CLZ', aj]ai’j A [(Zn_l, Cln]anfl’n>7

where 1 < ¢ < j < n. Now applying the autoclinism induced by the map




18 §2.2. Technical Lemmas

—a1,3

ag > agay coan ™", a; > a; for i # 2, M, gets mapped to

MQ = <[CL1, CLQ][(IQ, (lg]aQ‘S . [(li, aj]o‘i’j . [an_l, an]anfl’n>

with 2 < i < j < n and modified «; ;. Notice that G/M; is isoclinic to G/Ma,
and therefore both G/M; and G/M; are of the same conjugate type. We now
a2 n

apply another autoclinism induced by the map a; — (JLch§2’3 coean", a; = ag for

1 # 1, and see that M, gets mapped to

M; = <[CL17 ag][(lg, (l4]a3‘4 S [(li, aj]ai’j c [CLn_h an]anfl’n>

with 3 <4 < j < n and modified «; ;.
Take 2 = al'al? ... a» and y = a™ak? ... a*» be such that none is power of
the other (reading modulo Z(G)). Then [z, y] € M only when the following

two conditions hold true:
) js=Ja=- =Jn=ks=ks=- =k, =0
(i) a;;, =0, 3<i<j<n.
Hence G/Msj is of conjugate type (1, p"!) if and only if at least one a; is

non-zero modulo p. We now conclude that G /M3 is of conjugate type (1, p"!)

if and only if

M;s = ([a1, as]las, as]®®*---[a;, aj] - |ap_1, a,]*~t")

with 3 <7 < 7 <n and at least one «;; is non-zero modulo p. We can assume
that Q3.4 7& 0.
Make further reductions by applying an autoclinism of G which is a composi-

tion of the autoclinisms induced by the maps (1) ay — a;*>*, a; — a; for i # 4, (2)
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—Q —Q —Q . (0% « (67
ag = agag Cag Ceccan 0" a; v a; fori # 4and (3) ag — azas Cag ™t an'™",

a; — a; for © # 3. This action reduces M3 to My, which is of the following form

M4 = <[CL1, CLQ][CLg, CL4] [CL5, CLG]a5’6 .. [CLZ', aj]o"*f .. [an,l, an]o‘”‘l’">

with 5 <14 < 7 < n and modified «; ; again.
Finally, if all «;; are 0 modulo p, we are done by taking M = M,. If not,
then finite repetitions of the above process reduce My to the desired form M,

completing the proof. O

Corollary 2.2.6 Let K be an n-generator special p-group of order pn(+1/2-1

and conjugate type (1, p"~'). Then K is isoclinic to G /M, where G = {(ay, as, . . ., a,)
€ Gy and M < Z(G) = G’ with |M| = p is of the form

M = ([a1, as][as, a4]las, ag]- - [azm—1, aom]), where2 < m < |n/2].

Proof. Notice that the group K, given in the statement, is isomorphic to a quo-
tient of some group G from the family Gt by a subgroup of order p contained
in G’. Now the proof follows from the preceding lemma. O

In particular, if, for an odd prime p, we take a p-group G from the class
Gn_1 such that the exponent of G is p, then G is isomorphic to the group G,_;
defined in (1.1). Then by Lemma 2.2.4 a bijection between any two minimal
generating sets for G := G,,_1, extends to an automorphism of GG. Therefore, on

the lines of the proofs of Lemma 2.2.5 and Corollary 2.2.6 (replacing autoclinism

by automorphism and isoclinic by isomorphic), we can prove the following.

Lemma 2.2.7 Let K be an n-generator special p-group of order p™"+1/2=1

exponent p and conjugate type (1, p"~ 1), where p is an odd prime. Then K is
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isomorphic to G,_1/M, where G,,_1 is the group as defined in (1.1) generated
by ay, as, ..., a, and M < Z(G) = G" with |M| = p is of the form

M = ([a1, as][as, a4]las, ag...[agm—1, Gom]), where2 < m < |n/2].

For the case n = 3, the preceding lemma was proved by Brahana [2]|. For

the application point of view, we state it explicitly as a corollary.

Corollary 2.2.8 Let K be a 4-generator special p-group of order p°, exponent
p and conjugate type (1, p3), where p is an odd prime. Then K is isomorphic
to G3/M, where G5 is generated by a,b,c, d and M < Z(G) = G" with |M| =p
s of the form

M = ([a, b][c, d]).

Now onward we concentrate only on the groups G from the family Gs.

Lemma 2.2.9 Let G be a group from the family Gs which is generated by a,b, ¢
and d. Suppose that N < Z(G) = G’ with |[N| = p*. Then G/N s of conjugate

type (1, p*) if and only if N can be reduced to the following form
N = ([a, b][e, d], [a, c][b, d]"), wherer is any fized non-square integer modulo p.

Proof. Notice that |G| = p'°. Set G = G/N; then |G| = p®. Since G is of

conjugate type (1, p*) and |N| = p?, we have
7(G)/N = Z(G) = G = &(G)

is an elementary abelian p-group of order p*. Thus [G : Z(G)] = p*. Hence G is

of conjugate type (1, p?) if and only if each non-central element of G commutes
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only with its own powers up to the central elements.

Let 7, ¥ € G \ Z(G) be such that no one is a power of the other (reading

modulo Z(G)). Then it is not difficult to see that [z, y] # 1 in G. Hence, if

[Z, ] = 1in G, then [z, y] € N*.

Any given central subgroup N; of order p?, without loss of generality, can be

written as one of the following two types:

(i)Nl = <[a7 bHav d]“ [b7 C]i2[b7 d]i3[ca d]i4’ [07 d])

(ii)N1 = {[a, bl[a, d]"'[b, c|2[b, d)®[c, d]"*, [a, c|[a, d]"*[b, c]™[b, d)’3[c, d]’*).

If N, is of type (i), then ¢ commutes with d, although ¢ ¢ (Z(G), d). Hence
G can not be of conjugate type (1, p3). Therefore we only need to consider
N as in type (ii). Now applying the autoclinism induced by the map a — a,

b bd™", ¢ cd™, d v+ d, N, gets mapped to N, where

Nz = ([a, b][b, c]"[b, d]*[c, dI, [a, c][b, c]*[b, d}?[e, d}*)

with modified powers of the basic commutators. Notice that G/N; and G/N; are
isoclinic. We now apply another autoclinism induced by the map a + ac*d®,

b— b, c— c, d— d, and see that N, gets mapped to

N3 = ([a, b][e, dI', [a, c]b, "'[b, d]”[c, d}*)

again with modified powers of commutators. Note that ¢ is non-zero modulo p,

otherwise GG/N3 can not be of conjugate type (1, p*). Thus the map a — a,
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b—b,c+—c, d— di”" extends to an autoclinism of G and maps N3 to
Ny = <[CL, b][C, d]7 [CL, C][b7 C]jl [bv d]jQ [07 d]j3>

with modified j, and j3. Again note that j, can not be zero modulo p, otherwise
[c, ab’»d™73] = 1 and so G/N3 can not be of conjugate type (1, p?). Therefore
the map a — a, b b, ¢ — ¢, d — %2 d is well defined. The autoclinism of

G induced by this map takes N4 to N5, where, after modifying powers,
N5 = <[a7 b][C, d]7 [a’ C][bv d]il[c’ d]22>

Now let & = a/'b2c3d* and y = a*b*2c*d* be such that none is power of the
other (reading modulo Z(G)). If [z, y] € N7, then at least one of j; and k; has
to be non-zero modulo p. Without loss of generality we take j; to be non-zero.
Now we can write y as y = aMbr2ckadhs = (airb2eisdiv)kiin pladsdlaz, | where
z1 € Z(G) and Iy, I3, l4 are some suitable integers. So we can modify = and y
as r = a’'b2c3d’* with j; non-zero and y = b2¢/3d™. Now [, has to be non-zero

modulo p and I4 has to be 0.

Using similar argument, we can remove power of b in x. So we can modify
x and y by = a’*c¢®*d’* and y = b2c’3. Now j3 has to be 0. So, finally we have

]

also belongs to N7*. Also 291 "= ad’z and y2 = bcfzy, where 2, and z3 are

—1

reduced = and y to z = a*d* and y = b2, If [z, y] € NI, then [z, y'

some central elements. Therefore [/, 42 | = [a, b][a, |*[b, d)[c, d)’*. So if
[z, y] € N¥, then [a, b][a, c*[b, dJi[c, dJ* € N, and therefore can be written

as a product of powers of generators of N5# . Now comparing power of the basic
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commutators, we get
J = kiy (mod p) and jk = kiy + 1 (mod p).
Solving these we have
k*i; — kiy — 1 =0 (mod p).

This is possible only when 42 + 44, is a square modulo p. From this, we conclude

that G//Nj is of conjugate type (1, p®) if and only if Nj is of the following form
Ns = {[a, b][c, d], [a, c|[b, d"[c, d]"*); where 5444, is a non-square modulo p.

Now we consider two cases, namely: Case 1. iy # 0; Case 2. 75 = 0, and take

these one by one.

Case 1: Let r be a fixed integer non-square modulo p. Then r must be non-

i244iy

zero. Being non-square, i3 +4i; is also non-zero. Thus o

is a non-zero square

o ‘
modulo p. Thus there exists a non-zero [ such that [? = %. Set t = 2.

Now applying the autoclinism of G induced by the map a + a'd’, b — b,

cr b, d— d, N5 gets mapped to

Ne = (la Ve, d, [a, B%a, P, d=Ee, diet
= (([a, tlle, ), ([a, blle, d))*([a, " [b, d]"=F170))
= {[a, V][, d], [a, 6}52[@ d]tig—l—z’l_tz)

i3+4iq i3+4iq
4

= ([a, V][c, d], [a, c] = [b, d

)

i3+4iq

= <[a’7 b][ca d]v ([a7 C][b, d]r) ar >
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= <[a7 b][c7 d]’ [CL, CHb7 dr)

Hence we are done in this case.

Case 2: In this case i; must be a non-square. If iy = r, then we are done. If
1 .
not, then ¢; "~ must be a non-zero square, and therefore there exists a non-zero
integer [ such that i 'r = 2.
lfl

Now the autoclinism of G induced by the map a — a, b — b, ¢ — ¢

d s d' maps Nj to

No = ([a, b]le, d], [a, ' (b, d)")
= <[av b][c> d]’ ([av C][b7 d]l2il)lil>
= <[a’ b][c> d]’ [(I, C][b7 d]l2i1>

= <[a’ b][c> d]? [av C][b7 dr)

The proof is now complete. 0

The following result characterizes all 4-generator special groups of order p®

and conjugate type (1, p?).

Corollary 2.2.10 Let K be a 4-generator special p-group of order p® and con-

Jugate type (1, p*). Then K is isoclinic to G/N, where G = {(a, b, ¢, d) € G
and N < Z(G) = G’ with |N| = p* is of the form

N = ([a, b][c, d], |a, c|[b, d]"), wherer is any fired non-square integer modulo p.
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Proof. Notice that the group K, given in the statement, is isomorphic to a
quotient of some group G from the family Gs by a subgroup of order p? contained
in G'. Now the proof follows from the preceding lemma. O

In particular, if, for an odd prime p, we take a p-group G from the class Gy
such that the exponent of GG is p, then G is isomorphic to the group G5 defined in
(2.1). Then by Lemma 2.2.4 a bijection between any two minimal generating sets
for (G5, extends to an automorphism of G. Therefore, on the lines of the proofs
of Lemma 2.2.15 and Corollary 2.2.8 (replacing autoclinism by automorphism
and isoclinic by isomorphic), we can prove the following result, which has also
been proved by Brahana |2, Section 2|. But the proof in the present text is in

modern terminology.

Lemma 2.2.11 Let K be a 4-generator special p-group of order p®, exponent p
and conjugate type (1, p*), where p is an odd prime. Then K is isomorphic to
G3/N, where G3 is the group defined in (2.1) and N < Z(G) = G’ with |N| = p?

1s of the form

N = {[a, b][e, d], [a, ][b, d]"), wherer is any fixed non-square integer modulo p.

N

Now we consider the family Gz of 2-groups defined in the introduction of
this chapter. We start with the following result which tells that certain type of

quotient groups of any two groups in Gs are isoclinic.

Lemma 2.2.12 Let G = (a, b, ¢, d) and G* = (s, u, v, w) be two groups from

the family Gs. Then the following hold true.
(1) G and G* are isoclinic.

(i) If M = ([a, b][c, d]) < G" and M* = ([s, u][v, w]) < (G*), then G/M
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and G* /M* are isoclinic.

N = ([a, V[c, d], [a, ][b, d][c, d]) < G'

and

N* = (s, ullv, wl, [s, v]fu, wllv, w]) <(G7)',
then G/N are G*/N* are isoclinic.

Proof. We sketch proof only for (7). Note that both G/ Z(G) and G*/ Z(G*) are
elementary abelian 2-groups of order 2%, generated by {aZ(G),bZ(G),cZ(G),
dZ(G)} and {sZ(G*),uZ(G*),vZ(G*),w Z(G*)} respectively. Similarly, both
G’ and (G*)" are elementary abelian 2-groups generated by the sets consisting

of all 6 basic commutators

{la, bl,[a, ], la, d],[b, c],[b, d],[c, d]}

and

{[s, ul,[s, v, [s, wl, [u, 0], [u, w], [v, w]}

respectively. Now the map a — s, b — u, ¢ — v and d — w extends to
an isomorphism from G/Z(G) onto G*/Z(G*), which induces an isomorphism

from G’ onto (G*)’, making G and G* isoclinic. O

Remark 2.2.13 The second and third assertions of the preceding lemma hold
true in the bigger family Gs. And by the same argument as given in the preceing
proof, one can easily prove that any two groups in G, are isoclinic. We have

stated this result for the family Gs because we here need it only for 2-groups.

The following lemma is immediate from Corollary 2.2.6, using Lemma 2.2.12,
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when restricted to the family Gg.

Lemma 2.2.14 Let K be a 4-generator special 2-group of order 2° and conju-
gate type (1, 8). Then K is isoclinic to G/M, where G = {(a, b, ¢, d) € Gs is
any fixed group and M < Z(G) = G’ with |M| = 2 is of the form

M = ([a, b][c, d]).

The following lemma is analogous to Lemma 2.2.9 for p = 2, and therefore
the proof is mostly a duplication of the the proof of Lemma 2.2.9 with necessary

modifications.

Lemma 2.2.15 Let G = (a,b,c,d) € Gs. Then G/N with |N| = 4 is of conju-

gate type (1, 8) if and only N can be reduced to the form
N = ([a, O][c, d], la, c][b, d][e, d]).

Proof. Notice that |G| = 2'° and |G| = 2°. Both G/Z(G) and G' = Z(G) are
elementary abelian. Set G = G/N; then |G| = 28. Since G is of conjugate type
(1, 8) and |N| = 4, it follows that

7(G)/N = Z(G) = G = o(G)

is an elementary abelian 2-group of order 2¢. Thus [G : Z(G)] = 2*. Hence G is
of conjugate type (1, 8) if and only if each non-central element of G commutes
only with its own powers up to the central elements.

Let Z, § € G \ Z(G) be such that no one is a power of the other (reading

modulo Z(G)). Then it is not difficult to see that [z,y] # 1 in G. Hence, if

[Z,7] = 1 in G, then [z, y] € N#. Any given central subgroup N; of order 4,
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without loss of generality, can be written as one of the following two types:

@) M = ([a, blla, d"[b, J*[b, d]*[e, d**, [c, d]).

(i) N1 = (la, blla, d]*[b, J2[b, d]**[c, d]**, [a, c|[a, d)’*[b, c]”2[b, d]**]c, d]’*).

If N, is of type (i), then & commutes with d, although ¢ ¢ (Z(G), d). Hence
G can not be of conjugate type (1, p®). Therefore we only need to consider N,

as in type (ii). Now, as done in the proof of Lemma 2.2.9, we can reduce N; to

the form

Ny = ([a, bl[e, d], [a, ][b, d]i1 e, d]i2>.
Here i; can not be 0, else ¢ will commute with ad=%; so i1 = 1. Again i
can not be 0, else ad™' will commute with bc; so i, = 1, and hence Ny =

(la, b]le, d), a, dJ[b, d]le, d]).

Now consider z = a’'b2c3d’* and y = a*b*2c*d* be such that none is
power of the other (reading modulo Z(G)). If [z, y] € N¥, then, on the lines of
the proof of Lemma 2.2.9, it follows that [a, b][a, c|*[b, d]i[c, dJ* € N§, and

therefore can be written as a product of powers of generators of NQ# .

Now comparing powers of the basic commutators, we get

j =k (mod 2) and jk =k + 1 (mod 2)

Solving these we have

k* —k —1=0 (mod 2).

This is not possible. Hence no non-central element commutes with other ele-
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ments except its power (modulo center) in G/Njy if and only if

Ny = <[a’ b][c7 d]’ [CL, CHb7 d][c7 d]>

This completes the proof. O

Now using Lemma 2.2.12, the preceding lemma gives

Corollary 2.2.16 Let K be a 4-generator special 2-group of order 28 and con-
jugate type (1, 8). Then K is isoclinic to G/N, where G = {(a, b, ¢, d) € G5 be
any fixed group and N < Z(G) = G" with |N| = 4 is of the form

N = <[a’7 b][c’ d]v [a7 C][b’ d][c7 d])

We conclude this section with the following result which is valid only for odd

primes.

Lemma 2.2.17 FEvery isoclinism family of finite p-groups of nilpotency class 2
and conjugate type (1, p") contains a group of exponent p, where p is an odd

prime.

Proof. Notice that the isoclinism family of a finite p-group G of nilpotency class
2 and conjugate type (1, p") contains a special p-group H (say). Then H has

the following presentation:

H= <x1,x2, co kg [ xg, ] = 1 [x, x5 =1,
xf = H[xja xk]Cijka H[$j7 xk]dljk = 1>7
j<k j<k

where ¢;ji, diji, € Z. Let F//R be a free presentation of H, and R; denote the sub-

group of R which is the normal closure of {[z;, ;, zi], [;, 2|7, [T, .25, TRCLES
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in F. Let F := F/R,. Then the group F/F" lies in the isoclinism family of G

and is of exponent p. O

2.3 Proof of Theorems 2.1.1 and 2.1.2

We are now ready to prove our main results (Theorems 2.1.1 and 2.1.2) of this

chapter.

Proof of Theorem 2.1.1 Let G be a finite p-group of conjugate type (1, p?),
p > 2. Then by Theorem 1.1.25, GG can be of nilpotency class 2 or 3. Without loss
of any generality, by Proposition 1.2.2, we can always assume that Z(G) < G'.
First assume that G is of class 3. We are going to show that this case can not
occur, and therefore G must have nilpotency class 2.

By Proposition 1.3.1, | Z(G)| > p?. Since Z(G) < G’; so |G'| > p*. Then
it follows from Lemma 2.2.1 that [G : Z(G)] = p*. Since Z(G) < G’; we have
|G : G'] < p3. But, if [G: G'] < p?, then G can be minimally generated by at
most 2 elements, which contradicts Proposition 1.3.1. Thus | G : G’ |= p* and

minimal generating set for G has exactly 3 elements. Assume that G = (a,b,c).

Now we have [G : Z(G)] = p* and [G : G'] = p3. So, at least one of the three
commutators [a, b],[a, ¢| and [b, ¢| lies outside center. By the symmetry, we
can assume that [a, b] € G'\Z(G). Set [a, b] = a. Then clearly G' = («, Z(G)).

So there exist integers i; and i, such that

[aa C] = [CL, b]ilﬁla where Bl € Z(G)

and

b, c] = [a, b]2B,, where B, € Z(G).
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Replacing ¢ by a2b~"'¢, we get [a, c],[b, ] € Z(G). Then [, ¢] =1 (by Lemma
1.3.6). An arbitrary element of G' can be written as ¢ = a/'b?c¢Bal* z; where

2€G =7Z(G)and 0 < jp <p—1for k=1,2,3,4. Then

af = {(ajlij)_la a1 b’ |0<jr<p-—1, k=1,2}.

Thus |a“| < p?, which contradicts the fact that G is of conjugate type (1, p?).
Hence the nilpotency class of G must be 2.

Now onward we assume that the nilpotency class of G is 2. Since Z(G) < G,
we have Z(G) = G'. By Corollary 1.1.23, G/ Z(G) and G’ are elementary abelian
p-groups. So, finally we have Z(G) = G' = ®(G). By Proposition 1.3.1 and
Proposition 1.3.3, we have p* < |Z(G)| = |G| < p®. Thus, by Lemma 2.2.1,

there can be two possibilities, namely
(i) |G'| = p® and [G : Z(G)] > p* or
(ii) |G| > p* and [G : Z(G] = p*.

In case (i), G is a Camina group with |G| = p*.

So it remains to consider case (ii) only. In this case, we have p* < |G'| =
|Z(@)] < p® and [G : Z(G)] = p* = [G : G'] = [G : ®(G)]. Thus G/P(G)
is an elementary abelian p-group of order p*. Hence G is minimally generated
by 4 elements. By Lemma 2.2.17 we can assume G to be of exponent p upto
isoclinism. Thus G is isoclinic to G3 or to a central quotient G3/H, where H
is a non-trivial central subgroup of G3 with |H| < p?. Hence the order of H
is either p or p?. Proof of the theorem is now complete by Corollary 2.2.8 and
Lemma 2.2.11. U

Before proceeding to the proof of Theorem 2.1.2, we state the following

result which is a consequence of the main result of Wilkens [29] stated on pages
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203 — 204.

Theorem 2.3.1 Let G be a finite 2-group of nilpotency class 2 and conjugate

type (1, 8). Then one of the following holds:
(i) |G'| =2°
(ii) |G :Z(G)] = 2*.

(iii) |G'| = 2% and there exists R with R < Q,(Z(G)) and |R| = 2 such that
G/R:Z(G/R)| =

(iv) |G'| = 2* and G is central product HCo(H), where Cq(H) is abelian and

H s the group given as follows:

There are i, j, k, | and m € N such that H = H/ (x% 0¥ v 03 v3™),
where H = (x, v, vy, v, v3) is of class 2 with ®(H) < Z(H) and is otherwise

defined by [v2, x| = [v1,v] = [vs, x][vs,v] =1, [vs,v;] € ([vs, x]).

We are now ready for the final proof.
Proof of Theorem 2.1.2 Let G be a finite 2-group of nilpotency class 2 and
conjugate type (1, 8). Then G is isomorphic to one of the groups G in (i), (ii),
(iii) and (iv) of the preceding theorem. We are going to show that third and
fourth possibilities can not occur. Suppose that (iii) occurs. Then |G| = 2* and
there exists R with R < Q,(Z(G)) and |R| = 2 such that |G/R : Z(G/R)| =
Since G is of conjugate type (1, 8) and |R| = 2, we have Z(G/R) = Z(G)/R.
Then from the fact that |G/R : Z(G/R)| = 23, we get |G : Z(G)| = 23, which
contradicts our hypothesis that G is of conjugate type (1, 8).

Next consider the case (iv)(5). So G = HCq(H), where H is a 2-group of

class 2. It is easy to see that the conjugacy class of the image of v3 in H is of
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lenght at most 2. Hence H is not of conjugate type (1, 8) and so is for G. So
we are left with only two cases (i) and (ii).

In case (i), |G| = 23, which forces G to be isoclinic to a Camina 2-group
with commutator subgroup of order 8.

Finally we consider the case (ii). For any group G, in this case, we have
(G : Z(G)] = 2. Since G is of conjugate type (1, 8), we have [G : Cg(x)] = 23,
and consequently [Cq(z) @ Z(G)] = 2 for all x € G \ Z(G). Hence for all
r € G\ Z(G), 2* € Z(G), ie., G/ Z(G) is an elementary abelian 2-group. Thus
G’ <Z(G), and therefore G is of class 2.

By Proposition 1.2.2 we can assume Z(G) = G'. By Proposition 1.3.3, |G'| =
| Z(G)| < 25. Since, G being conjugate type (1, 8), |G'| > 23, it follows that
27 < |G| = 2. Since G is of class 2, obviously G’ = Z(G) is elementary abelian.
Therefore the exponent of G is 4. If |G| = 27, then G is a Camina group, which
is not possible by [17, Theorem 3.2]. Hence 2° < |G| < 2!, and therefore G
must be isomorphic to some group T in the family G or its central quotient
T/K with |K| < 4. Now the proof is complete by Lemmas 2.2.12, 2.2.14 and

Corollary 2.2.16. O







CHAPTER

Finite p-groups of nilpotency class

3 with two conjugacy class sizes

In this chapter, we prove that “for a prime p > 2 and an integer n > 1, finite
p-groups of nilpotency class 3 and having only two conjugacy class sizes 1 and
p" exist if and only if n is even; moreover, for a given even positive integer, such

a group is unique up to isoclinism.”

3.1 Introduction

It has been known (from Corollary 1.1.24) that there does not exist 2-groups
of conjugate rank 1 and nilpotency class 3. But very little was known about
p-groups of conjugate rank 1 and nilpotency class 3, for odd primes p. Till now,

we have learnt that

(i) There is no finite p-group of nilpotency class 3 and of conjugate type (1, p)

35
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[Theorem 1.1.26],

(ii) There is a unique group (up to isoclinism) of nilpotency class 3 and of

conjugate type (1, p*) [Theorem 1.1.27],

(iii) There is no finite p-group of nilpotency class 3 and of conjugate type (1, p?)
[Theorem 2.1.1].

Apart from these, there are examples of p-group of nilpotency class 3 and
of conjugate type (1, p?™) for all m > 1. These examples appeared in the con-
struction of certain Camina p-groups of nilpotency class 3 by Dark and Scoppola
(page 796-797, [4]). For a given integer m > 1 and a prime p > 2, they con-

structed the following group,

Hm: C b 1 00 :aab7cad7€7f€]Fpm ) (31)

f e c b1

\ L . Vs

where F» denotes the finite field with p™ elements. It is not difficult to see that
Hyn/ Z(H,) is of conjugate type (1, p™) and class 3 (see Section 3.3 for more
details). Also note that H;/Z(H,) = W (defined in (1.2)).

In view of the above example and observation, the following natural question

arises.

Question 3.1.1 Does there exist a finite p-group of nilpotency class 3 and con-

Jugate type (1, p"), for an odd prime p and odd integer n > 5%

Question 3.1.2 Are there other examples of finite p-groups of nilpotency class

3 and conjugate type (1, p™), for an odd prime p and even integer n, different
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from the one given in (3.1).

We answer these questions, by proving the following much general result,

which is the main theorem of this chapter.

Theorem 3.1.3 Let p > 2 be a prime and n > 1 an integer. Then there exist
finite p-groups of nilpotency class 3 and conjugate type (1, p™) if and only if n is
even. For each positive even integer n = 2m, every finite p-group of nilpotency
class 3 and of conjugate type (1, p™) is isoclinic to the group H,,/ Z(Hn), where
Hp ts as in (3.1).

In view of Corollary 1.1.24, Theorem 1.1.26 and Proposition 1.2.2, we only

need to consider finite p-groups G satisfying the following conditions:
(1) G is of nilpotency class 3 and conjugate type (1, p"), n > 2.
(2) Z(G) < G
(3) p>2.

For notational convenience, we set
Hypothesis (A1). We say that a finite p-group G satisfies Hypothesis (A1), if
(1)-(3) above hold for G.

3.2 Key results

In this section we determine some important invariants associated to a finite

p-group satisfying Hypothesis (A1).

Lemma 3.2.1 Let G satisfy Hypothesis (A1). Then |G : Z(G)] < p™.
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Proof. Let [G : G'] = p™ for some integer m > 1. Since the nilpotency class of
G is 3, G’ is abelian. Hence by the given hypothesis, for any y € G' \ Z(G), we

have

p"=1G:Cqy) <[G:G=p™

hence n < m.

Suppose that [G' : Z(G)] = p* with n < k. We prove this lemma by the
method of contradiction. Our plan is to count the cardinality of following set in

two different ways:

X ={((2G), (yZ(@)) | 7 € G\ G, y € G\ LG), [w,9] = 1}.

Note that X is well defined. For, if (xG") = (21G") and (y Z(G)) = (y1 Z(G)),
then 1 = xh and y; = yz for some h € G’ and z € Z(H) and thus [z1, 11| =
[zh, yz] = [z, yllz, z]|[h, yz] = [z, y]. By Corollary 1.1.23 G/Z(G) is of

exponent p. As Z(G) < G', we get
exp(G/G') = exp(G/ L(G)) = exp(G'/ L(G)) = p.

Hence there are (p* — 1)/(p — 1) subgroups of order p in G’/ Z(G). Fix some
yo € G' \ Z(G). Since G is abelian, G' C Cg(yo) and [Ce(yo) : Gl = p™ " As

there are (p™~™ —1)/(p — 1) subgroups of order p in Cs(yy)/G’, we get

p—17% p—1 (p—1)2
On the other hand, fix zg € G\ G’. Set Cai(x) := Cg(xo) NG If p" < [G
Ce/(z0)], then there are at least p™ conjugates of xy in G'. Thus, by the given

hypothesis, there are exactly p™ conjugates of zy in G’. Consequently we have
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!
26— 26
Let {z1,...,%;} be a minimal generating set of G. Then z%' = z}* for some
mih.fl . — _ .
h; € G'; hence x5 ¢ = x for 1 < i < m. Hence {z;hi",..., 2,k !} is also

a generating set for G, which centralizes xy, which implies that zq € Z(G), a
contradiction. Thus [G’ : Cg/(10)] < p* ! and [Car(x0) : Z(G)] > p*Hi=n > p.
Consequently, there are at least (p*™~"—1)/(p—1) subgroups (y Z(G)) of order

pin G’/ Z(G) with [z, y] = 1. Counting all together, we get

(p™ — (" —1)
(p— 1)

X >

Comparing the size of X, we get

which on simplification gives

p+p—k +pn—m§ 1+p1—m +pn—k <3’

a contradiction on the choice of p. Hence [G' : Z(G)] < p™. O

Before proceeding further, we recall the notion of relative breadth and some

related terminology from [24].

Definition 3.2.2 (Relative breadth) Let G be a finite p-group. For xz € G
and an abelian normal subgroup A of G, the relative breadth of x with respect to

A in G is denoted by by(x) and defined as

pPA@ = (A Cy(2)].
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We collect the following terminology from (page 52, [24]).

ba(G) = max{ba(z) | z € G}.

B4s(G) ={x € G | ba(z) = ba(G)}.
For the ease of notation, we denote B4(G) by Bjy.

Lemma 3.2.3 Let G satisfiy Hypothesis (A1). Then Ber = {x € G | Ce(x) =
Z(G)} and <BG/> =G.

Proof. Let [G : G'] = p™ for some integer m. As in the proof of Lemma 3.2.1,
we have m > n. Let [G’' : Z(G)] = p*. Then, by Lemma 3.2.1, k < n — 1.

Note that b/ (G) < [G" : Z(G)] = p*. So to show Be = {z € G | Ce(x) =
Z(G)}, we need to show that there exist x € G such that Ce/(x) = Z(G). Define

T :={r € G | z commutes with some element y € G' \ Z(G)}.

Note that "= {z € G | Z(G) < Ce/(x)} = U Cg(h), where union is taken over
all subgroups (hG’) of order p in G’/ Z(G). By Corollary 1.1.23, exp(G/ Z(G)) =
p, and hence exp(G'/Z(G)) = p. So there are % of subgroups order p in
G/ Z(Q).

Fix some hg € G’ \ Z(G). Since G is of nilpotency class 3, G’ is abelian and
G' < Cg(hg). As G is of conjugate type (1, p"), we have [G : Cg(ho)] = p"
and therefore |Cg(ho)| = |G'| p™~™. This is true for all hy € G\ Z(G). Thus,

Il . m—n (pk - 1) /| . m—n+k /1 om—1
7| < |G'[p o1 < |G'|p < |G <G

Consequently, 7" is a proper subset of G, and therefore there exists an element
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r € G\ G’ such that Ce/(x) = Z(G). Thus

Bgo = {ZL‘ eG | (CG/(ZE) = Z(G)} = G\T

If (Be:) = H < G, then |H| < |G| p™~!. Thus, since p is odd, we have

G| =T U Ber| <|G'p™ " + |G p™ " < |G'p™ = |G,

which is a contradiction. Hence (Bg/) = G, which completes the proof. U

Now we compute the index of G’ in G in the following lemma.

Lemma 3.2.4 If G satisfy Hypothesis (A1), then [G : G'| = p™.

Proof. For n = 2, the result is proved in Theorem 1.1.27. So we assume that
n > 2. Since G’ is abelian, it follows that [G : G'] > p". If [G : G'] = p", then
there is nothing to prove. So assume that [G : G'] = p"™™ with m > 0. We now
prove this lemma by the method of contradiction. Let [G’ : Z(G)] = p*, where

k <n—1 (by Lemma 3.2.1). We complete the proof in several steps.

Step 1. For all h € G'\ Z(G), Cg(h) = Ca(G").

It follows from Lemma 3.2.3 that we can choose an element z; € G such that

Cor(a1) = Cala1) NG = Z(G).

Let {x1,22,...,Tmik, -, Tmin} be a minimal generating set for G such that
Ca(x1) = (21,22, . . ., Tenyks L(G)).

If {[z1, 2] | m+k <i<m+n} CZ(G), then [z1,z;] € Z(G) for all i with
1 <7< m+n. By Lemma 1.3.6, we get [z,, 2] € Cg(x1) NG = Z(G) for all

r,s with 1 < r,;s < m-+n. This implies G’ C Z(G), a contradiction. Thus there
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exists at least one i, m+k < i < m+n such that [x;, x;] ¢ Z(G). Without loss

of generality, we can assume that [y, Z,10] ¢ Z(G).

Now consider the following subgroup,

K - <[x17 l’m_;'_n}, [:E27 xm—&-n]y ceey [x’m-‘rka xm—i—n]vZ(G»

Since [G' : Z(G)] = p*, among the commutators [x;, Tyin), 1 < i < m+k,
at most k are independent over Z(G) (these can be viewed as elements of the
vector space G’/ Z(G)). We can assume, without loss of generality, that for some
integer | with 1 <1 <k, [z1, Timanl, [T2, Tman),-- -, [T1, Tmin| are independent
elements modulo Z(G), and generate K along with Z(G). Now, we proceed to
show that

=k and K="

For any t with [ <t < m + k, we have

[xh xm—&—n] = [$17 xm—l—n]il [l‘27 xm—o—n}h e [xla Im—l—n]il (mOd Z(G))

Let o, = x;27" ---2,". Then [2}, @pmin] € Z(G). Thus, with Co(z)) = (21,

To, .y Tmak, L(G)), we can assume, modifying z; by 2} (if necessary), that

[T, Tinan) € Z(G) for Il <t < m+ k. (3.2)

Note that, even after above modification (z; by zj, for | < t < m + k,
wherever necessary), [z, x;] = 1 and thus by Lemma 1.3.6, we get [z;, z;] €
Co(x) NG = Z(G), for any i, j < m + k. In particular, [z;,z;] € Z(G), for

1<i<land!l <t <m+ k. Consequently by (3.2) and Lemma 1.3.6,
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[T, [Ti, Tman) ] =1 (1 <i<I<t<m+k).

Thus for any ¢ with 1 < i < I, (x;11,..., Tk, G') < Co([Ti, Tmn]); sO
p" =[G Cal[zi, Tman])] < pmtn=(m+h=D — pn=k+l <y Unless | = k, the last

inequality is strict. Consequently, we get

(11> K = <[$17 mern]a [.1'2, mern]a tr [l’k, mern]? Z(G>> = G/: and
(i) Co([miyTmin)) = (Tps1, Thro -+, Tpym, G') := H (say), for all i, 1 <i < k.

By (ii) and (iii), we get Cg(h) = H = Cg(G’) for all h € G' \ Z(G). This
completes the proof of Step 1.

Observe that, by Lemma 3.2.3,

G\ H ={z € G| Co(w) = 2G)} = B,

which implies that Cy(x) NG’ =Z(G) for all x € G\ H.

Step 2. For anyy € G\ H, there exist elements hy, ho, ..., hy, € G' such that
(Tryihi | 1 < i <m) Z(G)/ L(G) = (Caly) N H)/ Z(G)
and

((Caly) N H)/ Z(G)| = p™.

Let y € G\ H be an arbitrary element. Then Cq (y) = Z(G). Consider a

minimal generating set Y := {y = y1, Yo, -, Ymiks- -+ Ymen} of G such that
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Co(y1) = (Y1, Y2, Ymsk, Z(G)). As in Step 1, we can modify (if necessary)

the elements ygi1, ..., Ymir SO that

! !
<yk+17 Yk+25 -+ Ym+k, G) =H= <xk+17xk+27 <oy Ttk G >

Consequently, for 1 < i < m, it follows that z; = (TT/2, y.7,) i ! for some

integers a;; and some element h; € G'. Hence z4;h; € Ce(y), which shows that

(zhhi | 1 <0 <m) Z(G)/ Z(G) < (Caly) N H)/Z(G). (3-3)

Note that for 1 <i,5 <m, [Tp+ihi, Te1jhi] € Z(G). Thus
[(Zprihi | 1 <@ <m) Z(G)/L(G)| = p™. (3.4)
By the vary choice of yri1,. .., Ymik, it follows that

(Yt1s - Yrrms L(G)) = Ca(y) N H;

hence |(Cq(y) N H)/ Z(G)| = p™. This, along with (3.3) and (3.4), proves Step
2.

Step 3. The cardinality of
$ = {(@G) (wZUG)) | w € G\ H, y e H\ G, [v,9] =1}

is p R (pt — 1) (p™ —1)/(p — 1)°.

Since the exponent of G/ Z(G) is p, it follows that G/ Z(G), H/ Z(G) and

G/ Z(G) have (p™™+8 —1)/(p — 1), (p"** = 1)/(p — 1) and (p* = 1)/(p - 1)
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number of subgroups of order p respectively. Consequently

(2@ v e 6\ iy = P (55)
and
ey |ye m ey =TTl (36)

For each x € G\ H, by Step 2, we have |(Cq(x) N H)/Z(G)| = p™; hence

pr—1
{wZ(G)) |y e H\G' [z,y] = 1}] = P (3.7)
Hence, by (3.5) and (3.7), we have
et = D™ - 1) :
S| = : 3.8
51 ! (3.5)
and the proof of Step 3 is complete.
Step 4. In this step, we proceed to get the final contradiction.
Note that there exists some element yo € H \ G’ such that
p"p" -1
(e 2(6) |+ € G\ fog] = 1)] = T, (39

For, if there is no such g, then for each y € H \ G’, we get

prit—1)

({2 Z(G)) |z € G\ H, [o,y] =1} < —"—

But then

Pt —1)(p™ —1)

S| < )
51 (p—1)>

which is absurd.
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Note that;
(i) G" < Ca(yo) and [Calyo) - G| = p™.
(ii) |G/H| = p" and [H/G'| = p™.
(iii) [Ca(yo)H/HI|Cr(y0)/C'| = [Calyo) - G'l = p™.

Assume that |Cqo(yo)H/H| = p"* and |Cy(yo)/G'| = p™ ", for some

integers s and r. From (éi7) it follows that n = s +r. Then

Cr(yo)/ Z(G)| = p**" ") and |Ca(yo)/ Z(G)| = p**™.

Thus

{{zZ(G)) |z € G\ H, [z,50] =1} =

The preceding equation along with (3.9) gives

Pt —1)/(p—1) <p"tFT(pr Tt —1)/(p - 1).

Since n = r + s, after simplification, the preceding inequality gives

pn —1< pk—r(pn—s o 1) — pk o pk—r'

Hence, by Lemma 3.2.1,

which is absurd. Hence the proof is complete. O
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As an immediate consequence of the preceding lemma, we get the follow-
ing important information about centralizers of elements in G, which we use

frequently without any further reference.

Corollary 3.2.5 If G satisfies Hypothesis (A1), then for all h € G'\ Z(G) and
x € G\ G the following hold:

(i) Ca(h) = .

(ii) Ca(z) NG = Z(G).
(iii) [Calx) : Z(@)] = [G" : Z(G)] = p".
Theorem 3.2.6 Let G satisfy Hypothesis (Al). If [G' : Z(G)] = p™, then
n=72m.

Proof. Consider z,y € G such that [z, y] ¢ Z(G). We consider two cases,
namely (1) n > 2m and (2) n < 2m, and get contradiction in both.

Case 1. n > 2m

Write G = G/ Z(G). Note that
(i) G is of order p™*™ and nilpotency class 2.

(ii) G = Z(G) = G/ Z(@G), and are of order p™.

C: Co@)] <p™ and [@: Calp)] < p".
Consequently

[Ca(@) : Z2(G)] = p" ™ < [Ca(@)  Z(G)).

Since [G : Z(G)] = p" < p*"=™), there exists W € (Cg(T) N Ca(y)) \ Z(G), ie.,
[z, w], [y, w] € Z(G) with w ¢ G'. By Lemma 1.3.6, [z, y] € Cq(w)NG" = Z(G),

a contradiction to our supposition that [z, y] ¢ Z(G).
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Case 2. n < 2m.
Since G is of nilpotency class 3 and [z, y| ¢ Z(G), both x, and y can not lie in
G'. By Corollary 3.2.5, Cq(x) N G' = Z(G) = Ci(y) N G'. Thus, we get

[Ca(z)G": G = [Ca(x) : Calx) NG = [Calx) : Z(G)] = p™,

and similarly [Cq(y)G' : G'] = p™. Since 2m > n, we have [G : G'| = p™ < p*™.
Hence Cg(z)G' N Ce(y)G' contains G’ properly. Consider w € (Ca(z)G' N
Cg(y)G) \ G’. As G is of nilpotency class 3, it is easy to see that [w, x], [w,y] €
Z(G). Thus by Lemma 1.3.6, [z,y] € Ca(w) NG’ = Z(G), a contradiction again.

Hence n = 2m, and the proof is complete. O
Before proceeding further, we strengthen Hypothesis (A1) as follows:

Hypothesis (A2). We say that a finite p-group G satisfies Hypothesis (A2), if

G is of nilpotency class 3 and of conjugate type (1, p*™) with Z(G) < G'.

Now we recall the following result of Verardi [28] (also see [Lemma 1.2,
[18]]), which we need for determining the structure of G/ Z(G) when G satisfies

Hypothesis (A2).

Theorem 3.2.7 [18, Lemma 1.2] For an odd prime p, let G be a Camina p-
group of order p*™, of exponent p and of nilpotency class 2. Let [G : G'| = p*™
and there are two elementary abelian subgroups A*, B* of G such that G = A*B*,
A*=AxG', B* = BxG, and thus G = ABG'. Then the following statements

are equivalent:
1. G is isomorphic to Us(p™).

2. All the centralizers of non-central elements of G are abelian.
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Theorem 3.2.8 Let G satisfy Hypothesis (A2). Write G = G/ Z(G) and T =
rZ(G) for x € G. Then the following hold:

(i) Ca(x)G' = Cx(T) and |Cx(T)| = p*™ forz € G\ G'.
(i1) G is a Camina p-group of order p°™, exponent p, and |@’| =p™m.

(iii) All the centralizers of non-central elements in G are elementary abelian of

order p*™.

(iv) If A= Cx(T) and B = C5(y) for T,y € Z(G) are distinct centralizers in
G, then AN B = 7Z(G) and G = AB.

(v) G is isomorphic to Us(p™).

Proof. (i) By Lemma 3.2.4 and Theorem 3.2.6, we have [G : G| = p*™ and
[G' : Z(G)] = p™; hence

Gl=p™ and |G|=p"

Further, for h € G'\ Z(G), Ce(h) = G’, by Corollary 3.2.5.

Fix € G\ G'. Since G is of nilpotency class 2, G is contained in the
centralizer of every element in G. Hence Cq(2)G’ < Cx(T). By Corollary 3.2.5,
[Ce(z) : Z(GQ)] = |G : Z(G)] = p™ with Cg(z) NG = Z(G). So, we get,

[Ca(x)G' : Z(G)] = p*™ and |G : Cg(z)G'] = p™. Hence
C5(@)| = p*™ and [G : Cg(@)] < p™

If possible, suppose that |Cz(T)| > p*™, that is, [G : Cx(Z)] < p™. Note that
7 ¢ Z(G). For, let 7 € Z(G). For any minimal generating set {x,..., 2oy} of

G, {T1,...,Top} is also a minimal generating set for G. Then [, ;] = 1, that is
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[z, ;] € Z(G) for 1 <i <2m. Then by Lemma 1.3.6, for 1 <i < 2m, [z;,7;] €
Co(x) N G" =Z(G) (by Corollary 3.2.5); hence G’ C Z(G), a contradiction.

Then there exists ¢ € G such that [t,2] ¢ Z(G). Since |G| = p™, we
have [G : Cz(f)] < p™, and therefore it follows that Cx(T) N Cx(%) contains
G properly. Take w € Cg(z) N Cq(f) \ G. Then [w,a],[w,t] € Z(G) with
w ¢ G'. By Lemma 1.3.6, [z,t] € Cg(w) NG = Z(G), a contradiction. Thus
|C=(T)| = p*™ = |Ca(z)G’|. This proves assertion (7).

(44) By Corollary 1.1.23, exp(G) = p. Now the assertion (ii) follows from
assertion (1).

(77i) Consider any x € G\ G'. For y;,ys € Cx(z), by Lemma 1.3.6, [y1,yo] €
Ce(x) NG" = Z(G). Hence [Cg(x),Cq(x)] < Z(G). Since G is of nilpotency

class 3, we have
[Ca(2)G, Co(2)G'] = [Ca(x), Ca(x)] [Co(x), GG, G < Z(G),

i.e., C5(T) = Cq(z)G" is abelian. Since G is of exponent p, then so is Cg(7Z).
This completes the proof of (7).

(tv) It is given that A = Cz(T) and B = C(y) are distinct proper subgroups
of G, and are abelian by assertion (iii). Thus for any element w € A N B, it
follows that |C(w)| > |AB]| > p*™. Hence, by (iii), w € Z(G). Since |G| =
| Z(G)| = p™ and |A| = |B| = p*™, we have G = AB.

(v) The assertion follows by (ii)-(iv) along with Theorem 3.2.7. O
Corollary 3.2.9 Let G satisfy Hypothesis (A2) and z,y € G\ G’ such that
[z, y| € Z(G). Then there exists an element h € G' such that [z, yh] = 1.

Proof. Let G =G/ Z(G). As [z, y] € Z(G), § € Cx(T) = Cq(x)G’ (by Theorem
3.2.8). Thus, we get y = zoh'z, for some z¢ € Cg(z), b € G' and z € Z(G).
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Putting h = (W/2)™! € G', we get that zy = yh € Cg(z). This completes the

proof. O

Lemma 3.2.10 Let G satisfy Hypothesis (A2). Then Z(G) = v3(G), and is

elementary abelian of order p*™.

Proof. Since G’ is elementary abelian (by Corollary 1.1.23), so are v3(G) and
Z(@G). Consider z; € G\ G'. Recall that [G : G'] = p*™, Cq(x1) NG = Z(G),
and [Cq(z1) : Z(G)]) = [G' : Z(G)] = p™. Consider y; € G\ Cg(x1)G'. Let

Co(xr) =(x1,..., 20, Z(G)) = A
and

Calyr) =1, Ym, Z(G))

B.

Then Cx(Ty) = (F1,...,Tm,G) = A and Cx(y,) = #y,....9,,,G) = B are
distinct proper subgroups of G. Hence, by Theorem 3.2.8(iv), they generate
G. It follows that {zy,...,Zm,¥y1,...,Ym} is a (minimal) generating set for G.
Define

[z1, yi) =hi;y, 1<i<m.

By Theorem 3.2.8(ii), hy,...,h, are independent modulo Z(G), and G’ =
(hi,...,hm, Z(Q)). Since x1,...,Tm,Y1,--.,Ym are independent modulo G' =
Cq(hy), it follows that [hy, z1],...,[h1, Tw], [h1, v1],---,[h1, Ym] are indepen-

dent, and they generate a subgroup K of order p*™ in v3(G). Define
[h1, ;] = z;, and [hy, Y] = 2mes, 1<i<m.

Now, we proceed to show that K = (z1,...,29,) = 73(G). It is sufficient

to show that for any h € G'\ Z(G), [h, z,|h, y;] € K for 1 < i < m.
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For any h € G’ \ Z(G) and fixed i with 1 < ¢ < m, consider [h, x;]. Since
([x1, ni],---,[x1, ym],Z(G)) = G', there exists y € B such that h = [x1,y]
(mod Z(G)). Then by Lemma 1.3.7, we have

[y @] = [lens s @] = [lzs, vl @]

Again, since ([z1, w1],..., [Tm, y1],Z(G)) = G, there exists © € A such that

[zi, y] = [z, 11] (mod Z(G)). Therefore, again by Lemma 1.3.7, we get

[0, @] = [les, yl, w] = [le, wl, o] = [[o1, 1], 2] = [, 2] € K.

Similarly we can show that [h, y;] € K, 1 <i < m; hence K = v3(G) and is of

order p*™.

It only remains to show that Z(G) = ~3(G). For this, since [x1, y1],...,[T1, Ym]
are independent modulo Z(G) and G’ = ([z1, 1], ..., [T1, Ym], Z(G)), it suffices

to prove that

GI: <[$17 yl]v"'?[xla ym]773(G)> (310>

Note that 73(G) = (z1,...,22m) C Z(G). If (3.10) does not hold, then there
exist z € Z(G) \ v3(G) and a commutator [z;, y;| for some i, j with 1 <4, j < m,

such that

[z, y5] = [21, 1) -+ (21, Ym] "2,

where e; € F,,, for 1 <i <m. Let y = yi* - - - yo. Then the preceding equation
implies

[zi, y] = [z1, ylz (mod 3(G)). (3.11)

Consequently [z;, y;| = [z1, y] (mod Z(G)). Since [z1, x] = [y, y;] = 1
(mod Z(G)), it follows that [z1y;, xy] = [z1, y]ly;, @] = 1 (mod Z(G)).
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Hence, by Corollary 3.2.9, there exists h € G’ such that [x1y;, x;yh] = 1. Since

G /~3(G) is of nilpotency class 2, using (3.11), we get

1= [z1y;, xyh] = [z1, @[z, yllzi, v 'y, y]  (mod v3(G))

2 Myj, y]  (mod 13(G)).

Since y;,y € Cg(y1), we have 7,7 € Cg(7r), which is abelian by Theorem
3.2.8(iii); hence [y;, y] = 1, i.e., [y;, y] € Z(G). Again by Corollary 3.2.9, there
exists hy € G’ such that [y;, yhi] = 1. Then [y;, y] = [y;, h1]™' € 13(G). Thus,
we get

1=2z" (mod~3(G)), a contradiction.

This proves that (3.10) holds. Hence the proof is complete. O

3.3 Examples

In this section, we describe the examples of p-groups of conjugate type (1, p*™)

and class 3, from the construction by Dark and Scoppola [4].

For an odd prime p and an integer m > 1, let ¢ = p™ and F, denote the field
of order ¢. Consider the set G of quintuples (a,b,c,d,e) over F,. Define an op-

Y

eration ‘.” on G as follows. For any two quintuples (a, b, ¢,d, e) and (z,y, z, u, v),

define (a,b,c,d,e).(x,y, z,u,v) to be the quintuple
(a+z,b+y,c+z+br,d+u+az+ (ab—c)r,e+v+cy+blry — 2).

A routine check shows that G is a group under this operation, with identity
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element (0,0,0,0,0), which we denote by 0, and

(a,b,c,d,e)™t = (—a, —b, —c+ ab, —d, —e).

Then (a,b,c,d,e).(x,y, z,u,v).(a,b,c,d,e) " .(x,y, z,u,v) " is the quintuple

(0,0,br — ay, 2az — 2cx + a’y — bx®, 2(c — ab)y — 2b(z — xy) — ay® + b*z).

It is easy to see that
1. ¢ ={(0,0,¢c,d,e) | c,d,e € F,}.
2. v3(9) ={(0,0,0,d,¢e) | d,e € F,} = Z(G).

Consider (0,0, ¢,d,e) € G'\ Z(G). Then ¢ # 0. If

[(07 07 C7 d7 6)7 (:'UJ y7 Z? u7 U)] - 07

then by the commutator formula above, —2cx = 2cy = 0. Since characteristic

of F, is odd and ¢ # 0, x = y = 0. Noting that G’ is abelian, it follows that the

centralizer of any element of G’ \ Z(G) is G’, which has index ¢* = p*™ in G.
Next fix g = (a, b, ¢, d, e) with (a,b) # (0,0). Then (x,y, z, u,v) centralizes g

if and only if

bx —ay =0, (3.12)
2az — 2cx + a’y — ba* = 0, (3.13)
2(c — ab)y — 2b(z — zy) — ay® + b*x = 0. (3.14)

Suppose a # 0. For arbitrary x,u,v € F,, we see that y is uniquely determined

from (3.12) and then z is uniquely determined from (3.13). Further the values
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of y, z obtained satisfy (3.14). Hence the centralizer of (a,b,c,d,e) has order
¢ = p®™, and therefore has index p*™ in G. Similarly, if @ = 0 and b # 0, then
it follows that the centralizer of (a,b,c,d,e) in G has index p*™. Hence G is of
conjugate type (1, p*™).

We show that the group G has a nice description in terms of a matrix group

over [F,. Consider the following collection of unitriangular matrices over [F:

1
a 1
Hm: C b 1 :a,b,c,d,e,fGFq

d ab—c a 1

It is easy to see that H,, is a subgroup of Us(q). Denote the general element of H,,
by (a,b,c,d,e, f). An easy computation shows that Z(H,,) = {(0,0,0,0,0, f) |
f € F,}. Therefore, we have a natural homomorphism #,, — H,,/ Z(H,), in

which we identify

(a/7 b? C’ d? 67 f) Z(,Hm) H (a’ b7 C? d? e)'

Then one can check that the product (a,b,c,d,e)(x,y, z,u,v) in Hy,/ Z(H,,) is
the same as (a,b,c¢,d, e).(z,y, z,u,v) in G. Hence H,,/ Z(H,,) is isomorphic to

G, and therefore is of conjugate type (1, p*™) and class 3.

As a conclusion of the preceding discussion, we obtain

Lemma 3.3.1 For any even integer n > 1 and an odd prime p, there exists a

finite p-group of nilpotency class 3 and of conjugate type (1, p").
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3.4 Proof of Main Theorem [Theorem 3.1.3]

Let G be a p-group of nilpotency class 3 such that G/ Z(G) is isomorphic to the
group Us(p™). Our strategy for proving the theorem is to obtain presentations
of groups G satisfying Hypothesis (A2) from a presentation of Us(p™); then we
proceed to show that the groups, given by the presentations obtained, belong to
the same isoclinism family.

We start with finding some structure constants of Us(p™). Let F,m denote
the field of order p™. Then F,m = F,(«), where « satisfies a monic irreducible
polynomial of degree m over F,. Consider the following matrices in Us(p™) for

any integer ¢ > 1:

1 1 1
Xi= 10 1 , Y=ot 1 , Hi=10 1
0 o1 1 0 01 o™t 0 1

Then it is easy to see that {X,..., X,,,Y1,...,Y¥,,} is a minimal generating
set for Us(p™) and {H,...,H,,} is a minimal generating set for the center
(which is also equal to the commutator subgroup) of Us(p™). Further, these

matrices satisfy the following relations.

XP=Yl=H =1, (3.15)
XX, = VY = 1. (3.16)
|H;, X;] = [H;,Y;] =1, (3.17)
X, Y| = H;yjq foralli,j > 1. (3.18)

Since F,(«) is a vector space over F, with basis (1, «,...,a™ '), for a2 €
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F, (), there exist unique x; 1, ..., Kijm € F, such that

m—1
= KRij1 T RijaQ+ -+ Kijma™ .

o2
Then, by (3.18), we have
Hiyjoy = Hy"" Hy'™? o Hpom = [ X, Y7 Yy 0% YR,

which in turn implies that

(X3, Y)] = [X0, Yy Y e 1 < g <. (3.19)

The constants &; ;; for 1 <, 3,1 < m, which we call the structure constants
of Us(p™), will be frequently used in the remaining part of the proof. The
generators X;,Y;, H; (1 <i < m), the constants &, j;, and the relations (3.15)
- (3.19) give a presentation of the group Us(p™). From (3.18), it follows that
(X:,Y;] = [X;, Y] for all 4,7 > 1, and so

Rigl = KRjil- (3-20)

Also, combining (3.19) with the relation [X;, Y;] = [X}, Y;], we obtain

(X, Y] = [ X7 X2 X V) 1 <4, <m. (3.21)

We now build up a presentation of a finite p-group G such that G/ Z(G) =

Us(p™).

Lemma 3.4.1 Fiz a prime p > 2 and an integer m > 2. Let H be a p-group of
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nilpotency class 3 and of conjugate type (1, p*™). Then there exists
Qijis Bijiy Vigls Oigls Mgl Mgl €in, Vig €Fp (1<4,5 <m, 1 <1<2m),
such that H is isoclinic to the group G admitting the following presentation:

G = <x17"'7mm7y1""7y7TL7h1ah27"'ahma217227"'az2m

=TT =Tl W=1 (<i<m), #=1 (1<i<m),
=1 =1
(RO)
(2K, 2] = |2k i) = (26,03 = |26, i) =1 (1 < k,r,<2m,1 <1< m),
(R1)
2m
i ag) = [[ 2 (1<ij<m), (R3)
=1
2m
ey = [[ 27 (1 <ij<m), (R4)
=1
2m
s, ag) = [ 2 (A <ij<m), (R5)
=1
2m
ooy = [ (1 <ij<m), (R6)
=1
2m
Kij,1  Kij,2 Ki.j.m /\i,j, Y
[:Ci?yj] = [xbyl Yy e m’J’ ]Hzl : (1 < 1,7 < m)7 (R‘7>
=1
2m
g, pi) = [y 2y i T[4 (1 <45 < m), (R8)
=1
[37173/1'] = h;, [hluxi] = Zi, [hlayi] = Zm+i (1 <1< m)>, (R9)

where k; j1, 1 <1,j,1 <m, are the structure constants of Us(p™).
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Proof. By Propositions 1.2.1 and 1.2.2, H is isoclinc to a group G satisfying

hypothesis (A2). Then by Lemma 2.2.9, Theorem 2.2.14 and Lemma 3.2.3,

[G: G =p"™ =|Z(G)|], and [G':Z(G)]=p™

Y

The desired presentation of G is obtained from the presentation of Us(p™) (=
G/ 7Z(G)) described just before the lemma. As G is of nilpotency class 3, G’ is
abelian and consequently elementary abelian by Corollary 1.1.23. As Z(G) < G/,

Z(G) is also elementary abelian.

Since | Z(G)| = p*™, Z(G) is minimally generated by 2m elements 21, 2o, . . .
Zom (say). Let ¢ : G — Us(p™) denote a surjective homomorphism with ker p =
Z(G). Let X;’s, Yi’'s and H;’s be the generators of Us(p™) considered in the

discussion preceding the lemma.

Choose =1, ..., Tm, Y1, Ym, A1, ..., hy in G such that

() = Xi, @(y)=Y; and (k) =H;, (1<i<m).

It follows that the set

{Z1, . Ty Yty oo Yms D1y By ooy By 21, 22, -, Zom | generates G,
and

{hi,ha, ... 21,22, ..., 2om} generates G'.

Since ker ¢ = Z(G) and ¢(27) = 1, 1 < i < m, there exist some ¢;; € F,,
1 < I < 2m, such that 2? = [],2"". Similarly there exist some v;; € F,,
1 <1< 2m, such that v/ =[], 2", 1 <i < m. Since G’ is elementary abelian,

we get hf =1, [hi,h;] = 1,1 < 4,5 < mand 2 = 1,1 < ¢ < 2m. This
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gives all the relations in (R0) and (R2). Since z; € Z(G), the relations (R1) are
the obvious commutator relations of z;’s with the other generators of G. The
relations (3.16), (3.17), (3.19) and (3.21) of Us(p™) give the relations (R3)-(R8)
for some a’s, B’s, ¥’s, ¢’s, X’s and p’s in IF,.

It remains to obtain relations (R9). Since, for 1 <1i < m, [X;,Y;] = H;, by

the choice of x1, y; and h;, we have

[21,9:] = hi  (mod Z(G)).

Thus [z1,y;] = hyw; for some w; € Z(G). Replacing h; by h;w;, which do not
violate any of the preceding relations, we can assume, without loss of generality,
that

Finally, we have h; € G'\Z(G). Further, G is of conjugate type (1, p*™), and [G :
G'] = p*™ with G’ abelian. Therefore Cg(hy) = G'. Since o1, ..., Tpm, Y1, - - -, Ym

are independent modulo Cg(hy) = G, it follows that the 2m commutators

[hl,l'l], ceey [hl,xm], [hl,yl], cey [hlaym]

are independent, and they belong to v3(G) = Z(G), which is elementary abelian
of order p*™. Thus, without loss of generality, we can take [h;,z;] = z; and

[h1,Yi] = 2Zmys for 1 < i <m. This, along with (3.22), gives relations (R9). O

Theorem 3.4.2 Given an even integer n = 2m > 2 and an odd prime p, there
is a unique finite p-group satisfying Hypothesis (A2), upto isoclinism. Moreover,

such a group is isoclinic to the group H.,/ Z(Hnm).

Assuming Theorem 3.4.2, we are now ready to prove our main theorem ( Theo-
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rem 3.1.3).

Proof of Theorem 3.1.3: For an integer n > 1 and a prime p, let G be a
finite p-group of nilpotency class 3 and of conjugate type (1, p™). In view of
Propositions 1.2.1 and 1.2.2, we can assume that Z(G) < G’. Then, by Theorem
3.2.6, n is even. Conversely, if n > 1 is an even integer and p is an odd prime,
then that there exists a finite p-group of nilpotency class 3 and of conjugate
type (1, p™), follows from Theorem 3.3.1. This proves the first assertion of Main

Theorem. The second one follows from Theorem 3.4.2. O

The rest of this section is devoted to the proof of Theorem 3.4.2. For m =1,
Theorem 3.4.2 has been proved by Ishikawa in [Theorem 4.2, [11]]. Thus, assume

that m > 2.

In remaining part of this chapter, now onwards, for a prime p, and integer
m > 1, G (or more precisely, G(a, 5,7,0, A\, i, €,v)) always denotes a group of
conjugate type (1, p*™), admitting the presentation as in Lemma 3.4.1, where
a’s, B’s, 7’s, 0’s, N’s, p’s, €'s, and v’s belong to F,. Further, let the homomor-

phism ¢ : G — Us(p™),

ZT;—r Xi) Y; — YZ‘, and hz — H;

be as in the proof of Lemma 3.4.1.

First, we proceed to show that there is a unique choice for a’s, s, v’s, d’s,
N's and p’s for which the group G considered in Lemma 3.4.1 is of conjugate
type (1, p*™). We start with simplifying the relations of G without any loss of

generality.
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Lemma 3.4.3 We can choose generators x;’s and y;’s of G such that

(1,25 = [y1,y;) =1 (J=2,...,m).

Proof. Fix j with 2 < j < m. Since [z1, z;] € Z(G), by Corollary 3.2.9,
there exists h; € G’ such that [zy, xjh;] = 1. Thus replacing z; by z,h;, if
necessary, we can assume that [x;, z;] = 1. Similarly, we can choose y;’s such

that [y1, y;] = 1. d

Theorem 3.4.4 In the relations (R3) and (R4), for 1 <i,7 < m, we have

hi, ;] = [hy, ;] = 27700 2557 oo i
J J 1 2 m
and

iy y5) = [P 4] = 2ot 2t =+ - 20 ™

In particular, v’s and 0’s (in the relations (R3) and (R4)) are uniquely de-

termined by the structure constants r; j; of Us(p™).

Proof. Since H; = [X1,Y;] in Us(p™) for 1 < ¢ < m, we get h; = [z1,yi]

(mod Z(G)) in G. Therefore

[hi, l’j] = be yi]axj]'

Since [z1, z;] € Z(G), by Lemma 1.3.7, we get

[hiy 5] = [[z1, wil, 73] = [[75, vi], 21].

From the relation (R8), [z, y;] = [z 25" - 2m”™, y1] (mod Z(G)). Then,
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again by Lemma 1.3.7, we get
_ [ G2 Kij,
[hia xj] - [[L'], Yi,s xl] - [xl Ty o 'x'rrzjm7 Y1, .I'l]
Ki i1 Ki 2 Koi =
= [1’1’ Y1, "Elw 1‘2” .. .In;,J,m]

_ ﬂzgl Ki 5,2 Ki,j
f— [h17 'IQ .. "Em”m]

K4 5,1 Ki,5,2 KRi g
— Zl 22 . .anld’m.

Since the structure constants r;;; are symmetric in ¢, (see Lemma 3.20),

[hi, xj] = [hj, x;]. This proves the first assertion of the Lemma, and the second

one goes on the same lines.

As an immediate consequence of the preceding result, we have

Corollary 3.4.5 Consider the elements x = x7*---a% o' = x]

yfl..ygnm andy/:yill-'yglm Zn G If

[z, y, « Hzl and [y, x, V] Hz

b1 |

g

b _
xrﬁn;y—

or some 1,51 € F),, then the values of r; and s; are uniquely determined by the
P

structure constants of Us(p™) and, respectively, by a;’s, b;’s, ¢;’s and a;’s, ¢;’s,

di ’s.

Up to now, we have shown the uniqueness of 7’s and §’s (Theorem 3.4.4).

Next we show the uniqueness of A’s and u’s. First we prove some lemmas.

Lemma 3.4.6 For 1 <i,j5 <m, the following hold:

(1) @i, z;] € (21, ..., Zm).

(it) [Yi, y;] € (Zmt1s-- -, Z2m)-
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Proof. Fixi,j with 1 <4, j < m. Since [z;,z;] € Z(G), by Corollary 3.2.9, there

exists h € G’ (depending on z;, x;) such that [x;, z;h] = 1. Then
[l’i, l’j] = [ZCZ', h]il = [h, Zl'l]

Since G’ = (hy, ha, ..., hpm, Z(G)), by Theorem 3.4.4, [h,x;] € (z1,...,2Zm), Prov-
ing the first assertion. The second assertion follows on the same lines. 0J

Before proceeding further, we recall the following commutator identities in
a finite p-group G of nilpotency class 3 with p odd, which will be used in com-
putations without any reference. Note that, in this case G’ is abelian, so the

ordering of commutators is immaterial. For a,b,c € G,
(i) [ab, ] = [a, d][b, d][a, ¢, b] and [a, bc] = |a, b][a, ][a, b, c];
(i) [a*, ¥, c¥] = [a, b, ¢|* (since G is of class 3);

(iii) [a®, b] = [a, b)*[a, b, a]®) and [a, b°] = [a, O)*[a, b, B]) (s € F,),

where (3) = 5(52_1) inF,, p>2.

Lemma 3.4.7 For x = {*--- 2% andy = y{* - - - y%m in G, the following hold:

m

(1) [x1, y] = [z, 3] (mod Z(G)).

(i) If [x1, y] = [z, 1] 12;”1 2, then ¢;’s are uniquely determined by a;’s and

the structure constants of Us(p™).

Proof. If a; = 0 for all 7, then + = y = 1, and so ¢; = 0 for all 7, there is
nothing to prove. Thus, assume that not all a;’s are 0. In Us(p™), consider
X =X{" X and Y =Y"Y;? ... Yo Since [X;, Y;] = [X;, Yi] for all 4,5
(by (3.18)), we have [X;, Y] = [X, Yi]; hence [z1, y] = [z, y1] (mod Z(G)) in

G. This proves assertion (i).
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We prove assertion (ii) in two steps, as the arguments of Step 1 will be used

further.

Step 1. Form—+1 <1 < 2m, ¢ is uniquely determined by the structure constants

of Us(p™).

With XY as in the proof of assertion (i), we have [X;, Y] = [X, Y],
which implies that [X1Y], XY"] =1 for any r € F,; hence, in G, we get that
[z1y], xy"] = 1 (mod Z(G)). By Corollary 3.2.9, there exists an element h(r),

depending on r, in G’ such that
(2197, ay"h(r)] = 1.

Since [z1, x] = [y1, y] =1 (see Lemma 3.4.3), we have

T

1= [a1y], 2y h(r)] =[z1, o [er, v, 9], v, 1] 21, h(r)]

T

w1, 2) [y, =, Oy, 2, o] [, W)

Consequently, by the given hypothesis, we get

2m
s

TT=7" = o1, yllyss )" =l yo D fwr, g ] 20, b)) (3.23)
=1

T

w1, 2, v @[, @, 97 [, ()"

By Theorem 3447 [le y]v [GI7 yl] < <Zm+1a s 722m> and [xlv h(?")] € <Zl7 R Zm)v
hence all the commutators on the right side of (3.23), except [z1, h(r)], belong

t0 (Zma1y -« - Zom). Thus

(L= = [x1, 2(r) (3.24)
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and

2m

(I = =21, v, &1, v, 0]l 2 91 g, 2, g7 [, ()]
I=m+1

(3.25)

Since, by Theorem 3.4.4, z; = [hy, ;] = [hy, 1] for 1 <i < m, we have

[T = [Ller il = [en, B§ - hEp] = [, B,

=1 =1

where h = hS ... h¢m, which is independent of r. Then from (3.24) we get

m )

[z1, h(r)] = [z1, h]", which implies that h"h(r)~! € Cq(z1) N G' = Z(G). Hence

h(r)=h" (mod Z(Q)).

Using this in (3.25), we get

2m
—enr T 2 T 2 =2
(IT = =l v 1@, w0 I, 2 9Ol 2, ), 2
l=m+1
Since this equation holds for all r € F,,, for » = 1 and » = —1, we, respectively,
get
2m
H Zl_Cl - [ZEl, Y, yl][yla €, y][yla h]
l=m+1
and

2m

H ZZCL = [1’1, Y, y][xla Y, yl][yb Z, yl][yl’ Z, y][yh 71]
l=m+1
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From these equations, we obtain

2m

H 2% =[xy, y, Yllyr, =, il
l=m+1

By Corollary 3.4.5, the right hand side of the preceding equation is uniquely
determined by a;’s and the structure constants of Us(p™), so are ¢; for m + 1 <

[ < 2m.
Step 2. For 1 <1 < m, ¢ is uniquely determined by the structure constants of
Us(p™).

With X, Y as in the proof of assertion (i), we have [Y, X;] = [Y;, X], which

implies that [V, X], Y X"] =1 for any r € F,; hence, in G, we get
[12f, ya'] =1 (mod Z(G)).

By Corollary 3.2.9, there exists an element k(r), depending on r, in G’ such
that [y12], yx"k(r)] = 1. With appropriate modifications in Step (1), it follows
that ¢; for 1 <[ < m are uniquely determined by «a;’s and the structure constants
of Us(p™).

Finally by Step 1 and Step 2, ¢; for 1 <[ < 2m are uniquely determined by

a;’s and the structure constants of Us(p™). O

Lemma 3.4.8 In the relations (R7), namely, for 1 <i,j7 <m,

2m
o o o A .
N T TR ] E (3.26)
=1

Xiji, m+1 <1 < 2m, are uniquely determined by the structure constants of

Us(p™).
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Proof. For simplicity, we fix 7,7 < m and write y; " yo "% - - - ym”™ = 5. Since
[zi, y5] = [z1, y] (mod Z(G)), we have [z1y}, zy"] =1 (mod Z(G)) for any
relf,.

That A;j;, m+1 < [ < 2m, are uniquely determined by the structure

constants of Us(p™), follows on the lines (without any extra work) of Step 1 of

Lemma 3.4.7. U

By the symmetry of z;’s and y;’s, the following lemma is dual of the preceding

one.

Lemma 3.4.9 In the relations (RS8), namely, for 1 <i,j <m,

2m

[, i) = [y e ] T (3.27)
=1

Wi, 1 <1< m, are uniquely determined by the structure constants of Us(p™).

We are now ready to prove the uniqueness of \’s and p’s.

Theorem 3.4.10 In the relations (R7) and (R8), X\ij; and p; 1, 1 <i,5 <m,

1 <1< 2m, are uniquely determined by the structure constants of Us(p™).

Proof. The proof involves a careful application of Lemmas 3.4.7, 3.4.8 and 3.4.9.

Interchanging ¢ and j in (3.27), and observing the fact that &, j; = K, we get

2m
(i, y;] = [27 g2 e aliiim |y H 2 (3.28)
=1

By Lemma 3.4.9, ;1,1 < 4,7,1 < m, are uniquely determined by the structure

constants of Us(p™).
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By (3.26) and (3.28), we get

A
[x17 SL’y1 Hzruszl zyl

Ki,5,m

o
where z = """ -+ 2y

z]m

and y =y - ym By Lemma 3.4.7, p1— i ji,

1<14,73,<m,1 <[ < 2m, are uniquely determined by the structure constants

of U3<pm>

Hence X;j;, 1 < 7,5,< m, 1 < [ < m, are uniquely determined by the
structure constants of Us(p™). This, together with Lemma 3.4.6, completes the

uniqueness of \’s.

Similarly, p; 55, 1 < ¢,7 < m, 1 <1 < 2m, are uniquely determined by the

structure constants of Uz(p™). O

Finally we prove the uniqueness of a’s and ’s in the relations (R5) and (R6).
Although the proofs are almost similar to the proofs of the previous cases, these

can not go verbatim. Thus, we give complete proof of uniqueness of a’s and (’s.

We need the following preliminary lemma.

Lemma 3.4.11 For any i with 1 <i <m and ¢;,c},d;,d; € Fy for 1 <j <m,

assume that the commutator equations

c1 c _ d1 d
[hl ehgr T ] 2 2y
and
4 a, d' d.,
[hl ey 7%] = m+1 *Zom

hold in the group G. Then there exists an m X m invertible matriz A, whose
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entries are the structure constants k; j; of Us(p™), such that

[cl cm}A:[dl dm}
o a|aln - a]

Proof. Since hy, hs, . .., h,, are independent modulo Cg(x;), it follows that [hy, x;],

and

lho, ], ..., [hm, x;] are independent, and lie in (zq,2s,...,2,) (by Theo-

rem 3.4.4). In other words, {[hi, zi],|he, xi,...,[hm, x;]} is also a basis

for the vector space (z1, 22, ..., 2y) over F,. From Theorem 3.44, [h;, ;] =
2770 2y ™ The desired matrix A is the matrix of change of basis from

{Zly sy Z?TL} to {[hla l’i], [hQa xi]’ SRR [hm7 xl]}? which is given by
A= (ar,s)a

where a, s = K, ;s for 1 < r, s < m. This proves the first part. Changing z; by

y; and z; by 2,4, similarly, we get the second assertion. 0

Theorem 3.4.12 In the relations (R5) and (R6), o, j; and B, 1 <i,5 <m,

1 <1< 2m, are uniquely determined by the structure constants of Us(p™).

Proof. Fix 1,5 with 1 <1i,7 < m. Consider the relations (R7):
[0, y5] = [w1, yy "y ? -y HZI o
Since K; j; = K;,i, interchanging ¢ and j, we get

g i) =l g o T2
=1
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From the preceding two equations, we obtain
Nii—Aji
[xia yj] = [.I'], yl] HZZ S ,l' (329)

Hence [z, y;] = [z;, vi] (mod Z(G)). Since [z;, z;] = [y, y;] =1 (mod Z(Q)),
it follows that [z;y;, z;y;] =1 (mod Z(G)) for all r € F,,. By Corollary 3.2.9,
there exists an element k(r), depending on r, in G” such that [z;y}, x;y5k(r)] = 1.

Then

1= [y}, 2y k()] =z, @)l y)) [es v vl e vy vl [, k)]

T

Wer 3] i 25 v D lyss 25 9507 [sr w3)" Ty k()]
Using (3.29), we get

<ijzl>\i’j,l—)\j,¢,l>r :<[;pi7 x| [z, k‘(?")]) ([5172, Ui, y]](;) i, s, yi]TQ

or 20 0l Dl @5, 930 [ vl Lo ).

Using Theorem 3.4.4 and Lemma 3.4.5, it follows that [z;, xj|[z;, k(r)] €
(21, ..., zm) and the rest of the terms in the right side of the preceding equation

belong to (zm41, - - -y Z2m ). Thus

(f[zf j’i’l_k"”"l)T = [w, xj][xs, k(r)] (3.30)

and

2m

( IT = "’“_A"’“) =lzs, v, 931z, vy 9 lis 75, 9] (3.31)
l=m+1

e, x5, 3] Ty ] [yss k()]
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Since [hy, x;], [ha, xi], ..., [hm, x;] are independent and belong to (z1, 22, . . ., Zm)

(see Theorem 3.4.4), we get

(21,29, ...y 2m) = ([h1, @], [he, @], Jhm, xi]),

Hence there exists k € G, independent of 7, such that ]}, zl_/\i’j’lJrAj’i’l = [z;, k).

Similarly there exists ked , independent of r, such that

~

[z, ;] = [, k_l]. (3.32)

~

Therefore from (3.30), we get [x;, k" = [z;, k™ '[x;, k(r)], which implies that
kkk(r) ™t € Calz;) NG’ = Z(G). Hence

k(r)=kk (mod Z(@)).

Using this in (3.31), we get

2m

r(Xjii—Nij ’ r2 : r?
H Zl( ria Nt g, Y yj](2) (i ygo wil™ [yis @5, yz](2) i, @, Y]
l=m+1
PALE r2 7T
yi, k" lyi, wil™ [yi: K]
Writing this equation for r = 1 and r = —1, we get
2m
A i, 7)\1" i 7 7
H Z[ oot = [xiv yj7 yz][yzu xj? y]][yl7 k][l/z 7y]Hyz7 k]
l=m+1
and
2m

Ai g =N
I = =l v vl vy willves 2. willys x5, )y, K]
l=m+1
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[yia y]][yz; k]_l‘
Preceding two equations give
2m
2(M\j.i1—Ai g _ _ -
H Zl( Jnt J’l) == [:Eia yj7 y]] 1[,%'» .CE]', Z/z] 1[1/1, k]Q
I=m+1
Rearranging the terms, we get
2m
>\'i, —/\i, ; ~
IT =7 T, g w2l v, 72 = [y, K-
I=m+1

Note that the left side of the preceding equation is of the form zﬁj IRREE zgg.

By Corollary 3.4.5 and Theorem 3.4.10, d;’s are uniquely determined by the
structure constants of Us(p™). Let k = hS* .- hem (mod Z(G)). Thus, we have

the commutator equation
d1 dm __ c1 c
“m4l " Fam = [yi, i o]

By Lemma 3.4.11, it follows that ¢;’s are uniquely determined by the structure

constants of Us(p™).

By Lemma 3.4.6, o; ;; = 0 for [ > m. Then by (3.32), we have

Hzlai,j,l = [z, 2] = []2;7 xi] = [AS* - RE™ ) ay).

=1
Again, by Lemma 3.4.11, it follows that a;;;, 1 < 4,57 < m, 1 <1 < 2m, are

uniquely determined by the structure constants of Uz(p™).

That 3;;:, 1 < 4,7 < m, 1 <1 < 2m, are uniquely determined by the

structure constants of Uz(p™), follows on the same lines. U
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Before proceeding for the proof of Theorem 3.4.2, we summarize the preced-
ing discussion of this section.

For simplicity, fix a prime p > 2, an integer m > 2, and a finite p-group
H of nilpotency class 3 and of conjugate type (1, p*™). Then, there exist
gty Bigts Vigls Oigils Nigls Higls €ty Vig €Fp (1 <d,5 <m, 1 <1< 2m)
such that H is isoclinic to the group G with presentation as in Lemma 3.4.1.
By Theorems 3.4.4, 3.4.10 and 3.4.12, o1, Biji, Viji, Oiji, Nijids Miji, are
uniquely determined.

In particular, the isoclinism type of the group H depends only on €;; and v;,
1<i4,7<m, 1<1<2m. Thus, for the proof of Theorem 3.4.2, we fix those
unique qiji, B Yigls Oigts Nigrs Higt €Fp (1<0,5 <m, 1 <1< 2m),
for which, a group given by the presentation as in Lemma 3.4.1 is of conjugate
type (1, p*™), for some €’s and v’s in F,. Then we denote the resulting group

with presentation as in Lemma 3.4.1 by G(e, v).

Lemma 3.4.13 For any choice of €1, viy, €, v;; € Fp, 1 <i <m, 1 <1< 2m,

the groups G(e,v) and G(€', V") are isoclinic.

Proof. Consider the presentation of G(e,v) as in Lemma 3.4.1. To distinguish
the generators of G(e,v) and G(¢€', 1), we write the presentation of G(¢',1') as
in Lemma 3.4.1, where we replace x; by ;, y; by v;, h; by fzi, and z; by 2, for
1 <i<m,1 <1 <2m. For simplicity, we denote the groups G(e,v) and
G(€,v') by G; and G respectively.

It follows, from the construction of G; and G, that the map

extends to an isomorphism ¢ : G/ Z(G1) — G2/ Z(G3). Since G and GY, are
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elementary abelian, it is clear that the map

~

hi’—)hi, 2l P—)?:’l

extends to an isomorphism 6 : G| — G. Consider the diagram

_ _ ag, ,
G1 X G1 — Gl

¢x¢>l le

__ _ ag, ,
G2 X G2 — GQ,

where a¢, and ag, are the commutation maps as defined in Section 1.2 of Chap-
ter 1.

From the commutator relations of G; and G, (that is, the relations (R1)-
(R9) of G4, and correspondingly those of G5), it follows that the above diagram
commutes for the generators of G; and G5 taken in their presentation. A routine
calculation now shows that the diagram commutes.

Stitching all the above pieces together, we get

Proof of Theorem 3.4.2: For a prime p > 2 and integer n = 2m > 2, let H
be a finite p-group of nilpotency class 3 and of conjugate type (1, p*). If m =1,
then the result follows from Theorem 1.1.27. Thus, we can assume that m > 2.

By Lemma 3.4.1, there exist a’s, 8’s, 7’s, §’s, X’s, s, €’s and v’s in [F,, such
that H is isoclinic to a group GG with the presentation as in Lemma 3.4.1. By
Theorems 3.4.4, 3.4.10 and 3.4.12, o’s, 8’s, v’s, d’s, A’s, and p’s are uniquely de-
termined by the structure constants of Us(p™). By Lemma 3.4.13, the isoclinism
type of G is independent of the choice of €’s and v’s in [F),.

Thus, for any m > 1, H is uniquely determined up to isoclinism, and hence

is isoclinic to the group H,,/ Z(H.) (see Section 3.3). O







CHAPTER

On the probability distribution
associated to commutator word

map in finite groups

Let P(G) denote the set of sizes of fibers (for section 4.1 for definition) of
non-trivial commutators of the commutator word map. In this chapter, we prove
that |P(G)| = 1, for any finite group G of nilpotency class 3 with exactlly two
conjugacy class sizes. We also show that for given n > 1, there exists a finite
group G of nilpotency class 2 with exactlly two conjugacy class sizes such that
P(G)] = n.

7
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4.1 Introduction

Let G denote the family of all finite groups. Define Pr : G — Q N (0,1] as

follows:
| {(z, y) € GxG |2y =yx} |

ek , for G eG.

Pr(G) =

Pr(G) is called the commuting probability of G. Various probability distribu-
tions associated to commuator word map have been subject of active research
in recent years (see [5], [23], [25], [26]). In 2008, Pournaki and Sobhani [25]

introduced the notion of Pr,(G), which is defined as follows:

Pro() - M) | .= g}

G2 , for g € G.

Note that Pri(G) = Pr(G), where 1 denotes the identity element in the group.
In [25], Pournaki and Sobhani computed Pr,(G) for finite groups G, which have
only two different irreducible complex character degrees. They also obtained
explicit formulas for Pr,(G), when G is a finite group with |G’| = p, where p is
a prime integer. Motivated by this, Nath and Yadav [23| studied Pr,(G), when

G is either of conjugate type (1, p") or a Camina p-group.

Denote by K (G) the set {[z, y] | (z,y) € Gx G}. For g € K(G), define fiber

of g as follows:

fiber(g) == {(z,y) € G x G | [z, y| = g}. (4.1)

Note that, formula for Pr,(G) can be re-written as follows:

0, otherwise.
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Following the notation used by Nath and Yadav 23|, we recall the notion of
P(G), which is defined as follows:

P(G) = {Pry(G) |1 # g € K(G)}.

Note that
|P(G)| = | fiber(g)| | 1 # g € K(G)}]. (4.2)

Here, we restrict our attention to finite p-groups of conjugate type (1, p™).
Since nilpotency class of such a group can be either 2 or 3, we consider following
two family; G, the family of finite p-groups of nilpotency class 2 and conjugate
type (1, p"), n > 1, and Gs, the family of finite p-groups of nilpotency class 3

and conjugate type (1, p"), n > 1.

Recall that the group G, (defined in 1.1) and Camina p-groups of class 2 are
two major examples of groups from family G,. Nath and Yadav [23] computed
Pr,(G,) and proved that |P(G,)| = 1, for all » > 1. They also gave explicit
formula for Pry(G), when G is a Camina p-group of nilpotency class 2 and
proved that |P(G)| = 1, for such a group GG. Then they asked the following

question:

Question 4.1.1 Is it true that |P(G)| = 1 for all finite p-groups G of conjugate

type (1, p™) and nilpotency class 2 ?

In an attmpt to answer this, we prove the following theorem, in this chapter.

Theorem 4.1.2 Let n > 1 be a given positive integer. Then there always exist

a group G (depending on n) in Gs such that |P(G)| = n.

For groups belonging to Gs, we prove the following result.
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Theorem 4.1.3 Let G € G3 be a finite p-group of conjugate type (1, p**). Then

for g e G,

3n 2n
p+pt—1
— ifg=1

Pry(G) = P

9 p2n_1

—, if1£g€dG.
p

Hence |P(G)| = 1.

We remark that this theorem rectifies a faulty statement |23, Theorem 5.13],
where it was claimed that |P(G)| > 1, for a finite p-group G of conjugate type

(1, p?) and nilpotency class 3.

4.2 Key Results

Proof of following interesting result can be found in [Lemma 3.5, [25]] and [The-

orem 2.3, [23]].

Lemma 4.2.1 Let G and H be two isoclinic groups with isoclinism (¢, 0). Then
PTQ(G) == PTQ@)(G).

In the light of the preceding result, for any finite group G, we only need
to consider a stem group from the isoclinic family of G to compute Pry(G) or
P(G).

For a finite group G and an element g € K(G), we define
T,—{reGlgels G}

and

TZ,={22(G) € G/Z(G) | g € [z, G]}.
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Note that

Tyl = 1Z(G)|TZ,].

Following useful expression of Pr,(G) is due to Das and Nath [5].

Lemma 4.2.2 Let G be a finite group and g € G. Then

We remark that for any finite group G and element 1 # g € G,

1

Pri(G) — Pry(G) > G 20G)

If GG is finite group with exactly two conjugacy class sizes, then we can further

simplify the formula of Pr,(G).

Lemma 4.2.3 Let G be a finite group of conjugate type (1, p™) and g € K(G).

Then
L1z, |
G 2@ p Fa71
PTQ(G) = 4
| Gz -1, .
Gzt w ) ie=l

Proof. Suppose 1 # g € K(G). Then for each x € Ty, |z = p". By Lemma

4.2.2, we get

1 Zi: |Tg| :|Z(G)||TZg|_ 1 |TZg|.
p* |Glp" |Glpm G Z(G)] pr
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Now let g = 1. Then note that T, = G. By Lemma 1.3.6, we get

eG
1 1 1 1
_ — JE— _|_ - -
PR R P I

1Z(@)] 1 ]Gl =12(6)]

GGk pm
1 G:Z(G)] -1

:m(l—i— = ).

This completes the proof. O

Nath and Yadav [23] gave explicit formula for Pr,(G,), for r > 1.

Lemma 4.2.4 Let G, be as defined in 1.2. Then

(2
pr—1 :
W’ ifg#1
Pry(G,) =
pr+1 + pr -1 . _
\ T’ ifg=1
b
Using preceding lemma and the formula Pry(G) = %, we get an
expression for the sizes of fibers in G,.
Lemma 4.2.5 Let G, be as defined in (1.1). Then
4
(p* = Dpr* ifg#1

|fiber(g)| =

(P pr =Dt ifg =1

\

From preceding Lemma, we get an expression for |K(G)|.
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(P -1 —1)
p*—1 '

Lemma 4.2.6 Let G, be as defined in 1.1. Then |K(G,)|—1 =

Proof. For any finite group G, we know that > |fiber(g)| = |G|*. Thus we
geK(Q)
get, > |fiber(g)| = |G|* — |fiber(1)|. Therefore by Lemma 4.2.5, we have
geK(G)\1

(|K(Gf,«)| — 1)(]92 _ 1)pr2+r+1 — pr2+3r+2 - <pr+1 +pr . 1)pT2+T+1
= (" P = =+ 1)
= (" +r+ )P -1 - 1),

- D - 1)

H K(G,)|—-1=
ence |K(G,)] P

Lemma 4.2.7 Suppose G = G,_1 (as defined in (1.1)) is generated by ay, as, . . . ap,

with n > 4. Then there do not exist x, y € G such that
[ZE‘, y] = [a17 a2]il [CL3, a4]i2 s [a2m—17 a2m]im7 (43)

where 2 < m < |n/2| and iy # 0 (mod p), for k=1,2,...,m.

Proof. We prove this lemma by the method of contradiction. Suppose that

there exist z and y € G satisfying equation (4.3). Let = = al'a}? ... alr and

y =ay'as? ...ak (reading modulo Z(G)). As iy # 0 (mod p), at least one of j;
and k; has to be non-zero modulo p. Without loss of generality, we take j; to
be non-zero. Then we can write y as

_ k1 ko kn _ (01,02 in\k1iy ' (L2 L3 ! _ kgl s l
y=aj'ay’...a = (a'ad’ ... alm) (afag .. oatz) = 2" (agas .40 z),

where 21 € Z(G) and Iy, I3, [4 are some suitable integers. Now

[z, y] = [z, y1], where 7y = ag"a%” . aﬁ;‘.
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Computing [z, 1], we get that [ay, a”al® ... aft'"] is exactlly the commutator

involving a; in left-hand side of equation (4.3). Compairing it with right-hand
side of equation (4.3), we see that [ has to be non-zero modulo p, in particular

lo =415, and I3, Ly, . .., 1, have to be zero modulo p. Thus we have

Ji

Y = ay with j; non-zero modulo p.

Now, again computing [z, y|, considering commutator involving as and com-

pairing with equation (4.3), we see that ji, js,...,Jjn have to be zero mod-
. .1

ulo p. So we have 2 = a}' and y; = a3 ”" with j; non-zero. Therefore

[z, y] = [z, y1] = [a1, a]", a contradiction to given hypothesis. O

Lemma 4.2.8 Suppose G = G,, (as defined in (1.1) ) is generated by ay, as, . . . ay,

with n > 6. Then there do not exist x, y, z and w € G such that

[ZIZ’, y] [Z, W] = [al, ag]il[ag, a4]i2 o [agm_l, agm]i’", (44)

where 3 < m < |n/2| and iy # 0 (mod p), for k=1,2,...,m.

Proof. We also prove this lemma by the method of contradiction. Suppose that

there exist z, y, z and w € G satisfying equation (4.4). Let z = a]'al? .. .alr,
y=al'ay...ak" z=alay ... ar andw = af'a? ... alp (reading modulo Z(G)).

As iy # 0 (mod p), at least one of ji, k1, I; and ¢; has to be non-zero modulo p.
Without loss of generality, we take j; to be non-zero. So {z,as,as,...,a,} also
forms a generating set for G.

Let N be the subgroup of G generated by z, a; and their commutators
with G. It is easy to see that N is a normal subgroup. Set G = G/N. Now

{@3,az,...,a,} is a generating set for G and easy to see that G = G,_,, as
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defined in (1.2). In G, (4.4) reduced to

[57 m] = [CL_37 CL_4]12 s [a2m—17 m]ima

where 3 < m < |n/2] and i # 0 (mod p), for k = 2,3,...m. This is not
possible by Lemma 4.2.7. Thus there do not exist x, y, z and w € G satisfying

equation (4.4). This completes the proof. O

4.3 Proof of Theorem 4.1.2

We are now ready to prove Theorem 4.1.2.

Proof of Theorem 4.1.2: We know that |P(G,)| = 1 for all » > 1, from
|[Theorem B, [23]]. Therefore, we only need to prove the statement for n > 2.
For given n > 2, consider G = G,,, with m = n? +n — 3. Note that G is of
nilpotency class 2 and conjugate type (1, p™). Suppose that G is generated by

a1,09, ..., 0n, Gne1. Then consider the central subgroup H as follows:

H = ([a1, as[as, a4,
[a5, GG] [CL7, as], [%7 aﬁ][ag, alo],

[an, a12Ha13, a14], [Cllh an][aw, alﬁ}; [@11, a12][a177 als],

[aa—i-la aa+2][ao¢+37 aa+4]7 [aa-‘rla aa+2][aa+5a aa+6] s [aa—&—h a'a+2]

[aa+2n—1> aa+2n] >7

where o = (n — 2)(n + 1).

Note that |H| = p"™ V2 and a+2n=n*>+n—-2=m+ 1.
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Set G :== G/H. Note that [dy, ds] # 1 in G. Thus G is non-abelian, in
particular, nilpotency class of G is 2. Our aim is to show that G has exactlly

two conjugacy class sizes and |P(G)| = n. We complete the proof in two steps.

Claim 1: G has exactlly two conjugacy class sizes.

It is sufficient to prove that each non-central element commutes only with its
powers (reading modulo center). Let Z, § € G be such that neither is a power
of the other. It is not difficult to see that [z, y] # 1 in G. Hence, if [Z, ] =1
in G = G/H, then [z, y] € H#, the set of non-trivial elements of H. Suppose

that

1 7& [ZL’, y] :<[CL1, CLQ][Q?” a4])i1,1
(las, aellar, as))™'([as, aglag, axo])™*

([a11, ara)[ars, aia))® ([a11, aio]lass, aig))®?([a11, aia)[arr, as])™?

([aa—i—ly aa—l—Z] [aoz+37 aa+4])in71’1([aa+1a aa+2][aa+5; aa+6])in7172 cee

([aOé+17 aa—}—Q] [aOH-Zn—h aa+2n])in71’n71 .

Since [z, y] # 1, at least one ¢, is non-zero (mod p). After simplification, we

get

[I7 y] :[alu a2]i1’1[a’37 a’4]iL1

las, ag]*"*2[az, as]*'[ag, aio]™>?

[a11, aio]™® T2 %83 [a15 a14)™ [ays, ais]®?[arr, ais)™®

in—1,1Ftn—1,2F F+in_1,n-1 in—1,1 in—1,2
[aoc-‘,-la aoz+2] nohieh nobn [aoc-i-?n aoz+4] nh [aa+5a QAat6] "7 -
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7;'nfl,'nfl

[acx—i-Qn—la aa+2n]

Note that in the right-hand side at least two commutators have non-zero power.
Thus, by Lemma 4.2.7, [z, y] ¢ H# and consequently [#, §] # 1 in G. Hence G

has exactlly two conjugacy class sizes.

Claim 2: |P(G)| = n.

Here our plan is to show that

[{Ifiber(g)] |1# g € K(G)}| = n.

First, note the following elementary facts:

(i) K(G)=K(G).

) . fiber(R)| _ (p* — 1)pmim—D/2
(ii) For any h € K(G), |fiber(h)| = | ‘H‘g ) = ( pn)(nl) )

The last equality in (ii) is due to Lemma 4.2.5.
For each h € K(G), set A, := K(G) N hH. We claim that for each x € Ay,

fiber(&) = fiber(h) = Uyea, fiber(y) (4.5)

The first equality of (4.5) holds because of the fact: = € A, = & = h in G.
Now, we proceed to show the second equality of (4.5).

Suppose (a, b) € fiber(h), i.e., [a, b] = h. Then there exist some y € hH
such that [a, b] = vy, i.e., (a, b) € fiber(y). This implies (a, b) = (ot,~ b) €
fibeNT(y). By definition of Ay, y € A,. Hence fiber(h) C UyeAhfibeNT(y). Sim-
ilarly reverse inclusion can be shown by backtracking the above steps. This

completes the proof of second equality of (4.5) and hence (4.5) holds true.
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Now, for h € K(G) and = € Ay, by (4.5), we get

(p2 _ 1>pm(m—1)/2

|fiber(Z)| = |Ap| ey

Hence, to show |{|fiber(Z)| | 1 # g € K(G)}| = n, it is sufficient to show that

{|An] | 1 # h e K(G)Y] =n.

Note that h € Ay, for all h € K(G). Now fix some h € K(G) \ 1. If
h # g € Ay, then
gh™" = 1, forsome 1#HK € H.

As both g, h™' € K(G), consider ¢ = [a, b] and h™! = [¢, d], for some

a, b, ¢, d € G. Thus, we get

la, bl[c, d] =1'.

By Lemma 4.2.8 and presentation of H, this is only possible when A’ is of the

form
h' = [agi—1, a]*[agj—1, ag;]® or h' = [agi—1, a|*[ag;—1, ag]™,

for some suitable indices i, j and integer 1 < a < p — 1, with either ¢ =

lagi—1, ag]® and h™! = [ag;_1, ag;|*™ or vice versa.

Using this observation, presentation of H, Lemma 4.2.7 and Lemma 4.2.8,

we proceed to compute Ay, for all h € K(G) \ 1. First we partition K(G)\ 1 as
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K(G) \ 1= K(G)l U K(G)Q, where
K(G)1 = {lagi—1, az]’ | 1< <p—1,1<i<(m+1)/2}

and K(G), = (K(G)\ 1)\ K(G)1.

Note that if h € K(G)q, then A, = {h}. Now we proceed to compute Ay,
for h € K(G),. For simplification of notation, now onwards, we denote [a;, a;]

by h; ; in this proof.

_ k1 —k1
Ah’p? - {h1,2> h3,4 }>

_ ko —ka —ka
Ah§26 = {h5,6> h?,s ) h9,10 )

o k3 —kS —k3 _k3
Ah’g o {h11,127 h13,14> h15,167 h17,18 )

_ kn—l _kn—l _kn—l _kn—l
Ahkfjr—ll 42 - {ha+1,a+2’ ha+5,a+67 ha+3,a+47 e ha+2n71,a+2n )
o ey

forall 1<k, <p—-1,i=1,2...n—1.

So, we get {|An| |1 # h e K(G)} = {1,2,...,n}. Hence
IP(G)] = [Ifiber(9)l | 1# g € K@)} = [{|Aul |1 #h e K(G)}] = n.

This completes the proof. O
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4.4 Proof of Theorem 4.1.3

We recall some results from preceding chapter. We start with an elementary
result which follows from Lemma 3.2.4, Theorem 3.2.6, Lemma 3.2.10 and defi-

nition of conjugate type.

Lemma 4.4.1 Let G be a stem p-group of class 3 with conjugate type (1, p*").
Then the following hold true:

(i) |Z(G)] = p*™, |G’ : Z(G)| =p" and |G : G'| = p*.

(ii) For each g € G\ Z(G), |¢°] =[G : Cg(z)] = p* and |Cq(z) : Z(G)| =

V12

p.

Following technical result on finite p-groups of conjugate type (1, p**) and

nilpotency class 3 follows from Section 3.4 of preceding chapter.

Lemma 4.4.2 Let G be a stem p-group of class 3 with conjugate type (1, p**).
Then there exists a generating set of G, say {ai,...,an,b1,...,b,} such that the
following hold true:

(i) G' = (hy,..., hy,Z(G)), where h; = [a1, b;] fori=1...n;

(i) Z(G) = (z1, 22, ..., 20n), where [hy, a;] = z; and [hy, b;] = zpyy for i =
1,...,n.

fiii) Say A = {7, aF
Then

0<k <p-—1} ande{H?zlbﬁi 0<l; <p-—1}.

(1) [z, y] € Z(G), for z,y € A or z,y € B.
(2) [z, y| ¢ Z(G), forl £x € Aand 1 #y € B.
(3) {[a, b;] | 1 <1< n} generates G' over Z(G), for any 1 # a € A.

(4) {lai, b] | 1 <1< n} generates G' over Z(G), for any 1 #b € B.
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() Say Zy = (z1,...,2n) and Zy = (Zpi1, ..., 20n). Then for any 1 # a € A,
1 #beBandhe @'\ Z(G),

(1) [h, Al = Z; = [a, G'].
(2) [h, B] = Zy=1[b, G'].
(v) For each h € G' \ Z(G), |h, G| = Z(G).

Set G = G/ Z(G) and consider ® to be the canonical homomorphism from
G onto G. For g € G\ G', define

Hy = ®1(C5(9))- (4.6)

Note that

As Cy(G) NG = Z(G) and [G4(G) : Z(G)] = p" = [G" : Z(G)], we have

Lemma 4.4.3 Let g € G\ G'. Then for any v € H,\ G, [G', z] =[G, ¢].

Proof. Take an arbitrary element of [G', z], say [[g, y], z], for some y € G. As
x € Hy, so [z, g] € Z(G). Then by Lemma 1.3.7, we get [[g, y|, z] = [z, v], 4]
and so [G', z] C [G’, g¢]. Similarly we can show the reverse inclusion and hence

¢, 2] = [, g]. -

Lemma 4.4.4 Given any h € G' \ Z(G) and any ab # 1, for some a € A and

b € B, there always exists some h* € G’ such that h € [abh*, G].

Proof. Without loss of generality we can assume that ¢« # 1. By Lemma
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4.4.2(111)(3), there exists some b* € B such that
la, b*] =h (mod Z(Q)).

Now [ab, b*] = hwyw,, for some w; € Z; and wy € Zy. By Lemma 4.4.2(iv)(1),

there exists some h; € G’ such that [a, hy] = w;'. So
[ab, b*hl] = [ab, b*][(l, hl][b, hl] = hwlewfl[b, hl] = hU)QUJg

where w3 = [b, hy] € Zs (by Lemma 4.4.2(iv)(2)). Again using Lemma 4.4.2(iv)(2),

we get some h* € G’ such that [h*, b*] = (waws)~'. Therefore
[abh*, b*hl] = [ab, b*hl][h*, b*hl] = h'LUgwg(’LUgwg)il = h.

This completes the proof. 0

Now we are reday to prove Theorem 4.1.3.

Proof of Theorem 4.1.3: Let G € G35 be a finite p-group of conjugate type
(1, p**). Then |G| = p°* and [G : Z(GQ)] = p*" = |G’|. By Lemma 4.2.3, we get

1 p3n_|_p2n_1
=) ="

1 1
PT’l(G):_+ p3n

p3n p2n

Note that

Y Pry(G)=1.

gEK(G)
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Thus

Sn _ 31 _ .2n 1
S Pry(@) = 1-Pry(6) =

5n
e K@\ P

2n

-1
Claim: Pry(G) > ppT’ for each g € G’ \ 1.

By Lemma 4.2.3, it is sufficient to show that |TZ,| > p** — 1, for all g € G'\ 1.

Case 1: g€ Z(G)\ 1.

Consider any o € G' \ Z(G). By Lemma 4.4.2(v), there exist some g € G\ G’
such that [a, ] = g. Now consider Hy (as defined in (4.6)). Take x € Hz\ Z(G),
then either v € Hg\ G’ or x € G'\ Z(G). If x € Hz \ G’, then by Lemma 4.4.3,
g=lo, 8] € G, B] =[G, z]. If x € G'\ Z(G), then by Lemma 4.4.2(v),

g € |G, z]. So
(Hp \ 2(G))Z(G)

>

=p" — 1.

Case 2: g € G'\ Z(G).

By Lemma 4.4.4, we get
|TZ,| > |{ab:a € A,b € Band ab # 1}| = p™ — 1.

Hence our claim holds true. Then by the counting argument, we get Pr,(G) =
2n 1
pT, for each h € G"\ 1. This completes the proof. O
p n
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