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GD as a correlation measure Geometric Discord
Formula
Monogamy of GD

Geometric discord (GD) and its properties

Geometric Discord (GD) [Daki¢ et al., PRL 2010]
_ __w ; _ 2
2=2a(pAB) = 1 min llp =111 (1)
where
° Qo ={x=Xxpklk) ackl ®pf} is the set of all zero-discord, or

classical-quantum (CQ) states, with {k) 4} being an orthonormal basis of
the Hilbert space for A.

@ the norm is the usual Hilbert-Schmidt norm given by

IX12 = <X, X) = Tr (XTX) = T 1X512,

iJ

@ the factor m/(m—1) is for normalizing 9, so that 2 €[0,1].
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GD as a correlation measure Geometric Discord
Formula

Monogamy of GD

Properties

©

Non-negative: 2(p) =0 for all states p
Faithfulness: 2(p) =0 iff p is a CQ state. (Hence 64 =042 =0)

LU Invariance: 2(Ue VpUte V) =9(p)
Reaches maximum for Bell states (Zmax =1)
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Properties

© Non-negative: 2(p) =0 for all states p
Faithfulness: 2(p) =0 iff p is a CQ state. (Hence 64 =042 =0)
LU Invariance: 2(Ue VpUte V) =9(p)

Reaches maximum for Bell states (Zmax =1)
Non-convex: 2(p1p1 +p2p2)>pP12(p1)+P22(p2).

p1=p2= 1/2, p1 =100)00], pp =[+1){+1).
o Can increase under LOCC!

®
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1
xX= > (100) 4B (00| +[11) p g (11]),
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Monogamy of GD

Properties

© Non-negative: 2(p) =0 for all states p
Faithfulness: 2(p) =0 iff p is a CQ state. (Hence 64 =042 =0)
LU Invariance: 2(Ue VpUte V) =9(p)

Reaches maximum for Bell states (Zmax =1)
() e Non-convex: 2(py1p1+p2p2)>p12(p1)+P22(p2),

p1=p2= 1/2, p1 =100)00], pp =[+1){+1).
o Can increase under LOCC!

1
xX= > (100) 4B (00| +[11) p g (11]),

Apply the LO:
1004 —10)a
1) g — 4} 4= %(|0>A+|1>A)
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Monogamy of GD

Properties

© Non-negative: 2(p) =0 for all states p
Faithfulness: 2(p) =0 iff p is a CQ state. (Hence 64 =042 =0)
LU Invariance: 2(Ue VpUte V) =9(p)

Reaches maximum for Bell states (Zmax =1)
() e Non-convex: 2(py1p1+p2p2)>p12(p1)+P22(p2),

p1=p2= 1/2, p1 =100)00], pp =[+1){+1).
o Can increase under LOCC!

1
xX= > (100) 4B (00| +[11) p g (11]),

Apply the LO:
1004 —10)a
1) g — 4} 4= %(|0>A+|1>A)

/\ Separable state may have non-zero Discord: a true post-entanglement
correlation!
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GD as a correlation measure Geometric Discord
Formula

Monogamy of GD

Pure states [Luo and Fu, PRL 2011]
> 2(|y)) is given by the linear entropy :

Wag =2 \/A_ilf'?AB, Zli =1 (2a)
1

then, unnormalized @(W/)):sL(p )i=1-Tr(p™)*=1- Z/lz (2b)

@ 2 is maximum for MES |w) = (X |ii})/v/m. Hence the normalization factor
of m/(m-1).

o Normalized 2(p) =1 iff p is MES.
o For [y) e C2&C", D(Jy)) = 4det p”.
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Monogamy of GD

Pure states [Luo and Fu, PRL 2011]
> 2(|y)) is given by the linear entropy :

Wag =2 \/A_ilf'?AB, Zli =1 (2a)
1

then, unnormalized @(W/)):sL(p )i=1-Tr(p™)*=1- Z/lz (2b)

@ 2 is maximum for MES |w) = (X |ii})/v/m. Hence the normalization factor
of m/(m-1).

o Normalized 2(p) =1 iff p is MES.
o For [y) e C2&C", D(Jy)) = 4det p”.
» On the other hand, 6 4 is given by the entropy of entanglement:

5(1y)) = E(19)) 1= 5(p") = - L Ajloga 4;. (3)

Preeti Parashar GD: some analytic results


http://dx.doi.org/10.1103/PhysRevLett.106.120401

GD as a correlation measure Geometric Discord
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Analytic expression of GD

2-qubit states [Daki¢ et al., PRL 2010]

1
x  Bloch Form: pAB:Z[I®I+x.a®l+l®y.a+zlea,-®gj]
=(xy,T)
. 1
@ Discord:  2(p)= 3 [IxXI” +ITI% - Amax(ex' + TT)]
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Analytic expression of GD

2-qubit states [Daki¢ et al., PRL 2010]

1
x  Bloch Form: pAB:Z[I®I+x.a®l+l®y.a+zlea,-®gj]
=(xy,T)
. 1
@ Discord:  2(p)= 3 [IxXI” +ITI% - Amax(ex' + TT)]

« Parametrization of y € C28C2n CQ:

2
X=X pilvwilep?, wilvp =65 pLp2=0, pr+pr=1  (4a)
i=1

1

=(qge,s+,est), (4b)
where the parameters are given by

g=p1-p2, e=wiloly1), s+=Tr[(p1p1£p2p2)0], (5)

with the restrictions ge[-1,1], llel =1, [s+]l <1.


http://dx.doi.org/10.1103/PhysRevLett.105.190502

GD as a correlation measure Geometric Discord
Formula

Monogamy of GD

e The distance, in terms of these new parameters:
1
lo =212 = 5 (1+1x12+Iy12 + 1 712)
4
1 t t t
—5(1+qx ety's;+e Tsf) (6)
1 2 2 2
47 (1+ P +lsi1? +1s-1?).
e The distance as well as the constraints are convex. Hence it has a global

minimum guaranteed by the positivity of the Hessian. So, as usual,
differentiating Eq. (6) and equating to zero, leads to the analytic formula

D(p) =5 [IX12 + 1 T12 = Amax(ot + TTH)], g

together with the optimal CQ state y* being a state with the following Bloch
components
<= (etxe,y,eetT), (8)

where e is the normalized eigenvector of xxt + TT! corresponding to the
maximum eigenvalue Amax.
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Alternative form of 2: Minimization over measurements

 The convexity condition was satisfied due to the fact that (/ +x.0)/2 is a
qubit iff
x| <1.

. 2_ .
« But conditions for a vector ve RY "1 to represent the Bloch vector of a qudit
are not known for d = 3. So this problem can not be solved analytically in
general.
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Alternative form of 2: Minimization over measurements

 The convexity condition was satisfied due to the fact that (/ +x.0)/2 is a
qubit iff
x| <1.

« But conditions for a vector ve R4~ to represent the Bloch vector of a qudit
are not known for d = 3. So this problem can not be solved analytically in
general.

o However, no problem for 2® n states, as only the Bloch vector of A is
important.
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Alternative form of 2: Minimization over measurements

 The convexity condition was satisfied due to the fact that (/ +x.0)/2 is a
qubit iff
x| <1.

« But conditions for a vector ve R4~ to represent the Bloch vector of a qudit
are not known for d = 3. So this problem can not be solved analytically in
general.

o However, no problem for 2® n states, as only the Bloch vector of A is
important.

Two equivalent expressions [Luo and Fu, PRA 2010]
min lo— x11? = minllp -4 (p) 112,
1€Q0 nA

IA(p): state after a measurement I on 724, ie.,

A = (k) aklt = TTA(p) := Y. (1k) (kI ® 1B) p(1ky (kI @ 1B).
K

4
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Alternative form of 2: Minimization over measurements

 The convexity condition was satisfied due to the fact that (/ +x.0)/2 is a
qubit iff
x| <1.

« But conditions for a vector ve R4~ to represent the Bloch vector of a qudit
are not known for d = 3. So this problem can not be solved analytically in
general.

o However, no problem for 2® n states, as only the Bloch vector of A is
important.

Two equivalent expressions [Luo and Fu, PRA 2010]
min lo— x11? = minllp -4 (p) 112,
1€Q0 nA

IA(p): state after a measurement I on 724, ie.,

A = (k) aklt = TTA(p) := Y. (1k) (kI ® 1B) p(1ky (kI @ 1B).
K

2 Not necessarily true in other (e.g. trace) norm.
”
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GD as matrix optimization problem

@(p)=Tr(CCt)—m/2xTr(ACCtAt), 9)
» C=(cjj) is an m? x n? matrix given by the expansion
pZZCUX,'®YJ' (10)
in terms of orthonormal operators X;j € £(7#74), Y; e £(7#8),

2 matrix given by

e A=(ay;) isan mxm

ap; = Tr(1k)y(k1X;) = (kI X;1k) (11)

for any orthonormal basis {|k)} of JOA.
e The problem of determination of 2(p) reduces to finding the maximum of

f(A):=Tr(ACCtAY), (12)

subject to the restriction in Eq. (11).
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Sharpest bound on GD [Rana and Parashar, PRA 2012]

« Set the generators of SU(m) (together with /) as the basis of £(7%) and
similarly for (%) (the usual Bloch form). This gives

il o ) )

e The restriction on A in Eq. (11) basically gives the following three restrictions

on A:
1

e:=(agy)]q = (CkIXplk)], = \/—5(1,1,...,1)'2 (14a)

m m m m? 2
> ak = (a)” 2 = ( > aki) =(TrX;)iZ, =0, (14b)

k=1 k=1 k=1 i=2

the isometry condition ~ AAt = I, (14c)
and in addition, |k)(k| should be a legitimate pure state. (14d)
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o Writing A=(e B), where B is an unknown m x (m?—1) matrix, the
objective function of Eq. (12) becomes

1 2 [2 2v/2
— 1+—||y||2+2Tr{B( x+ny)et}
n n m nvm

+Tr{B(%xx +— TTf)B }] (15)

f(A) =

« For any vector x, xet = \/Lm(x,x,...,x) = Tr(Bxe!)= ke1ak-x=0, by (14b).

Ty is vector = Tr(BTye!) =0. Thus, the optimization reduces to maximizing
g(B) :=Tr(BGB?), where

G:= (Exxt+iTTt). (16)
m

mn

« AAt = = BBt = Iy —eet 2Y2. B usvt, s =diagil,1,...,1,,_1,0}.

g(B)

Tr[BGBt] :Tr[UZVtGVZtUt]

Tr [zfufuzvtcv] =Tr [AVtGV], (17)
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m-1
maxg(B)= Y 1;(G) (18)
k=1

Arbitrary bipartite (m® n) states, m< n [Rana and Parashar, PRA 2012]

% Bloch Form: PAB— I®l+xu®l+l®yv+ZTU®a

J
]

D) Discord: 2(p) =

2 2,2 -9 ! t
— T A TT
R L Z &x+ )
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m-1
maxg(B)= Y 1;(G) (18)
k=1

Arbitrary bipartite (m® n) states, m< n [Rana and Parashar, PRA 2012]

1
% Bloch Form: PAB=

lel+xpel+leyv+) Tio;®0;
i

. 2
@ Discord: @(p)z m

2 m=1 2
IxI2+ 20712 = Y AL (b + 2 TTY)
n k=1 k n

= All 2® n states saturate this bound. So, monogamy of GD could be
checked for 2@ dy ® d3--- ® d); systems.

= Upper bound on MIN in a single shot:
4 2

= Non-unique U,V in SVD = non-unique optimal measurements!

Preeti Parashar GD: some analytic results


http://dx.doi.org/10.1103/PhysRevA.85.024102

GD as a correlation measure Geometric Discord
Formula
Monogamy of GD

Monogamy of GD

Monogamy

A correlation measure Q is monogamous iff for any N-partite (typically N =3)

Q™)+ Q™)+ + Q™) = (")
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GD as a correlation measure

Monogamy of GD

Monogamy
A correlation measure Q is monogamous iff for any N-partite (typically N =3)
state p12"'N
Q™)+ Q™)+ + Q™) = (")
Examples:
@ C2, E, Esq, Reny entropy, Distillable key etc.
D' £sq Y
() Ef, Ec, distributed entanglement etc.
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Monogamy of GD

Monogamy
A correlation measure Q is monogamous iff for any N-partite (typically N =3)
state p12"'N
Q')+ Q(p™%) ++--+ Q) = Q(p1*>+ M)
Examples:

@ C2, E‘D_, Esq, Reny entropy, Distillable key etc.
() Ef, Ec, distributed entanglement etc.

Monogamy of discord
£ Zurek's discord § may or may not be monogamous for 3-qubit GGHZ but
always strictly non-monogamous for GW states!

@ GD is monogamous for all 3-qubit pure states, all N-qubit GGHZ and GW
sates; but not necessarily for 3-qubit mixed states, and pure states beyond
3 qubits.
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ly) = /pl00---0p) + /I —pl+1---1p), N=3.
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ly) = /pl00---0p) + /I —pl+1---1p), N=3.

o 2(pt123--N) = 4det(pl) = 2p(1 - p), whereas 2(p1k) = minip?, (1- p)2}
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GD as a correlation measure Geometric Discord
Formula

Monogamy of GD

[w) = /pI00---Op) +/T—pl+1--1p), N=3.
o 2(pt123--N) = 4det(pl) = 2p(1 - p), whereas 2(p1k) = minip?, (1- p)2}
e Symmetric in parties 2,3,..., N: monogamy relation is satisfied iff

N-1
Tmin{pz,(l—p)z}sp(l—p) (19)
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GD as a correlation measure Geometric Discord
Formula

Monogamy of GD

[w) = /pI00---Op) +/T—pl+1--1p), N=3.
o 2(pt123--N) = 4det(pl) = 2p(1 - p), whereas 2(p1k) = minip?, (1- p)2}
e Symmetric in parties 2,3,..., N: monogamy relation is satisfied iff

N-1
Tmin{pz,(l—p)z}sp(l—p) (19)

o Clearly, all

e( 2 N—l)
PEANFT N+T

violate Eq. (19). Thus GD is not necessarily monogamous for all pure states
beyond 3-qubits.
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PT and A

The conjecture 2 = ¥
Interrelations between GD and entanglement PT of 2®n states

S

2

®3

Analytic example

Partial Transposition (PT): Entanglement detector

Partial transposition (PT)

PT of pe ##=7" 278 w. r. t. Ais defined as pTA =(Tel)p

PPT Criteria for Separability

p is separable = p TA > 0.
e So, pla # 0= p is entangled (NPT=Entangled)
@ The converse is true for dim(#) <6

° pTA >0 = p is undistillable

States known to satisfy PPT criteria
@ Pure states
022, 2®3,312

@ Werner and isotropic states

o p=p'a
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PT and A

The co
Interrelations between GD and entanglement PT of

28

®3

Analytic example

Negativity (A)

Definition [Vidal and Werner, PRA 2002]

For me n (m < n) state p,

1 2
H=H(p)=——(lo Ak ~1) = EAZOM;(pTA)I
i<

Facts/Properties

o Easily computable and so the stand alone measure for mixed states.
However, fails to detect PPT entanglement.

Does not reduce to entropy of entanglement for pure states.

N (Zailin) = g (Zai)?- 112,

o Both .4 and .42 are convex and monotone under LOCC, hence are
legitimate entanglement measures.

@ The logarithmic version is additive, not asymptotically continuous and
gives upper bound to distillable entanglement!!
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PT and A ~ >

The conjecture 2= N
Interrelations between GD and entanglement PT of 2®n states

5

2®3

Analytic example

The conjecture 2 = 42 [Girolami and Adesso, PRA 2011]

o In a sequence of papers, they have tried to develop an interrelation
between discord and entanglement.

@ The common belief is that, discord being weaker correlations than
entanglement, the conjecture must hold.

o Interesting: 2 is geometric distance but .4 is not!

States satisfying the conjecture
o PPT states (from definition)
v/ Pure states (from the explicit known values)
v/ Two-qubit states (complicated arguments)
v/ Werner and isotropic states (from the explicit known values)

77 2®3 states (extensive numerical evidence: ~10° random states)
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PT and A %
The conjecture 2> A<
Interrelations between GD and entanglement PT of 2®n states
Py

Analytic example

Violation of the conjecture [Rana and Parashar, PRA(R) 2012]

We need to extend a 2®2 result from [Sanpera et al., PRA 1998]

PT of any 2® n state can not have more than (n—1) negative eigenvalues

Proof:

@ Any hyperplane (indeed, subspace) of dimension n in C€2®C" must contain
at least one product vector. [Kraus et al., PRA 2000]

o If possible, let pTA has n negative eigenvalues A; with corresponding
eigenvectors |y;).

o Expand the product vector |e, f) = Y. ¢jlyj) = (e,flp TAle, f) =X A;lc;12 <0.
o But this would imply (e*,f|ple*, f) <0 which is impossible as p = 0.
]
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PT and A %
The conjecture 2> N <

Interrelations between GD and entanglement PT of 2®n states
213

Analytic example

Violation of the conjecture in 2®n, for any n>?2

There are 2 ® 3 states violating 2 = N2

Proof:
o The optimal classical-quantum state  satisfies Tr[x2] = Tr[py].

@ Hilbert-Schmidt norm is invariant under PT. So,
2 =2lp-x12=2Trp2 - x?]|=2Tr[(pTA)% - 4?]

o Let the eigenvalues of pTA and y be given by
AM2Ar2A322420=215= A (20a)
and {128 =...{=0 (20b)

Then the Hoffman-Wielandt theorem gives [[p T4 — y|I2 = Z?zl(/l; —&j)?
and hence we have

6, &
PRFEDIIS (21)
Fon R |
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Interrelations between GD and entanglement PT of 2®n states
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Analytic example

@ We also have the following constraints for a given (fixed) negativity ./,

N
5]+ 126! = 5 (22a)
4
N
Y Aj=1+Z- (22b)
i-1 2
6
Z =1 (22¢)
i=1
@ Now setting
6 o 2y N2 -2
f(A,6):= -Zl(//l"_fi)_TzT (23)
=
and using Lagrange’s multiplier method repeatedly, we have
fz%(2—5ﬂ) (24)

So, whenever A =2/5, @ # 2.

@ However, f >0 for the Bell States having 4/ = 1. The reason is that the conditions we used, are only a

of ! So,

subset of the y diti. But (24) indi the possibility of

we must resort to numerical techniques.
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PT and A
The conjecture 2 =
Interrelations between GD and entanglement PT of 2®n states

213

Analytic example

@ And now comes the dilemma: they have already given numerical evidence
with 5x 10° random states and we are to do the same thing. But
fortunately, we are able to find (at most one) counterexample with 6 x 10°
random states. The proof is completed with this example.

2005

0.00 -

~0.05" .
0 20000 40000 60000 80000 100000

No. of States -

Figure: Only one counterexample in 6 x 105 random 2 &3 states
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PT and A
The conjecture 2 =
Interrelations between GD and entanglement PT of 2®n states

213

Analytic example

o However, it is very easy to see that the arguments of 2® 3 case also apply
to 2@ n states with n>3. It also indicates that the violation (2 —.42)
increases with n. Indeed, the number of states violating this conjecture
increases very rapidly with n.

D-N -

—-0.05

0 120000 40000 60000 80000 100000
No. of States -

Figure: @— .42 (dimensionless) for 10° random 2&4 states
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The conjecture 2> N <
Interrelations between GD and entanglement PT of 2®n states

283

Analytic example

Analytic example: 4 ®4 Werner states

@ The m® m Werner state is given by

- -1
n; 24 m3z F, ze[-1,1]
m>—m m-—-m

Ppw =

where F =Y |k){/|®|/y{k|. It is well known that

o[22

@ In general 2®3 #3®2: Separable or entangled? [K.-C. Ha, PRA 2010]

3 -1 0 -1 0 O
-1 1 0 1 0 0
1l 0 00 0 0 0
P=6l -1 1.0 1 0 0
0 0 O 0 1 0
0 0 0 0 0 O
@ When seen as 2®8 states, 2(pw ) does not change from the 4®4 case,

but 4 (pw) changes a lot.


http://dx.doi.org/10.1103/PhysRevA.82.064103

PT and A
The conjecture 2 = ¥
Interrelations between GD and entanglement PT of 2®n states

223

Analytic example

L5(-2-72), ifze[-1,-3)
Meg=1{ 0, ifze[—%,%]
15(-2+32), i ze(3,1]

0.4 ‘ ‘ ‘

0.06

Quantum Correl ati ons

o
N
‘

Figure: @ < A2V ze[-1,-8/13)
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PT and A 5

The conjecture 2> N <
Interrelations between GD and entanglement PT of 2®n states

S

233

Analytic example

Discussion on Hilbert-Schmidt norm

Criteria for geometric measure of entanglement [Vedral and Plenio, PRA 1998]
If a distance function d satisfies

i. Positivity: d(p,0)=0 V p,o0, with equality iff p=0,

ii. Monotonicity: d(&(p),&(0))<d(p,o0) for all CPTP map &,

then an entanglement measure can be defined through this distance as

E(p)= inf d(p,0).

- o€e{Separable states}

v" REE :

Tr(xlogx—xlogy), if support x< support
d(X,y):S(XIIy)::{ (xlog gy) PP pport y

+00, otherwise

V" Bures metric: d(x,y)=2-2y/F(x,y), where F(x,y):= [Tr{\/>_<y\/§}1/2]2
v Trace distance: d(x,y)=Ilx-yl1:=Trix—yl
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Analytic example

Discussion on Hilbert-Schmidt norm

Criteria for geometric measure of entanglement [Vedral and Plenio, PRA 1998]
If a distance function d satisfies

i. Positivity: d(p,0)=0 V p,o0, with equality iff p=0,

ii. Monotonicity: d(&(p),&(0))<d(p,o0) for all CPTP map &,
then an entanglement measure can be defined through this distance as

E(p)= inf d(p,0).

- o€e{Separable states}

v" REE :

Tr(xlogx—xlogy), if support x< support
d(X,y):S(XIIy)::{ (xlog gy) PP pport y

+00, otherwise

V" Bures metric: d(x,y)=2-2y/F(x,y), where F(x,y):= [Tr{\/>_<y\/§}1/2]2

v Trace distance: d(x,y)=Ilx-yl1:=Trix—yl

® Hilbert-Schmidt distance d(x,y) = lx—yll» is non-monotonic [Ozawa, PLA
2000].
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The problem
Unique X state
Maximally discordant separable state of two qubits Necessary condition for MDSS

MDSS is a unique rank two state?

The problem

What is the maximum value of geometric discord among separable two-qubit
states?

Conjecture [Gharibian, PRA 2012]: Unique MDSS of rank two with GD 1/4.
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The problem
Unique X state
Maximally discordant separable state of two qubits Necessary condition for MDSS

MDSS is a unique rank two state?

The problem

What is the maximum value of geometric discord among separable two-qubit
states?

Conjecture [Gharibian, PRA 2012]: Unique MDSS of rank two with GD 1/4.

% GD-independent optimization problem:

max Z /1 (xx!+ TTY) = (25)
{ Separable p} ;[ 25
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The problem
Unique X state
Maximally discordant separable state of two qubits Necessary condition for MDSS

MDSS is a unique rank two state?

The problem

What is the maximum value of geometric discord among separable two-qubit
states?

Conjecture [Gharibian, PRA 2012]: Unique MDSS of rank two with GD 1/4.

% GD-independent optimization problem:

max Z /1 (xx!+ TTY) = (25)
{ Separable p} ;[ 25

* Interesting similar inequalities:

3

1Ty =Y \JAN(TTE) <1 (26a)
i=1

M(p):= i/lll.(TTt)s 1. (26b)
i=1
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The problem
Unique X state
Maximally discordant separable state of two qubits Necessary condition for MDSS

Unique MDS X state of two qubits [arXiv: 1311.1671]

‘The maximum of 2 among two qubit separable X-states is 1/4. ‘

‘ Moreover, the maximal state is unique and has rank 2. ‘

0
B b
Px q
0

T OO0
onQ o
Q OOT

¢ WLOG, all entries =0, as the LU transformation

—0p+(-1)k0g ) 109

10 —»exp(l >

will drive out the phases of p, g, and neither 2 nor rank changes under LU.
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The problem
Unique X state

Maximally discordant separable state of two qubits Necessary condition for MDSS

> pXEOiprzsadand qzsbc

> PPT & separability © p—gq
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The problem
Unique X state

Maximally discordant separable state of two qubits Necessary condition for MDSS

> pXEOiprzsadand qzsbc

> PPT & separability © p—gq

> Dx is a separable state iff max{p, g} < min{v'bc, Vad}.
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The problem
Unique X state

Maximally discordant separable state of two qubits Necessary condition for MDSS

e x=(0,0,a+b—-c—d) and G =diagl4(p+q)2,4(p—q)%,2(a—c)2 +2(b-d)2}.
Therefore,

éa}(c)ss(p%q% (27a)

< 16min{ad, bc}, (27b)
where equality occurs in Eq. (27a) iff
4(p+q)? =2(a=c)?+2(b-d)? (28)
and equality occurs in Eq. (27b) iff
p=q=min{Vad,Vbc} (29)

e As we are seeking for maximum, it follows from Eq. (27b) that the maximum

occurs iff
ad = b, (30)
and the maximum value in Eq. (27) becomes max{16ad} subject to
ad = be = % [(a- )2+ (b-d)?] (31a)
at+b+c+d=1 (31b)

Preeti Parashar GD: some analytic results



The problem
Unique X state

Maximally discordant separable state of two qubits Necessary condition for MDSS

o This maximum occurs at a= b= (2+V?2)/8,c=d =1/(32a) and hence
maximum possible value of 9 is 1/4.

« The conditions (29) and (30) were necessary to achieve this maximum. Thus,
it is necessary that the state has rank 2 and up to LU, the unique separable
X-state having the maximum 2 is given by

V2+1 0 0 1

1 0 V2+1 1 0
Pz o 1 v2-1 0 (32)

1 0 0 Vv2-1
n

e This state is LU to

2 000

1 1{o0 1 0 1
a_§(|oo><00|+|+1><+1|)_z 00 0 0 (33)

01 0 1
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The problem
Unique X state

Maximally discordant separable state of two qubits Necessary condition for MDSS

No two qubit separable state with x=0, or 7T = 221 could be MD.

Clearly, an MDSS must have 2(p) =1/4.
Now, a necessary condition for separability is Y o;(T) <1. So, assuming the
singular values of T as a,b,c =0, we must have

at+b+c

a2+ b% 42— max{az, b2, c2}

IN

v

N| = -

which is clearly impossible, as the maximum of a2+ b2 + 2 —max{a?, b2, %}
subject to the constraints a+ b+ c <1 and non-negative a,b,c is 2/9<1/2.

The second assertion follows by noticing that the eigenvalues of G then
become {lIx[|% +12,12,12}.
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The problem
Unique X state

Maximally discordant separable state of two qubits Necessary condition for MDSS

’ Remark: The separability condition can not be ignored ‘

@ Werner state:

pw = pI¥) (W] + @/

where |¥) = (|01) - |10))/\/§, has x=0 and 2 = p2 thereby 2 >1/2 whenever
p>1/v2. Thus, separable Bell-diagonal states are never MD!

® The rank two (entangled) state

1 1 € 1 1 ¢
pe = (Eﬂ/Z_§)|w><\y|+(§—\/z—§)|00><00| (34)

has D(pe) =1-¢.
.. The function 2 has no maximum among rank 2 two qubit states!
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Conclusion
Thanks

Conclusion

Conclusion

@ An axiomatic measure should have the advantage of analytic expression, or
at the least, it must be calculable. However, it looks there might be pay
off for this advantage.

@ The choice of norm (distance, metric) plays the most important role while
constructing a geometric measure. Proper care has to be taken in
establishing interrelations, otherwise there will certainly be many pitfalls.

@ The conjecture on MDSS of two qubits is still open!

@ For now, the only innocent geometric measure of discord is through the
trace norm.

Preeti Parashar GD: some analytic results



Conclusion
Thanks

Conclusion

Thank You!
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