
Mariona Moreno       (UAB)
Luca Lepori              (Strasbourg)
Gabriele De Chiara   (Belfast)
Simone Paganelli       (Natal, Brazil)
Julia Stasinska            (ICFO)
Rubén Quesada         (UAB)
Nicolás Quesada       (Toronto)
Maciej Lewenstein     (Barcelona)
Ben Rogers
Mauro Paternostro

Allahabad, December 2013

Entanglement in 
strongly correlated systems

viernes 6 de diciembre de 13



Anna Sanpera
ICREA- Institució Catalana de Recerca Avançada

 Theoretical Physics Group, Univ Autònoma Barcelona.

viernes 6 de diciembre de 13



Anna Sanpera
ICREA- Institució Catalana de Recerca Avançada

 Theoretical Physics Group, Univ Autònoma Barcelona.

viernes 6 de diciembre de 13



Quantum Information Group @ UAB

Identifying and 
characterizing 

quantum states of 
complex systems

Interface between 
complex systems 

of matter and light

New techniques 
and tools of 
fundamental 
character

Entanglement 
dynamics in 

strongly correlated 
systems

viernes 6 de diciembre de 13



Quantum Information Group @ UAB

Identifying and 
characterizing 

quantum states of 
complex systems

Interface between 
complex systems 

of matter and light

New techniques 
and tools of 
fundamental 
character

Entanglement 
dynamics in 

strongly correlated 
systems

viernes 6 de diciembre de 13



Quantum Information Group @ UAB

Identifying and 
characterizing 

quantum states of 
complex systems

Interface between 
complex systems 

of matter and light

New techniques 
and tools of 
fundamental 
character

Entanglement 
dynamics in 

strongly correlated 
systems

viernes 6 de diciembre de 13



FACTS:
 

1_Gradual convergence of condensed matter physics and quantum 
information (QI) motivated by the fact that quantum many-body systems 
are a natural territory of quantum entanglement, which is the basic 
resource in QI.

2_ The characterization of quantum correlations is crucial for 
understanding the structure of many-body systems.

3_The role of entanglement becomes particularly manifest
in the study of quantum phase transitions (QPT) but also in topological
states, deconfined criticality, etc.. 

Why strongly correlated systems are interesting?
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     Strongly correlated systems= collective behaviour of many-body systems driven by the interactions             
between them 

The collective behaviour leads to (local) ordering 
of the ground state of the many-body systems i.e magnetism

Taken from S. Shadev, Focuss Issue

The ordering is generally linked to symmetries and dimensionality 
of the Hamiltonian and not to microscopic details. 

The collective behaviour displays a sudden change if the Hamiltonian 
is modified such that a symmetry is broken: 
quantum phase transitions

Courtesy L. Clark/University of Edinburgh
Phys. Rev. Lett. 110, 207208 (2013)

Sometimes the collective behaviour leads to a hidden global structure 
not associated to any symmetry breaking 
and with extreme exotic features:
topological quantum phase transitions

viernes 6 de diciembre de 13

http://link.aps.org/doi/10.1103/PhysRevLett.110.207208
http://link.aps.org/doi/10.1103/PhysRevLett.110.207208


1. Strong correlations determines the physics of a LARGE variety of phenomena:

  Transport
  Conductivity
  Quantum Phase Transitions:  cooperative quantum fluctuations of a large number of microscopic 

degrees of freedom

  Critical systems,
  Topological insulators
  Exotic states of matter: Majorana fermions 
  High Tc-superconductivity
  Fractional Quantum Hall effect
  Deconfined criticality

....

        

     Strongly correlated systems= collective behaviour of many-body systems driven by the interactions             
between them 
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     A condensed matter description of quantum	
  phase	
  transi+ons	
  &	
  cri+cality	
                                                  

Landau-Ginzburg theory of phase transitions

ggc

H = H0 + gH1
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Landau-Ginzburg theory of phase transitions

ggc

H = H0 + gH1

Landau paradigm: 

Associated to a phase there is an order parameter Q, 
which reveals the order of the ground state of a many-body systems. 
The order is local and is associated to breaking of some symmetry. 
The system orders for a given value of g

The order parameter becomes zero at the critical point g=gc (QFT)  
<Q>=0, signaling a transition to a different (disordered) state.  

Near criticality, the physical quantities describing the many-body system 
exhibit scaling behavior, i.e. a power dependence with |g−gc |. The 
exponents of these power laws are called critical exponents

A ⇠ |g � gc|↵
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Landau-Ginzburg theory of phase transitions

In principle, the two phases on either side of the critical point	
  order	
  differently (i.e	
  one	
  is	
  	
  
ordered	
  the	
  other	
  disordered	
  with	
  respect	
  to	
  some	
  symmetry) and have thus different order 
parameters.
The cri+cal	
  exponents could also be different above and below the critical point, but	
  for	
  
con+nuous	
  phase	
  transi+ons, due to the scaling laws, this is not the case.

This is true 
* for all classical phase transitions (g= Temperature)
* for many	
  quantum	
  phase	
  transi+ons (second order  or continuous phase transitions)

BUT...there are quantum phases which cannot be described by a local order parameter.  
Neither they break a symmetry. Why?

     A condensed matter description of quantum	
  phase	
  transi+ons	
  &	
  cri+cality	
                                                  

A ⇠ |g � gc|↵
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A condensed matter description of quantum matter: Scaling, Universality, Renormalization 

CONDENSED 

MATTER
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Near	
  cri+cality,	
  some	
  physical	
  quan11es	
  Q	
  describing	
  the	
  many-­‐body	
  system	
  
exhibit	
  scaling	
  behavior,	
  i.e.	
  a	
  power	
  dependence	
  with	
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  Renormaliza+on	
  
Wilson’s	
  essen1al	
  idea	
  is	
  that	
  the	
  cri1cal	
  point	
  can	
  be	
  mapped	
  onto	
  a	
  fixed	
  point
of	
  a	
  suitably	
  chosen	
  transforma1on	
  on	
  the	
  system’s	
  Hamiltonian.	
  
The	
  concept	
  of	
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  the	
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  scaling	
  and	
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        Paradigmatic model of strongly correlated system: 
                                    spin chain

Osterhlo	
  &	
  Amico,	
  02
Nielsen	
  	
  &	
  Osborne	
  02
Vidal,	
  Latorre,	
  Rico,	
  Kitaev,	
  PRL	
  2003
Calabrese	
  &	
  Cardy,	
  JSTAT	
  2004
Jin	
  &	
  Korepin,	
  JSTAT	
  2004
Lee	
  &	
  Haldane	
  2008
Pollmann	
  et	
  al.	
  2010

              Quantum Information description of strongly correlated  many-body systems

1_ Pairwise entanglement
2_ Block entanglement
3_ Entanglement spectrum
4_ Multipartite entanglement

viernes 6 de diciembre de 13



Osterloh,	
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  Nielsen,	
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  02

	
  

            1-Entanglement in many-body systems : pairwise entanglement

viernes 6 de diciembre de 13



Osterloh,	
  Amico,	
  02,	
  Nielsen,	
  Osborne	
  02

	
  

            1-Entanglement in many-body systems : pairwise entanglement

| Gi

viernes 6 de diciembre de 13



Osterloh,	
  Amico,	
  02,	
  Nielsen,	
  Osborne	
  02

	
  

            1-Entanglement in many-body systems : pairwise entanglement

| Gi
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Verstreate	
  &	
  Cirac	
  04

	
  

            2-Entanglement in many-body systems : localizable entanglement

| Gi

i j
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Verstreate	
  &	
  Cirac	
  04

	
  

            2-Entanglement in many-body systems : localizable entanglement

| Gi

i j}
Ui+1 ⌦ Ui+2 ⌦ . . . Uj�1
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Verstreate	
  &	
  Cirac	
  04

	
  

            2-Entanglement in many-body systems : localizable entanglement

| Gi

i j}
Ui+1 ⌦ Ui+2 ⌦ . . . Uj�1

Entanglement length:  
maximal distance at which is it possible to create 
singlets by operating locally on the other parties
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A B

}
| Gi

Holzhey,	
  Larsen,	
  and	
  Wilczek,	
  Nucl	
  Phys	
  1994
Vidal,	
  Latorre,	
  Rico,	
  Kitaev,	
  PRL	
  03
Calabrese	
  &	
  Cardy,	
  JSTAT	
  04
Jin	
  &	
  Korepin,	
  JSTAT	
  04
Peschel	
  04,05,	
  Has1ngs	
  07

            3-Entanglement in many-body systems : block entanglement

`
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        Entanglement Entropy
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            3-Entanglement in many-body systems : block entanglement

log `

gapped

S ⇠ c log `

critical
S(⇢A) = �Tr⇢A log ⇢A

Critical behaviour !

`
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 Plenio 05, Cramer 06, 
Verstraete, Wolf, Perez-Garcia, Cirac, 2006

            Entanglement in many-body systems :  Area Law
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 Plenio 05, Cramer 06, 
Verstraete, Wolf, Perez-Garcia, Cirac, 2006

B

A

Entanglement	
  is	
  propor1onal	
  to	
  the	
  
area	
  of	
  the	
  boundary	
  between	
  A	
  and	
  B

S ⇠ `D�1
For	
  a	
  cubic	
  la`ce	
  in	
  D-­‐dimensions:

In	
  1D:
A BS ⇠ s0+

c

6

log `

Ground	
  states	
  of	
  many-­‐body	
  systems	
  away	
  from	
  cri1cality	
  
obey	
  an	
  area	
  law

            Entanglement in many-body systems :  Area Law
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            4-Entanglement in many-body systems : entanglement spectrum

` }
| Gi

BA

Li and Haldane 08
Pollman, Turner, Berg, Oshikawa ’10

Topological phase !  Haldane 
(AKLT)
 Haldane 
(AKLT)

(Spin 1)
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            Entanglement in many-body systems : entanglement spectrum

S(⇢A) = �Tr⇢A log ⇢A =

P
�i log(�i)

Entanglement spectrum

` }
| Gi

BA

Li and Haldane 08
Pollman, Turner, Berg, Oshikawa ’10 Topological phase !
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1-How is the Schmidt gap at criticality (QPT) ?

2-Does the Schmidt gap show scaling behavior, out of criticality?

�� = �1 � �2We focus just in the first two Schmidt 
eigenvalues  and define the Schmidt gap as:

` }
| Gi

BA

Entanglement spectrum 

            Entanglement in many-body systems :  Schmidt gap

S(⇢A) = �Tr⇢A log ⇢A =

P
�i log(�i)

DeChiara, Lepori, Lewenstein AS ‘12
Lepori Dechiara, AS ’13
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Quantum phase transitions, entanglement spectrum, quantum correlations, area law, 
Schmidt coefficients.....

1-­‐How	
  is	
  the	
  Schmidt	
  gap	
  at	
  cri+cality	
  (QPT)	
  in	
  finite	
  systems	
  ?
	
  	
  	
  	
  	
  Use	
  CFT:	
  It	
  depends	
  on	
  the	
  central	
  charge	
  c	
  and	
  on	
  scaling	
  dimension	
  of	
  the	
  relevant	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  operator	
  of	
  the	
  theory	
  (CFT).	
  In	
  the	
  thermodynamical	
  limit	
  closes!

�� = �1 � �2 ��(l, gc) =
1� q�1

Zl(q)
⇥ 1� q�1

lc/12

At criticality,  the largest eigenvalue of the reduced density matrix is the single copy 
entanglement which is half of the Von Neumann entropy,  which depends only on the 
central charge 

Partition function

Scaling dimension of relevant operator
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            Entanglement in many-body systems :  Schmidt gap

S(⇢A) = �Tr⇢A log ⇢A =

P
�i log(�i)
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            Entanglement in many-body systems :  Schmidt gap

S(⇢A) = �Tr⇢A log ⇢A =

P
�i log(�i)

 0.1

 1

 100  1000  10000

6
h

numerical data
Eq. (2)

power law
L J/Bz

10-6

10-3

100

 0.95  1  1.05

h i

 
L J/Bz

 0

 0.25

 0.5

 0.75

 0.95  1  1.05

6
h

J/Bz

L=768
L=1536
L=3072
L=6000

L=12000

 0
 0.5

 1
 1.5

 2
 2.5

 0  50  100  150  200

6
hL

0.
12

4

(1-J/Bz)L

at criticalityThe Schmidt spectrum

-0.34 -0.33 -0.32 -0.31 -0.3 -0.29 -0.28 -0.27 -0.26 -0.25
D

0.001

0.01

0.1

1

L = 192
L = 384
L = 768

 λ1, λ2, λ3, λ4

-1 -0.5 0 0.5 1
θ/π

-2

-1

0

1

2

3

D

FerroFerro

Neel

Large D

C
ri

ti
ca

l

C
ri

ti
ca

l 1
2

3

4

Dimer

Haldane

XY-FM

X
Y

-FM

Large D

viernes 6 de diciembre de 13



            Entanglement in many-body systems :  Schmidt gap

�� = �1 � �2

We	
  compare	
  the	
  staggered	
  magne1za1on	
  with	
  the	
  Schmidt	
  gap
Finite	
  size	
  scaling	
  shows	
  equal	
  cri1cal	
  exponents	
  for	
  both

� = 0.110
⇥ = 1.04

Fitting results from Schmidt gap: Ising Universality class !

Neel-­‐Haldane	
  Spin	
  1:	
  Scaling	
  theory	
  for	
  the	
  Schmidt	
  gap	
  

��(g, L) ⇥ L��f�⇥(|g � gc|L1/⇤)

Mz =
1
L

�

i

(�1)iSz
i

DeChiara, Lepori, Lewenstein AS ‘12
Lepori Dechiara, AS ’13
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            Entanglement in many-body systems :  Schmidt gap in transverse Ising model

S(⇢A) = �Tr⇢A log ⇢A =

P
�i log(�i)

DeChiara, Lepori, Lewenstein AS ‘12
Lepori Dechiara, AS ’13

H = �J

L�1X

i=1

�i

x

�i+1
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Summarize:  bipartite entanglement has to say from condensed matter

 We have review 4 approaches

 Pairwise entanglement detects quantum phase transitions but not criticality
 Block entanglement: detects critical behaviour and signals area laws
 Entanglement spectrum: detects topological phases 
 Schmidt gap: links critical exponents and scaling with entanglement
 Plus the whole plethora of tensor networs (PEPS,MERAS,ETC...)

      

Many-body system=tensor
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Summarize:  bipartite entanglement has to say from condensed matter

What about multipartite entanglement ? 
Back to basics:

| Gi

Guhne, Huber, Kraus, A. Sen (De), U. 
Sen, B. Hismayer, G. Toth and others
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Multipartite entanglement:  Rotationally invariant SU(2) 3-qubit states:
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B1 \ B2 \ B3 S

 Normalization only 4 parameters!
 For real matrices and their reductions only 3 (r_3=0)
 For 3 qutrits (spin-1) we need 13 parameters!

(i) separable states  

(iii) multipartite entangled states W, GHZ
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Stasinka et al. 2013
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Optimal witness for real rotationally invariant ground states

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.70

0.75

0.80

0.85

0.90

0.95

1.00

r1

r
0

{

PB1

B2

B3

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

r1

r 2

B

W =
P

i ciRi i 2 {+, 0, 1, 2}
⇢ =

P
i riRi/4

tr(W⇢) = tr

0

@1

4

X

i,j

cirjRiRj

1

A =
X

i

ciri = c· r.

c

B
û
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This is equivalent to a twirling map and gives a sufficient but not necessary condition for 

3-partite entanglement for non-rotationally invariant states !
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Optimal witness for real rotationally invariant ground states
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P
B2 B3

r0 r0
±2⇡/3 B

B1 B2 B1 B3

û
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We take an SO(3) invariant W:

3

the W-state |W〉 = 1√
3
(|100〉 + |010〉 + |001〉), and the

GHZ state |GHZ〉 = 1√
2
(|000〉+|111〉). Therefore, the W-

class is formed by convex combination of states SLOCC-
equivalent to |W〉. Analogously, the GHZ-class contains
all the SLOCC-transformations of |GHZ〉 and is, at the
same time, equal to the set of all tripartite states.

It turns out that in the case of three rotationally sym-
metric qubits, the PPT criterion suffices to unambiguous
characterize the classes of biseparable states (as the rank
of this subspace is smaller than 6). However, the set of
fully separable states does not coincide with the intersec-
tion B1 ∩ B2 ∩ B3. In [14] the sets S of fully separable
and B of biseparable states are fully described in terms
of inequalities for the coefficients rk. In particular, the
authors have proven that the set S is constrained by the
following conditions: 1

4 ! r+ ! 1; 3r2
3 + (1 − 3r+)2 !

(r1 +r+)[(r1−2r+)2−3r2
2]. Analogously, the states sepa-

rable with respect to partition 1|23, belonging to the set
B1, can be shown to fulfill the conditions:

|h| < 1, (7a)

3(r2
2 + r2

3) !

{

(h + 1)2 − [h + (r1 − r+)]2, if h < 0
(h − 1)2 − [h − (r1 − r+)]2, if h > 0

,

where h = 1 + r1 − 2r+. The corresponding sets B2 and
B3 are found by rotating the set B1 by ±2π/3 around
the axis r0 (see figure 1(c)). The total set of bisepa-
rable states B is the convex hull of the sets B1,B2,B3.
Finally, the set T of genuine tripartite entangled states
is found as the complement of B in the set of all ad-
missible parameters (??). For real Hamiltonians, a very
common situation in spin systems, the above description
is further simplified as the states are represented by real
density operators. This is equivalent to set φ = 0 in (3)
or r3 = 0 in (4) and allows to visualize the set of space
in the space r1, r2, r0 (Fig. 1). The complete set of real
rotational invariant states is a cone with symmetry axis
parallel to the axis r0. In particular Fig. 1(a) shows
the set of separable states S and Fig. 1(b) the set of
biseparable states B. The unshaded area inside the cone
in Fig. 1(b) contains genuine tripartite entangled states.
Finally, Fig. 1(c) is a section of the cone for a fixed r0.
We notice that the necessary condition for a state to be
tripartite entangled is r0 > 2/3. In fact below this value
biseparable states fill the cone completely.

We have concentrated on rotationally invariant states
since there we can unambiguously decide to which entan-
glement class a given state belongs. Here we show that
the separability criterion for rotationally invariant states
can be applied even for a more general class of states by
the use of the twirling map defined for a particular group
G as

Πρ =

∫

G
dUUρU†. (8)

If the group G consist of local operators, the twirling
map preserves the separability of a state [17]. Therefore,
if the group G consists of local unitaries and one considers

tripartite states ρ, Πρ, the following statements hold: (i)
Πρ is SU(2) invariant (ii) if ρ is separable then Πρ is
separable, and (iii) if ρ is biseparable then Πρ is either
separable or biseparable, (iv) if Πρ is genuine tripartite
entangled so it is ρ.

The geometrical description given above facilitates the
construction of a multipartite entanglement witness. For
rotational invariant states, a witness will take the form
W =

∑

i ciRi, where i ∈ {+, 0, 1, 2}, so its expectation
value with a rotationally invariant state simplifies to a
scalar product:

tr(Wρ) = tr





1

4

∑

i,j

cirjRiRj



 =
∑

i

ciri = c· r. (9)

We determine c using the geometric description of the
witness as a plane intersecting the cone of rotationally
invariant states and tangent to the set B. The plane is
embodied by a vector û normal to the plane, pointing into
the cone. Let us assume that the plane is tangent to B in
point P . The scalar product of û with a displaced state
vector r −P yields the mean value of the witness and is
positive for all states below the plane and negative other-
wise tr(Wρ) = û· (r −P ), Thecoefficientsci of the wit-
ness operator can be written explicitly in terms of com-
ponents of the normal vector û and the vector P leading
to W = (u0 − û·P )R0 − (û·P )R+ + u1R1 + u2R2 =
u0R0 + u1R1 + u2R2 − û·P . The witness plane is cal-
culated with P in the midpoint of the line between the
biseparable subsets B2 and B3, as seen in Fig. 2(b). It
also clearly depends on the choice of r0. The witness can
be then rotated about the r0 axis by ±2π/3 to obtain
witnesses planes tangential to B on the lines between B1

and B2, or B1 and B3, respectively. The derivation of û
and the corresponding witness as well as the two other
witnesses was moved to the supplementary material. By
construction the operator W is positive for all biseparable
rotationally invariant states, even those with an imagi-
nary component since tr(WR3) = 0. Furthermore, W is
an entanglement witness for genuine tripartite entangled
states, i.e., is positive for all biseparable states. For this
purpose it is enough to show that 〈ef |W |ef〉 ≥ 0 for all
|ef〉 being product vectors with respect to bipartitions
12|3, 1|23, 13|2. Without loss of generality we focus on
the specific partition and have:

〈e12f3|W |e12f3〉 = 〈e12f3|
∫

dUU†WU |e12f3〉

= tr(Π |e12f3〉〈e12f3|W ) ≥ 0 (10)

where we use the fact that W is rotationally invariant.
Now, by Fact ?? the state Π |e12f3〉〈e12f3| is rotationally
invariant and either biseparable or separable. Therefore
we have 〈e12f3|W |e12f3〉 ≥ 0, and by a similar argument
Eq. (??) holds for all biseparable vectors. Note that Eq.
(10) establishes equivalence between the biseparability
test based on the witness and the twirling criterion for
all real density matrices.

This is equivalent to a twirling map and gives a sufficient but not necessary condition for 

3-partite entanglement for non-rotationally invariant states !
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Strategy : Investigate QFT in spin-1/2 models

ferro -1 XY-critical Néel

�! �1+

J. Stasinska, B. Rogers, G. DeChiara, M. Paternostro, A. Sanpera (submitted)

Bipartite concurrence near  
   is not sensitive to SU(2) breaking 
               always symmetric

+1

Multipartite entanglement shows:
long range (distant multipartite)
signals the breaking of SU(2)

�! �1+
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