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1 Introduction

HILBERT SPACES OCCUR NOT ONLY IN QUANTUM MECHAN-
ICS BUT ALSO IN AREAS OF MATHEMATICS AND PHYSICS
THAT HAVE NOTHING TO DO WITH QUANTUM MECHAN-
1cs. FOor EXAMPLE, CLASSICAL ELECTRODYNAMICS HAS A
HILBERT SPACE STRUCTURE. ONCE THIS IS RECOGNIZED,
IT BECOMES AT ONCE CLEAR THAT ENTANGLEMENT IS POS-
SIBLE IN CLASSICAL ELECTRODYNAMICS WITHOUT IMPLY-
ING THE SPECIAL FEATURES ASSOCIATED WITH QUANTUM
MECHANICS AND NONLOCALITY.

R. J. C. SPREEUW, (1998), (2001); P. GHOSE & M.
K. SamaL (2001).

PG & A. MUKHERJEE, REV. IN THEORET. SC (2013);
ARX1V (2013)



2 Hilbert Spaces

EXAMPLES:

THE SPACE C" OF N-TUPLES OF COMPLEX NUMBERS 2z =
(21, 22, .oy 2n) AND 2’ = (27, 25, ..., 2) 1S A HILBERT SPACE UN-
DER THE INNER PRODUCT DEFINED BY (z,2') = Y /' | 2.

THE SQUARE INTEGRABLE FUNCTIONS ON L? ALSO FORM
A HILBERT SPACE. FOR ANY f AND ¢ IN L? ONE DE-
FINES THE INNER PRODUCT (f,g) = |, f(z)g(x)dz. HENCE,

(f, f) < o0.
Superposition principle

THE LINEARITY OF HILBERT SPACES ALLOWS VECTORS
TO BE SUPERPOSED TO FORM OTHER VECTORS IN THE SAME
SPACE. AN EXAMPLE IS THE INTERFERENCE OF TWO CO-
HERENT CLASSICAL WAVES AT A POINT z. LET Fi(z,t) =
ae!P1@) =) AND Fy(z,t) = be'®2®)=%) BE TWO WAVES AT
r AT TIME t. THEN, THE SUM OF THE TWO WAVES IS
G(z,t) = Fi(x,t) + Fy(z,t) AND THE INTENSITY AT X IS
GIVEN BY I(x) = (G(z,t),G(z,t)) = [G(x,t)G(x,t)dt =
a’® +b? 4 2ab cos(¢; — ¢3). THE SECOND TERM GIVES RISE TO
THE FAMILIAR INTERFERENCE PATTERN.



Projection operators

ONE CAN DEFINE PROJECTION OPERATORS m; = |x;)(z;|
FOR EVERY BASIS VECTOR |x;) WHICH ARE HERMITIAN (w;f =
7;) AND IDEMPOTENT (m;.m; = m;). THEY HAVE THE IM-
PORTANT PROPERTY THAT 7;(l — m;) = 0, I.LE. A PRO-
JECTOR AND ITS COMPLEMENT ARE ORTHOGONAL. THUS,
WZ‘X) = Zj CJ‘LUZ)(ZUZHZUJ) = Ci’$i), AND HENCE c¢; = (LUAT('JX)
AND |¢)* = (X|m|X). THUS, |¢;| 1S A MEASURE OF THE
MEMBERSHIP OF |z;) IN |X).

Linear transformations and choice of basis

AN IMPORTANT CHARACTERISTIC OF VECTOR SPACES IS
THE COMPLETE FREEDOM TO CHOOSE ANY SET OF BASIS
VECTORS RELATED BY UNITARY TRANSFORMATIONS. THUS,
FOR EXAMPLE, ONE CAN EXPRESS |X) = > .c¢i|x;) OR AS
|X) = >_;dilz) PROVIDED |x;) = >, .S;l;) WITH S A UNI-
TARY MATRIX, I.LE. STS = SST = 1 so TtHAaT ST = S—L.
OPERATORS O (REPRESENTED BY n X 1. MATRICES IN THE
OLD BASIS) ACTING ON H THEN TRANSFORM TO THE NEW
BASIS AS O’ = SOS™! WHICH IS A SIMILARITY TRANSFOR-
MATION.



Operators on Hilbert space and groups

BOUNDED OPERATORS ON A HILBERT SPACE CAN FORM
NON-ABELIAN LIE GROUPS AND GENERATE THEIR ALGE-
BRAS. A SIMPLE EXAMPLE IS THE ROTATION GROUP SO(3)
IN EUCLIDEAN SPACE R®. SO(3) HAS A UNIVERSAL COVER-
ING GROUP SU(2), THE GROUP OF ALL 2X2 UNITARY MATRI-
CES WITH COMPLEX ELEMENTS AND DETERMINANT 1. AL-
THOUGH THE GROUP SU(2) IS USED IN QUANTUM PHYSICS
TO DESCRIBE PARTICLES WITH SPIN /i (FERMIONS), THE
GROUP ITSELF IS INDEPENDENT OF QUANTUM MECHANICS,
AND CAN BE USED TO DESCRIBE EVEN A CLASSICAL BEAM
SPLITTER.

Tensor products

APART FROM THE DIRECT SUM H;&Hy OF TWO HILBERT
SPACES, ONE CAN ALSO FORM TENSOR PRODUCTS H = H1®
Hs WHOSE DIMENSION 1S (11 X ng).

There is a mathematical theorem which states that
every pair of vector spaces has a tensor product.

Hence, nonseparable states in such spaces are in-
evitable.



3 Hilbert Spaces in Quantum Mechanics

CERTAIN ADDITIONAL RESTRICTIONS ARE IMPOSED ON HILBERT
SPACES TO GET QUANTUM MECHANICS.

1. FIRST, IN ORDER TO HAVE A PROBABILISTIC INTER-
PRETATION, QUANTUM STATE VECTORS ARE ALL NOR-
MALISED (I.E. OF UNIT NORM). HENCE, THE SET OF
ALL PURE STATES CORRESPONDS TO THE UNIT SPHERE
IN HILBERT SPACE, WITH THE ADDITIONAL REQUIRE-
MENT THAT ALL VECTORS THAT DIFFER ONLY BY A
COMPLEX SCALAR FACTOR (A PHASE FACTOR) ARE IDEN-
TIFIED WITH THE SAME STATE. THUS, QUANTUM ME-
CHANICS OPERATES ON COSET SPACES AND (GRASSMA-
NIAN MANIFOLDS.

2. SECOND, A LINEAR AND UNITARY EQUATION OF MO-
TION, THE SCHRODINGER EQUATION, IS POSTULATED
THAT SPECIFIES THE TIME EVOLUTION OF STATES IN
HILBERT SPACE.

3. THIRD, THE RESULTS OF OBSERVATIONS ARE OBTAINED
BY PROJECTIVE MEASUREMENTS M; = [1;){1);| ACTING
ON THE STATE |V) : p =) . MipMZT. THIS PROJECTION
IS ADDITIONAL TO THE LINEAR AND UNITARY TIME EVO-
LUTION. THIS IS THE MEASUREMENT POSTULATE. ITS
AD HOC AND NON-UNITARY CHARACTER HAS SPAWNED
A PLETHORA OF INTERPRETATIONS OF QUANTUM ME-
CHANICS, SOME NONLOCAL (E.G. DE BROGLIE-BOHM),
SOME LOCAL (QBIism).



4. FOURTH, EVERY PAIR OF CANONICAL DYNAMICAL VARI-
ABLES (p;,q;) IS POSTULATED TO BE REPRESENTED BY
HERMITIAN OPERATORS (p;,q;) WITH THE COMMUTA-
TION RULES [p;, ¢;] = —ihd;; RESULTING IN THE FAMOUS
HEISENBERG UNCERTAINTY RELATIONS AgqAp > h/2.
THIS IS THE CANONICAL QUANTIZATION POSTULATE.
THESE COMMUTATION RELATIONS VANISH IN THE FOR-
MAL LIMIT A — 0, AND HENCE DO NOT ARISE FROM
A NON-ABELIAN CHARACTER OF THE OPERATORS AND
ARE NOT INTRINSIC TO HILBERT SPACES.

5. FIFTH, ENTANGLED STATES IN QUANTUM MECHANICS
ARE EXTREMELY FRAGILE, I.E. THE ENTANGLEMENT
DISAPPEARS VERY RAPIDLY AND THE SYSTEM DECO-
HERES AND BREAKS INTO PIECES WHEN EXPOSED TO
AN ENVIRONMENT.



4 Hilbert Space and Classical Polarization
Optics

THE HILBERT SPACE STRUCTURE OF CLASSICAL ELECTRO-
DYNAMICS WAS FIRST EXPLICILTY USED BY SPREEUW (1998,
2001) AND INDEPENDENTLY DEMONSTRATED BY GHOSE
AND SAMAL IN 2001.

THE COMPLETE DESCRIPTION OF AN ORDINARY STATE
IN CLASSICAL ELECTRODYNAMICS INVOLVES THE DIRECT
PRODUCT OF TWO DISJOINT HILBERT SPACES, NAMELY A
SPACE H,u;, OF SQUARE INTEGRABLE FUNCTIONS AND A
TWO-DIMENSIONAL SPACE OF POLARIZATION STATES H,.
HENCE, A STATE OF UNIT INTENSITY CAN BE WRITTEN AS

1
VAP

WHERE A(r,t) ARE SOLUTIONS OF THE SCALAR WAVE EQUA-
TION AND |\) € H,, IS THE VECTOR

e cost
= (A0 )

OF THE TRANSVERSE POLARIZATIONS A\; AND \y. THIS CAN
ALSO BE WRITTEN AS THE JONES VECTOR

[A) @ |A) € Hpatn @ Hypol (1)

0= ()

WITH E, = Apé,exp(ipy) AND E, = Apé,exp(ipy) THE COM-
PLEX TRANSVERSE ELECTRIC FIELDS, €, AND é, THE UNIT
POLARIZATION VECTORS, AND (J|J) = |E,|* + |E,|* = A}
THE INTENSITY .



Entanglement and Classical Polarization States

THAT CLASSICAL OPTICAL FIELDS LIKE THERMAL LIGHT
ARE NECESSARILY PATH-POLARIZATION ENTANGLED HAS BEEN
RECENTLY SHOWN BY XI1AO-FENG QIAN AND EBERLY (2011,
2013). THEY HAVE SHOWN THAT THE DEGREE OF POLAR-
IZATION OF A THERMAL LIGHT FIELD CORRESPONDS TO
THE DEGREE OF SEPARABILITY OF THESE TWO SPACES.
THIS LEADS TO A NATURAL MEASURE OF THE DEGREE
OF POLARIZATION APPLICABLE TO ANY OPTICAL FIELD,
WHETHER BEAMLIKE OR NOT. IT TURNS OUT THAT ONLY
HOMOGENEOUSLY POLARIZED LIGHT BEAMS CORRESPOND
TO FULLY SEPARABLE OR FACTORED STATES. INTEREST-
INGLY, AN IDEAL THERMAL LIGHT FIELD IS SHOWN TO BE A
BELL STATE THAT VIOLATES A BELL INEQUALITY, SHOWING
THAT TYPICAL BELL CORRELATIONS ARE NOT EXCLUSIVE
TO QUANTUM STATES:

e) = Kiler) @ | f1) + Kalea) @ | fa) (3)

WHERE (u;|ug) = (fj|fx) = 6jx AND K; AND Ko ARE NORMAL-
IZATION CONSTANTS, BOTH EQUAL TO 1/ V2 IN THE EXACT
THERMAL CASE. FOR AN ARBITRARY FIELD STATE, SUCH A
DECOMPOSITION IS GUARANTEED BY THE SCHMIDT THEO-
REM.

“OUR RESULTS THUS CLARIFY TWO LONG-STANDING AND
WIDELY HELD MISIMPRESSIONS: THAT INDETERMINISTIC EN-
TANGLEMENT IS UNIQUE TO QUANTUM MECHANICS, AND
THAT QUANTUM MECHANICS IS UNIQUE TO VIOLATE BELL
INEQUALITIES.”



Cylindrically Polarized Light

|§ = (position state)
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Figure 1: Variation of polarization with space of an emerging azimuthally polarized beam.

NONSEPARABLE CYLINDRICALLY POLARIZED LASER BEAMS
HAVE BEEN EXTENSIVELY STUDIED AND USED SINCE 1993

R. OroN, S. BriT, N. DAVIDSON & A. A. FRIESEM
(2000).

S. C. TipweLL, G. H. Kim & W. D. KiIMURA (1993)
Y. Kozawa & S. SATO (2005).

A. HoLLECZEK, A. AIELLO1l, C. GABRIEL1, C. MAR-
QUARDT, G. LEUCHS, DEC 2010.

C. GABRIEL, A. AIELLO, W. ZHONG, T. G. EUSER,
N. Y. JoLy, P. BANZER, M. ForrscH, D. ELSER, U.
L. ANDERSEN, C. MARQUARDT, P. S. J. RUsSELL & G.
LEUCHS, (2011).
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THE SCALAR FIELD DISTRIBUTIONS OF THE T'E My;(,) AND
TE My ) LAGUERRE-GAUSSIAN MODES ARE GIVEN BY

E.(r,0) = Ey/pexp(—p/2)cosb, (4)
E,(r,0) = Ey\/pexp(—p/2)sind, (5)

WHERE 7 AND 6 ARE THE CYLINDRICAL COORDINATES, Fj
THE MAGNITUDE OF THE ELECTRIC FIELD, p = 2r%/w? WITH
w AS THE WAIST OF THE GAUSSIAN BEAM. A COHERENT
SUMMATION OF SUCH MODES WITH ORTHOGONAL POLAR-
IZATIONS LEADS TO EITHER AZIMUTHALLY OR RADIALLY
POLARIZED MODES

Ey(r,0) = §E,(r,0) — 2E,(r,0) = 0Ey/pexp(—p/2), (6)
E.(r,0) = aE,(r,0)+ yE,(r,0) = rEy/pexp(—p/2). (7)

THESE STATES ARE EVIDENTLY POLARIZATION-POSITION EN-
TANGLED AND ROBUST. FIG. 1 IS A REPRESENTATION OF
AZIMUTHALLY POLARIZED LIGHT
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Mueller Matrices and Entanglement

B. N. SiMON, S. SIMON, F. GORI, M. SANTARSIERO, R.
BorcHI, N. MUKUNDA & R. SiMoN (2010).

RECENTLY, IT HAS BEEN SHOWN THAT NON-QUANTUM
ENTANGLEMENT PLAYS AN ESSENTIAL ROLE IN RESOLVING
THE BASIC ISSUE OF THE CHOICE OF THE APPROPRIATE
SUBSET OF 4 X 4 REAL MATRICES THAT SHOULD BE AC-
CEPTED AS MUELLER MATRICES IN CLASSICAL OPTICS. WHILE
JONES MATRICES ARE ADEQUATE TO DESCRIBE FULLY PO-
LARIZED LIGHT, MUELLER MATRICES ARE REQUIRED TO
DESCRIBE THE TRANSFORMATION OF ALL FORMS OF LIGHT
PASSING OPTICAL ELEMENTS. ANY LIGHT BEAM, POLAR-
IZED OR UNPOLARIZED, CAN BE DESCRIBED BY THE STOKES
VECTOR S. AFTER IT PASSES A LINEAR OPTICAL ELEMENT,
IT IS TRANSFORMED BY THE MUELLER MATRIX M : S =
MS WHERE M IS A 4 x 4 REAL MATRIX. LET O BE THE
STATE SPACE OF ALL REAL VECTORS S € RY. IT TURNS
OUT THAT ALTHOUGH ALL REAL 4 X 4 MATRICES MAP )P’
INTO ITSELF, NOT ALL OF THEM ARE PHYSICAL MUELLER
MATRICES. TO BE CONSIDERED AS PHYSICAL MUELLER
MATRICES, THEY MUST SATISFY A STRONGER POSITIVITY
CRITERION THAT FOLLOWS FROM NONSEPARABILITY OR EN-
TANGLEMENT OF PATH AND POLARIZATION OF INHOMOGE-
NEOUS LIGHT FIELDS.
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Bell-like Inequality Criterion for Entangled Classical
Light

C. V. S. BorcEs, M. HOrR-MEYLL, J. A. O. HUGUENIN
& A. Z. KHOURY, (2010).

BORGES ET AL HAVE PROPOSED AN INEQUALITY CRITE-
RION IN ANALOGY WITH BELL’S INEQUALITY FOR THE SEP-
ARABILITY OF THE SPIN AND ORBIT DEGREES OF FREEDOM
OF A LASER BEAM AND SHOWN THAT THIS INEQUALITY IS
VIOLATED BY CLASSICAL OPTICAL STATES FOR WHICH THE
SPIN-ORBIT DEGREES ARE NONSEPARABLE.
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Classical optical coherence and optical signal pro-
cessing

K. H. KAGALWALA, G. D1 GIUSEPPE, A. F. ABOURADDY
AND B. E. A. SALEH, NATURE PHOTONICS (2013)

THESE AUTHORS HAVE USED BELL’S MEASURE AS A QUAN-
TITATIVE TOOL IN CLASSICAL OPTICS TO DELINEATE IN-
COHERENCE ASSOCIATED WITH STATISTICAL FLUCTUATIONS
FROM ENTANGLEMENT BASED INCOHERENCE . THESE RE-
SULTS DEMONSTRATE THE APPLICABILITY OF QUANTUM IN-
FORMATION PROCESSING CONCEPTS TO THE STUDY OF CLAS-
SICAL OPTICAL COHERENCE AND OPTICAL SIGNAL PROCESS-
ING.
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Classical Vortex Beams with Topological Singulari-
ties

P. CHOWDHURY, A. S. MAJUMDAR & G. S. AGARWAL
(2013)

THAT LIGHT CAN BE TWISTED LIKE A CORKSCREW AROUND
ITS AXIS OF TRAVEL WAS FIRST POINTED OUT BY NYE
AND BERRY. THIS TWISTING RESULTS IN THE CANCEL-
LATION OF LIGHT AMPLITUDES ON THE AXIS. SUCH LIGHT
IS CALLED AN OPTICAL VORTEX. WHEN INCIDENT ON A
FLAT SURFACE, AN OPTICAL VORTEX LOOKS LIKE A RING
OF LIGHT WITH A DARK HOLE IN THE CENTRE. THIS HAS
LED TO THE DISCOVERY OF CLASSICAL OPTICAL BEAMS
WITH TOPOLOGICAL SINGULARITIES AND CHARGES (THE
NUMBER OF TWISTS IN ONE WAVE LENGTH) THAT HAVE DI-
VERSE APPLICATIONS SUCH AS IN OPTICAL TWEEZERS, AND
TO THE STUDY OF THE COHERENCE PROPERTIES OF VOR-
TEX BEAMS. SUCH BEAMS HAVE SCHMIDT DECOMPOSITION
AND SHARE MANY PROPERTIES WITH QUANTUM OPTICAL
SYSTEMS. USING THE WIGNER FUNCTION, CHOWDHURY
ET AL HAVE SHOWN THAT THE COHERENCE PROPERTIES
OF SUCH BEAMS IMPLY VIOLATIONS OF BELL INEQUALITIES
FOR CONTINUOUS VARIABLES.
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NOTWITHSTANDING ALL THIS, IT MUST BE POINTED OUT
THAT CLASSICAL AND QUANTUM ENTANGLEMENT HAVE SIG-
NIFICANTLY DIFFERENT IMPLICATIONS, AND HENCE THE
APPROPRIATE NOMENCLATURE TO BE USED IN THE CASE
OF CLASSICAL LIGHT HAS BEEN A MATTER OF SOME DE-
BATE. SOME PREFER TO USE ‘NONSEPARABILITY’, SOME
‘STRUCTURAL INSEPARABILITY’ AND SOME ‘NON-QUANTUM
ENTANGLEMENT’ FOR CLASSICAL LIGHT. WE PREFER TO
USE THE TERM ‘CLASSICAL ENTANGLEMENT’. THIS IS TO
EMPHASIZE THE FACT THAT NON-FACTORIZABILITY IS NOT
AN EXCLUSIVE FEATURE OF QUANTUM MECHANICS; IT IS
INTRINSIC TO CLASSICAL OPTICS AS WELL.

16



Implications of Entanglement /Nonseparability in Clas-
sical Optics

e ENTANGLEMENT AND Bl VIOLATION ARE NO LONGER
EXCLUSIVE SIGNATURES OF QUANTUMNESS

e CLASSICAL ENTANGLEMENT CAN BE USED TO SIMU-
LATE THE MANIPULATIONS NECESSARY FOR QUANTUM
INFORMATION PROCESSING EXCEPT THOSE DEPENDING
ON QUANTUM NONLOCALITY. THIS WAS FIRST SHOWN
BY SPREEUW.

e THE FACT THAT CLASSICAL ENTANGLEMENT IS ROBUST
IS AN ADDED ADVANTAGE.

e ANOTHER VERY IMPORTANT ASPECT OF CLASSICAL EN-
TANGLEMENT IS ITS BEARING ON THE CONCEPT OF NON-
CONTEXTUALITY AND REALISM. IT HAS RECENTLY BEEN
SHOWN THAT THE POLARIZATION AND SPATIAL MODES
OF CLASSICALLY ENTANGLED LIGHT ARE CONTEX-
TUAL VARIABLES, WHICH IS A REAL SURPRISE IN CLAS-
SICAL PHYSICS.
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5 Bell-like States in Classical Optics and Noncontex-
tuality

PG & A. Mukherjee (2013)

A
M PSb PRb bout
; ——
a
NPES, out
Pr,
owp "
b A
> > 1
UNPBS a . Q

Figure 2: Schematic diagram: A V polarized classical light beam passes through a Mach-Zehnder
interferometer. PF}, is a polarization flipper that converts V to H, PS, is a phase-shifter, and PRy is a

polarization rotator.

IT CAN BE EASILY SHOWN THAT THE ACTION OF THE
INTERFEROMETER SHOWN IN FIGURE 2 IS TO PRODUCE THE
FINAL PATH-POLARIZATION ENTANGLED STATE

. A
0%) = Zrlla)eV)+1b) ® [H) (8)

OUR AIM IS TO FIND OUT WHETHER THESE CLASSICAL
STATES ARE CONSISTENT WITH THE NOTION OF NONCON-
TEXTUALITY, NAMELY THE INNOCUOUS CLASSICAL NO-
TION THAT A PHYSICAL PROPERTY MUST BE INDEPENDENT
OF THE CONTEXT IN WHICH IT IS MEASURED. WHAT THIS
IMPLIES IS THAT PHYSICAL SYSTEMS HAVE PROPERTIES WITH
PREDETERMINED VALUES THAT ARE NOT AFFECTED BY HOW
THE VALUE IS MEASURED, I.E. NOT AFFECTED BY PRE-

18



VIOUS OR SIMULTANEOUS MEASUREMENT OF ANY OTHER
COMPATIBLE OR CO-MEASUREABLE OBSERVABLE.

WHETHER THIS HOLDS IN CLASSICAL OPTICS CAN BE
TESTED BY MAKING A JOINT MEASUREMENT OF THE PATH
AND POLARIZATION OF A SINGLE BEAM. WE START BY
DEFINING A CORRELATION

E0,9) = (V]op.04|¥) (9)

WHERE |V) IS AN ARBITRARY NORMALIZED CLASSICAL OP-
TICAL STATE AND

o9 = (e IV)(H]| + e’ |H)(V]) @ Lputn, (10)

05 = It ® (e7]a)(b] + ”[b)(al). (11)

THESE ARE PROJECTION OPERATORS (0j = 1,07 = 1) THAT
REPRESENT POLARIZATION AND PATH MEASUREMENTS. SINCE

0p AND 04 ACT UPON DISJOINT HILBERT SPACES, THEY
COMMUTE.

LET US NOW CONSIDER A GENERAL NORMALIZED PROD-
UCT STATE

() = |¥p0) [Upar) = (cos V) + € sin a| H))(cos y]a) + €™ sin [b)(12)

WHERE «, 3,7,0 ARE ARBITRARY PARAMETERS.

THE CORRELATION FOR SUCH A FACTORIZABLE STATE IS

E(0,0) = (Vpotloa|Vpor) (Wpatn|og|Wparn)
= Epot(0) Epatn(9), (13)
WITH
E,u(0) =sinacos(f — 0), (14)
Eyain(@) = siny cos(d — ). (15)
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1< E6,6) < 1. (16)

DEFINE A QUANTITY S BY

S(01, 0162, 02) = E(01,01) + E(01, p2) — E(02, ¢1) + E(02, p2)
(17)

CLEARLY,
S| <2 (18)

THIS RESULT DEPENDS ONLY ON THE FACT THAT the
correlations lie between —1 and +1 AND no discreteness
assumption is necessary. HENCE, THIS IS A NEW AND
NON-TRIVIAL RESULT FOR CLASSICAL OPTICS, ANALOGOUS
TO CHSH-BELL INEQUALITIES IN PARTICLE MECHANICS.

LET US NOW CALCULATE THE CORRELATION FOR THE
NORMALIZED STATE

. A
0%) = Zrlla)@V)+1b) ® [H) (19)

THEN,
E0,¢) = (®"|og-oy|P7)
= (¢ [(+)o0,0 + (—)o0.x][(+)o60 + (=)opa]|2T).

Bo.¢) = L6+ +motm) IO +7,¢)—1(0,¢+m)
IO, + 10+ T, d+ )+ IO+, )+ 10,0+ T)
= cos(f + ¢). (20)

NOTICE THAT THIS IS NOT IN A PRODUCT OR FACTORIZ-
ABLE FORM. IT FOLLOWS FROM THIS THAT THE NONCON-
TEXTUALITY BOUND |S| < 2 IS VIOLATED BY THE STATE
|&1) FOR THE SET 01 = 0,0, = /2,1 = /4, pg = —7/4 FOR
WHICH S = 2v/2.
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THERE IS NO NONLOCALITY IN THIS RESULT BECAUSE
THE PATH AND POLARIZATION CHANGES ARE MADE ON THE
SAME STATE IN PATH b. THIS RESULT SHOWS THAT THE
PATH AND POLARIZATION OF CLASSICAL LIGHT IN ENTAN-
GLED STATES LIKE |®") ARE contextual, 1.E. THE MEA-
SUREMENT OF PATH/POLARIZATION DEPENDS ON THE MEA-
SUREMENT OF POLARIZATION/PATH ALTHOUGH THEY ARE
COMPATIBLE PROPERTIES..

Hence innocuous classical realism does not hold in
classical optics, the paradigm of realist classical physics.
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6 Information Processing with Classical Light

WE WILL NOW DISCUSS TO WHAT EXTENT CLASSICAL PO-
LARIZATION OPTICS CAN BE USED TO SIMULATE QUANTUM
INFORMATION PROCESSING TASKS. THIS IS VERY IMPOR-
TANT FROM A PRACTICAL POINT OF VIEW BECAUSE COHER-
ENCE AND ENTANGLEMENT ARE ROBUST IN CLASSICAL OP-
TICS, THUS CIRCUMVENTING THE PROBLEM OF DECOHER-
ENCE IN QUANTUM INFORMATION PROCESSING. HOWEVER,
AS ALREADY EMPHASIZED, THERE ARE CERTAIN FUNDA-
MENTAL DIFFERENCES BETWEEN CLASSICAL OPTICAL CO-
HERENCE AND ENTANGLEMENT AND THEIR QUANTUM COUN-
TERPARTS, NAMELY (A) THERE IS NO NONLOCALITY IN CLAS-
SICAL OPTICS, AND (B) THERE IS NO ‘NO-CLONING THEO-
REM’ IN CLASSICAL OPTICS. AS A RESULT, ERROR COR-
RECTION PROTOCOLS HAVE TO BE SPECIALLY DESIGNED.
THE EXPONENTIAL RESOURCES PROBLEM WITH CLASSICAL
OPTICS ALSO NEEDS FURTHER INVESTIGATION. WE WILL
NOW SHOW HOW SOME SIMPLE QUANTUM LOGIC GATES AND
NETWORKS CAN BE REALIZED WITH CLASSICAL OPTICS.
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6.1 Gates analogous to single qubit gates

_____ (U I S—
@, B
O gwp ®

Figure 3: The action of a half-wave plate HWP with its fast axis inclined at(#) to the vertical on a

linearly polarized light beam. (I) and (F') represent the initial and final states of polarization respectively.

LET US FIRST CONSIDER THE CASE OF A LINEARLY PO-
LARIZED CLASSICAL LIGHT BEAM PASSING THROUGH A HALF-
WAVE PLATE HWP WITH ITS FAST AXIS INCLINED AT(¢T_9
TO THE VERTICAL (Fi1G. 3). THE TRANSITION FROM THE
INITIAL STATE 6 TO THE FINAL STATE ¢ OF POLARIZATION
IS GIVEN BY

J((¢=0)/2)10) = o),

oo - (670 o0

cos 6
0) =
9) ( sin 0 )
WHERE J IS A JONES MATRIX. MORE GENERALLY, THE
JONES VECTOR |f)) CAN ALSO BE WRITTEN IN THE FORM
|0) = col0) + ca|1) (21)

WITH ¢y AND ¢; CLASSICAL COMPLEX AMPLITUDES AND |0)
AND |1) DENOTING THE BASIS STATES

w={4y). mw=(1) 22)
=) 23)

SO THAT



THE COEFFICIENTS |cy|?> AND |c;|*> ARE THE INTENSITIES
MEASURED BY PHOTODETECTORS. THEN (21) IS THE CLAS-
SICAL ANALOG OF A QUBIT, AND MAY BE CALLED A PO-
LARIZATION cebit. A SIMILAR RELATION HOLDS FOR PATH
CEBITS WITH |[0) AND |[1) DENOTING TWO ORTHOGONAL
PATHS. IN THE CLASSICAL OPTICAL CASE, THOUGH THE
PATH AND POLARIZATION CEBITS ARE LOCALLY SPECIFIED,
THEY ARE INDEPENDENT DEGREES OF FREEDOM, BEING EL-
EMENTS OF DISJOINT HILBERT SPACES. THEY CAN THERE-
FORE BE USED AS CONTROL OR TARGET CEBITS.
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Gates analogous to two qubit unitary gates

The CNOT Gate

LET US FIRST CONSIDER THE PROPAGATION MODE OR THE
PATH AS THE CONTROL CEBIT AND THE POLARIZATION AS
THE TARGET CEBIT. AFTER THE BEAM SPLITTER NPBS
(F1G. 4) THE STATE OF AN INCIDENT H BEAM IS

H

ko H \Y%
NPBS HWP

Figure 4: A CNOT gate with path as the control cebit. The fast axis of the half-wave plate HWP is
oriented at 45° to the vertical.

) = (|E1> + |]§2>)\H) (24)

IF A HALF-WAVE PLATE HWP IS PLACED IN THE PATH ks,
IT FLIPS THE H POLARIZATION STATE TO THE V POLAR-
IZATION STATE. THEREFORE THE FINAL STATE IS

W) = k) |H) + [k2)|V) (25)

THIS IS A CNOT GATE AS IT FLIPS THE POLARIZATION OF
THE TARGET CEBIT ONLY IF THE CONTROL CEBIT IS THE
PATH k:2 AND NOT k:1 SINCE THE INTENSITY REMAINS THE
SAME, WE HAVE A SUCCESFUL REALIZATION OF CNOT.
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as)
as)
Y

Figure 5: A CNOT gate with polarization as the control bit. PBS is a polarizing beam splitter .

ONE CAN ALSO HAVE A CNOT GATE WITH POLARIZA-
TION AS THE CONTROL CEBIT TO FIX THE PATH AS SHOWN
IN F1G. 5. A LIGHT BEAM WITH ELECTRIC FIELD PARAL-
LEL TO THE PLANE OF THE PAPER (H) GETS TRANSMITTED,
AND ONE WITH ELECTRIC FIELD PERPENDICULAR TO THE
PLANE OF THE PAPER (V) GETS REFLECTED. HENCE, IT
IS A SUCCESSFUL REALIZATION OF A CNOT GATE. THE
TRUTH TABLE FOR THIS CNOT GATE IS

Control Bit | Target Bit | Output
H 0 0
H 1 1
\Y 0 1
\Y% 1 0

ONE CAN AN ALSO CONSTRUCT TOFFOLI (GATES AND
CARRY OUT TELEPORTATION BETWEEN THE DISJOINT PATH
AND POLARIZATION HILBERT SPACES.
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