
  

Macroscopic Entanglement near Quantum Phase Transitions     
         

 

 

V. Subrahmanyam
 

Deparment of Physics, I. I. T.  Kanpur 208016

Quantum Chaos Quantum Information Workshop, Chennai, 21-24 July 
2010

Collaborators: A. Lakshminarayan, D. D. B. Rao (Weizman), V. Ravishankar (IIT-K)

Quantum Information Processing and Applications !
Harish-Chandra Research Institute, 6th December 2013

Collaborator: Archak Purkayastha (ICTS, Bengaluru)



Plan:

1.  Many electron/spin Correlations

2.   How entangled is a Spin/Electron state 

3.  Entanglement hierarchy in Many-electron states:!
             Diagonal/off-diagonal correlations and Electron double occupancy!

Metallic, Strongly-correlated, Superconducting states

4.  Multi-species entanglement: Quantum phase transitions 

5.  Block entanglement entropy of Correlated state!
           Area law, logarithmic correction, entanglement spectrum!

                Scaling form for entanglement for metal-insulator crossover Metal-
insulator Transitions in nano-chains of Ni !





  

2

kv

Fk

1

k

In the above 
range

Order Parameter   Double  Occupancy

≈
30

2 EF
sinh

−1 ℏD

0

∣〉 = k ukvk ck 
*
c−k 
*  ∣0 〉

d=
n

2

4
12

k=0

n

2
≡∣〈 ci ci  〉∣

k
2=

1

2 1− k−EF

k−EF2k

2 

Many-eletcron State:

Metallic/Uncorrelated BCS-Superconductor

†

†

†



Gutzwiller Projection: Fg ining
N

i
)( )1(1

1 pn�
 

�3 

g=0 Strong Correlation, no doubly-occupied sites: d=0   U=Infinity

g=1 No Correlation, Metallic State  U=0
pn nnd

ggg {)(J
Projects to a state with exactly
D doubly-occupied sites

D
N ggd D 22

DD

1 ||  )( D6 
gN ln

ln
2
1

w
w J

gPD DD {D

])1ln[(
)1(

)(     D1 22
22

2

2
1 ngnnng

g
ggd ����
�

 �

Metzner and Vollhardt (1988)
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Here, c†
i�

creates an electron with the given spin pro-
jection at site i, and n̂

i�

is the corresponding number
operator. The first represents the hopping of electrons
on nearest-neighbour sites, with an amplitude t. The
strong correlation (which is just on-site density-density
interaction) arises from the second term, where U is the
interaction strength. Even though analytical solution ex-
ists in one dimension, a theoretical treatment is made
very tedious by the fact that the kinetic term is diagonal
in momentum basis whereas the interaction term is di-
agonal in site basis. A variational approach to the prob-
lem was proposed by Gutzwiller [4], suggesting a trial
ground state where correlations were introduced into the
non-interacting metallic state by a local correlation fac-
tor in site basis[15]. The Gutzwiller state is written, for
a lattice of N sites, as

|gi =
NY

i=1

{1 � (1 � g)n̂
i"n̂i#}|F i, (7)

where the metallic Fermi state |F i =
Q

k

F

k=0 ĉ
†
k"ĉ

†
k#|0i is

constructed from the vacuum state by using products of
momentum space operators ĉ†

k�

. Here, k
F

is the Fermi
momentum which is controlled by the filling factor.

The correlation projection parameter g varies from 0 to
1, incorporating the correlation e↵ect of the Hubbard-U .
The insulating limit corresponds to g ! 0 or U ! 1 and
the metallic limit is g ! 1 or U ! 0. At half-filling, the
two limits describe a change from completely de-localised
state (g = 1) to completely localised state (g = 0), giving
rise to a metal to insulator transition.

An exact calculation by Metzner and Vollhardt [15]
gives a relation between g and t/U , at half-filling in one
dimension, we have,

g log g = � 4t

⇡U
(8)

Gutzwiller state provides a simple example of a Fermi
liquid[16]. Certain properties of Fermi liquid state of
transition metals calculated from the Gutzwiller state
have been compared with experiments. The properties
of Ni [17] as well as of normal liquid 3He [18] which
can be treated as a Fermi liquid, have been successfully
described by the Gutzwiller state. Fermi liquids are char-
acterised by a sharp Fermi surface, i.e. a discontinuity at
the Fermi level in the single-particle momentum distri-
bution. However, in one dimension Fermi liquids usually
break down into Luttinger liquids which do not have the
discontinuity at the Fermi level.

Interestingly, this discontinuity and fermi-liquid be-
havior have been seen to occur in some finite-size sys-
tems even in one dimension[19]. The Gutzwiller state
shows the discontinuity at the Fermi level for non-zero g,

thus di↵ering in this respect from the physics of one-
dimensional Hubbard model. This Fermi surface dis-
continuity for a one-dimensional system at half-filling is
given by[15],

Z(g) =
4g

(1 + g)2
. (9)

At g = 0, the discontinuity disappears and the
system passes to an insulating state (Brinkman-Rice
insulator[20]). Near the insulating regime, another quan-
tity of interest which goes to zero is the average density
of doubly-occupied sites, which is given in one dimension
by[15]

d(g) =
g2

2(1 � g2)2
[�n(1�g2)� log{1�n(1�g2)}] (10)

where n is the number density of electrons.
Though the Gutzwiller state is an well-explored state

and many exact results are known, entanglement prop-
erties of the state remain fairly unexplored. In a previ-
ous work, the global entanglement of Gutzwiller state,
which measures the average site purity in the state, was
investigated[21]. It was seen to be directly related to the
average double occupancy of Gutzwiller state. The en-
tanglement for the strongly-correlated case was seen to
be smaller than that of the uncorrelated metallic state
for most filling factors. This was mainly due to the
fact that a strong correlation (a large U) enhances di-
agonal spin correlation functions, whereas usually entan-
glement is enhanced by o↵-diagonal correlations and de-
creased by diagonal correlations, as seen in Heisenberg
antiferromagnets[22]. In this work, we investigate the
entanglement entropy and entanglement spectrum of the
Gutzwiller state in one dimension.

II. ENTANGLEMENT ENTROPY OF
GUTZWILLER STATE

We consider a closed chain of N sites and a paramag-
netic case where there is no net magnetization. There
are N

e

electrons with equal numbers up and down spin
polarizations, N" = N# = N

e

2 .
The bipartition is done in two blocks of equal size, the

part A containing the first half of the lattice, and the rest
of the lattice forming the part B. Therefore, the length of
subsystem is L = N

2 . Such bipartition maximizes entan-
glement entropy. As explained in the previous section,
we need to calculate von-Neumann entropy of subsys-
tem, which gives the entanglement entropy E(N, g), as
a function of the system size and the correlation projec-
tion parameter. Numerical calculation of the eigenvalues
of the reduced density matrix ⇢

A

is still quite di�cult
due to exponentially growing size of the Hilbert space of
the block A for a general value of g.
Even though is it di�cult to calculate entanglement

entropy in Gutzwiller state for arbitrary on-site correla-
tion factor g, the limiting case of the uncorrelated state

Fermi Liquid for nonzero g
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†
k"ĉ
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How Entangled Is a Spin State?

 Ave. Site purity
 Global Ent.

Diag. Correlations
Decrease Ent.
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Multi-Species Entanglement  

Let u (v) denote the set of sites occupied by A (B) particles

Strong exclusion: B occupies only sites unoccupied by A

Half filling: Total number of particles equals the number of sites

Now, v stands for the complement of the set u

Many-particle wave function amplitudes are Schmidt numbers 

VS, Quant. Inform. Comp. (2010)
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FIG. 2: The entanglement, and its first derivative, between the up and down spin particles is plotted as a function of the
coupling strength, for N = 10, 20, and in the thermodynamic limit N !1.

the sectors with even number of fermions N
F

. Similarly,
for N

F

odd, the allowed values are q = 0,± 2⇡

N

,± 4⇡

N

... ±
(N�2)⇡

N

, ⇡. The Hamiltonian becomes uncoupled in terms
of di↵erent |q| values, and for each q > 0, a simple di-
agonalization from the basis |0i, |�

q

i ⌘ c†
q

c†�q

|0i, |� qi ⌘
c†�q

|0i, |qi ⌘ c†
q

|0i yields the eigenvalues and eigenstates
of the Hamiltonian. Of particular interest is the ground
state, is given as a direct product[6, 7],

|Gi =
Y

q>0

(a
q

|0i+ b
q

|�
q

i) . (8)

The amplitudes depend on the coupling strength, and
thus determine the entanglement in the state. We have,

|a
q

|2 =
1
2
(1� h + J cos qp

h2 + J2 + 2Jh cos q
), (9)

and the other amplitude is given by |b
q

|2 = 1� |a
q

|2.
The above state is a superposition of many-particle

momentum basis states, the amplitude for a given mo-
mentum basis state would be a product of wave func-
tion amplitudes, either a

q

or b
q

appearing for each value
of q, corresponding to either the q state is occupied by
fermions (up spins) or the unoccupied by fermions (or
equivalently occupied by holes, i.e. down spins). Thus
each component of the above state can be labeled by u (as
in Eq. 2), a set of q values of the occupied states of the
fermion (up-spin particles), owing to the exclusion prop-
erty, the complement of the set u would be the occupied
q values for the unoccupied (down-spin particles). Thus,
after tracing over the down-spin degrees of freedom, the
up-spin state is obtained as,

⇢" =
Y

a2

q

|0ih0|+
X

q

b2

q

Y

q

0 6=q

a2

q

0 |0, 0..�
q

..0ih0, 0..�
q

..0|+..

(10)
Here, the first component is the contribution of the vac-
uum state, and the second series term is the contribution

from the two-particle sector and so on. The structure of
the reduced density matrix is similar even for the maxi-
mum energy state (each of the amplitudes a

q

is replaced
by the amplitude b

q

and vice versa), and hence the same
quantum critical behavior from the view point of the two-
species macroscopic entanglement.

The von Neumann entropy can be shown to be a sum
of independent contributions of q modes, the individual
mode contribution being equal to the Shannon binary
entropy H(p

i

) = �p
i

log p
i

� (1 � p
i

) log(1 � p
i

), where
the eigenvalue is given by p

i

= |a
qi |2. As the coupling

strength x = J/h is varied, the band of eigenvalues p
i

and the band of eigenvalues 1-p
i

spread in width. For
|x| < 1, as q

i

is varied, !a
q

|2 is bounded well below the
value of 1/2, and similarly |b

q

|2 well above 1/2, with a
gap �(x) between the two bands of eigenvalues. The
gap decreases as x is increased, and finally the gap van-
ishing at |x| = 1. For |x| > 1, the values of |a

q

|2 (thus
|b

q

|2) span the full range. A gap in the individual mode
eigenvalue would imply a gap between the largest and the
second largest eigenvalues of the reduced density matrix
⇢" shown above. From the functional relation of the wave
functions given in Eq. 10 we can work out the gap, and
we have,

�(x) =
p

1� x2 ✓(1� |x|), (11)

which gives a gap exponent of 1/2, i.e. � ⇠ (1� |x|)1/2

as |x| ! 1. In contrast, the particle-hole excitation
gap from the ground state to the excited state vanishes
linearly[4].

The macroscopic entanglement (from Eq.5) between
up and down spin particles for a given coupling strength
x = J/h, is given by

"(x) =
1
N

N/2X
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H(p
i

) =
Z
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0

dp g(p, x) log
1� p

p
. (12)

We have converted the sum into an integral by introduc-
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The amplitudes depend on the coupling strength, and
thus determine the entanglement in the state. We have,

|a
q

|2 =
1
2
(1� h + J cos qp

h2 + J2 + 2Jh cos q
), (9)

and the other amplitude is given by |b
q

|2 = 1� |a
q

|2.
The above state is a superposition of many-particle

momentum basis states, the amplitude for a given mo-
mentum basis state would be a product of wave func-
tion amplitudes, either a

q

or b
q

appearing for each value
of q, corresponding to either the q state is occupied by
fermions (up spins) or the unoccupied by fermions (or
equivalently occupied by holes, i.e. down spins). Thus
each component of the above state can be labeled by u (as
in Eq. 2), a set of q values of the occupied states of the
fermion (up-spin particles), owing to the exclusion prop-
erty, the complement of the set u would be the occupied
q values for the unoccupied (down-spin particles). Thus,
after tracing over the down-spin degrees of freedom, the
up-spin state is obtained as,

⇢" =
Y

a2

q

|0ih0|+
X

q

b2

q

Y

q

0 6=q

a2

q

0 |0, 0..�
q

..0ih0, 0..�
q

..0|+..

(10)
Here, the first component is the contribution of the vac-
uum state, and the second series term is the contribution

from the two-particle sector and so on. The structure of
the reduced density matrix is similar even for the maxi-
mum energy state (each of the amplitudes a

q

is replaced
by the amplitude b

q

and vice versa), and hence the same
quantum critical behavior from the view point of the two-
species macroscopic entanglement.

The von Neumann entropy can be shown to be a sum
of independent contributions of q modes, the individual
mode contribution being equal to the Shannon binary
entropy H(p

i

) = �p
i

log p
i

� (1 � p
i

) log(1 � p
i

), where
the eigenvalue is given by p

i

= |a
qi |2. As the coupling

strength x = J/h is varied, the band of eigenvalues p
i

and the band of eigenvalues 1-p
i

spread in width. For
|x| < 1, as q

i

is varied, !a
q

|2 is bounded well below the
value of 1/2, and similarly |b

q

|2 well above 1/2, with a
gap �(x) between the two bands of eigenvalues. The
gap decreases as x is increased, and finally the gap van-
ishing at |x| = 1. For |x| > 1, the values of |a

q

|2 (thus
|b

q

|2) span the full range. A gap in the individual mode
eigenvalue would imply a gap between the largest and the
second largest eigenvalues of the reduced density matrix
⇢" shown above. From the functional relation of the wave
functions given in Eq. 10 we can work out the gap, and
we have,

�(x) =
p

1� x2 ✓(1� |x|), (11)

which gives a gap exponent of 1/2, i.e. � ⇠ (1� |x|)1/2

as |x| ! 1. In contrast, the particle-hole excitation
gap from the ground state to the excited state vanishes
linearly[4].

The macroscopic entanglement (from Eq.5) between
up and down spin particles for a given coupling strength
x = J/h, is given by

"(x) =
1
N

N/2X

i=1

H(p
i

) =
Z

1

0

dp g(p, x) log
1� p

p
. (12)

We have converted the sum into an integral by introduc-
Shannon Binary Entropy
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Transverse Ising Model: Quantum Phase Transition in the ground state

h=0 Ordered Phase

h≠0 Fluctuations similar to thermal (incoherent) excitations

h=J Quantum critical point, Order parameter vanishes

=∣J /h∣

Osterloh et al, Nature, 416, 608 (2002)
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* State is given

* Reduced density matrix is 2     for N=16!
As there are 4 states per site

* Most of the eigenvalues are nearly zero!
Still, need to diagonalize large matrices

* Numerical estimate  for finite N not very reliable 
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* Periodic boundary conditions and free boundary 
conditions give different central charge values!

* Even and odd effects for even/odd L
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FIG. 1: Entanglement entropy E(N, g) as a function of
number of sites N is shown for various values of on-site
correlation factor g at half-filling. Continuous lines
show verification of CFT results for the metallic and the
insulating limits, given in Eq.11.

at g = 1 is quite easy to manage, as the system reduces
to a free fermion state. For this state, the eigenvalues
of reduced density matrix can be generated from those
of the single particle density matrix of particles with one
kind of spin, and the size of such single particle density
matrix increases only linearly with system size[12].

We have used this technique to verify the scaling rela-
tion for the entanglement entropy given in Eq.2 for g = 1
case. For an arbitrary g, entanglement entropy has been
calculated numerically using the method of Schmidt de-
composition discussed earlier. Within our computational
limitations, we could go upto 32 sites for g = 1 and upto
16 sites for all other values of g.

Half-filled Gutzwiller state, N" = N# = N
2

We first consider the half-filled Gutzwiller state (N
e

=
N) with zero magnetization (N" = N#).

At half-filling, in g = 0 limit, the Gutzwiller state re-
duces to ground state of a Heisenberg-like spin model,
whereas in g = 1 limit, it becomes ground state of a free
fermion model. Continuum limits of both the limiting
cases are amenable to the CFT methods[23]. The g = 0
case is described by a CFT with central charge c = 1
(as there are no charge degrees of freedom in this case),
and g = 1 case by c = 2 (a unit of central charge each
for the spin and charge degrees of freedom in this limit).
The corresponding results for the entanglement entropy
conform to Eq.2, we have,

E(N, 0) ⇡ 1

3
log2 N, E(N, 1) ⇡ 2

3
log2 N. (11)

In both these limits, the system is gapless, and thus ex-
hibits critical behavior. For the intermediate values of g,
the entanglement shows a departure from the CFT pre-
diction, though still exhibiting a critical behaviour with
logarithmic term.
Fig.1 shows variation of E(N, g) with N for di↵erent

values of g. The plots for g = 1 and g = 0 cases show that
already at a size of 8 sites, the results match quite well
with the the CFT form. This means that N � 8 is large
enough to capture the physics of the continuum limit.
This justifies the general conclusions we make throughout
the rest of the paper. We see that entanglement entropy
increases with system size for all values of g. This means
the area law is violated always, indicating a crossover
critical behaviour from the Heisenberg spin limit at g = 0
to the uncorrelated metallic limit at g = 1. We also
note that E(N,0) is nearly half of E(N,1). The figure also
shows that results for small g and g close to one cases fall
almost exactly on g = 0 and g = 1 plots respectively. In
between there is a transition, which may be viewed as an
insulator to metal crossover behaviour. The variation of
E(N, g) with g for various system sizes is shown in Fig.2a.
The results show that E(N, g) at first rises steadily with
g but after a certain value of g, saturates to the value
corresponding to the entanglement at g = 1.
The crossover phenomena are best understood in terms

of a scaling form. Using the fact that E(N, 1) is nearly
double of E(N, 0) and that E increases with N for all
values of g, we propose that a scaling form should emerge
for the scaled entanglement eE(y), given by

eE(y) =
E(N, g)

1
2 + 1

3 log2N
. (12)

where y = y(N, g) is the scaling variable. For a scaling
form to emerge, eE must satisfy the following conditions
:

eE(y(N, g = 0)) ' 1 (13)

eE(y, (N, g = 1)) ' 2 (14)

eE(y(N ! 1, g 6= 0)) ' 2 (15)

Eq ?? and Eq ?? are just restatement of the CFT
results in the insulating and metallic limits respectively.
The justification of Eq. ?? is that, in the thermodynamic
limit, the half-filled Gutzwiller state is insulating only
exactly at g = 0, and metallic otherwise[15]. If eE is the
correct scaling function, it must capture this behaviour.
Eq.?? and Eq.?? are properties of eE which would be
satisfied even if eE was not the correct scaling function.
So, for a scaling form to emerge, scaling variable y(N, g)
must be such that, given Eq ?? and Eq.??, then Eq.??
is automatically satisfied without imposing any new con-
dition on eE. Also, we expect y(N, g) to be a smooth
function. With a little thought, it can be seen that to
satisfy these conditions, the general form of y(N, g) must
be a sum of products of increasing functions of N with
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FIG. 1: Entanglement entropy E(N, g) as a function of
number of sites N is shown for various values of on-site
correlation factor g at half-filling. Continuous lines
show verification of CFT results for the metallic and the
insulating limits, given in Eq.11.

at g = 1 is quite easy to manage, as the system reduces
to a free fermion state. For this state, the eigenvalues
of reduced density matrix can be generated from those
of the single particle density matrix of particles with one
kind of spin, and the size of such single particle density
matrix increases only linearly with system size[12].

We have used this technique to verify the scaling rela-
tion for the entanglement entropy given in Eq.2 for g = 1
case. For an arbitrary g, entanglement entropy has been
calculated numerically using the method of Schmidt de-
composition discussed earlier. Within our computational
limitations, we could go upto 32 sites for g = 1 and upto
16 sites for all other values of g.

Half-filled Gutzwiller state, N" = N# = N
2

We first consider the half-filled Gutzwiller state (N
e

=
N) with zero magnetization (N" = N#).

At half-filling, in g = 0 limit, the Gutzwiller state re-
duces to ground state of a Heisenberg-like spin model,
whereas in g = 1 limit, it becomes ground state of a free
fermion model. Continuum limits of both the limiting
cases are amenable to the CFT methods[23]. The g = 0
case is described by a CFT with central charge c = 1
(as there are no charge degrees of freedom in this case),
and g = 1 case by c = 2 (a unit of central charge each
for the spin and charge degrees of freedom in this limit).
The corresponding results for the entanglement entropy
conform to Eq.2, we have,

E(N, 0) ⇡ 1

3
log2 N, E(N, 1) ⇡ 2

3
log2 N. (11)

In both these limits, the system is gapless, and thus ex-
hibits critical behavior. For the intermediate values of g,
the entanglement shows a departure from the CFT pre-
diction, though still exhibiting a critical behaviour with
logarithmic term.
Fig.1 shows variation of E(N, g) with N for di↵erent

values of g. The plots for g = 1 and g = 0 cases show that
already at a size of 8 sites, the results match quite well
with the the CFT form. This means that N � 8 is large
enough to capture the physics of the continuum limit.
This justifies the general conclusions we make throughout
the rest of the paper. We see that entanglement entropy
increases with system size for all values of g. This means
the area law is violated always, indicating a crossover
critical behaviour from the Heisenberg spin limit at g = 0
to the uncorrelated metallic limit at g = 1. We also
note that E(N,0) is nearly half of E(N,1). The figure also
shows that results for small g and g close to one cases fall
almost exactly on g = 0 and g = 1 plots respectively. In
between there is a transition, which may be viewed as an
insulator to metal crossover behaviour. The variation of
E(N, g) with g for various system sizes is shown in Fig.2a.
The results show that E(N, g) at first rises steadily with
g but after a certain value of g, saturates to the value
corresponding to the entanglement at g = 1.
The crossover phenomena are best understood in terms

of a scaling form. Using the fact that E(N, 1) is nearly
double of E(N, 0) and that E increases with N for all
values of g, we propose that a scaling form should emerge
for the scaled entanglement eE(y), given by

eE(y) =
E(N, g)

1
2 + 1

3 log2N
. (12)

where y = y(N, g) is the scaling variable. For a scaling
form to emerge, eE must satisfy the following conditions
:

eE(y(N, g = 0)) ' 1 (13)

eE(y, (N, g = 1)) ' 2 (14)

eE(y(N ! 1, g 6= 0)) ' 2 (15)

Eq ?? and Eq ?? are just restatement of the CFT
results in the insulating and metallic limits respectively.
The justification of Eq. ?? is that, in the thermodynamic
limit, the half-filled Gutzwiller state is insulating only
exactly at g = 0, and metallic otherwise[15]. If eE is the
correct scaling function, it must capture this behaviour.
Eq.?? and Eq.?? are properties of eE which would be
satisfied even if eE was not the correct scaling function.
So, for a scaling form to emerge, scaling variable y(N, g)
must be such that, given Eq ?? and Eq.??, then Eq.??
is automatically satisfied without imposing any new con-
dition on eE. Also, we expect y(N, g) to be a smooth
function. With a little thought, it can be seen that to
satisfy these conditions, the general form of y(N, g) must
be a sum of products of increasing functions of N with
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at g = 1 is quite easy to manage, as the system reduces
to a free fermion state. For this state, the eigenvalues
of reduced density matrix can be generated from those
of the single particle density matrix of particles with one
kind of spin, and the size of such single particle density
matrix increases only linearly with system size[12].

We have used this technique to verify the scaling rela-
tion for the entanglement entropy given in Eq.2 for g = 1
case. For an arbitrary g, entanglement entropy has been
calculated numerically using the method of Schmidt de-
composition discussed earlier. Within our computational
limitations, we could go upto 32 sites for g = 1 and upto
16 sites for all other values of g.

Half-filled Gutzwiller state, N" = N# = N
2

We first consider the half-filled Gutzwiller state (N
e

=
N) with zero magnetization (N" = N#).

At half-filling, in g = 0 limit, the Gutzwiller state re-
duces to ground state of a Heisenberg-like spin model,
whereas in g = 1 limit, it becomes ground state of a free
fermion model. Continuum limits of both the limiting
cases are amenable to the CFT methods[23]. The g = 0
case is described by a CFT with central charge c = 1
(as there are no charge degrees of freedom in this case),
and g = 1 case by c = 2 (a unit of central charge each
for the spin and charge degrees of freedom in this limit).
The corresponding results for the entanglement entropy
conform to Eq.2, we have,

E(N, 0) ⇡ 1

3
log2 N, E(N, 1) ⇡ 2

3
log2 N. (11)

In both these limits, the system is gapless, and thus ex-
hibits critical behavior. For the intermediate values of g,
the entanglement shows a departure from the CFT pre-
diction, though still exhibiting a critical behaviour with
logarithmic term.
Fig.1 shows variation of E(N, g) with N for di↵erent

values of g. The plots for g = 1 and g = 0 cases show that
already at a size of 8 sites, the results match quite well
with the the CFT form. This means that N � 8 is large
enough to capture the physics of the continuum limit.
This justifies the general conclusions we make throughout
the rest of the paper. We see that entanglement entropy
increases with system size for all values of g. This means
the area law is violated always, indicating a crossover
critical behaviour from the Heisenberg spin limit at g = 0
to the uncorrelated metallic limit at g = 1. We also
note that E(N,0) is nearly half of E(N,1). The figure also
shows that results for small g and g close to one cases fall
almost exactly on g = 0 and g = 1 plots respectively. In
between there is a transition, which may be viewed as an
insulator to metal crossover behaviour. The variation of
E(N, g) with g for various system sizes is shown in Fig.2a.
The results show that E(N, g) at first rises steadily with
g but after a certain value of g, saturates to the value
corresponding to the entanglement at g = 1.
The crossover phenomena are best understood in terms

of a scaling form. Using the fact that E(N, 1) is nearly
double of E(N, 0) and that E increases with N for all
values of g, we propose that a scaling form should emerge
for the scaled entanglement eE(y), given by

eE(y) =
E(N, g)

1
2 + 1

3 log2N
. (12)

where y = y(N, g) is the scaling variable. For a scaling
form to emerge, eE must satisfy the following conditions
:

eE(y(N, g = 0)) ' 1 (13)

eE(y, (N, g = 1)) ' 2 (14)

eE(y(N ! 1, g 6= 0)) ' 2 (15)

Eq ?? and Eq ?? are just restatement of the CFT
results in the insulating and metallic limits respectively.
The justification of Eq. ?? is that, in the thermodynamic
limit, the half-filled Gutzwiller state is insulating only
exactly at g = 0, and metallic otherwise[15]. If eE is the
correct scaling function, it must capture this behaviour.
Eq.?? and Eq.?? are properties of eE which would be
satisfied even if eE was not the correct scaling function.
So, for a scaling form to emerge, scaling variable y(N, g)
must be such that, given Eq ?? and Eq.??, then Eq.??
is automatically satisfied without imposing any new con-
dition on eE. Also, we expect y(N, g) to be a smooth
function. With a little thought, it can be seen that to
satisfy these conditions, the general form of y(N, g) must
be a sum of products of increasing functions of N with
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3 g

at half-filling. The peak at y ' 0.24 signifies the
metal-insulator crossover region. The figure also shows
the derivative of the fit given in Eq.17.

for all values of on-site correlation factor g. Logarithmic
divergence of entanglement entropy with size of subsys-
tem is usually associated with gapless spin models in one
dimension. Here, then the scaling relation suggests that
gapless spin excitations are possible for all values of g.
So we are always at a critical regime with respect to the
spin degrees of freedom.

While the appearance of the logarithmic divergence is
due to the spin degrees of freedom of the system, the
scaling of the coe�cient of the logarithmic term contains
the information about the charge degrees of freedom of
the system. Even though the entanglement entropy scal-
ing looks somewhat like Eq.2, the result we have found is
actually di↵erent from the CFT result. This is because,
while in the CFT result the coe�cient of logarithmic term
is independent of system size N , in our case the coe�-
cient eE depends on y = N

1
3 g. It is only near the metal-

lic and the insulating limits that it tends to a constant.
Therefore it is only at the two limits that CFT results
are valid. Inverting this argument, we can say when-
ever the CFT result for entanglement entropy scaling,
given in Eq.2, is valid, the system is at the corresponding
limit. The in-between region, where the CFT results are
not valid is then the metal to insulator crossover region.
Fig(2b) shows that metallic limit is rapidly attained as y
increases. Interestingly, Fig(2b) also suggests that for a
finite system size, a metal-insulator transition occurs at
some finite value of g and therefore, and through Eq.8,
at some finite value of interaction strength U .

The situation is made clearer by looking at variation of
the derivative of eE with y. The plots are shown in Fig.3.
The graph shows a peak at y = y0 ' 0.24. Below y0,
the entanglement entropy increases at an increasing rate
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FIG. 4: Entanglement entropy E(N, g) is plotted as a
function of g for N = 16 sites, for various values of the
number density of electrons n. The inset shows an
enlarged plot for quarter-filling.

with y. But beyond y0, it increases at a decreasing rate.
Hence, saturation to metallic limit begins at y0. Thus,
y0 is the insulator to metal crossover point. This insight
is further strengthened by our studies of entanglement
spectrum, which we describe in the next section.
It is gratifying to note from Fig.3 that the derivative

of the analytic form, given in Eq.17, which is approxi-
mate and was obtained merely by intuitive curve-fitting,
matches with exact computational result especially well
around y0 and deviates only slightly for higher values of
y.
All of the above computations has been done on sys-

tems of size upto N = 16. However, the form of the scal-
ing variable y was arrived at through physical arguments.
Our numerical results on systems of size upto N = 16
suggests that the scaling form is convincing enough and
validates our claim for eE being the correct scaling func-
tion. The strength of the scaling analysis is that these
conclusions can be drawn for larger-sized systems also,
once the scaling picture is correct. Moreover, the conclu-
sions drawn here can be applied to small systems directly
when discussing metal-insulator crossover in nano-sized
chains.

Away from half-filling

Away from half-filling, the entanglement entropy for
the non-interacting case, g = 1, still shows a logarithmic
divergence with central charge c = 2, implying a metallic
behaviour. However a decrease in the number of elec-
trons causes a decrease in the entanglement entropy in
the metallic state. Fig.4 shows the variation of entangle-
ment entropy for N = 16 sites for the case of quarter-

Metal-Insulator Transition: Crossover
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FIG. 2: (a) Entanglement entropy E(N, g) is plotted as a function of on-site correlation factor g for various number
of sites N at half-filling. (b) The scaling function eE(y) = E/(0.5 + 1

3 log2 N) as a function of scaling variable

y = N
1
3 g at half-filling, showing a data collapse on to a single curve. We also show a fit for eE(y), where Z(y) is the

function for the discontinuity in single-particle momentum distribution of electrons at Fermi level defined by Eq.9.

increasing functions of g provided the functions of g are
zero at g equal to zero. To check this, we see that for such
definition of y(N, g), as N ! 1, y ! 1 for all non-zero
g. This means all non-zero values of g give same value
of eE which, therefore, has to be the value at g = 1. At
g = 0, y = 0 for all N , thereby giving the correct value
of eE even as N ! 1. Assuming each of these functions
can be expanded in a power series, to the leading order,
y(N, g) must be of the form :

y ' Npg, p > 0. (16)

Eq ?? gives approximate expression for y up to the lead-
ing term. There may be higher order corrections to y
which we neglect here. Eq ?? becomes more exact for
higher N and lower g. If our claim is true, plots of eE
vs y must show a data collapse. It is seen that a data
collapse upto two significant figures (see Fig.2b) is ob-
tained for p = 1

3 . The small mismatch beyond two signif-
icant figures may be attributed to the approximate value
of y. Since exact value of entanglement has no physi-
cal significance, and only the variation of entanglement
matters, we can neglect this small mismatch beyond two
significant figures. This therefore validates our claim for
a scaling form in terms of eE and gives an approximate
expression for the scaling variable y.

Next, we endeavour to find an analytic form for the
data collapsed curve. Motivated by the nature of the nu-
merical curve, we try an exponential function of the form:
↵ � �e�f(y), where f(y) is an increasing function of y,
and ↵,�, are constants to be determined numerically.
From the work of Ding, Seidel, and Yang [24], it is known

that entanglement entropy of Fermi liquids depend on the
gap at the Fermi level. Since in the Gutzwiller state, the
Fermi liquid like property is retained even in one dimen-
sion, we expect f(y) to depend in some way on the gap
at the Fermi level. By trial, we find that f(y) = yZ(y),
where Z(y) is the expression for gap at the Fermi level
given by Eq.9, gives a very good fit to the computational
result. So we have,

eE(y) ' ↵ � �e�yZ(y) (17)

where the numerical coe�cients are chosen to be,

↵ ' 2.03, ,� ' 1.02, , ' 1.75, (18)

With these fitting parameters, the above analytic form
gives correct answer at least upto two significant figures
for all values of y. This expression is again approximate
and obtained merely by intuitive curve-fitting. There
must be corrections to this. This is clearly seen from
the fact that yZ(y) ! 4 as y ! 1, and therefore the
second term is not zero as y ! 1. However, it is defi-
nitely zero upto two significant figures. Also, as seen from
Fig.2b, the expression is more correct for small values of
y, which, for given N , correspond to small values of g,
which is where our expression for y is also more correct.
Nevertheless, the above ansatz for the analytic form may
be taken as an aside, because nowhere in what follows
will we require the exact form of eE(y) for the physical
conclusions we will draw.
Eq. 12 gives scaling relation for entanglement entropy

showing a logarithmic divergence with number of sites N
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FIG. 1: Entanglement entropy E(N, g) as a function of
number of sites N is shown for various values of on-site
correlation factor g at half-filling. Continuous lines
show verification of CFT results for the metallic and the
insulating limits, given in Eq.11.

at g = 1 is quite easy to manage, as the system reduces
to a free fermion state. For this state, the eigenvalues
of reduced density matrix can be generated from those
of the single particle density matrix of particles with one
kind of spin, and the size of such single particle density
matrix increases only linearly with system size[12].

We have used this technique to verify the scaling rela-
tion for the entanglement entropy given in Eq.2 for g = 1
case. For an arbitrary g, entanglement entropy has been
calculated numerically using the method of Schmidt de-
composition discussed earlier. Within our computational
limitations, we could go upto 32 sites for g = 1 and upto
16 sites for all other values of g.

Half-filled Gutzwiller state, N" = N# = N
2

We first consider the half-filled Gutzwiller state (N
e

=
N) with zero magnetization (N" = N#).

At half-filling, in g = 0 limit, the Gutzwiller state re-
duces to ground state of a Heisenberg-like spin model,
whereas in g = 1 limit, it becomes ground state of a free
fermion model. Continuum limits of both the limiting
cases are amenable to the CFT methods[23]. The g = 0
case is described by a CFT with central charge c = 1
(as there are no charge degrees of freedom in this case),
and g = 1 case by c = 2 (a unit of central charge each
for the spin and charge degrees of freedom in this limit).
The corresponding results for the entanglement entropy
conform to Eq.2, we have,

E(N, 0) ⇡ 1

3
log2 N, E(N, 1) ⇡ 2

3
log2 N. (11)

In both these limits, the system is gapless, and thus ex-
hibits critical behavior. For the intermediate values of g,
the entanglement shows a departure from the CFT pre-
diction, though still exhibiting a critical behaviour with
logarithmic term.
Fig.1 shows variation of E(N, g) with N for di↵erent

values of g. The plots for g = 1 and g = 0 cases show that
already at a size of 8 sites, the results match quite well
with the the CFT form. This means that N � 8 is large
enough to capture the physics of the continuum limit.
This justifies the general conclusions we make throughout
the rest of the paper. We see that entanglement entropy
increases with system size for all values of g. This means
the area law is violated always, indicating a crossover
critical behaviour from the Heisenberg spin limit at g = 0
to the uncorrelated metallic limit at g = 1. We also
note that E(N,0) is nearly half of E(N,1). The figure also
shows that results for small g and g close to one cases fall
almost exactly on g = 0 and g = 1 plots respectively. In
between there is a transition, which may be viewed as an
insulator to metal crossover behaviour. The variation of
E(N, g) with g for various system sizes is shown in Fig.2a.
The results show that E(N, g) at first rises steadily with
g but after a certain value of g, saturates to the value
corresponding to the entanglement at g = 1.
The crossover phenomena are best understood in terms

of a scaling form. Using the fact that E(N, 1) is nearly
double of E(N, 0) and that E increases with N for all
values of g, we propose that a scaling form should emerge
for the scaled entanglement eE(y), given by

eE(y) =
E(N, g)

1
2 + 1

3 log2N
. (12)

where y = y(N, g) is the scaling variable. For a scaling
form to emerge, eE must satisfy the following conditions
:

eE(y(N, g = 0)) ' 1 (13)

eE(y, (N, g = 1)) ' 2 (14)

eE(y(N ! 1, g 6= 0)) ' 2 (15)

Eq ?? and Eq ?? are just restatement of the CFT
results in the insulating and metallic limits respectively.
The justification of Eq. ?? is that, in the thermodynamic
limit, the half-filled Gutzwiller state is insulating only
exactly at g = 0, and metallic otherwise[15]. If eE is the
correct scaling function, it must capture this behaviour.
Eq.?? and Eq.?? are properties of eE which would be
satisfied even if eE was not the correct scaling function.
So, for a scaling form to emerge, scaling variable y(N, g)
must be such that, given Eq ?? and Eq.??, then Eq.??
is automatically satisfied without imposing any new con-
dition on eE. Also, we expect y(N, g) to be a smooth
function. With a little thought, it can be seen that to
satisfy these conditions, the general form of y(N, g) must
be a sum of products of increasing functions of N with
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FIG. 2: (a) Entanglement entropy E(N, g) is plotted as a function of on-site correlation factor g for various number
of sites N at half-filling. (b) The scaling function eE(y) = E/(0.5 + 1

3 log2 N) as a function of scaling variable

y = N
1
3 g at half-filling, showing a data collapse on to a single curve. We also show a fit for eE(y), where Z(y) is the

function for the discontinuity in single-particle momentum distribution of electrons at Fermi level defined by Eq.9.

increasing functions of g provided the functions of g are
zero at g equal to zero. To check this, we see that for such
definition of y(N, g), as N ! 1, y ! 1 for all non-zero
g. This means all non-zero values of g give same value
of eE which, therefore, has to be the value at g = 1. At
g = 0, y = 0 for all N , thereby giving the correct value
of eE even as N ! 1. Assuming each of these functions
can be expanded in a power series, to the leading order,
y(N, g) must be of the form :

y ' Npg, p > 0. (16)

Eq ?? gives approximate expression for y up to the lead-
ing term. There may be higher order corrections to y
which we neglect here. Eq ?? becomes more exact for
higher N and lower g. If our claim is true, plots of eE
vs y must show a data collapse. It is seen that a data
collapse upto two significant figures (see Fig.2b) is ob-
tained for p = 1

3 . The small mismatch beyond two signif-
icant figures may be attributed to the approximate value
of y. Since exact value of entanglement has no physi-
cal significance, and only the variation of entanglement
matters, we can neglect this small mismatch beyond two
significant figures. This therefore validates our claim for
a scaling form in terms of eE and gives an approximate
expression for the scaling variable y.

Next, we endeavour to find an analytic form for the
data collapsed curve. Motivated by the nature of the nu-
merical curve, we try an exponential function of the form:
↵ � �e�f(y), where f(y) is an increasing function of y,
and ↵,�, are constants to be determined numerically.
From the work of Ding, Seidel, and Yang [24], it is known

that entanglement entropy of Fermi liquids depend on the
gap at the Fermi level. Since in the Gutzwiller state, the
Fermi liquid like property is retained even in one dimen-
sion, we expect f(y) to depend in some way on the gap
at the Fermi level. By trial, we find that f(y) = yZ(y),
where Z(y) is the expression for gap at the Fermi level
given by Eq.9, gives a very good fit to the computational
result. So we have,

eE(y) ' ↵ � �e�yZ(y) (17)

where the numerical coe�cients are chosen to be,

↵ ' 2.03, ,� ' 1.02, , ' 1.75, (18)

With these fitting parameters, the above analytic form
gives correct answer at least upto two significant figures
for all values of y. This expression is again approximate
and obtained merely by intuitive curve-fitting. There
must be corrections to this. This is clearly seen from
the fact that yZ(y) ! 4 as y ! 1, and therefore the
second term is not zero as y ! 1. However, it is defi-
nitely zero upto two significant figures. Also, as seen from
Fig.2b, the expression is more correct for small values of
y, which, for given N , correspond to small values of g,
which is where our expression for y is also more correct.
Nevertheless, the above ansatz for the analytic form may
be taken as an aside, because nowhere in what follows
will we require the exact form of eE(y) for the physical
conclusions we will draw.
Eq. 12 gives scaling relation for entanglement entropy
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at half-filling. The peak at y ' 0.24 signifies the
metal-insulator crossover region. The figure also shows
the derivative of the fit given in Eq.17.

for all values of on-site correlation factor g. Logarithmic
divergence of entanglement entropy with size of subsys-
tem is usually associated with gapless spin models in one
dimension. Here, then the scaling relation suggests that
gapless spin excitations are possible for all values of g.
So we are always at a critical regime with respect to the
spin degrees of freedom.

While the appearance of the logarithmic divergence is
due to the spin degrees of freedom of the system, the
scaling of the coe�cient of the logarithmic term contains
the information about the charge degrees of freedom of
the system. Even though the entanglement entropy scal-
ing looks somewhat like Eq.2, the result we have found is
actually di↵erent from the CFT result. This is because,
while in the CFT result the coe�cient of logarithmic term
is independent of system size N , in our case the coe�-
cient eE depends on y = N

1
3 g. It is only near the metal-

lic and the insulating limits that it tends to a constant.
Therefore it is only at the two limits that CFT results
are valid. Inverting this argument, we can say when-
ever the CFT result for entanglement entropy scaling,
given in Eq.2, is valid, the system is at the corresponding
limit. The in-between region, where the CFT results are
not valid is then the metal to insulator crossover region.
Fig(2b) shows that metallic limit is rapidly attained as y
increases. Interestingly, Fig(2b) also suggests that for a
finite system size, a metal-insulator transition occurs at
some finite value of g and therefore, and through Eq.8,
at some finite value of interaction strength U .

The situation is made clearer by looking at variation of
the derivative of eE with y. The plots are shown in Fig.3.
The graph shows a peak at y = y0 ' 0.24. Below y0,
the entanglement entropy increases at an increasing rate
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FIG. 4: Entanglement entropy E(N, g) is plotted as a
function of g for N = 16 sites, for various values of the
number density of electrons n. The inset shows an
enlarged plot for quarter-filling.

with y. But beyond y0, it increases at a decreasing rate.
Hence, saturation to metallic limit begins at y0. Thus,
y0 is the insulator to metal crossover point. This insight
is further strengthened by our studies of entanglement
spectrum, which we describe in the next section.
It is gratifying to note from Fig.3 that the derivative

of the analytic form, given in Eq.17, which is approxi-
mate and was obtained merely by intuitive curve-fitting,
matches with exact computational result especially well
around y0 and deviates only slightly for higher values of
y.
All of the above computations has been done on sys-

tems of size upto N = 16. However, the form of the scal-
ing variable y was arrived at through physical arguments.
Our numerical results on systems of size upto N = 16
suggests that the scaling form is convincing enough and
validates our claim for eE being the correct scaling func-
tion. The strength of the scaling analysis is that these
conclusions can be drawn for larger-sized systems also,
once the scaling picture is correct. Moreover, the conclu-
sions drawn here can be applied to small systems directly
when discussing metal-insulator crossover in nano-sized
chains.

Away from half-filling

Away from half-filling, the entanglement entropy for
the non-interacting case, g = 1, still shows a logarithmic
divergence with central charge c = 2, implying a metallic
behaviour. However a decrease in the number of elec-
trons causes a decrease in the entanglement entropy in
the metallic state. Fig.4 shows the variation of entangle-
ment entropy for N = 16 sites for the case of quarter-
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for all values of on-site correlation factor g. Logarithmic
divergence of entanglement entropy with size of subsys-
tem is usually associated with gapless spin models in one
dimension. Here, then the scaling relation suggests that
gapless spin excitations are possible for all values of g.
So we are always at a critical regime with respect to the
spin degrees of freedom.

While the appearance of the logarithmic divergence is
due to the spin degrees of freedom of the system, the
scaling of the coe�cient of the logarithmic term contains
the information about the charge degrees of freedom of
the system. Even though the entanglement entropy scal-
ing looks somewhat like Eq.2, the result we have found is
actually di↵erent from the CFT result. This is because,
while in the CFT result the coe�cient of logarithmic term
is independent of system size N , in our case the coe�-
cient eE depends on y = N

1
3 g. It is only near the metal-

lic and the insulating limits that it tends to a constant.
Therefore it is only at the two limits that CFT results
are valid. Inverting this argument, we can say when-
ever the CFT result for entanglement entropy scaling,
given in Eq.2, is valid, the system is at the corresponding
limit. The in-between region, where the CFT results are
not valid is then the metal to insulator crossover region.
Fig(2b) shows that metallic limit is rapidly attained as y
increases. Interestingly, Fig(2b) also suggests that for a
finite system size, a metal-insulator transition occurs at
some finite value of g and therefore, and through Eq.8,
at some finite value of interaction strength U .

The situation is made clearer by looking at variation of
the derivative of eE with y. The plots are shown in Fig.3.
The graph shows a peak at y = y0 ' 0.24. Below y0,
the entanglement entropy increases at an increasing rate
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with y. But beyond y0, it increases at a decreasing rate.
Hence, saturation to metallic limit begins at y0. Thus,
y0 is the insulator to metal crossover point. This insight
is further strengthened by our studies of entanglement
spectrum, which we describe in the next section.
It is gratifying to note from Fig.3 that the derivative

of the analytic form, given in Eq.17, which is approxi-
mate and was obtained merely by intuitive curve-fitting,
matches with exact computational result especially well
around y0 and deviates only slightly for higher values of
y.
All of the above computations has been done on sys-

tems of size upto N = 16. However, the form of the scal-
ing variable y was arrived at through physical arguments.
Our numerical results on systems of size upto N = 16
suggests that the scaling form is convincing enough and
validates our claim for eE being the correct scaling func-
tion. The strength of the scaling analysis is that these
conclusions can be drawn for larger-sized systems also,
once the scaling picture is correct. Moreover, the conclu-
sions drawn here can be applied to small systems directly
when discussing metal-insulator crossover in nano-sized
chains.

Away from half-filling

Away from half-filling, the entanglement entropy for
the non-interacting case, g = 1, still shows a logarithmic
divergence with central charge c = 2, implying a metallic
behaviour. However a decrease in the number of elec-
trons causes a decrease in the entanglement entropy in
the metallic state. Fig.4 shows the variation of entangle-
ment entropy for N = 16 sites for the case of quarter-

3

H = t
X

hiji�

c†
i�

c
j�

+ U
X

i

n̂
i"n̂i#. (6)

Here, c†
i�

creates an electron with the given spin pro-
jection at site i, and n̂

i�

is the corresponding number
operator. The first represents the hopping of electrons
on nearest-neighbour sites, with an amplitude t. The
strong correlation (which is just on-site density-density
interaction) arises from the second term, where U is the
interaction strength. Even though analytical solution ex-
ists in one dimension, a theoretical treatment is made
very tedious by the fact that the kinetic term is diagonal
in momentum basis whereas the interaction term is di-
agonal in site basis. A variational approach to the prob-
lem was proposed by Gutzwiller [4], suggesting a trial
ground state where correlations were introduced into the
non-interacting metallic state by a local correlation fac-
tor in site basis[15]. The Gutzwiller state is written, for
a lattice of N sites, as

|gi =
NY

i=1

{1 � (1 � g)n̂
i"n̂i#}|F i, (7)

where the metallic Fermi state |F i =
Q

k

F

k=0 ĉ
†
k"ĉ

†
k#|0i is

constructed from the vacuum state by using products of
momentum space operators ĉ†

k�

. Here, k
F

is the Fermi
momentum which is controlled by the filling factor.

The correlation projection parameter g varies from 0 to
1, incorporating the correlation e↵ect of the Hubbard-U .
The insulating limit corresponds to g ! 0 or U ! 1 and
the metallic limit is g ! 1 or U ! 0. At half-filling, the
two limits describe a change from completely de-localised
state (g = 1) to completely localised state (g = 0), giving
rise to a metal to insulator transition.

An exact calculation by Metzner and Vollhardt [15]
gives a relation between g and t/U , at half-filling in one
dimension, we have,

g log g = � 4t

⇡U
(8)

Gutzwiller state provides a simple example of a Fermi
liquid[16]. Certain properties of Fermi liquid state of
transition metals calculated from the Gutzwiller state
have been compared with experiments. The properties
of Ni [17] as well as of normal liquid 3He [18] which
can be treated as a Fermi liquid, have been successfully
described by the Gutzwiller state. Fermi liquids are char-
acterised by a sharp Fermi surface, i.e. a discontinuity at
the Fermi level in the single-particle momentum distri-
bution. However, in one dimension Fermi liquids usually
break down into Luttinger liquids which do not have the
discontinuity at the Fermi level.

Interestingly, this discontinuity and fermi-liquid be-
havior have been seen to occur in some finite-size sys-
tems even in one dimension[19]. The Gutzwiller state
shows the discontinuity at the Fermi level for non-zero g,

thus di↵ering in this respect from the physics of one-
dimensional Hubbard model. This Fermi surface dis-
continuity for a one-dimensional system at half-filling is
given by[15],

Z(g) =
4g

(1 + g)2
. (9)

At g = 0, the discontinuity disappears and the
system passes to an insulating state (Brinkman-Rice
insulator[20]). Near the insulating regime, another quan-
tity of interest which goes to zero is the average density
of doubly-occupied sites, which is given in one dimension
by[15]

d(g) =
g2

2(1 � g2)2
[�n(1�g2)� log{1�n(1�g2)}] (10)

where n is the number density of electrons.
Though the Gutzwiller state is an well-explored state

and many exact results are known, entanglement prop-
erties of the state remain fairly unexplored. In a previ-
ous work, the global entanglement of Gutzwiller state,
which measures the average site purity in the state, was
investigated[21]. It was seen to be directly related to the
average double occupancy of Gutzwiller state. The en-
tanglement for the strongly-correlated case was seen to
be smaller than that of the uncorrelated metallic state
for most filling factors. This was mainly due to the
fact that a strong correlation (a large U) enhances di-
agonal spin correlation functions, whereas usually entan-
glement is enhanced by o↵-diagonal correlations and de-
creased by diagonal correlations, as seen in Heisenberg
antiferromagnets[22]. In this work, we investigate the
entanglement entropy and entanglement spectrum of the
Gutzwiller state in one dimension.

II. ENTANGLEMENT ENTROPY OF
GUTZWILLER STATE

We consider a closed chain of N sites and a paramag-
netic case where there is no net magnetization. There
are N

e

electrons with equal numbers up and down spin
polarizations, N" = N# = N

e

2 .
The bipartition is done in two blocks of equal size, the

part A containing the first half of the lattice, and the rest
of the lattice forming the part B. Therefore, the length of
subsystem is L = N

2 . Such bipartition maximizes entan-
glement entropy. As explained in the previous section,
we need to calculate von-Neumann entropy of subsys-
tem, which gives the entanglement entropy E(N, g), as
a function of the system size and the correlation projec-
tion parameter. Numerical calculation of the eigenvalues
of the reduced density matrix ⇢

A

is still quite di�cult
due to exponentially growing size of the Hilbert space of
the block A for a general value of g.
Even though is it di�cult to calculate entanglement

entropy in Gutzwiller state for arbitrary on-site correla-
tion factor g, the limiting case of the uncorrelated state

Fermi liquid!
Jump in n(k)!

at fermi surface
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FIG. 5: The variation of the product of the largest
eigenvalue ✏

max

and rank R of the reduced density
matrix with on-site correlation factor g for N = 16 sites
at half-filling is shown. ✏

max

decreases while R increases
with g such that their product increases rapidly in the
insulating (g ! 0) region whereas becomes almost
constant in the metalling region (g ! 1). The inset
shows the variation of ✏

max

with g.

filling and one-eighth filling. Analogous to the global
entanglement [21], the entanglement entropy is seen to
be smaller in the strongly interacting limit than in the
non-interacting limit. The e↵ect of correlation projection
factor g decreases as number density decreases. This is
because the average double occupancy itself changes by
a smaller amount in these cases. For the half-filled case,
the average double occupancy varies from 1/4 for the
metallic state to zero in the insulating state, where as it
changes from 1/16 to zero for the quarter-filled case, and
from 1/64 to zero for the one-eighth filling. The entan-
glement entropy at g = 0 for n = 1/2 (quarter filling) is
more than at g = 0 for n = 1 (half filling), as there are
unoccupied sites (holes) in the quarter filling case which
increase the entropy.

III. ENTANGLEMENT SPECTRUM OF
GUTZWILLER STATE

The dimension of the reduced density matrix of the
subsystem with L = N/2 sites is 2N , and in principle as
many eigenvalues can be nonzero. However, the entangle-
ment entropy shows only a logarithmic divergence with
N , implying only O(N) number of nonzero eigenvalues.

Thus the rank of the reduced density matrix is vastly
reduced. Since on-site correlation factor g reduces the
probability of doubly-occupied sites, the rank is reduced
as g decreases. Reduction of the rank of the reduced
density matrix is one of the reasons for a decrease of the

entanglement as g ! 0.
For reduced density matrix of a given rank R, entan-

glement entropy is maximum when all the eigenvalues are
equal. Thus, in this case, each eigenvalue is equal to 1

R

.
This then is the optimal eigenvalue. But, we find for the
Gutzwiller state, most of the eigenvalues are very close
to zero. In fact, about 98% of eigenvalues are less than
1
R

for the non-interacting case. The number reduces only
to about 96% for the strongly-interacting case. But, in-
terestingly, we find that the remaining 2 to 4 per cent
eigenvalues greater than 1

R

determine the entanglement
entropy correct to two significant figures in all cases.
The largest eigenvalue is an important parameter gov-

erning the distribution of eigenvalues. The range of
the distribution of eigenvalues {✏

i

} is determined by the
largest eigenvalue ✏

max

. For Gutzwiller state at half-
filling, ✏

max

decreases as correlation factor g increases.
This is because, as the rank of the reduced density matrix
increases, the normalisation factor demands a decrease of
✏
max

. We argue that, in such a case, the variation of the
product ✏

max

R, which is just the ratio of the maximum
eigenvalue ✏

max

to the optimal eigenvalue 1
R

, should cap-
ture the essential physics of the state. In Fig.5, we see
that the product ✏

max

R increases rapidly from the insu-
lating (g = 0) region, and gets saturated to the metallic
limit (g = 1). The onset of the crossover to metallic re-
gion is seen by the product becoming almost constant.
The crossover region shown by this curve matches with
that from the scaling form for the entanglement entropy
we discussed in the last section.
The expression for the entanglement entropy given in

Eq.5 can be simplified using the density of eigenvalues,
when the number of eigenvalues of the reduced density
matrix is large. After replacing the sum by an integral
by inserting the density of eigenvalue, and doing an inte-
gration by parts, we get

E =

Z 1

0
d✏ (1 + log ✏) (R � ⌫(✏)). (19)

Here, the integrated density of eigenvalues ⌫(✏) defined
as a sum over all the eigenvalues of the reduced density
matrix with an indicator function, given by

⌫(✏) =
X

i

⇥(✏
i

� ✏). (20)

The function ⌫(✏) just counts the number of eigenvalues
of the reduced density matrix that are greater than ✏.
We investigate this function for the Gutzwiller state.
Calabrese and Lefevre[7] calculated the integrated en-

tanglement spectrum for one-dimensional gapless sys-
tems. Their result is given by :

⌫(✏) = I0(2

r
�b0ln(

✏

✏
max

)) (21)

✏

max

largest eigenvalue of ⇢

A

N=16
Metallic

R is the rank

Insulating
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FIG. 6: The staircase plots show the integrated entanglement spectrum ⌫ (Eq.20) as a function of

b = 2
q

ln(✏
max

)ln( ✏

✏

max

) for N = 16 sites at half-filling for various values of on-site correlation factor g. The smooth

curves show the corresponding CFT result I0(b) (Eq.21). A deviation from the CFT result implies a crossover
behaviour. Maximum deviation is seen to be close to g ' 0.1 which corresponds to the peak in Fig(3).

where I0 is modified Bessel function of zeroth order,
✏
max

is the largest eigenvalue and

b0 =
c

6
ln N (22)

' �ln ✏
max

(23)

Here c is central charge of the underlying CFT. En-
tanglement entropy of gapless 1D spin systems diverge
logarithmically and c turns out to be the coe�cient of
the logarithmic term. Taking Eq. 21 and Eq. 23, entan-
glement entropy E comes out to be :

E ' �2 ln ✏
max

(24)

Their result is universally valid whenever the system can
be described by a CFT. Our investigation of entangle-
ment entropy of the Gutzwiller state show that at half-
filling, the CFT results are valid only at the metallic and
insulating limits, and not in the crossover region. There-
fore, the above entanglement spectrum should be valid
only at the two limits. This means the crossover region
can be tracked from the deviation of the entanglement
spectrum from Eq.17. From the derivative of the scal-
ing function of the entanglement entropy eE (see Fig.3),

we expect the crossover region to be close to g ' 0.1 for
N = 16 (corresponding to the peak in Fig.3). Therefore
a deviation from the CFT result should be large close to
this point. This is exactly what we see in Fig.6, which
shows the integrated eigenvalue density the ⌫ as a func-

tion of b = 2
q

ln(✏
max

)ln( ✏

✏

max

) for N = 16 sites for

various values of on-site correlation factor g, along with
the corresponding plots of the CFT result given above.
Thus, these results for the entanglement spectrum match
the results from the investigation of the entanglement en-
tropy, we discussed earlier.

Now we see whether we can modify Eq. 21 such that
it holds for all g. We note that the above formalism
describes entanglement spectrum in terms of one param-
eter, which in the above case, is the largest eigenvalue
✏
max

. From Section II, the quantity that we know ex-
actly, beyond CFT, is the entanglement entropy. So, to
generalize Eq. 21, we recast it in terms of the entangle-
ment entropy. For this, we identify c with eE(y)/ln 2, and
rewrite the above formalism in terms of E using Eq. 24,
we have,

⌫(✏) ' I0(2
p

�b0(ln ✏+ E/2) ), (25)
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FIG. 5: The variation of the product of the largest
eigenvalue ✏

max

and rank R of the reduced density
matrix with on-site correlation factor g for N = 16 sites
at half-filling is shown. ✏

max

decreases while R increases
with g such that their product increases rapidly in the
insulating (g ! 0) region whereas becomes almost
constant in the metalling region (g ! 1). The inset
shows the variation of ✏

max

with g.

filling and one-eighth filling. Analogous to the global
entanglement [21], the entanglement entropy is seen to
be smaller in the strongly interacting limit than in the
non-interacting limit. The e↵ect of correlation projection
factor g decreases as number density decreases. This is
because the average double occupancy itself changes by
a smaller amount in these cases. For the half-filled case,
the average double occupancy varies from 1/4 for the
metallic state to zero in the insulating state, where as it
changes from 1/16 to zero for the quarter-filled case, and
from 1/64 to zero for the one-eighth filling. The entan-
glement entropy at g = 0 for n = 1/2 (quarter filling) is
more than at g = 0 for n = 1 (half filling), as there are
unoccupied sites (holes) in the quarter filling case which
increase the entropy.

III. ENTANGLEMENT SPECTRUM OF
GUTZWILLER STATE

The dimension of the reduced density matrix of the
subsystem with L = N/2 sites is 2N , and in principle as
many eigenvalues can be nonzero. However, the entangle-
ment entropy shows only a logarithmic divergence with
N , implying only O(N) number of nonzero eigenvalues.

Thus the rank of the reduced density matrix is vastly
reduced. Since on-site correlation factor g reduces the
probability of doubly-occupied sites, the rank is reduced
as g decreases. Reduction of the rank of the reduced
density matrix is one of the reasons for a decrease of the

entanglement as g ! 0.
For reduced density matrix of a given rank R, entan-

glement entropy is maximum when all the eigenvalues are
equal. Thus, in this case, each eigenvalue is equal to 1

R

.
This then is the optimal eigenvalue. But, we find for the
Gutzwiller state, most of the eigenvalues are very close
to zero. In fact, about 98% of eigenvalues are less than
1
R

for the non-interacting case. The number reduces only
to about 96% for the strongly-interacting case. But, in-
terestingly, we find that the remaining 2 to 4 per cent
eigenvalues greater than 1

R

determine the entanglement
entropy correct to two significant figures in all cases.
The largest eigenvalue is an important parameter gov-

erning the distribution of eigenvalues. The range of
the distribution of eigenvalues {✏

i

} is determined by the
largest eigenvalue ✏

max

. For Gutzwiller state at half-
filling, ✏

max

decreases as correlation factor g increases.
This is because, as the rank of the reduced density matrix
increases, the normalisation factor demands a decrease of
✏
max

. We argue that, in such a case, the variation of the
product ✏

max

R, which is just the ratio of the maximum
eigenvalue ✏

max

to the optimal eigenvalue 1
R

, should cap-
ture the essential physics of the state. In Fig.5, we see
that the product ✏

max

R increases rapidly from the insu-
lating (g = 0) region, and gets saturated to the metallic
limit (g = 1). The onset of the crossover to metallic re-
gion is seen by the product becoming almost constant.
The crossover region shown by this curve matches with
that from the scaling form for the entanglement entropy
we discussed in the last section.
The expression for the entanglement entropy given in

Eq.5 can be simplified using the density of eigenvalues,
when the number of eigenvalues of the reduced density
matrix is large. After replacing the sum by an integral
by inserting the density of eigenvalue, and doing an inte-
gration by parts, we get

E =

Z 1

0
d✏ (1 + log ✏) (R � ⌫(✏)). (19)

Here, the integrated density of eigenvalues ⌫(✏) defined
as a sum over all the eigenvalues of the reduced density
matrix with an indicator function, given by

⌫(✏) =
X

i

⇥(✏
i

� ✏). (20)

The function ⌫(✏) just counts the number of eigenvalues
of the reduced density matrix that are greater than ✏.
We investigate this function for the Gutzwiller state.
Calabrese and Lefevre[7] calculated the integrated en-

tanglement spectrum for one-dimensional gapless sys-
tems. Their result is given by :

⌫(✏) = I0(2

r
�b0ln(

✏

✏
max

)) (21)
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FIG. 5: The variation of the product of the largest
eigenvalue ✏

max

and rank R of the reduced density
matrix with on-site correlation factor g for N = 16 sites
at half-filling is shown. ✏

max

decreases while R increases
with g such that their product increases rapidly in the
insulating (g ! 0) region whereas becomes almost
constant in the metalling region (g ! 1). The inset
shows the variation of ✏

max

with g.

filling and one-eighth filling. Analogous to the global
entanglement [21], the entanglement entropy is seen to
be smaller in the strongly interacting limit than in the
non-interacting limit. The e↵ect of correlation projection
factor g decreases as number density decreases. This is
because the average double occupancy itself changes by
a smaller amount in these cases. For the half-filled case,
the average double occupancy varies from 1/4 for the
metallic state to zero in the insulating state, where as it
changes from 1/16 to zero for the quarter-filled case, and
from 1/64 to zero for the one-eighth filling. The entan-
glement entropy at g = 0 for n = 1/2 (quarter filling) is
more than at g = 0 for n = 1 (half filling), as there are
unoccupied sites (holes) in the quarter filling case which
increase the entropy.

III. ENTANGLEMENT SPECTRUM OF
GUTZWILLER STATE

The dimension of the reduced density matrix of the
subsystem with L = N/2 sites is 2N , and in principle as
many eigenvalues can be nonzero. However, the entangle-
ment entropy shows only a logarithmic divergence with
N , implying only O(N) number of nonzero eigenvalues.

Thus the rank of the reduced density matrix is vastly
reduced. Since on-site correlation factor g reduces the
probability of doubly-occupied sites, the rank is reduced
as g decreases. Reduction of the rank of the reduced
density matrix is one of the reasons for a decrease of the

entanglement as g ! 0.
For reduced density matrix of a given rank R, entan-

glement entropy is maximum when all the eigenvalues are
equal. Thus, in this case, each eigenvalue is equal to 1

R

.
This then is the optimal eigenvalue. But, we find for the
Gutzwiller state, most of the eigenvalues are very close
to zero. In fact, about 98% of eigenvalues are less than
1
R

for the non-interacting case. The number reduces only
to about 96% for the strongly-interacting case. But, in-
terestingly, we find that the remaining 2 to 4 per cent
eigenvalues greater than 1

R

determine the entanglement
entropy correct to two significant figures in all cases.
The largest eigenvalue is an important parameter gov-

erning the distribution of eigenvalues. The range of
the distribution of eigenvalues {✏

i

} is determined by the
largest eigenvalue ✏

max

. For Gutzwiller state at half-
filling, ✏

max

decreases as correlation factor g increases.
This is because, as the rank of the reduced density matrix
increases, the normalisation factor demands a decrease of
✏
max

. We argue that, in such a case, the variation of the
product ✏

max

R, which is just the ratio of the maximum
eigenvalue ✏

max

to the optimal eigenvalue 1
R

, should cap-
ture the essential physics of the state. In Fig.5, we see
that the product ✏

max

R increases rapidly from the insu-
lating (g = 0) region, and gets saturated to the metallic
limit (g = 1). The onset of the crossover to metallic re-
gion is seen by the product becoming almost constant.
The crossover region shown by this curve matches with
that from the scaling form for the entanglement entropy
we discussed in the last section.
The expression for the entanglement entropy given in

Eq.5 can be simplified using the density of eigenvalues,
when the number of eigenvalues of the reduced density
matrix is large. After replacing the sum by an integral
by inserting the density of eigenvalue, and doing an inte-
gration by parts, we get

E =

Z 1

0
d✏ (1 + log ✏) (R � ⌫(✏)). (19)

Here, the integrated density of eigenvalues ⌫(✏) defined
as a sum over all the eigenvalues of the reduced density
matrix with an indicator function, given by

⌫(✏) =
X

i

⇥(✏
i

� ✏). (20)

The function ⌫(✏) just counts the number of eigenvalues
of the reduced density matrix that are greater than ✏.
We investigate this function for the Gutzwiller state.
Calabrese and Lefevre[7] calculated the integrated en-

tanglement spectrum for one-dimensional gapless sys-
tems. Their result is given by :

⌫(✏) = I0(2

r
�b0ln(

✏

✏
max

)) (21)

Calebrese, Lefevre, PRA (2008)

8

FIG. 6: The staircase plots show the integrated entanglement spectrum ⌫ (Eq.20) as a function of

b = 2
q

ln(✏
max

)ln( ✏

✏

max

) for N = 16 sites at half-filling for various values of on-site correlation factor g. The smooth

curves show the corresponding CFT result I0(b) (Eq.21). A deviation from the CFT result implies a crossover
behaviour. Maximum deviation is seen to be close to g ' 0.1 which corresponds to the peak in Fig(3).

where I0 is modified Bessel function of zeroth order,
✏
max

is the largest eigenvalue and

b0 =
c

6
ln N (22)

' �ln ✏
max

(23)

Here c is central charge of the underlying CFT. En-
tanglement entropy of gapless 1D spin systems diverge
logarithmically and c turns out to be the coe�cient of
the logarithmic term. Taking Eq. 21 and Eq. 23, entan-
glement entropy E comes out to be :

E ' �2 ln ✏
max

(24)

Their result is universally valid whenever the system can
be described by a CFT. Our investigation of entangle-
ment entropy of the Gutzwiller state show that at half-
filling, the CFT results are valid only at the metallic and
insulating limits, and not in the crossover region. There-
fore, the above entanglement spectrum should be valid
only at the two limits. This means the crossover region
can be tracked from the deviation of the entanglement
spectrum from Eq.17. From the derivative of the scal-
ing function of the entanglement entropy eE (see Fig.3),

we expect the crossover region to be close to g ' 0.1 for
N = 16 (corresponding to the peak in Fig.3). Therefore
a deviation from the CFT result should be large close to
this point. This is exactly what we see in Fig.6, which
shows the integrated eigenvalue density the ⌫ as a func-

tion of b = 2
q

ln(✏
max

)ln( ✏

✏

max

) for N = 16 sites for

various values of on-site correlation factor g, along with
the corresponding plots of the CFT result given above.
Thus, these results for the entanglement spectrum match
the results from the investigation of the entanglement en-
tropy, we discussed earlier.

Now we see whether we can modify Eq. 21 such that
it holds for all g. We note that the above formalism
describes entanglement spectrum in terms of one param-
eter, which in the above case, is the largest eigenvalue
✏
max

. From Section II, the quantity that we know ex-
actly, beyond CFT, is the entanglement entropy. So, to
generalize Eq. 21, we recast it in terms of the entangle-
ment entropy. For this, we identify c with eE(y)/ln 2, and
rewrite the above formalism in terms of E using Eq. 24,
we have,

⌫(✏) ' I0(2
p

�b0(ln ✏+ E/2) ), (25)
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with

b0 =
eE(y)

6
log2 N, (26)

which is a generalization of Eq.22. We have shown in
Fig.7 the entanglement spectrum staircase plotted with
the modified function given above. It is seen that Eq.25
holds approximately for all values of g, thus the deviation
from the CFT result can be quantified in terms of this
modified function. By integrating the new equation, it
can be shown to be exact when b0 ' E/2 which is true
for large N .

Spacing distribution of eigenvalues of Hamiltonian has
been traditionally used to investigate quantum chaos[25].
It has also been used to track metal-insulator transition
[26]. The uncorrelated metallic state shows a correlated
single-particle spacing distribution with level repulsion,
whereas the correlated insulator state is associated with
a uncorrelated Poisson spacing distribution. In the same
spirit, we ask the question whether the spacing distri-
bution of the eigenvalues of the reduced density matrix
of a subsystem can be used to track the metal-insulator
transition. To this end, we note that such spacing distri-
bution is non-trivial only when ⌫(✏) varies linearly with
✏. Otherwise, it can be trivially seen that all eigenvalue
spacings will crowd at either zero or at infinity depending
on whether ⌫(✏) varies slower or faster than linearly. So,
to get a non-trivial distribution of interest, we must un-
fold the eigenvalue spectrum, so that the average spacing
is independent of the system size.

We define the unfolded eigenvalues {✏̃
i

}, using the an-
alytical result of the spectrum given in Eq.25,

✏̃
i

= I0(2
p

�b0(ln ✏
i

+ E/2) ) (27)

The nearest-neighbour level spacing distribution is then
defined, using these eigenvalues, as

P (s) =
X

i

�(s � ✏̃
i

+ ✏̃
i+1). (28)

This distribution for N = 16 sites at half-filling is shown
in Fig.8 for various values of g. The spacing distributions
for all values of g show a pronounced peak close to zero.
There is a big peak near s = 0 for all the curves, which is
not shown in the figure as it would wash out the structure
at other values of s. Apart from the peak, there are dif-
ferences in the distributions for the metallic (g ! 1) and
the insulating (g ! 0) regimes. The onset of the metallic
regime is seen with a drastic increase in the range of spac-
ings and a decrease in the probability of spacings away
from zero. Therefore, the spacing distribution of the un-
folded eigenvalues of the reduced density matrix shows a
weak signature of the metal-insulator crossover, as com-
pared to the entanglement entropy and the entanglement
spectrum discussed earlier.

Away from the half-filling case, none of the above mea-
sures show much variation with the correlation factor g,

which goes well with our results from calculation of en-
tanglement entropy. The CFT result for integrated en-
tanglement spectrum hold for all values of g, indicating
the system is always at metallic limit.

IV. METAL-INSULATOR TRANSITIONS IN
NANOCHAINS

Since we are working with one dimensional finite-size
systems we are essentially dealing with nanochains. From
the crossover behaviour of the entanglement entropy and
the spectrum of the Gutzwiller state in one dimension
discussed in previous sections, we may infer that metal-
insulator transitions can occur in nanochains. At half-
filling, the crossover is marked by the scaling variable
(the location of the peak in Fig.3) which combines the
system size and the correlation factor, given by

y = N
1
3 g ' 0.24. (29)

Therefore, for a fixed finite size, the metal-insulator tran-
sition can occur at a finite value of g ' 0.24/N1/3. How-
ever, in the thermodynamic limit, it can occur only at g =
0, as is well known. Conversely, a metal-insulator tran-
sition can also occur by changing the size of the system,
for a fixed correlation factor. Thus, both an interaction-
induced, as well as a size-induced metal-insulator transi-
tion can be explained from our study of entanglement in
the Gutzwiller state.
Let us now see how Eq.29 compares with the experi-

ments and the known results. However, caution should
be exercised in applying the above to real systems, as
we are talking of a one-dimensional variational state in
comparison with real three-dimensional materials. Also,
Gutzwiller state is not applicable to every material. One
material it has had considerable success explaining is Ni.
The Gutzwiller state has been quite successful in explain-
ing band structure and ARPES results for Ni [17]. So we
expect our results might be observable in Ni nano-chains.
Ni has two possible ground state electron configurations
with nearly same energy, i.e. [Ar]4s23d8 and [Ar]4s13d9.
In the spirit of Hubbard’s original paper [14], we look
at the d-electrons only, even though we have assumed
s-band electrons for mathematical ease. The second con-
figuration of Ni has one hole in the d-orbital. Since at
half-filling the Hubbard model and the Gutzwiller state
are known to have particle hole symmetry, this case can
be roughly thought of as a half-filled system. Therefore,
we expect the results at half-filling, that we discussed
above, to hold for Ni to some extent.
The on-site correlation factor g is related to Hubbard

parameters t and U through Eq.8. For Ni, the bandwidth
measurements have yielded the experimental value of t,
and the interaction strength U has been obtained by fit-
ting the theoretical results to band structure measure-
ments. Values of t have been reported for various bands
of Ni[17]. Since, we are considering only d-electrons but

Modification for crossover regime AP, VS (2013)
10

FIG. 7: The staircase plots showing the integrated entanglement spectrum ⌫ as a function of the modified variable

b = 2
p

�b0(ln ✏+ E/2) for N = 16 sites at half-filling for g = 0.0, 0.1, 1.0, where b0 =
e
E(y)
6 log2 N . The smooth

curves correspond to the modified result I0(b) (see Eq.25).

FIG. 8: Spacing distribution of the unfolded eigenvalues (Eq.27) of the reduced density matrix is plotted with the
nearest neighbour spacing s, for N = 16 sites at half-filling for various values of g. The onset of the metallic regime
as a function of g is seen with drastic increase in range of spacings and decrease in probability of spacings away from
zero.

have calculated assuming s-band electrons, we will con-
sider the value of t for dd� band which retains the sym-
metry of the atomic s-orbital. For this case, the reported
value of t ⇠ 0.5eV . When only d-electrons are consid-
ered, the value of U ⇠ 10eV has been reported to give a
good fit. Therefore, within this approximation, we esti-
mate t/U ⇠ 0.05 for Ni. We assume in this calculation
that g, and hence t/U , is independent of system size. In
this spirit, we assume this estimate of t/U to hold even

for nanochains.

In a recent experiment[27], Ni nanochains of length
2 � 3µm have been fabricated and have been reported
to be antiferromagnetic and insulating. Typical lattice
parameter for Ni is ⇠ 0.3nm. Therefore, we can estimate
the number of sites for these Ni nanochains to be N ⇠
10000. With this value of N , combining Eq.29 and Eq.8
gives a metal-insulator transition value at t/U ⇠ 0.05
which is exactly the value we got by rough estimation

N=16

Deviation from CFT prediction:  Metal-insulator crossover

Entanglement Spectrum follows CFT result both in metal and insulator regimes
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with

b0 =
eE(y)

6
log2 N, (26)

which is a generalization of Eq.22. We have shown in
Fig.7 the entanglement spectrum staircase plotted with
the modified function given above. It is seen that Eq.25
holds approximately for all values of g, thus the deviation
from the CFT result can be quantified in terms of this
modified function. By integrating the new equation, it
can be shown to be exact when b0 ' E/2 which is true
for large N .

Spacing distribution of eigenvalues of Hamiltonian has
been traditionally used to investigate quantum chaos[25].
It has also been used to track metal-insulator transition
[26]. The uncorrelated metallic state shows a correlated
single-particle spacing distribution with level repulsion,
whereas the correlated insulator state is associated with
a uncorrelated Poisson spacing distribution. In the same
spirit, we ask the question whether the spacing distri-
bution of the eigenvalues of the reduced density matrix
of a subsystem can be used to track the metal-insulator
transition. To this end, we note that such spacing distri-
bution is non-trivial only when ⌫(✏) varies linearly with
✏. Otherwise, it can be trivially seen that all eigenvalue
spacings will crowd at either zero or at infinity depending
on whether ⌫(✏) varies slower or faster than linearly. So,
to get a non-trivial distribution of interest, we must un-
fold the eigenvalue spectrum, so that the average spacing
is independent of the system size.

We define the unfolded eigenvalues {✏̃
i

}, using the an-
alytical result of the spectrum given in Eq.25,

✏̃
i

= I0(2
p

�b0(ln ✏
i

+ E/2) ) (27)

The nearest-neighbour level spacing distribution is then
defined, using these eigenvalues, as

P (s) =
X

i

�(s � ✏̃
i

+ ✏̃
i+1). (28)

This distribution for N = 16 sites at half-filling is shown
in Fig.8 for various values of g. The spacing distributions
for all values of g show a pronounced peak close to zero.
There is a big peak near s = 0 for all the curves, which is
not shown in the figure as it would wash out the structure
at other values of s. Apart from the peak, there are dif-
ferences in the distributions for the metallic (g ! 1) and
the insulating (g ! 0) regimes. The onset of the metallic
regime is seen with a drastic increase in the range of spac-
ings and a decrease in the probability of spacings away
from zero. Therefore, the spacing distribution of the un-
folded eigenvalues of the reduced density matrix shows a
weak signature of the metal-insulator crossover, as com-
pared to the entanglement entropy and the entanglement
spectrum discussed earlier.

Away from the half-filling case, none of the above mea-
sures show much variation with the correlation factor g,

which goes well with our results from calculation of en-
tanglement entropy. The CFT result for integrated en-
tanglement spectrum hold for all values of g, indicating
the system is always at metallic limit.

IV. METAL-INSULATOR TRANSITIONS IN
NANOCHAINS

Since we are working with one dimensional finite-size
systems we are essentially dealing with nanochains. From
the crossover behaviour of the entanglement entropy and
the spectrum of the Gutzwiller state in one dimension
discussed in previous sections, we may infer that metal-
insulator transitions can occur in nanochains. At half-
filling, the crossover is marked by the scaling variable
(the location of the peak in Fig.3) which combines the
system size and the correlation factor, given by

y = N
1
3 g ' 0.24. (29)

Therefore, for a fixed finite size, the metal-insulator tran-
sition can occur at a finite value of g ' 0.24/N1/3. How-
ever, in the thermodynamic limit, it can occur only at g =
0, as is well known. Conversely, a metal-insulator tran-
sition can also occur by changing the size of the system,
for a fixed correlation factor. Thus, both an interaction-
induced, as well as a size-induced metal-insulator transi-
tion can be explained from our study of entanglement in
the Gutzwiller state.
Let us now see how Eq.29 compares with the experi-

ments and the known results. However, caution should
be exercised in applying the above to real systems, as
we are talking of a one-dimensional variational state in
comparison with real three-dimensional materials. Also,
Gutzwiller state is not applicable to every material. One
material it has had considerable success explaining is Ni.
The Gutzwiller state has been quite successful in explain-
ing band structure and ARPES results for Ni [17]. So we
expect our results might be observable in Ni nano-chains.
Ni has two possible ground state electron configurations
with nearly same energy, i.e. [Ar]4s23d8 and [Ar]4s13d9.
In the spirit of Hubbard’s original paper [14], we look
at the d-electrons only, even though we have assumed
s-band electrons for mathematical ease. The second con-
figuration of Ni has one hole in the d-orbital. Since at
half-filling the Hubbard model and the Gutzwiller state
are known to have particle hole symmetry, this case can
be roughly thought of as a half-filled system. Therefore,
we expect the results at half-filling, that we discussed
above, to hold for Ni to some extent.
The on-site correlation factor g is related to Hubbard

parameters t and U through Eq.8. For Ni, the bandwidth
measurements have yielded the experimental value of t,
and the interaction strength U has been obtained by fit-
ting the theoretical results to band structure measure-
ments. Values of t have been reported for various bands
of Ni[17]. Since, we are considering only d-electrons but
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FIG. 5: The variation of the product of the largest
eigenvalue ✏

max

and rank R of the reduced density
matrix with on-site correlation factor g for N = 16 sites
at half-filling is shown. ✏

max

decreases while R increases
with g such that their product increases rapidly in the
insulating (g ! 0) region whereas becomes almost
constant in the metalling region (g ! 1). The inset
shows the variation of ✏

max

with g.

filling and one-eighth filling. Analogous to the global
entanglement [21], the entanglement entropy is seen to
be smaller in the strongly interacting limit than in the
non-interacting limit. The e↵ect of correlation projection
factor g decreases as number density decreases. This is
because the average double occupancy itself changes by
a smaller amount in these cases. For the half-filled case,
the average double occupancy varies from 1/4 for the
metallic state to zero in the insulating state, where as it
changes from 1/16 to zero for the quarter-filled case, and
from 1/64 to zero for the one-eighth filling. The entan-
glement entropy at g = 0 for n = 1/2 (quarter filling) is
more than at g = 0 for n = 1 (half filling), as there are
unoccupied sites (holes) in the quarter filling case which
increase the entropy.

III. ENTANGLEMENT SPECTRUM OF
GUTZWILLER STATE

The dimension of the reduced density matrix of the
subsystem with L = N/2 sites is 2N , and in principle as
many eigenvalues can be nonzero. However, the entangle-
ment entropy shows only a logarithmic divergence with
N , implying only O(N) number of nonzero eigenvalues.

Thus the rank of the reduced density matrix is vastly
reduced. Since on-site correlation factor g reduces the
probability of doubly-occupied sites, the rank is reduced
as g decreases. Reduction of the rank of the reduced
density matrix is one of the reasons for a decrease of the

entanglement as g ! 0.
For reduced density matrix of a given rank R, entan-

glement entropy is maximum when all the eigenvalues are
equal. Thus, in this case, each eigenvalue is equal to 1

R

.
This then is the optimal eigenvalue. But, we find for the
Gutzwiller state, most of the eigenvalues are very close
to zero. In fact, about 98% of eigenvalues are less than
1
R

for the non-interacting case. The number reduces only
to about 96% for the strongly-interacting case. But, in-
terestingly, we find that the remaining 2 to 4 per cent
eigenvalues greater than 1

R

determine the entanglement
entropy correct to two significant figures in all cases.
The largest eigenvalue is an important parameter gov-

erning the distribution of eigenvalues. The range of
the distribution of eigenvalues {✏

i

} is determined by the
largest eigenvalue ✏

max

. For Gutzwiller state at half-
filling, ✏

max

decreases as correlation factor g increases.
This is because, as the rank of the reduced density matrix
increases, the normalisation factor demands a decrease of
✏
max

. We argue that, in such a case, the variation of the
product ✏

max

R, which is just the ratio of the maximum
eigenvalue ✏

max

to the optimal eigenvalue 1
R

, should cap-
ture the essential physics of the state. In Fig.5, we see
that the product ✏

max

R increases rapidly from the insu-
lating (g = 0) region, and gets saturated to the metallic
limit (g = 1). The onset of the crossover to metallic re-
gion is seen by the product becoming almost constant.
The crossover region shown by this curve matches with
that from the scaling form for the entanglement entropy
we discussed in the last section.
The expression for the entanglement entropy given in

Eq.5 can be simplified using the density of eigenvalues,
when the number of eigenvalues of the reduced density
matrix is large. After replacing the sum by an integral
by inserting the density of eigenvalue, and doing an inte-
gration by parts, we get

E =

Z 1

0
d✏ (1 + log ✏) (R � ⌫(✏)). (19)

Here, the integrated density of eigenvalues ⌫(✏) defined
as a sum over all the eigenvalues of the reduced density
matrix with an indicator function, given by

⌫(✏) =
X

i

⇥(✏
i

� ✏). (20)

The function ⌫(✏) just counts the number of eigenvalues
of the reduced density matrix that are greater than ✏.
We investigate this function for the Gutzwiller state.
Calabrese and Lefevre[7] calculated the integrated en-

tanglement spectrum for one-dimensional gapless sys-
tems. Their result is given by :

⌫(✏) = I0(2

r
�b0ln(

✏

✏
max

)) (21)✏̃

Unlike the above, Energy level spacing: Wigner (GSE) in metallic, Poisson in insulating state
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with

b0 =
eE(y)

6
log2 N, (26)

which is a generalization of Eq.22. We have shown in
Fig.7 the entanglement spectrum staircase plotted with
the modified function given above. It is seen that Eq.25
holds approximately for all values of g, thus the deviation
from the CFT result can be quantified in terms of this
modified function. By integrating the new equation, it
can be shown to be exact when b0 ' E/2 which is true
for large N .

Spacing distribution of eigenvalues of Hamiltonian has
been traditionally used to investigate quantum chaos[25].
It has also been used to track metal-insulator transition
[26]. The uncorrelated metallic state shows a correlated
single-particle spacing distribution with level repulsion,
whereas the correlated insulator state is associated with
a uncorrelated Poisson spacing distribution. In the same
spirit, we ask the question whether the spacing distri-
bution of the eigenvalues of the reduced density matrix
of a subsystem can be used to track the metal-insulator
transition. To this end, we note that such spacing distri-
bution is non-trivial only when ⌫(✏) varies linearly with
✏. Otherwise, it can be trivially seen that all eigenvalue
spacings will crowd at either zero or at infinity depending
on whether ⌫(✏) varies slower or faster than linearly. So,
to get a non-trivial distribution of interest, we must un-
fold the eigenvalue spectrum, so that the average spacing
is independent of the system size.

We define the unfolded eigenvalues {✏̃
i

}, using the an-
alytical result of the spectrum given in Eq.25,

✏̃
i

= I0(2
p

�b0(ln ✏
i

+ E/2) ) (27)

The nearest-neighbour level spacing distribution is then
defined, using these eigenvalues, as

P (s) =
X

i

�(s � ✏̃
i

+ ✏̃
i+1). (28)

This distribution for N = 16 sites at half-filling is shown
in Fig.8 for various values of g. The spacing distributions
for all values of g show a pronounced peak close to zero.
There is a big peak near s = 0 for all the curves, which is
not shown in the figure as it would wash out the structure
at other values of s. Apart from the peak, there are dif-
ferences in the distributions for the metallic (g ! 1) and
the insulating (g ! 0) regimes. The onset of the metallic
regime is seen with a drastic increase in the range of spac-
ings and a decrease in the probability of spacings away
from zero. Therefore, the spacing distribution of the un-
folded eigenvalues of the reduced density matrix shows a
weak signature of the metal-insulator crossover, as com-
pared to the entanglement entropy and the entanglement
spectrum discussed earlier.

Away from the half-filling case, none of the above mea-
sures show much variation with the correlation factor g,

which goes well with our results from calculation of en-
tanglement entropy. The CFT result for integrated en-
tanglement spectrum hold for all values of g, indicating
the system is always at metallic limit.

IV. METAL-INSULATOR TRANSITIONS IN
NANOCHAINS

Since we are working with one dimensional finite-size
systems we are essentially dealing with nanochains. From
the crossover behaviour of the entanglement entropy and
the spectrum of the Gutzwiller state in one dimension
discussed in previous sections, we may infer that metal-
insulator transitions can occur in nanochains. At half-
filling, the crossover is marked by the scaling variable
(the location of the peak in Fig.3) which combines the
system size and the correlation factor, given by

y = N
1
3 g ' 0.24. (29)

Therefore, for a fixed finite size, the metal-insulator tran-
sition can occur at a finite value of g ' 0.24/N1/3. How-
ever, in the thermodynamic limit, it can occur only at g =
0, as is well known. Conversely, a metal-insulator tran-
sition can also occur by changing the size of the system,
for a fixed correlation factor. Thus, both an interaction-
induced, as well as a size-induced metal-insulator transi-
tion can be explained from our study of entanglement in
the Gutzwiller state.
Let us now see how Eq.29 compares with the experi-

ments and the known results. However, caution should
be exercised in applying the above to real systems, as
we are talking of a one-dimensional variational state in
comparison with real three-dimensional materials. Also,
Gutzwiller state is not applicable to every material. One
material it has had considerable success explaining is Ni.
The Gutzwiller state has been quite successful in explain-
ing band structure and ARPES results for Ni [17]. So we
expect our results might be observable in Ni nano-chains.
Ni has two possible ground state electron configurations
with nearly same energy, i.e. [Ar]4s23d8 and [Ar]4s13d9.
In the spirit of Hubbard’s original paper [14], we look
at the d-electrons only, even though we have assumed
s-band electrons for mathematical ease. The second con-
figuration of Ni has one hole in the d-orbital. Since at
half-filling the Hubbard model and the Gutzwiller state
are known to have particle hole symmetry, this case can
be roughly thought of as a half-filled system. Therefore,
we expect the results at half-filling, that we discussed
above, to hold for Ni to some extent.
The on-site correlation factor g is related to Hubbard

parameters t and U through Eq.8. For Ni, the bandwidth
measurements have yielded the experimental value of t,
and the interaction strength U has been obtained by fit-
ting the theoretical results to band structure measure-
ments. Values of t have been reported for various bands
of Ni[17]. Since, we are considering only d-electrons but

Gutzwiller state successful to explain band structure (ARPES) in Ni 
Buenemann et al PRB67, 075103 (2003)
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H = t
X

hiji�

c†
i�

c
j�

+ U
X

i

n̂
i"n̂i#. (6)

Here, c†
i�

creates an electron with the given spin pro-
jection at site i, and n̂

i�

is the corresponding number
operator. The first represents the hopping of electrons
on nearest-neighbour sites, with an amplitude t. The
strong correlation (which is just on-site density-density
interaction) arises from the second term, where U is the
interaction strength. Even though analytical solution ex-
ists in one dimension, a theoretical treatment is made
very tedious by the fact that the kinetic term is diagonal
in momentum basis whereas the interaction term is di-
agonal in site basis. A variational approach to the prob-
lem was proposed by Gutzwiller [4], suggesting a trial
ground state where correlations were introduced into the
non-interacting metallic state by a local correlation fac-
tor in site basis[15]. The Gutzwiller state is written, for
a lattice of N sites, as

|gi =
NY

i=1

{1 � (1 � g)n̂
i"n̂i#}|F i, (7)

where the metallic Fermi state |F i =
Q

k

F

k=0 ĉ
†
k"ĉ

†
k#|0i is

constructed from the vacuum state by using products of
momentum space operators ĉ†

k�

. Here, k
F

is the Fermi
momentum which is controlled by the filling factor.

The correlation projection parameter g varies from 0 to
1, incorporating the correlation e↵ect of the Hubbard-U .
The insulating limit corresponds to g ! 0 or U ! 1 and
the metallic limit is g ! 1 or U ! 0. At half-filling, the
two limits describe a change from completely de-localised
state (g = 1) to completely localised state (g = 0), giving
rise to a metal to insulator transition.

An exact calculation by Metzner and Vollhardt [15]
gives a relation between g and t/U , at half-filling in one
dimension, we have,

g log g = � 4t

⇡U
(8)

Gutzwiller state provides a simple example of a Fermi
liquid[16]. Certain properties of Fermi liquid state of
transition metals calculated from the Gutzwiller state
have been compared with experiments. The properties
of Ni [17] as well as of normal liquid 3He [18] which
can be treated as a Fermi liquid, have been successfully
described by the Gutzwiller state. Fermi liquids are char-
acterised by a sharp Fermi surface, i.e. a discontinuity at
the Fermi level in the single-particle momentum distri-
bution. However, in one dimension Fermi liquids usually
break down into Luttinger liquids which do not have the
discontinuity at the Fermi level.

Interestingly, this discontinuity and fermi-liquid be-
havior have been seen to occur in some finite-size sys-
tems even in one dimension[19]. The Gutzwiller state
shows the discontinuity at the Fermi level for non-zero g,

thus di↵ering in this respect from the physics of one-
dimensional Hubbard model. This Fermi surface dis-
continuity for a one-dimensional system at half-filling is
given by[15],

Z(g) =
4g

(1 + g)2
. (9)

At g = 0, the discontinuity disappears and the
system passes to an insulating state (Brinkman-Rice
insulator[20]). Near the insulating regime, another quan-
tity of interest which goes to zero is the average density
of doubly-occupied sites, which is given in one dimension
by[15]

d(g) =
g2

2(1 � g2)2
[�n(1�g2)� log{1�n(1�g2)}] (10)

where n is the number density of electrons.
Though the Gutzwiller state is an well-explored state

and many exact results are known, entanglement prop-
erties of the state remain fairly unexplored. In a previ-
ous work, the global entanglement of Gutzwiller state,
which measures the average site purity in the state, was
investigated[21]. It was seen to be directly related to the
average double occupancy of Gutzwiller state. The en-
tanglement for the strongly-correlated case was seen to
be smaller than that of the uncorrelated metallic state
for most filling factors. This was mainly due to the
fact that a strong correlation (a large U) enhances di-
agonal spin correlation functions, whereas usually entan-
glement is enhanced by o↵-diagonal correlations and de-
creased by diagonal correlations, as seen in Heisenberg
antiferromagnets[22]. In this work, we investigate the
entanglement entropy and entanglement spectrum of the
Gutzwiller state in one dimension.

II. ENTANGLEMENT ENTROPY OF
GUTZWILLER STATE

We consider a closed chain of N sites and a paramag-
netic case where there is no net magnetization. There
are N

e

electrons with equal numbers up and down spin
polarizations, N" = N# = N

e

2 .
The bipartition is done in two blocks of equal size, the

part A containing the first half of the lattice, and the rest
of the lattice forming the part B. Therefore, the length of
subsystem is L = N

2 . Such bipartition maximizes entan-
glement entropy. As explained in the previous section,
we need to calculate von-Neumann entropy of subsys-
tem, which gives the entanglement entropy E(N, g), as
a function of the system size and the correlation projec-
tion parameter. Numerical calculation of the eigenvalues
of the reduced density matrix ⇢

A

is still quite di�cult
due to exponentially growing size of the Hilbert space of
the block A for a general value of g.
Even though is it di�cult to calculate entanglement

entropy in Gutzwiller state for arbitrary on-site correla-
tion factor g, the limiting case of the uncorrelated state

t~ 0.5 ev  for       band
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FIG. 7: The staircase plots showing the integrated entanglement spectrum ⌫ as a function of the modified variable

b = 2
p

�b0(ln ✏+ E/2) for N = 16 sites at half-filling for g = 0.0, 0.1, 1.0, where b0 =
e
E(y)
6 log2 N . The smooth

curves correspond to the modified result I0(b) (see Eq.25).

FIG. 8: Spacing distribution of the unfolded eigenvalues (Eq.27) of the reduced density matrix is plotted with the
nearest neighbour spacing s, for N = 16 sites at half-filling for various values of g. The onset of the metallic regime
as a function of g is seen with drastic increase in range of spacings and decrease in probability of spacings away from
zero.

have calculated assuming s-band electrons, we will con-
sider the value of t for dd� band which retains the sym-
metry of the atomic s-orbital. For this case, the reported
value of t ⇠ 0.5eV . When only d-electrons are consid-
ered, the value of U ⇠ 10eV has been reported to give a
good fit. Therefore, within this approximation, we esti-
mate t/U ⇠ 0.05 for Ni. We assume in this calculation
that g, and hence t/U , is independent of system size. In
this spirit, we assume this estimate of t/U to hold even

for nanochains.

In a recent experiment[27], Ni nanochains of length
2 � 3µm have been fabricated and have been reported
to be antiferromagnetic and insulating. Typical lattice
parameter for Ni is ⇠ 0.3nm. Therefore, we can estimate
the number of sites for these Ni nanochains to be N ⇠
10000. With this value of N , combining Eq.29 and Eq.8
gives a metal-insulator transition value at t/U ⇠ 0.05
which is exactly the value we got by rough estimation

U~10 ev

Bliznyuk et al, Nanotechnology, 20, 105606 (2009)Nano-chains 2-3 microns!
Antiferromagnetic and Insulating a~0.3 nM       N~10000

This implies from the crossover formula:   g~ 0.01 
t

U
⇠ 0.4

y0 = N
1
3 g ⇡ 0.24



Conclusions
Off-diagonal correlations should dominate for nonzero two-spin entanglement

Long-ranged correlations do not imply long-ranged entanglement

Diagonal Correlations, viz. Coulomb interactions decrease global entanglement

Optimal double occupancy maximizes Ent: Metallic states

Discourage or encourage double occupancy lowers Ent

Multi-species Ent: between up and down electrons can track quantum phase transitions

Nonzero only for correlated states

Block Entaglement Entropy for Gutzwiller state: Deviations from CFT
Scaling form entanglement for metal-insulator crossover
Double occpancy  in insulating regime, Jump at fermi surface in metallic regime

Entanglment spectrum deviates from CFT near crossover

Spacing Distribution shows wider range in  the metallic regime


