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ABSTRACT

We establish an endpoint weak-type maximal inequality for the spherical maximal operator applied
to radial functions on real rank-1 symmetric spaces of dimension n > 2. More explicitly, we prove
the Lorentz space estimate

n
—1

1Mo < CallF Ny > # =

for every radial function in the Lorentz space L"!(X) associated with the natural isometry-in-
variant measure on X. The proof uses only geometric arguments and volume estimates and applies
uniformly in every dimension.

1. INTRODUCTION

Let X be a noncompact symmetric space of real rank 1. Then X can be realised
as the homogeneous space G/ K, where G is the group of isometries of X and K
the subgroup that fixes a specified point 0 called the origin in X. Then K is a
maximal compact subgroup of G. Let S,(x) denotes the geodesic sphere in X
centered at x and of radius ¢. Let i, denotes the normalised surface measure on
the sphere S;(x) induced by the G-invariant measure on X. Then the spherical
mean value operator on X is defined to be

Af(x) = j FO)dply),t > 0.

yeSi(x)

Consider the maximal operator defined by
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Mf(x) = sup [ A f (x)].

The L? mapping properties of M has been first studied by E.L. Kohen, in 1980,
where he considered the case of hyperbolic spaces (see [Ko]). He showed that M
is bounded on L?(X) for p > n/(n— 1),n > 3, where n is the dimension of the
hyperbolic space X. This is the analogue of Stein’s spherical maximal theorem
in R*, s > 3, proved way back in 1976, see [S1]. That the result also holds for the
Euclidean plane is due to Bourgain [B1] which was established a decade later.

The above maximal operator is significant in various contexts. For instance, in
connection with the study of pointwise ergodic properties of radial measures on
symmetric spaces, Amos Nevo and E.M. Stein [NS], studied the L7 mapping
properties of M. They showed that the L? boundedness of M holds in the same
range i.e. for p > n/(n—1),n > 3 for more general symmetric spaces X, of real
rank one, where n is the dimension of the symmetric space X. Also the case of the
circular maximal function on the two dimensional symmetric spaces has been
settled by A.D. Ionescu [I]. In all these cases, the range of p, i.e. .2y < p < oo 1s
optimal in the sense that for every 1 < p < n/(n— 1), there exist an f € LP(X)
such that Mf(x) = oo for a.e. x € X, as shown by the counter example in [N2].

The above results however, do not say anything about the behavior of the
maximal function M at the end point n/(n — 1). As the counter example in [N2]
shows, the operator fails to map even L/~ 1) to weak L7/*= 1),

In this paper we take up the question of end point estimate for the maximal
operator M at the end point n/(n — 1). We show that M is restricted weak type
(n/(n—1),n/(n~ 1)) on radial functions on the symmetric space X. The moti-
vation for this is a previous work, see [KR], where the authors proved an end
point estimate for the fractional maximal operator associated with the sphe-
rical mean value operator on R”. The present work also extends the end point
estimate proved in [NR] for the constant curvature spaces, to the set up of
general real rank one symmetric spaces of non compact type.

To state the results more precisely, let us consider the Lorentz space
L?9(X,du) on the symmetric space X, with respect to the G-invariant measure
p- Let || - ||, , denote the norm in L?4(X, dy). See section 4 for the definition of
LP4 spaces. Qur main result is the following

Theorem 1.1. Let X be a noncompact symmetric space of real rank-1 and of real
dimension n. Then for every n > 2 there exist a constant C, independent of f such
that the inequality

”Mf”n’,oo < Cn”f”n’,l

holds for all radial functions in L™ (X, dy). Here n' = n/(n — 1) is the index con-
Jjugate to n.

By interpolation with the obvious estimate ||[M [/, < |/ f|l, We get, as a cor-
ollary, the L? boundednes of M on radial functions in L?(X), p > n/(n — 1),
foralln > 2.
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Our approach is to exploit the geometry of the symmetric spaces to estimate
the maximal function directly. Here we depart from the traditional way of
harmonic analysis using the spectral theory or spherical functions. The novelty
of our method is the use of the convolution algebra structure of radial measures
on the rank one symmetric spaces, which has been fruitfully employed in the
case of constant curvature symmetric spaces, see [NR].

The convolution structure of radial functions on rank-1 symmetric spaces
has been studied extensively for a long time. For a detailed account of this see
the survey article by Koornwinder [K] and the references therein.

The convolution algebra structure of radial functions on the noncompact
symmetric spaces of real rank-1 has been explicitly computed in [K], see also
[FJ-K]. In fact the convolution structure of radial measures is the same as the
convolution structure of radial functions on the rank-1 symmetric spaces.
However the form of the structure constants derived in the above papers is not
suitable for the purpose of our analysis. So we derive suitable explicit form of
the structure constants, and that is precisely the kernel in the formula (3.2), for
the spherical mean of a radial function on X. Moreover, the kernel we present is
geometric in the sense that it is given in terms of three geodesic distances r, ¢
and u, (see the formulas (2.3) and (3.2)).
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2. GEOMETRY OF THE NON COMPACT RANK-1 SYMMETRIC SPACES

Recall that if X is a symmetric space of real rank 1, then X can be realised as
the homogeneous space G/K, where G is the group of isometries of X and K,
the maximal compact subgroup of G. In our situation G is a simple non com-
pact group of finite centre.

The structure theory of the noncompact (as well as compact) symmetric
spaces is well known, see for instance [H1]. The basic structure theory that we
require involves the Cartan decomposition and the knowledge of the structural
elements, namely the maximal compact subgroup K, the maximal abelian
subgroup A4 and the centraliser of 4 in K, denoted by M. These have been ex-
plicitly computed in the survey article by Koornwinder, [K]. We adopt these
materials and the basic structure theory required for our analysis, from the
above survey article.

The non compact symmetric spaces of real rank-1 have the following classi-
fication. Let (G, K) be a symmetric pair associated with the symmetric space X.
Then up to an equivariant (global) isometry, the noncompact symmetric spaces
of real rank-1 correspond to one of the following pairs (G, K)

1. G=80y(l,n), K=SOmynecZ,,n>2
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2.G=8U(,n), K=S{U)xUm)neZ,n>2

3. G=SP(l,n), K=SP(1)xSPnyneZ,,n>2.

4. G=F4{(-20), K=spin9
consisting of three series of classical one’s and an exceptional one. Here
SOy(1,n) denotes the connected component of SO(1, #) containing the identity.
The first three series of symmetric spaces can be studied uniformly by looking
at them as hyperbolic spaces over suitable fields, see [K]. In this paper we only
consider these symmetric spaces. However the arguments of this paper are also
valid for the exceptional case once the kernel estimates (4.2) are established for
this case, which corresponds to d = 8 and n = 2 in our analysis.

Let F =R, C or H, the skew field of quarternians with real dimension 1,2,
or 4. Let U(m,F) denote the unitary group on F" and U(1,n;F) the Lie
group of linear operators on F!*” which leave invariant the hermitian form
X0V — X191 - -+ — XnVp, X,y € F1*7. Then U(1,n;F) is a non compact simple
group of finite centre, see [K].

Consider the pair (G,K) where G = U(1,n;F) and K = U(1,F) x U(n,F)
which is the subgroup of GL(n, F) given by

21) K= {((v) %,) ve ULF),We U(n,[F)}

For F = H, the pair (G, K) matches the third series. For F = R or C, the groups
U(1,n; F) are reductive groups bigger than SOy(1,#) and SU(1, n) respectively.
However they yield the same symmetric spaces as the pairs in (1) and (2), since
these groups have the same simple part as U(1,n;R) and U(1,n; C) respec-
tively. We observe that the symmetric space U(1,n;F)/(U(1,F) x U(n,F)) is of
dimension dn where d is the dimension of F over R.

Now we note down some of the structural elements of U(1,n; F). The general
form of an element in the maximal compact subgroup of U(1,#;F) is given by
(2.1). The group U(1,n;F) is of (real)rank 1, i.e. the maximal abelian subgroup
A of U(1,n; F) is one dimensional. In fact any element a, in 4 is given by

cosht 0 sinh ¢
(2.2)  a(y) = 0 I, 0 , teR

sinht 0 cosht

where I,_; is the (n—1) x (n—1) identity matrix. Let A, denote the
semigroup {a,;:t¢>0}. Denote by M, the centraliser of 4 in K, i..
M ={k € K : ka=ak,Va € A}. Then M is given by

v 0 0
M= 0 VvV 0}:veU(L,F),VeUn-1F
0 0 v

With K and A4, as above, the group G = U(1,n; F) has the Cartan decomposi-
tion G = K4, K.

We use the above structure theory to derive a distance formula on the rank-1
symmetric space X = G/K. First we observe that, since G has the K4K de-
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composition, the symmetric space G/K has the geodesic polar decomposition
KA, . The orbits of 4in X are two sided unit speed geodesics and for any fixed ¢,
the K orbit {ka;.K : k € K} are spheres in X centered at the origin. It follows
that the K- orbit of the point x = gK is the geodesic sphere centered at the ori-
gin and radius ¢, if g = kya:k,.

The geodesic distance of a point x = gK from the origin 0 = K, in X = G/K
is given by d(K, gK) = t, if g has the Cartan decomposition k;a;k,. More gen-
erally define d(g:1K,g:K) = d(K,g7'g2K). i.e. the geodesic distance between
1K and g,K is given by the 4— part of gilg, in its Cartan decomposition.
Clearly d defines a G-invariant metric on X. Since K fixes the origin we also
have d(0,x) = d(0,kx),Vk € K,x € X. Moreover since M commutes with A4,
the geodesic distance d depends only on the coset of k in K/ M.

Now we prove a distance formula for the geometry of the rank one sym-
metric spaces. Recall that the distance between two points x; and x; in the Eu-
clidean space is given by the cosine formula

2
Ix — 3> = [xI* + yI” = 2|x]|ylcosd

where 6 is the angle between the straight lines from the origin passing through x
and y respectively.

Proposition 2.1. Let X be a rank-1 symmetric space of non compact type. Let
x) =kia,K, x = kaa,K are two points in X identified with G/K. Then the geo-
desic distance u between x1 and x; is given by

(2.3)  coshu =|coshrcosht — yw,,sinhrsinh|

where v is the (0,0)th entry and wy,, the (n,n)th entry in the matrix of kl”lklz as
givenin (2.1). Here | - | denotes the modulus in the field F given by |w| = (ww)2

Remark 1. Notice that r = d(0,x;) and ¢ = d(0, x). Therefore this is the ana-
logue of the cosine formula in R”. The proof of the above geometric identity
becomes very elementary using group theory. The case of the real hyperbolic
spaces, i.e. the spaces of constant curvature, has already been dealt with in [N1]
and the proof follows along the same line of arguments.

Proof. Recall that the geodesic distance between g; K and g,K is given by the
a-part of g7lg,. Thus the geodesic distance between x; and x is given by the
a-part of g = a_k{'kya,. First we observe that a-part of g is given by the
(0,0)th entry of g € G = U(1,n; F). In fact the modulus of the (0,0)th entry of
g € U(1,n;F) is K bi-invariant and is cosht if g =ka/k’,k, k' € K. A direct
matrix computation using the form of the structural elements kl'lkg, a, and a;
given by (2.1) and (2.2) shows that the (0,0)th entry of a_kilkya, is
veoshrcosht — wy, sinhrsinh ¢ if k7 'k, is as in (2.1). Since |v| = 1, we get (2.3)
upon taking modulusin F. [
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Remark 2. Setting s = [¥w, | , we can write 9w, , as swwith 0 < s < 1, |w| = 1.
When F = C,w = (cosf +isinf) and for F = H,

(24) w=(cosf@+sinfcos i+ sinfsinycosyj+ sinfsingsinyk),

where 0 < 0, ¢ < 7,0 < 1 < 27, using the standard notation for basis in C and
H. With these notations, the formula (2.3) can be re written as

cosh? u = (coshr cosh £)* + s*(sinhr sinh 7)

(2:5) : .
— 2s sinhr sinh ¢ coshr coshfcosé

where cos § = Re(¥w,, ). Thus for fixed r and ¢, the distance » depends only on
§ = |["Wp,| and the angle 0. When F =R, v =1 and w,, = cos§,0 < § < 7 and
Wny 10 (2.3) becomes just cos 8, see [N1], [NR]. Thus in the case of the constant
curvature spaces, the distance between the points k4;.0 and k»a,.0 depends
only on the angle between the geodesics 1 (7) = {a:.0} .o and % (¢) = {a,.0},+,
at the origin see [NR]. However in the case of non constant curvature the dis-
tance between x; = k1a,K and x, = k»a,K also depends on the sectional cur-
vature at the origin determined by the infinitesimal generators of a, and «,. This
explains the presence of two variables s and 6 in the distance formula.

3. SPHERICAL MEANS OF RADIAL FUNCTIONS

The spherical mean value operator on the symmetric space is obtained by
averaging over geodesic spheres centered at x. Since geodesic spheres centered
at origin are K-orbits, the spherical mean value operator is also given by the
orbital average

A f(x) = J Sf(xkaK)dk, xe X =G/K,
keK

where dk is the haar measure on K. It follows immediately from the above for-

mula that A,f is K-invariant whenever f is. Consequently for a radial function

f, we have the formula

B1) AL = ASl) = J FlakaK)dk if x = kia e
kek
r=|x|:=d(0,x).

Notice that if f is a K-invariant function on X = G/K, then f is a function
that depends only on d(a.K, K). Thus there exists a function F on R} such that
F(cosht) = f(a,K). With an abuse of notation, here and elsewhere, we write f(¢)
for F(cosht). First we prove the following formula for the spherical mean of a
radial function on X.

Proposition 3.1. Let f be a radial function on X. Then A,f is given by
r+t

(32) A,f(r):J Ka(r, t, ) £ (u)

fr—1

where ICy(r, t,u) is given by
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d{n—-1)

B N G R e

(3.3)  Kg4(r,t,u) = C(d,n)sinhu coshu L_q P sds
N
(g
where C(d,n) = \/_—Wl()zp)_(igiiand
Vi) = @@= P llta+cf - (69

(3.4) Ay(r t,u) =

2a

with a = coshrcosh ¢, b = sinhrsinh t and ¢ = coshu, for d = 2 or 4 Here d de-
notes the dimension of the field t. Whend = 1

217318 Ay (r, t,u)

rrest (sinhr sinh t)%.

Ki(r t,u) =

Proof. Since f is radial, as observed before, f(a,ka,K) depends only on the
distance of a,ka,K from the origin. Rewriting (3.1) as

AS() = LEK F(@K)dk

where u is given by the cosine formula (2.3) for the geometry of X.

Since @,K = a,ka, K depends only on K/M, the above integral reduces to an
integral over the quotient space K/M which can be identified with S(F"), the
unit sphere in F". Therefore writing f(a,K) as F(coshu), we have in view of
(2.3)

(3.5)  AJS(r) :J F(|coshrcosht — y, sinhrsinh ¢|)du® =1 (y)
S(F™)

where y = (31,2, +,¥n) € S(F"),d = 1,2 or 4 and y, = ¥wy, as in (2.3). No-
tice that S(F") is the U(n, F) orbit of a unit vector in F”, which is a sphere in
F" = R,

Since F depends only on the last variable, it is constant on the dn — d di-
mensional sphelres Su_y,pye(FY) ={y e S(F"): & Sl = 1= [paf*} of ra-
dius (1 — |yn| ) /2 for each fixed |1, 0 < |yu| < 1. Hence the integral reduces
to an 1ntegra1 over the unit disc |y,| <1 in F with a Jacobian factor

(1_|n|) J

(nl

[(dn
(3.6) ) "’J F(|coshr cosh? — y,sinhr sinh¢]) (1 = |y, dyn
[ya]<1

F(d(n2— 1))7_[_7

When d = 1 as we know, v, = cos @ and the above becomes a one dimensional
integral. When d = 2 or 4, set y, = sw where w 18 given by (2.4). Since

|coshrcosh ¢ — swsinh rsinh ¢|

depends only on s and cos # = Rew as observed before, using polar co ordinates
in F = R? the above integral can be reduced to an integral of the form
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T dn’ 1 pm
Af(r) = %J J F(|coshrcosht — swsinhrsinh|) J,(s, 8)ds df
F(%)?ﬁ 0 Jo

for d = 2 or 4, where

218
rereE)

din—1)—
Ju(s,0) = (1—5%) 7 2s""l(sine)“’_z.

Now we take s and u given by (2.5) as the new variables. The Jacobian of this
change of variable is given by

dods = Smhucoshu
abssinf
for d =2 or 4. When d = 1 we take u given by (2.5) (with s = 1) as the new

variable and the Jacobian of the change of variable in this case is given by

__ sinhudu
df = bsinf *

Set A = A; = bssinfford =2,4and A = bsiné for 4 = 1. Eliminate 6 using
(2.5) we get (3.4). It follows from (2.5) that u € (Jr — t|, 7 + £) as 6 varies between
0 and . Also since A? = (bssinf)* > 0, from (3.4) we see that s > |45<|. Thus
we get (3.2). O

Remark 3. When d = 1, by eliminating 6 using the cosine formula (2.3), we get
the following ‘symmetric’ formula for A (see [NR]):
Ar,t,u) = [sinh (#) sinh (%:ﬁ) sinh (r — ;—'_ u)
—r 44+ u\1/2
)

sinh (

4. THE LORENTZ SPACE LP9(X) AND THE KERNEL ESTIMATES

In this section we recall the definition of Lorentz space and discuss some aux-
iliary results that are needed in the proof of the main theorem. Let (X, B, 1) be a
sigma finite measure space. Given 1 < p < 0,1 < g < 00, we say that a func-
tion f belongs to LP4(X, du) if

1/ 1pq = (%jj(z%f*(z»q%f) Yo

And given 1 < p < 0o, we say that f € LP*> if
1
[/ llpee = sUp22f™(2) < o0.
>0
Here f* denotes the non increasing rearrangement of f, namely
@) = inf{s: X(s) <1}

where
Mla) =p({x € X :|f(x)| >a})
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denotes the distribution function of f.

Werecall that || - ||, is not a norm, as it fails to satisfy the triangle inequality,
but ||.||,, is equivalent to a norm satisfying the triangle inequality, (see SW
Theorem 3.21, page 204). We need to recall two more facts from Lorentz space
theory. The ﬁrslt one concerns the norm of the characteristic function; namely
lIxell,, = #(E)?, whenever E is a measurable subset of X with finite measure.
The second one is the Holder’s inequality for Lorentz spaces:

ijgdu| <ol

whenever f € L?4(X,dyu)and g € LP 4 (X, d,u),Il) —1—1% =1= %—# %, (see [BS)).
Another fundamental result that we use is the following theorem from Stein
and Weiss’ book [SW, Theorem 3.13, p. 195].

Theorem 4.1. Let (X, M, i) be a o-finite measure space. Suppose T is a linear
operator which maps the finite linear combinations of characteristic functions xg
of sets E C X of finite measure into a vector space V, that is endowed with an order
preserving norm || - ||. If

ITxell < Cllxell,,

where C is independeni of E, then there exists a constant A such that

1TA1 < Allf 1l
Sor all f in the domain, D(T ), of T.

The measure space (X, u) that we are concerned with, consists of a rank one
symmetric space X and the G- invariant measure on X. Since the group Ghasa
decomposition of the form G = KA, K, the symmetric space has the associated
geodesic polar coordinates KA. Consequently the G-invariant measure on X
decomposes as du = sinh®~1 ¢ cosh? ™! ¢tdr dk, (see [K]). Moreover since we
are dealing with K invariant functions on X, the Lorentz space that we are
dealing with is equivalent to the weighted Lorentz space on R,, namely
LP(R,, w(£)dt), with weight w(r) = sinh® ~! rcosh? ~! 7. In the rest of this pa-
per du(t) refers to the measure on R, with the weight sinh® ! ¢cosh? !z,

It is easy to see that the above theorem also holds for sub linear operators. We
need to use only a special case of this theorem with V' = L»*(R, du(r)).

Now we prove the following kernel estimate. Set K;(r,t, 1) = %
where K4(r, ¢, u) be as in Proposition 3.1.

Proposition 4.2. Let K;(r,t,u) be as above with d = 1,2 or 4 Then we have the
following estimate.

(41) Kd(ratau) <

1

45 1 1
. . . d-1 . dn-3 /\ . dn—3
sinhrsinh ¢sinh u(cosh rcosh coshu) 7 |(sinhu) (sinh¥)
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ford =1,20r 4 Here \ denotes the minimum.

Proof. The case d = 1 has already been dealt with in [NR]. However for the
sake of completeness and to highlight the uniformity of the kernel estimates in
all the cases d = 1,2 and 4 we brief this case as well. When d = 1,

[A(r,t,u)]"?

Ki(r,t,y) = - .
1(r ) [sinhr sinh ¢ sinhu]” 2

Since A = sinhr sinh 7sinf as seen in the proof of Proposition 3.1, we have the
inequality

A <sinhr sinhz.

More over, by the symmetry of Ainr,zand u, as seen in Remark 3, we also have

A <sinhrsinhu and A <sinht sinhu

which yields the inequality

- < sinhr Asinh t.
sinh u

The required estimate, for the case d = 1 follows immediately from these two
inequalities.

Now consider the cases d = 2 and 4. For simplicity we use the notations
a = coshrcosh¢,b = sinhrsinh ¢ and ¢ = coshu. Equation (3.4) can be written

as
sasi = ([ (5[5 ])

Since (%)2 <SP <L () -2 ¢, it follows from (3.3) and (3.4), that

N 1 (b\/ﬁ?)dgsjl (1— @) { 2 ("‘ C)z]%sds

- (sinh )™~ ?(coshu)? =% (ab)?~2 b

5

By a change of variable the above integral can be reduced to a gamma integral,

ie.
r (1)t [ - (55 ")2]% d
- 2 57— sas
54 b
1 1 a— c\2 d"Z—S 1 dn-b) | g-3
= — —_ — 2 2
7 [ ( 5 ) ] Jo(l w) wZ dw.
Consequently,
F(d(n_l))[‘ M) [1 _ %)2 dnz3 1
(42) Kd(r7 t? u) ~ 2 2 d=1 N
rs b(ac)™  (sinhw)® 2

72



dn=3

Since [1 - (43°] < 1, it follows from (4.2), that

rEe-rEsl) !

Kd(r>tvu)§  — - N I — 2 "
(=l b(ac)% (sinhu)®~?

We also claim that

—2 ¢2—1 sinh’u
43 (A T _
*3) ! ( b ) ~ sinh®r  sinh®r

In view of this inequality, from (4.2), we also get the estimate

dn—3
© _DEEhrEsh 1 I [sinh’u)
d(r,t,u) - dn—1 d—i . 1dn—2 - 12
s b(ac) z sinh u \ sinh” r
rErEsh 1 1 I

= F(dnz— 1) b (ac)d—;—l sinhu sinh® 3 (”) ‘

This proves the estimate (4.1).
To complete the proof of the Proposition we need to prove the claim (4.3).
Since b = sinhrsinh ¢, (4.3) is equivalent to showing

(44) (1 +sinh? )¢ — 2ac + a* — b* —sinh? ¢ > 0.

A direct verification shows that ® — b? — sinh® t = cosh”r. Since 1 + sinh® ¢ =
cosh? ¢ the LHS of (4.4) is (¢ cosh 7 + cosh r)? which is clearly non negative. This
proves the claim. [

Now we prove the following lemma which contains the essential volume esti-
mates involved in the proof of the Proposition 5.1.

Lemma 4.3.

=2
< [cosh(r+1)] # ford =2,4

‘ X(r=t,r+1
dn,oo,p

sinh u

< [oosh(|r — t)]7 for d = 1.
Proof. Recall that

o= e 0a )
where A is the distribution function of %{F—Q given by
ru(|r—t|,r+t) if Oga<m
AMa) = 4 M(Ir— 1], sinh ™! (é)) if Sll‘lh(l_}’—i—[) <a< m
0 it o> m
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It is easy to see, after a change of variable that

1

(45) adnlu‘(lr - tl,Sinhﬁl <é>) = adn Ja sdn—l(l + Sz)d_—z‘_lds

sinh(jr — 1))
which isla decreasing function of « for d = 2 and 4. Therefore for 5inh(++5 <
& < SR(r=1)

It follows that
Xr=tr+0|  _p(r—t,r+ o
~sinhu |40 . sinh(r+7)
Now
pllr —t,r+1) J’“ sinh™ ' u cosh? ' udu
[sinh(r + O)]™  Jp-y sinh™ (r + 1)
ret
< —21—~J sinhucosh? ! udu
sinh”(r + 1) Jir—4
d-2 r+t
< c_og_hz_({i)_J sinhu coshudu
sinh™(r +1) Jir—4
cosh?~2(r 4 t) cosh[2(r + 1)] — cosh[2(r — #)]
= 2sinh’(r + 1) 2

< coshd_z(r+ 7).

This proves the Lemma 4.2 for the case d = 2 and 4. The case d = 1 is slightly
more complicated. In fact when d = 1, (4 5) does not define a decreasing func-
tion of a. However using the fact that W ~lfor0<s<land —W

for s > 1, we can directly estimate (4. 53 which gives the required estimates. (see
[NR]). O

5. THE PROOF OF THE MAIN THEOREM

In this section we prove some auxiliary results and then prove Theorem 1.1. Let
M be an auxiliary maximal function on R, defined by
1/ x0r—rtr )l an
Mf(r)=  sup e g

T L (S [

Recall that y is the measure on R, with density sinh®~! 4 cosh? ~! . The main
step in the proof of Theorem 4.1 is the following control of the spherical max-
imal operator.
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Proposition 5.1. Let M be as in Theorem 1.1 and let f be a radial function. Then
we have the following inequality

Mf(r) < Mf(r) + h(r) | f]]_e

P W

where M is the maximal function defined above and

X(0,1 X (1,00
(r)__ (0,1) (1,00)

)dn—l =

(5.1) (sinh r)d"d—n(dn +d-2)

B (sinhr
ford=1,20r4

Proof. Clearly
suplAf(nl < sup  |AS()[+  sup  |AS()l-

>0 tanh ¢ <}tanhr tanh#>itanhr

Let us consider each of these terms separately. Rewrite the formula (3.2) as

r+t
(52)  AS(r) = Jl | Ka(r, t,u) f(u)dp(u)
r—t
where K;(r, t,u) is as given in Proposition 4.2. Using Holders inequality, we get
r+t
AL < L [Eulr 30 @G- 40
r—1t

< ||fX(|r~t|,r+t)”dffl,l,p ||X(|r—t|,r+t)Kd("a 12 u)”dn,oo,,u
< C(r,t)Mf(r)
where

C(r7 t) - ”X(Ir—tl,r+t)Kd(r’ L u)“dn,oo,y“X(lr—tl,r+t)“ L,

dn—T1°

When tanh ¢ < }tanhr, using the estimate

d-3

47
Kd(r7 Z, u) < —
b(ac)T sinh®~2(u)

of Proposition 4.2, and that ¢ = coshu > cosh(]r — ¢|), we see that C(r,1) is at
most

47 X
a1 ||, (]rd—nti_,r;t) ||X(|r—t|,r+t)l 1,
bla cosh(|r — ¢)] = [[sinh™ ()|, el
45 1

<
~ bla cosh(jr — #])"T sinh™2(|r — 1))

||X([r— fr+1) “dn,oo,ﬂ HX(\r— tlr+1) ||%,1,,,

Now observe that tanh s < Jtanhr if and only if sinh(r + ) < 2sinh(r —7) if
and only if cosh(r + ) < 2cosh(r — ¢). Using this and the fact that ||xg||
w(E)r, we see that the RHS of the above is at most

pan T
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2 2p(|r — fyr + 1) 253
sinh™ " 2(r + ¢)  cosh'T (r + H)ba'T

Since both sinh and cosh are increasing functions, we see that

_ rtt
Wécoshd—l(rJr[)J sinhudu
sinh™ ™ *(r + 1) Ir—1

= 2cosh?~!(r 4 ¢)sinh rsinh .
It follows that C(r, £) < 241+4=4+4 yhenever tanht < 1tanhr. Consequently

sup  JAS(r)] < 24 M ().

tanh7<{tanhr

Now let us consider the case tanh ¢ > %tanh r. Again in this case, using Holders
inequality in (5.2), we see that

IAtf(r)| < “f”dn']fl,l,pHKd(rv f, M)X(|r~t],r+t)||dn,oo,u‘

As before using the estimate

d=3

< 4= 1
~ b(ac)T sinh™ " (r) sinh(u)

Kd(ra Z u)

of Proposition 4.2, and the fact that ¢ = coshu > cosh(|r — #|), we see that

| Ka(r, 2, u)X(lr— thr+1) ”dn,oo,p

d-3

45 1 x(r =1, r+1)
< d=1 . 1dn-3 1
b(a cosh(|r — £]))'T sinh™  r||  sinhu lg, o,
3 245 445 x(r =1, r + 1)

sinhu

= sinh® ! g5+ 1) [cosh(]r — t|)]i%é dnon

Here we have used the fact that a ~ ¢"** and bcosh(|r — ¢|) = bcosh(r — ¢) >
1sinh®r whenever tanh? > ltanhr. When d =2 or 4, using the estimates of
Lemma 4.3 we see that the above is at most

47 6F U+
sinh® 1 r 2 +055 2 — 1
45 2F )
- sinhdn -1 r eld=2)rvitgthr
45 2 1

< .
= ginh® =y pld—-2-420va) elnn (1= )
We also observe that

1 for r<«l1

~ 1
; d=Dan—1)
(sinhr) &

for r>1
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It follows from these observations that

X(0,1) X(1,00)
dn~1 @n—D(n+d=2) "
)" (sinhr) — #

||Kd(i’, t7u)X(\r—t|,i‘+t)“dn,oo,p < (sinhr

This completes the proof of the proposition, for d = 2 and 4. Similarly using the
estimate of Lemma 4.3 for d = 1, one can get (5.1) for d =1 as well. (See
[NR]). D

Now we prove the main theorem.

Proof. (of Theorem 1.1) To prove that M defines a bounded operator from
lﬁTdE‘xvl(R%du) to LarTe (R, dp), in view of Proposition 5.1, we need only to
show that

(53) HMf“d—f—}T,oo;u S C”f“dndfl,l;p
(54) Ao s < 00

First we show (5.4), i.e. the function A(r) € U%=°°(R+,du). In fact we show
that the functions

X o0
hy(r) = _#sinh"’(r) € L7 (Ry,dp)

ifand only if p < dn— 1 and

= X(oo) o yaiyeo
ho(r) = 54 i (R, dp)

. . (dn—1)(dn+d -2
if and only if ¢ > —%———).

Let )\; denotes the distribution function of 4;, i.e.

)\i(o‘) :.u'({u >0: hl(”) > a})a i=1,2.

We have
1
1 if < —_—
\ uo,1) i 0sa< sinh?(1)
l =
. ~1 1 . l
<
M(O, sinh (a P)) if SR (1) = o < 00.

By a simple change of variable we see that

1
sinh~ (¢ 7)
i (0, sinh ! (of%» = Jo sinh® ~ ! (u) cosh? ! (u)du

dn 1 2 Q‘E_z
= oij yan=1 (1 + a"?y2> dy.
0
Therefore for o > gprpyand 0 <y <1,

_dn

M(O,Sinhfl(a_%)) RaTr.
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Consequently

dn—1
1A1llp oo = sUP M ()] 7 < o0

> TR

ifand only if p < dn — 1. rds
ey b d—
Similarly one can show that \(a) ~ o~ ¢ , for o near 0. Hence

2y = SUP  aPha(@)]F < 0o

&> TR

if and only if g > @2=1ntd=2)

To prove (5.3), in view of Theorem 1.2, it suffices to consider only
F =xg,E CR;, with u(E) < co. For notational convenience, we assume
r>t,sothat |r —t| = r — t. Now,

wEN(r—tr+ t))]%

(Mx8)(1) = supy < o, [AEA L

it follows that
{r>0: Mxg () >a}l= {r >0: My,xe (r) > adf—fn}

where
r+t

M F (r) = supg< o, (u(r — 1,7+ 1)) [ |F ()l dpu(u)
r—t
which is the “truncated” Hardy Littlewood maximal operator on R, with
measure du(u) = sinh™ ~!(u) cosh? ~! (u) du. Observe that the measure x does
not satisfy the doubling condition as it has exponential growth. However My,
is still weak type (1, 1), as proved by Stromberg, see [S]. It follows that

({r> 0 Mapxe (1) > o) < af‘_ W(E).

Therefore

dn—1
M ey = SUP € [u({r > 02 Mg (r) > a})]
o>

dn
dan-1

dn—1
< [Cl /'I’(E)] no= C”XE”dn'ifl,l;p .

This proves (5.3) and completes the proof of Theorem 1.1. [1
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