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For 3-dim. pure (super-)gravity,the higher derivative
terms in the action can be removed by field redefini-
tion and

The action can be reduced to the (super-)gravity ac-
tion whose gravitational part contains a sum of three
terms, - the Einstein-Hilbert term, a cosmological con-
stant term and the Chern-Simons term.

Ads/CFT correspondance suggests that even when mat-
ter fields are present, it is possible to consistently trun-
cate the theory to standard (super-)gravity without any
matter fields.



Our main goal of the work is to describe a consistent
truncation procedure directly in bulk theory without any
reference to Ads/CFT.
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Field Redefinition of the Bosonic Fields

We begin with a three dimensional general coordinate
invt. theory of gravity coupled to an arbitrary set of
matter fields.

We denote by g,, the metric, by ¢ the set of all the
scalar fields, by X the set of all other tensor fields.

At the level of two derivative terms, the action takes the
form:

S = Sg + Smatter (1)
where
So = f d3xVGR+ A()) @)

and Smatter denotes the kinetic term for the matter fields.



We shall now consider the effect of adding higher deriva-
tive terms.

We assume that the length parameter | that controls
these higher derivative terms is small compared to the
length scale |g over which the leading sol. varies.

With each higher derivative term in the Lagrangian den-
sity ,we associate an index n that counts how many
powers of | accompanies this term compared to the
leading term.



In order to keep track of the higher derivative terms,
we introduce a derivative counting parameter A and ac-
company a trem of index n by a factor of A".

We will carry out our analysis in a power series expan-
sion in A and at the end we set 4 = 1.



We introduce a new variable P, defined by

1
P,uv = Ryv — E(R + A(¢))guv (3)

So Ricci tensor can be expressed as

Ruv = P,uv — (P + A(¢))g,uv (4)

where

P = guv P,uv (5)



In this convention the most general action takes the
form

S = SO + /lSCS + ématter + /lnSn (6)

émuer denotes the matter terms which are quadratic
and higher order in X, derivatives of X and derivatives

of ¢.

A"S,, denotes all other terms i.e. manifestly general
coordinate invt. up to linear order in X, d,¢ and their
derivatives.

It is easy to see that Sy must contain at least one power
of P,y since Py, independent terms either can be ab-
sorbed in A(¢) or can be included in Spatter -



Thus Sy has the form
Sp = f d3x V-9P*"Ki(9,Z, Vp, Qoo Poors ) (7)
Now consider a redefinition of the metric of the form

Ouv = OQuv + A" Kuy (8)

under this

So —Sp - A" deX \/—_gP/“‘VKW + O(/lzn)

(9)

= Sg - A"Sp, + O(A2")
Scs — Scs + O(/lml) (10)
'S, = A"S, + 049N (11)

Thus

Sg + AScs + A"Spy — Sg + AScs + OA™Y  (12)

Furthermore émuer remains quadratic in X and d,¢
under this field redefinition.



The order A"*1 terms can now be regrouped into a
term of the form +/—g f(¢) that can be absorbed into
a redefinition of Ag(¢),

a term quadratic in £ and d¢ that can be absorbed into
§muer and a term containing at least one power in

Puy.
uv
Thus the resulting action may be expressed as:

S = S{+4Scs + Shatter + A7 Sns1 (13)

where

Sp= [ &xv=aR+ A'(0) (14

SrH_l — deX \/__gP'UVK/;V(¢7 29 Vp, ng'a PpO'a /1) (15)



Repeating this process, to any order in an expansion
In 4, the action can be brought to the form:

S = f Bx V=GR + A(®)) + 1Scs + Smatter  (16)

Now suppose A(¢) has an extremum at ¢ = ¢g. Intro-
ducing new fields & = ¢ — ¢ we may express the action
as

S = f BxV=G(R+ Al¢g) + AScs + -, (17)

We can now carry out a consistent truncation of the
theory by setting ¢ = 0, £ = 0.

This leaves us with a purely gravitational action with
Einstein-Hilbert term, cosmological constant term and
Chern-Simons term.



In supergravity theory, there are additional bosonic fields
like gauge fields with Chern-Simons terms.

2
Sgauge = deXTr[A A dA + §A ANAAN A] (18)

Now under the field redefinition

Ay — Ay +0A, (19)

the Chern-Simons term changes by a term proportional
to P (Fpndhp).

Thus a term of the form A”f \V—gTr (FWLW) in the
action may be removed (up to order A2n terms) by a

shift of A, proportional to /=g €y, L"F.



Algorithm for Determining A(¢)

Of the various parameters labelling the final theory the
coefficients of the Chern-Simons terms are easy to de-
termine since they do not get renormalized from their
initial values.

On the other hand the cosmological constant term does
get renormalized during the field redefinition.

we shall outline a simple procedure for finding the ex-
act A(g).



Suppose our initial action has the form

S = f X V=0-Z(¢,Riy»Z) + 1Scs.  (20)

Since the final truncation involves setting ¢ to constant
and X to 0, let us consider a theory of pure gravity ob-
tained by setting X to 0 and ¢ to some constant values
in the above action.



We now look for a solution of the theory of the form

ds” = —1%(L + 1/r?)dt? + 1%L+ 1/r%)~Hdr? + 12rZdg?,
(21)

representing an AdS3 space of size |. If we define

F(l,¢) = 1°3.2(,¢,% = 0) (22)

then the metric satisfies its equation of motion if | is
chosen to be at the extremum ley of F.



Now consider the form of the action obtained after a
field redefinition of the metric . After setting ¢ to a con-
stant and X to 0, the action takes the form:

S = f BxyV=GR+ A) + ASecs  (23)

If we evaluate 13(R + A(¢)) for the AdS3 background,
we get a new function

§)
‘ﬁ*Awﬂ 24)

H(l,¢) = I3



At the extremum H is

~ 32
H(lext, #) = - )
= F(lext, ¢)
Hence we get
32
A ju—

provided F(lext, @) is negative.

(25)

(26)



Field Redefinition of the Gravitino

We begin with an action where the purely bosonic part
has already been brought into the standard form using
the field redefinition.

If the theory has altogether N supersymmetries then
there are N gravitino fields ¢, with 1 <i < N. In the
supergravity action the gravitino action has the form:

St = - f d*x Pyl Dy, 27)

Leading gravitino equation of motion

Dy, — Doy, = 0 (28)



The supersymmetry transformation law of the gravitino
fields takes the form

58’70/',1 — IUEI (29)

Now, we consider the possibility of adding higher deriva-
tive terms in the action.

Let us denote by r the set of all the bosonic and fermionic
fields coming from the matter sector with the scalars
measured relative to ¢g.

We need to worry about terms which are at most linear
in . We shall refer to these as the dangerous terms.



Let us suppose that the first dangerous higher deriva-
tive terms in the Lagrangian density appear at order AK.

Terms that is proportional to the equation of motion of
supergravity fields derived from the leading supergrav-
ity action can be absorbed into a redefinition of these
fields at the cost of generating higher order terms.

So,we will focus on terms which do not vanish by lead-
ing equ. of motion of supergravity fields.



We consider all the order AK terms and organise them
by their rank.

The rank of a term is defined as the total power of i,
and y,,. We begin with the term of lowest rank, — call it

Mo.

The lowest order supersymmetry variation of the grav-
itino has the effect of producing a term of rank (mg—1).



In order for supersymmetry to be preserved, such terms
need to be cancelled by some other terms.
There are two possibilities:

1) the rank (mg — 1) terms arising from the variation of
the gravitino cancel among themselves after we inte-
grate by parts and move all the derivatives from ¢, € to
the fields.

and

2) we can try to cancel these terms against terms com-
ing from supersymmetry variation of the bosons in a
term of rank (mg — 2).



We arrived at the following conclusion:

“It is not possible to add higher derivative dangerous
terms in the action,which do not vanish by equ. of mo-
tion, in a manner consistent with supersymmetry.”



Dimensional Reduction of Five Dimensional Super-
gravity

we shall consider five dimensional supergravity with
curvature squared term coupled to a set of vector mul-
tiplets.

We will dimensionally reduce this theory on s2,

We will also switch on the magnetic flux through S,

The resultant theory is (0,4) supergravity with curved
square term.



We shall concentrate our attention on the part of the
action involving the bosonic fields only.

The five dimensional N = 2 supergravity has a Weyl
multiplet, a set of vector multiplets and a compensator
hypermultiplet.

After gauge fixing to Poincare supergravity, the bosonic
fields of the theory include the metric g, the two-
form auxiliary field vy,, a scalar auxiliary field D, a
certain number (ny) of one-form gauge fields A(',j1 with
1 <1 <ny, and an equal number of scalars M!.

The action for bosonic fields including curvature squared
terms can be written as

S = i d°x —g(S)[D%O + 4] (30)
4yr2
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where C| jk and Cp| are parameters of the theory,

1
N ZEC”KI\/III\/I‘JI\/IK (33)
1
N| = E<:|JK|\/|~]|\/|K (34)
Ny = ¢ 3k MK, (35)

We now carry out the dimensional reduction on S2 and
focus on the sector invariant under the SO(3) isome-
try group of S2. This can be done using the following
ansatz for the five dimensional fields

ds? = g (X dX” + x2()dQ%, 0 < v <2
Vg = V(X) sin 6
I
Fls = %sin 0,  Fl,=0,A-0,A,
(36)

with the mixed components of F ;b and V!ab set to zero.



we get the dimensionally reduced action to be
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Here j@, Vuy, m!, FLV, RS’;)) denotes terms which are

at least quadratic in Vv, V,,, V,M! and FLV.

We first need to redefine our metric in such a manner
that the coefficient of R®® in the second line of the ac-
tion can be absorbed into the metric. We define

Ou =¥ _Zg,uv (38)
where
213 1 M1 . M V2 pV
w—lz)(_(_+_N+C2 L& C-p )
T 4 4 288 X2 72 X4 288 X4

(39)



we now define

~ 1. =~
P/Jv = Ryv - ig,uv[R + Ao(¢)]
1~ 3

P = _ER_ EAO(Cb)

where Ag(¢) is a function to be determined later, and
rewrite the action as

C§6ﬂp f d3xQ ([ + f d3x\/_ R+ Ao(¢)]
+fd3X\/—_gP/JVK/JV
o [ XV ML Po P

(40)

(41)
where

Cr-M[8 2__ 2__ 16= =
Ly )l;ﬂ ?_92 lgp,uv - _g,uvP+ guvAO(¢) - _wv,uvv’vb

8
3y

16—~ = 8
g,uvvzlﬁ + _XV uVyx — _g,uvvz

(42)



Ag(¢) is a sol. of the equ.

2
_ X C- M 2
Ao@) =Z(9) +-T2ahol0f,  (43)
and
2
Z(x:M'. V.p', D) = y*U(r. M V. p\, D) (44)

In this case the required field redefinition which will re-
move the four derivative terms from the action is

g,uv — guv + Kyy (45)
To this order the scalar field potential —A(¢) is given by
2
X" C2-M_s 2
Alg) = A =7 Z . (46
(#) = Ao(6) = 2(9) + =22 7%(9) + O() . (49)

This process can now be repeated to remove the six
and higher derivative terms from the action.




Our interest is in finding the exact expression for A(¢).
In the AdS3 background with constant scalar fields and
vanishing tensor fields. We get

F(l,¢) = -6l + 13Z(¢) + 2a|1 (47)
where
2
_x°C-M
T (48)

The extremum of F(l, ¢) with respect to | occurs at

2

Hence A(9) is given by

32 32Z(¢) -2

Flex. 9)2  W(9)

Z(¢)
W(¢)

A(g) = (252 + Wi(@) - 6]

(50)

W(p) =1+ \/1 + 2?aZ((p) (51)



Extrema of A(¢) are located at

_pp
X = 5 |
P
Mh= =
b (52)
v = _ 3PP
2
1
D = W
where
C2-P
b°=1+ 53
1253 (53)
The value of A(¢) at it's extremum is given by
32721 cp- pl2
A = —ll + ] 54
(#0) 5 803 (54)



Thus the final truncated theory, obtained by setting ¢
to its value at the extremum and other matter fields to
zero, is given by

— = C2 p
- [ xR+ ao) - 2P [ B9,
(55)
From this one can compute the central charges of the

conformal field theory living on boundary of AdS and
IS given by

_ 2 Cy IO) a3, L
CL = 247r( Ao 96r ) 6p° + 2c2 P
(56)
_ 2 C2 - IO) _ an3 ,
CrR = 247‘(( Ado) + %6 ) " 6p°+Co- p

These results agree with the predictions.



Conclusion

1. For general three dim. theory of (super-)gravity
coupled to arbitrary matter fields with arbitrary set
of higher derivative terms,it is possible to consis-
tently truncate the theory to a theory of pure (super-

)gravity.

2. We have also outlined the procedure for finding
the exact value of parameter of the truncated the-
ory. And the value of A(¢) at it's extremum corre-
sponds to cosmological constant.



