)
2)
3)

4)

CENERAL | HEORY
OF

RELATWVITY

NEWTONIAN BRAVITY
SPEC\AL RELATWITY
LEODESIC EQUATION

TENSo RS & Nown- TENSORS

- K!EMANN, RiICC| & EINSTEIN TENSORS

EINSTEIN EQUATION

BLACK HOLE SOLUTION

ARAVITY K GQUANTUM THEORY

QUANTUM THEORY £ DIVEREENCES



THEORY oF GrawviTy

NewTomaN MEcCHANICS

—— Yo ——
® ™
m, m,

ERAVITATIONAL Force

. |
{__ - _ MMy &
9

. e . Ta
Na

@,,,1 NewTon’'s ConsTanT
THIs FORCE ACTS [NSTANTANEOUSLY
e GraviTy 15 UwnversaL
i.6. A UNIVERZAL (NTERACTION BETWEEN
ALL MASS
¢ g.f?AwT‘/ (€ ALWAYS ATTRACTIVE FORCE
- NO NEGATIVE GRAVITATIONAL CHARGE

o GRAVITY IS THE WEAKeST FORCE

2 ™Mp 2 e

_.F.-?..- = QNMP /72 — 5"'22% ~ [0-36 MASS &
F e®/4mex* e</yme, CHAR&E Of
THE PROTON




SPECIAL KELATIVITY
» SPEED OF LI&GHT 1S C(ONSTANT
« ALL [NERTIAL EFRAMES ARE EQ@UIVALENT
INSTANTANEOUS TFORCE IS NOT CONSISTENT
WITH POSTULATES OF SPECIAL RELATIVITY
NEWTON'S LAW OF GRAVITY SHOULD RE
MODIFIED IN THE RELATIVISTIC SITUATIONS
NOTATION :
EvcL'DEAN SPACE: LINE ELEMENT
dS® = @laf+(dyf +el=f

M NKkowsk! SPACE (Special ReamivITY )1
LINE ELEMENT

C: SPEED of
(Olg)z = -(¢C A& )2+ (o’-x)z-\' (alj_)z+ (olz:)z- LVE&HT

»
= N 2P cl M= (0,1,2,3)
2° = o ) a'= X, 7!2::"')} 9(2:"3

v = Fag 1, 4 1) o g etric

REPEATED INDICES ARE SUMMED.

C\HH‘* ~ -Q,b,+a,b, +A,b,+05by = ./”M’ ol




LOREN’TZ TRANSFORMATIONS

Pz Arat-pa) 2= wirspaf)

>%' = %2 ’,:>e3’::~c3
i F Y -BYoo
g a2 g X A=(-pf ¥ oo|=- 2%
0 o |0 oxX
p_ﬂ_ﬁ_ (Y.- { (o] fo) (
=7

» PRESERVE THE MiNkowskl METRIC Y,y .
/ ’ G
- qfn’ = Y)de = A/“qud"/\ Y

* MAP ONE INERTIAL ERAME ONTO OTHER |MERTIAL
FRAM E

¢ PRESERVES EORM OF RELATIVISTIC FE@UATIONS

O MO TioN

+ €.9. FREE PARTICLE

2_, /M
mdx = —-—-bmd =

dt? AT*
THIS ERAVATION CAN RBE DERIVED FROM THE

LAGRAN &1 AN

- [(42) - () - (& det 1"



LeT, xM > 22 £f2Cx) ARBITRARY COOR DINATE
TRANSFORMATION

2
d q’“__:o | g(zx’*+ a2t Ff7 daxf d=®_
0‘(7' d'z?‘ 9{1’ 21]‘9;;‘0' alz dT
= — M W CHRISTOFFEL
DEFINE [ = yr
2. M
- @ 7‘2 4 {}HO_ O_L"_{(D i o & e DPESIC
At 4T d7 EQUATION

f)u[%) A LINEAR FUNCTION OF o => f‘;ﬁ =0 Ypre

[[#0 FOR <encrAL L),

P FREE PARTICLE IN X'- FRAME IS NoT A FREE
PARTICLE (N 2¢- FRAME (")av IS NOT PRESERVED)
[[#0 =D NoN-ZERD ACCELERATION

=2 £ 1S 4 MAP FROM AN ACCELERATED FRAME

FREE PARTICLE TRAVELS ON A STRAEHT LINE

M

(A SHORTEST PATH (N Minkowski SPACE) - M= ol

SOLUTION ToO &EEODES\C EQUATION = SHORTEST

PATHR (N AN ACCeELERATED FRAME




ExamPLES ¢

1) TWO DIMENSIONAL PLANE (N POLAR COORDINATES
(V,8) (0oRDINATES

METRIC
ds? = @pvd'x“du” = dvr4xtde?

| o
o D=1, %Y, p=o %’(0 o)
~ . TY 2 ] =
Ivverse MeTRIC: 9V=1, 9= — |9 =0

ACTION FOR A PARTICLE
\
/
T = fdr ((F)+TEP"
EEODES(C EBUATIONS
or dg\2 _ 48 . 2 dr db
Bl GY(;{%-) =0, %2+ %

Adtc? dt?* It J7 = ¢
CHURISTOFFEL CONNECTIONS
Y L ' o ;
lbe = -7 o=+ REST ALL VAMSH

KIEMANN TENSOR : Ruvps =0 Y pv,fs =78

= Riec| TENSOR Q,W‘JO & RICc) scAHAR R=o0




TWO DIMENSIONAL SPHERE
EMREDDED (N 3 DIMENSIONS
(76')2+ (D{Z)Q‘PC)@)Z‘ = |

METR\c oON FLAT 3 DIMENSIONAL SPACE

Ads? = (dxD%+ (da®) + (dx3)*>

ANY PorNT ON A SPHERE IS PARAMETRIZED BY
TWO ANGLES O, ¢.

THE

INDUCED METR\C ON THE SPHERE IS

3 * .2 3 s o
2 < o Nt 2 23t
ds® = % (93) “iid = ('5$> e
PARAME TRIZE

x' = sinecosd

x* = sive SN $

13 = COS 8

THEAN THE |INDUCED METRIC RBECOMES

ds?z 464 sin%s A e°



2) TWO DIMENSIONAL SPHERE (CoNTINUED)

COORDINATES — (6,9)
METRIC .

As? = 9, datls® = A62+ Sin*0 de®

) _ 5 ( o
Qo6 2!, Yo = SIN°C , Jpg =0 9= (o smza)

INvERSE METRIC : APz 9‘*"*:5 ' 9% =0
(Y

ACTION FoR A PARTICLE
\
L= [dr ((%)% Sin%o (:‘%’)2)/?‘

GEODESIC E@UATIONS

2
oA%6 da\® A ., cosb 46 dé
- SINB LosB ) =0 p CO &
dc* dT v der T Tene dtT Jz ?
CHRISTOEFFEL CONNECTIONS
é
f;¢ = — SINBCesH p réi z %‘f—g , REST ALL VANISH
2
Riemann TENSOR : R84>6¢ 5w BIHTR
Ricet Tewsor © Rgg= 1, Ragp=sivG , Rep =0

Kicer senataR @ R= 2



2 M
00{19&?— - - (;‘:_ %%P%f- QEODESIC EAUATION
T %
ajx;‘: - £ B, %v LORENTZ FORCE EQF
4 144 .

e & m  CHAREE & MASS oF THE PARTICLE

LACGRANGIAN FOR &EODESIC EQUATION

_ dx™ do® V2 WY_ INVERSE

( 3,0.1;(7‘-) 1S al:) Eg—f ,L,Emcj
=S [;{:_ - 6 ( 509_-_ + 29pv _ 99{’0")
Qx 22"

NON- RELATIVISTIC LIMIT: i T smaw

Y

M ¢ s P o
rt;o 'H)_Go:-alvaoo :{T%""j‘%:i

Juv As A SMALL DEVIATION FROM Npav

3> 9oz -1-2¢0
Lo = vigw
% il '
gcovesic £Q¥ %4% : - TPe0

D) @ NoN-RELATIVISTIC ZRAVITATIONAL POTENTIAL .
= ACCELERATING FRAMES IMITATE EFFECTS of
GRAVITATIONAL FIELD. [N PARTICULAR,  UNIFORM

ACCELERATION (5 [NDISTINZUISHABLE FROM UNIFORPM
GRAVITA TIONAL FIELD.



We NEED A CRITERION TO DISTINEUVISH
DIFFERENT METRICS v €2 .

SINCE COORDINATE CHANRE Do nNoT CHANEE
PROPERTIES OF SPACE -TIME, WE CLASSIFY
METRICS UpP TO COORDINATE CHANGE.
CATEGORISE FUNcTIONS OF 8/(,,\, AND (TS
DERIVATI\VES ZNTO. TWO SETS UNJIER
COORDINATE TRANSFORMATIONS

SET A: FUNCTIONS TRANSFORMING (TENSORS)
HOMOZENEOVUSLY

5 Y, 'th
Fieetnn (' = (225, =+ ( 55m ) Fy 0,0

SET B : FONCTIONS TRANSFORMING
INHOMOKEN EOVSLY
3/ i 2" (%) Z ?%1”: 2
f i i ol e . ¢
{M--‘ﬁgf) Px'“') (714'"“){, S T Yoy 2o . DK Dab' s
i+p

(NON- TENSD RS)

FUNCTIONS IN SET-B CAN BE SET To ZERO BY
COORDINATE TRANSEFORMATIONS .

PROPERTIES of FNS (N SET-A DO NOT CHANEE,




CONCENTRATE ON SET-A. [F A fOUNCTION IS
NON-VANI\SHINE IN ONE ERAME, |T REMAINS SO

UOMDER ALL NON-SINZULAR COORDINATE CHANGES.
I BELONES TO SET-B. LOOKk FOR OTHER

DERIVATIVES OF g, .

RiIEMANMN CURVATURE TENSOR

1=}
R'pe = Tl -2l + B s - 7 Gp

Riccl CURVATURE TeENsoR Ricer SCALAR
R/m) - R)‘,uxw R = RHM
gﬂvfr; Ruv R BELONG TO SET-A.
Rpops = Regpw = = Ruppr = ~Rpuep
* Ruvps * Rpupev Rugwp =0

e BIANCHL |DENTITY
:Do< Ry\v‘fr ] :Da' R,.,wa(f ~+ Df R}.wo-,( =0

wrere  Devh oo v R yY CovaRANT
2~ DERIVATIVE

6”‘:)”(&%&') = DM(Ruv-% FuR)=0
i S e iell

Ewsrein (URVATURE 44— f(q &
TENSOR




NEW TONIAN GRAVITY IN FREE SPACE

2
V gex) =0 Fc) — LRAVITATIONAL
| PoTEN TVAL
IN PRESENCE OF MASS

v2¢cx) s -ée?Tf;’NF ﬁN—a Newton's ConstanT
f — MASS DENSITY

WE WNEED To WRITE THE COVARIVANT VERSION OF

THIS ERUATION.

ELECTROMAENETIC ANALOEY

CoutomMmB’s LAW
Vi, = me ) foo

b, () — ELECTROSTATIC POTEN TIAL
[, (=) — ELECTRIC CHARGE DENSITY

RELAT\VISTIC VERSION:

VP‘- F.}un) b ('41’1“6'0)-] J.aJ

Fuv @ ELECTROMAGNETIC FIELD STRENGTH
- =4
(Suhv = 2 Au ) A= (P, A')

o

-

TH . ELECTROMAGNETIC CURRENT (£ . 3)

/

BY ANALORY, MASS DENSITY FOu = Tuy (%)
THE ENEREY MOMENTUM TENSOR

2
Vdtt) = Guube) THE EINSTEN TENSOR

EiNSTEIN EQUATION : [5,,.1,(«): -4 G, Tawlw
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THE FEINSTEIN EaUATION CAN BE DERIVEP FROM

S = 87;4’ {dt’x \’”d‘*f) RCx) - EwwsteEInN-HILBERT
R ACTioN

THE EFFECT OF GBRAVITY (S MIMICKED BRY
CURVED SPACE-TIME .

MASS GLENERATES &GRAVITATIONAL POTENTIAL

= MASS ZHTENERATES CURVATURE OF SPACE-TIME

SOLLTION To EINSTEIN EAUATION:

ANOLogY @ ELECTROSTATICS AROUND A POINT CHAREE

V2¢ecn) e ¥ $7cty 9 - ElECTR(¢c CHARGE

1) lavore 5 -FN $0URCE &£ SolLvE VQCPch) =0

SolUTioN ! Pex) = Cfry ¥ = Varrya?
WE HAVE USED SPHERICAL SYMMETRY OF THE PROBLEM
2) DETERMINE ECECTRIC FLUX AT (NFINITY
E’: ‘“?Cf’e = C/y2
3) Use ZBAvuss' LAwW

JE-45 = [d32 q §%#) = q
(. d¢ = cf;f‘—lvzd_(). = 4Tc

= o pls -
B L= G & CPe(x).. T



GRAVI TATIONAL FlELD DUE TOo A Po(NT FPARTICLE ofF
Mase ‘M.

1) lanore THE goOvRCE:

R = 1 9wwkR=0 =2 Ruo =0
2) SPHER\CAL SYMMETRY DUE TO POINT MASS

= SOLLVTION OF THEFE FORM
dz? = = g 0v) dt® + 9, v+ Y2 (de?+ sin?6 dd?)
USINE THIS FORM 0F THE SolLuTION EVALUATE

ALL COMPONENTS OF Kmv.

! i
9,L7) -

3) USE ZAUSS’ LAwW

t

&% Q) =

s el
e E 26,M

% dt¥=-(1- 2¢$M)d£2.,( ' — M)A1’+ v (6% sin% old>2)
| - N
Y

THE SCHWARZSCHILD soLuTIionN

¢ METRIC |S SINQULAR AT Y=24 M.
= ARTIEACT OF CHOICE OF COORDINATES

= SUREACE AT ~=26M is caLedD HORI\ZON

« METRIC HAS A TENUINE SINKULARITY AT Y=o0.

- CompPovenTs of RKIEMANN TENSOR
PlVEQﬁE T N=.

— BLACK HOLE SOLUTION

(i |



SCHWARZSCHILD SOLUTION 1S PARAMETRIZED BY (TS
MASS.
MORE ©BGENERAL BLACk HOLE SOLUTIONS ARE
PARAMETRIZED BY MASS ™M, ELECTRIC CHARGF
516,_'/ MAGNETIC CHARGE 9, AND ANGQULAR
MOMENTUM T .



C?R;}vrrv AN D @UAMTUM THEORY
As We sAwW (N ASHOKE'S LECTURE THAT THE
STANDARD MODEL DESCRIBES ALL THE
INTERACTIONS OF ELEMENTARY PARTICLES,
EXCEPT GRAVITY, IN TERMS OF A @UANTUM
THEORY.

GRAVITY ON THE OTHER HAND WORKS QUITE WELL
AS A CLASSICAL THEORY.

WHY DoN'T WE COMBINE CLASSICAL ZRAVITY
WITH QUANTUM THEORY OF STANDARD MoDeL
CLAIM: RESULTING <THEORY WILL CONTRADICT WITH

UNCER TAINTY PRINCIPLE

MEASURE GRAVITATI\ONAL FIELD AENERATED BY AN

ELECTRON. SINCE ZHRAVITY IS CLASSICAL WE CAN
MEASURE Yuv 4 ALL ITS TIME DERWATWVES To
ARBITRARY ACcURACY. CAN BE USED To COMPUTE

POSITION £ MOMENTUM OF THE ELECTRON 70 ARB) TRARY

AccuracY. CONTRADICTION WITH UNCERTAINTY PRINC|IPLE




e

THUS COMBINING CLASSICAL &RAVITY WITH GQUANTUM
THEORY OF STANDARD MoDeEL IS [INCONSISTANT.

WE NEED QUANTUM THEORY OF &RAVITY So

AS To comB:NE' T WITH STANDARD MODEL .

TO CARRY OQuT QUANTIZATION, SPLIT THE

LAGRANGIAN |NTo QUADRATIC PART AND A PART
INVOLVING HIEHER ORDER TERMS

THE #ARAVITY LAGRANFIAN CoNTAINS B,

THE LAGRANZIAN |S NON-LINEAR
ExXPANTD gﬂ,‘,(x) AROUN D *7/.“,.

v ) = Ny K by (0O k?=8msg,
Py = NPT e NV oo

WRITE LAGRANZIAN (N TERMS OF  hyv (%)

S= [t =defg X 2= Rex)

1 M A
AETR) = 3 Fuhee 3K + e h ool K20(d)

MY _

h - V}Hfr}l’d‘ L‘("d"
THIS LAGRANRIAN 1S NON-POLYNOMAL \N v > [T CONTAINS
ALL POWERS OF h.

FEYNMAN DIAGRAMS -
PROPAGATOR ~  ~-----=-=--

INTERACTIONS - -~ e anh Yo
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CONSIDER THE DIAGRAM

N 2
p, 29_
o~ e 1;— M THIS DIAGRAM s DIVEREENT.
l |
| {
- = ke _-%f ~ THE DIVERBENCE OCCURS WHEN
3 4

0 B
UNLIKE (N THE STANDARD MODEL, THE DIVEREENCES
IN THIS THEORY CANNoT BE REMoOVED WITHOVT
ADDINK INFINITE NO. OF TERMS To THEL (AGRANGAN
MAY BE THERE (s NoO THEORY OF PURE FRAVITY)
MAY BE ZRAVITY COMES PACKABRED WI(TH (TS OWN

MATTER CONTENT.
SUPER ERAVITY (A SUPERSYMMETRIC VERSION OF

ORDINARY ZRAVNTY) THEORY (S ONE SUCH ATTEMPT
OF THEORY OF ZARAVITY WITH MATTER.

SUPERERAVTY DOES LITTLE BETTER THAN PURE
GRAVITY RBUT [T ALSO SUFFERS FROM THE PROBLEM

OF UNREMOVARLE DIVERKENCES.




S(NCE DIVEREZENCES OCCUR WHEN AL 2's [BECoME
CO(NCIDENT, (T LOOKS LIKE AN ARTIFACT OF
PorNT PARTICLE THEORIES.

A THEORY OF EXTENDEDL OBIECTS MAY NOT HAVE
SUCH SEVERE DIVERBENCES.

AS WE WILL SEE LATER, [NDEED, THE STRING

THEORY ENCOUNTERS NO SUCH DIVERGENCES,

10



