Lecture 1 This is the PRiesk of two parollel lectures ot this Scheel on +he suvbjecr @
C———

oF shring fidld  theory, The other lecture series will e given by Y. Okowa,
iawiing recent devaloprnents  ia  the conshrucHon of supersiting Field theores,

re\s
we Jolk abeut  the constrchion oF clossical sdvHons in  SFT,

Tn Yhese techures k
olmost exclusively eon wWiten's opea bosenic  shring

Erovn Hie stae¥y, We focvs
he simplesy shing Held theory, ond  the

s gidd Hemory. This is by Far
- okovt ; ;
Know The most alossical  golyHons.

o O vem™ crvde level, Hw kind of object we're
s the +idld Hheory of PAluckuwtions

'H'U!\oryt ,qb::j’ vhich we

Ficst losK We shark by ouvHinlg,
shring Field Hheory

dealing wHh. Open besonle
The Buclvorions of a D-brane

of o D-krane In bosonic sh\ﬂg Hheory . afe

_choracterized by the open shings which otach 4o Hwotr D-brane.

Consider dor example o Dp-krene in besone Hing thery. An epen String

ofrached 4o this Dp-bne ean mimiek  on  infnaire  variery of parHcle shates,

depanding on how Hhie Sing vibrahes. The lowest modes of vibratien give yev

a spin @ tochyon, @ p¥ - dimensienal Spin 1 phoron, and 25-P massless Spin @

portides, where 2581 =26 15 4he dimension
give an inhnite tower of massive  parRcle

oF spacehme in bosenic String

theory. The higher vibrakrons

states of Wigetripin, We can aasily inber vk, lend of Hidds shovld

arter e SPT lagranginn T8 greatc  this spesivem ob pasridle  Stutes

—.
1 Spin @ Yachyon —> Fachyenic scalar Held Tx)
Spin 1 photon — p¥l - dimensional gavge field AL w=0,1,..,p
25-p wassless ‘

—3 25-p moassless scalar Fields (x) - -
8pin @ porkicles P o a=1..,25~p
mmassive porhicles
of  Wigher #pla —> lhigher cronk Pensor Fiddg

Nate +het the coordinate %@ RYP rePers +o a poinr on the wordyelorme

of ¥he Dp-brane. Since open Strinps ore atrached +p the Daobrane, +he f£elds

do not 4depend on Spacetiac coordinotes awmy From Hhe D-brane world volume.

With +his we caa oF least bedin 4o wrbe an achon Fer the Fluakhsoieng
o of e D-lrane. Cheoslng «'S1 an mosHy Pplus  Signature, we have

o 5% P :
— g= = oA Lo TAT - 4T & L FFL, + 544 0udy + iy o]
43 interachiens.

With some more work we can wiite down Minetie terms Ffor the massive

Pields. The formn of Hne inkerachons, however, is almesr impessible o



guess ot this level. The formulation of intecackens Jdepends hewily on the conforma D
Field Hheory desceiptian of t+he shring worldsheet, which we disayss later, Tn any case,

the interactions must ke constructed n Such @ vy thar the Ryman diagrams
. Sompure

decived from Hve SFT ocHon adiecide—vwila—Ntwe open shring S-maiix  elements
60 Hhe D-brane. The Kkinelic rerm delines @ Ppropagotor; the inmterachons define
a cubic yerteh, a quarHc verkex, aond S0 ©n  as is Nece3Sary Yo get+ +he nighy
Scatrering araplitvdes. So, for example, tne B-shring amplitvde will e fepresented

as a suom oF on s-channel, t -channel, and quwﬁc verker con¥rilovrens:

This moy seem o lithe wvn cornbortable, One ef the nicest  things  albbovl  shring
Scattering amplitudes s Hwt each arplitvde is  represented by o single diagram ;
the interachon s a globa) prope rby of the diagram, and not & precess in side

Vertices in a part of Hhe diqgfnm- There is  nothlag inconsistent abeur ¥his, however,

The thnee diagrameg represent integrokien over different porHons of +the meduli

Space of disks wihh four beondary punchures; the single String diagram we are
used +>  visvalizing represeats integrakion over Hhe @nkire modvli Space. While i+
is possible +o slice Hre moduli Spoces of Riemann surfaces into components
representing diffecent Feynman Oiggrams, this can le done in many ways, and

H is nor clear ‘ot thee i o Maalural” way to do . Nevertheless, the
PormulaHen of SFT requires some choice of decomposition. Different decomposinong
Correspond o  different SFT achions, lout  since the acHons prodvee  the  same

scotrering amplitvdes, Hiey shovld be rmelated by Field redefinition. The Field

Ndc&:niﬁon mb]guihl is not somg-}h}n’ speﬁﬂ‘ 4o SFT-, bur s PN“'\“’ in G"

Lograngion $ield tHheorles., The reoson YOV do not hear oot ik more often is Hhar,

we're uvsed iv dealing with, there is o canenical or Vieest

for +he field Hheories

" [ mber  of useful oltepnariws,
possib\c" Fortnoloton of e Lagrangian — of oF lasr a Finite 0V

; 3 pest ible” formolah
A cemral guesHon in SFT IS Hherefore  whether Hoere is o pessible okon

o +he Logru\)icm. Hopily, +or open besonic SET  Hre answer s onthigvovs\y “yes?

and Jhis is Witten's open leosonic SFET. For closed loosonic SFT ‘W ope &0 argue
h have e loesk formulation, bur this s less Clear. For superskring fied
af we ha

Hheorles, the queshon 1§ wide open.




Classicol Soluhens .

==astice _SeIURSD: In  this lectvre ve Jiseupss +he +opic of classical soluhens 1n open @
posonic SFT. The interest in #his +opic i related +o +he ancieat problem of

backgrevnd independence in  siring Hheory, The problem if as Tollews. The definiHen ot

always  sharts  with  +he Polyokov aghion for a cela HvisHe SHring

String  +heory
acHon

moving in somme SpaceHme 4+ D-brane leackgrovnd, we then quantize +his
to obtain +he Shring specitum, and define the S-marrix by a path integral

over all weorldsheets weighied lby the Pelyakov ackion, In +his way we abtain

o perturbative debinition oF  siting Hmepp.’ areund O given bazkgrovag, The P"b‘em

e thar there ofe an infinile number of baekgrounds in which i+ ix possible

to quontize the string . Thus we have an infinile numbof of  Viyersions” of Shrisg

theory. How do we see thal they are all manitestorions o the game +heory?

One way T 3ce thatr this may be the cose 8 thar the spackrum of the string

alwoays includes parbcle sthokes Which represent linenrized deformahiess in the

choice of lbackgrovna; 1he mes+ Famovs erample of coume is tha ograviten, which

represerts linenrized dePormations in the shope of spacetime., To mesdity show

that large deformotions of the backgrovnd are possible, however, reguifes a  much

more powerful, nenperturbative Formvulaben of Skring +heory. SFT is ene canditate
is Formulation. In SET, the different backgrevnds of Shring Theor) are

selulons 1t the field equabons, This is exacHy

Poc

rgPrc"lhhul by diJ-and- clu”leq\
analogeus 1o hew, in general retakivity, physleal spacé times ‘wre la 1=t correspondenc

+o soluFiens of FEinstein's equations.

Tn Hois lechire we are coneerned  with épea bosonic strings, Se e queshion

iS5 whether different D-brane contiguratons in bosenic  Shring Heeory, For a given

spacefime (or closed shing) background, can be desecriked as seloMons 0 +the

equations of mo¥ion oF open losonic SFT. Describing changes o the ceosed

String leackgreund either requires closed SFT, or a much loatrer vnderstmn ding,

of quantom eRRecks In opan SFT. A present both approaches Seam very
difficold, and we will hate ensnh work undershunding shitts In back grunds

in e open shring SeCOr.
So let ys retvrn Yo open bosonic SFT of a Dp-brane. If e fofn on 4he

gavge Held A, , we oblmin o new backgroopd cofresponding +o a Dp-krne

With  ponkivia) Moxwell Pield. IE we 9ive an expectwtion valve 4+ rhe Mmassless

scalars ¢, , wWe ootain o new backgroond where  the Dp-brane has been

disploced #rom Ibs iniHal PposiHon. For ewample, ler 28 a=1,.., 25-p be
i+ 1S inikally locoted or

coordinates +ransVverse to Hwe Dp -lorane , and  Suppose

1% =0

Than obter giVing Q Conshant expeciabon Vvelue to *a' the new Dp-lerane




will e located of ®

v::li-?‘: b,

to leoding order in C(smal) ¢,. Tp is +he +ension of +he Dp-brane; wiHy ovr

Conventions and normalizobion of the ackon, +he tension is given oy
\

P=—

22

Finally, we con give on expechwrion valve +o Hie tachyon. Since +he +achen Hield

Is pulled loy on Yupside dowa” harmonic osclllator perental V(T):-—-‘i"l"y.,_.

i+ cannot cernain Constont. Tnskead, it Will roll down Hhe porental with

e*ponentially increasing expectarion valve. From this we see that the ininal
v(r):

conkigucation, where all fuclvakions on the Dp-brane Vanish,

T is unstuble; in otherwords, the Dp-brane itself is vnshable.

The fape of s inshokillyy i vnclear Since Yhe tachyen

expectabon valve becomes large and *he ononlinear derms in
the EOM dominal®; Hue perturbabive descriphion of the Dp-rane breaks dewn:

This is Hhe problem of "Fachyon condensmien '’

A physieal understanding of +achyea condenSation P ‘ in open beseniCc SFT
emerged from Hhe work of Sen and others in the corly 2000's. The opshot
is as Follows:

(O Given the ackion of opea bosonic SFT. one can define @ tachyon effechve
porential V(T) by integrating out all of Hhe Mmasive felds using +he
equabons of mobion. The claim 6 Har  this potential hos a local

minimumn of T=Ty re P““"H'\s Hre endpoint °‘r,vt‘l') "

of +achyon condensa¥ion. This leecol mMinimom "'7' : .% T
represents o highly ronkrivial  solodon 4o the (‘ '
equaHens of woHen of open vesonic SFT.

and je¢ called the “hachyen vacwum.”

@ The Fachyen vacoum repfosenk 'y con-r-iguraNon where the Dp-lorane has
disappeared, and we are lefr with  the clesed shing kbackymund without
D-loranes of ©Open &rrings, This has +wo impoertrant conSRquences”

@) The shif+ in +he polential between ¥he perhurbabive Vacoom and e
"‘“‘h\"’" Vacvom & given by the Dp-brare fension ;

V) - V(TQ) =T = 75

Tn other words, the missine  energy dasity ar ¥he tachyen is precisdy
occounted Hor by the Fact +hot Hwe Dp-brane has da‘:apreamé.

b) There are o prysically rontrivial  8%ecibwhions—eroorrd—t lincacized
excirations areund +he Fachyen vacvomM. This reflechs +he facr that

there ore no D-branes oF the Tachyon vacoum, ang theredore no  OP®A Shring
eRorahens.




Polats a) am b) are speciic predictions +har can be cnfirmed by detaile ®
calevloHons  in  open besonic SFT. Similar PredicHens can alse e forravloted

for vnstoble D-branes 1n superstring Field theory. Teagitonally, Hhese are koown

as " Sen's Conjectres.” These days +they may mere preperly e called " Schnabl's
thesrem” as  Hwy have lbesn proven 4o hold exacHy in open kosmmic SFT by

M. SchnaXl, uvsing a remarkalle Set of analyhc Techniges  which will ke #he

primary focos of ‘these lecivres,

Before Schnakl's resvlt in 2005, +Hre main approach 4o 30ling  the open SFT

equatons of Mmo¥on was “level trupcation  The idea is o approximate tHhe
action ly dropping all  fields with masses above o Fized inteser L, and  solue

+he resulBng EON  numerically. This +radibenal opprach is sHll valved Hrese days,

o¢ i+ is considered pnore Foolproef than analyHe calevliations , especially when carpied

ovF Yo high level. Also, in level troneotion one con  congrruck loackgrovnd s

whose exaet CFET descriphon is vnknown. Se +ar, qn @wask Constrockion of

anolytic methods reguires on exack descripHen

30id, we will WwSHY ner  discuss  level

o olassical Solukon uslng Schaabl's

of the CET of inferest. That belng

+rencoton in Hhese lechres.
Besides +he tochyon vocoum , other classical solutions Wik in open lbesonic

SET which have been widely Shodied incluae:

® Marginal defermarions These Solotions correspond +o  turaing on @ Finite expectohion

values for the masdess Felds on the D-brane. @» Such solvbions can describe,

Dp-Yrane OV&" o Finije Jdistaxe, From +he

for example, *translations of o
of +he CFT

world sheet perspechive, svch solutions represent deformadion

by a conformal boundary interachion generated by an €koc¥ly mMarginal operator,
been constrvcked approximogely in  level +rvncabon ond

resvld  Por Hhe +ach,on vacvom

\
lecal mMoaAima

Such solubens have

analysically seon aFrer Schnokl's

a Scalar Feld wikh o Po""e’\‘ﬁ“\ CO""’a'unipD

] Lum solubeons Given
+©  conskrvcy solitonic goluHons in Fhe Fform of

and mMminlma, It 18 po”ib\e

Viaks” eor Momps.” The sarne i€ Hve for the ‘hach,on in open lbosonic SFT.

In +his case, +he lumps of the tachyen field ore  Lelieved o describe The

Formation oF lower~ dimensional D-lbranes From the perspective of the

Blychuation Fielde on a higher dimensional D<brane. Rrom the worldsheet perspechve,

Sveh seloHers Iepresent” dhe infrared Fixed point of an  RG flow given by perhuriBing

the worldsheer by a bwndnry \"{-‘pqgﬂm ’Ncn by a (elevent OPM'Q"‘P. Lump soluHong

Were constnvered in level  Jryncation in  the early 2000's, bur For o long Hme

QM‘\"HC roethods had o hard Fime o i+, Aa onalytic Constrvchion wWos 9given Mly

‘airlv recenrly, and in a sSomewhat -""r‘hgc manne’,




While lumps  and macginal  dehicmalions Cover o large class of interesHng Solukions , thece @
afe rany opaa Siniag backgrounds  whizh connet ke described this way, Fer exampie,

?

Starting From +he Flvalu adens of o Dp-brne, con we describe He Formadion oF @ D(pi) —brase’
T+ the Honsverse dimensions ore large, 1he Dpil brane will have higher €aergy thay

the Dp; heretore,—sueh Tursing en the +ochyen wevld +eng 1o lover Hhe anengy of

+he @ystem, So this does not seem ‘he Be & prmising woy to create o DIPH) brase,
The patuvral Hhing o Fry is 4o give expectolon walveS Jo Hre massive dields on dhe

Dp, bor mastive FHealds HFeel a potenkinl which ferds o pull Hern back to the

original Dp conbiourofion. This cerrespends ‘o the fact Hat deforming the worldshect

aclen by an imelevany boundaey interachion leaves the theory vnchanged in the infmred.

However, whot we might hope for is that for lorge expesiubon valves dhe  potentia)

For massive Helds wmoy be noadrivial, and +Hhere covida be Sha¥onary POIN'S  represenhing

porential i
Depw1) higher eneroy Ccontigurations, for example Hhe DlpH)-brane.
. So far, +this has been very difficult to See, ond hos been
, one of the mMajor outstandia, problems in SFT Since the
ity Tu'm ¥
e
Felds FormulaHon of Sea's Conjectures. The peobem irselF can be

formulaled as o conjectvre, as Follows:

(Op&n string background independence conjecture: Open bosonic SFT of a 9iven D-bmne

system possesess clpssien] solukons describing all D-krane configurarions n  Besome
String theory ©n o Rixed closed Sting backsprovnd. Forthermore, there exists @
field redefimbon relaking open bosoaiC SET on one D-brane aystem +v open bosonic

SET on 0y other D-brane system, as long as the two systems share Yhe

| swne  closed  skring  backorousd .

Let's drow some pictures +f help visuglize the meaning of These can jectures.

- Tmogine & hypotheHcal monikdd M representing the
8poce of (off-shell and on-shell) conbfigurotions of
® open besonic skring theory in o given closed string

4. backgrovnd. PBmbedded in M are Svbmanifads

- Fepresanting the Set of consistent open String

hackgrounds. Each backgreund comes with & natroral

set of Fflucivation Fields debining on open bosonmc SFT

of +thot backgrovad, We can Hunk of +hese Flwetvation
Fields as defining & local coordinale  system  on M. in the yicinily of the chosen
background. The sharement o backgreund independence is +thatr each locol coordinate
System  defined in this way @ extends v cover oll of M., Fordhermore, lot b,

represent the Fluctvation Fields arovnd background A, and #B Pepresent Hne



fluctvation Felds arevad background B. Thea +here shoid be o coordinate +ransformation @
$) = Fag(ég)
Which  transberms  +he SET ackion of $luchuations A ato  the SFET ackon of
Fluctvatons g *
Saldal = Sal+2(dp)] = C + 55l 45]

‘where C is oan ﬂddo‘)‘\ue censrant,

T+ chovld be eclear Mook, @ prior, it is pessible +hat 1he Flvckuation  Fields
ofF a given D-brane system can only fearrange theraselves into  configurations Hhap
are  Sofficienpy ‘'close’” 4o the syohem e simpded with, T¢ dhis were trve, & weuly
indicate ¥mwat SFT is indrinsically limited of @ approacn o nenpertur ba¥ive Shring
theory. However, rgeently analybic methods have Prodvced nontrvial s zvilence
*hat all open sifiag lbacKgrounds o ocessoble From the SFT on o reference

D-brant. Hopebully thece lechres ill prepore yoo to Understond  Hhese  developments,

String Field A backgrovnd of skring Hrcory s charackerize)d by o worldsheet
Conformal field #heory — for open shvings, SPecifiaally o bovadary conforrnal Field
Hacory (BCFT). A BCFT is a cenformal Field theory ©n o 2 <dorensional
manifold X which is dopologically a disk, The Wowdary of L  maps to Hre
world lines Swepr our by the endpoints of an epea shring atrached to o D-brane;
Hhe interior oF T mops 4o +the worldsheet Swepk out by the interior of +ha

OP‘Q SH09 in SPQCQHMQ. SincCe q“ disks m Conformn\l., cqv}va\enh V‘iH\O\)"

loss of generality we can formulare the BCFT eon the vpper half plane:

UHP : ze Cuixml, Tmz 29

The real aiis is the boondary, aad inclvdin,

the point ot o s topologianlly a Circle,

A BCFT comes with +wp kinds eof local operators:

" pulk” operators O(z,%), which Can be insected in  the jnterior of the UHP,
ond " boundary” eperaters (%), which can be inserred on Hie real axis, Generally,
these +rwo Kinds of eoperators are  different ; cotrelarion  Funeleons of lulk operahurs
O(2,%) Jdiverge os (z,3) opproaches Hhe real axis. ond correlarien funchons of

boondany operatws O/(z) do nok hove a natoral amslylic continvaBen for x ok real.

A importuatr  conceptval point iS Hiar the 8er of local eoperators of o QT

Pepre Sents +he space oF pessible local deforrnakions of e Hetory. In eur case,

given o bulk operatr O(z,2) we coa deform +he worldshest ackon by addin

o Yerm ‘YUHP 3%z O(2,7); 9iven o bovndary oparalor we can deform  the

'] “
worldsheet acRen wiHh a bmd..r., coupling S-a d O(w). Generally, such deforrmakions




P

will not presecve conformal invariance, ond therefore will ot  debine o Gowti  3iting  backoiang
You can think of such deformatons oS creqting & hypoﬂnnl-ica\ backgound of

giring theoly which ome=TUr does not sohsfy the equabons of moHon — an VoFF Shell”

configuraHon of shring theory. To leading order, corborrnal invariance requires  Hnat

&(2,2) is a bolk primary field of weight €,1), and OTx) is a bovadany primary
field of welghr 1. Tn +his cose, the opecators generate vihor is knewn as

o "marginal deformakion” of the BCFT. From the SET perspective, Svéh deformatiom
correspend 4o giving expectabion valws For mossless  Fluchuahon fields of +he
backgreund. Noke +hat bulk operaturs deforrm the backgrevnd as seco by e
interior of the shing, these correspond o deferraations of the Cclosed shing
backgroond. Boundary opefators deform he backgrevnd of seen from the aadpoints
of the open shring; these corespond  +o debermabions of #he D-lrane system
in o Fred closed string packgrond. A+ least classically, 4 opes bosonic SFT

describes the later deformalons, kvt rot the forrver,
A point in the UHP can be described by +wo real coordinates (%,¥), with y2®.

EquivaleaHy, We can describe +his  poink with a holomorphic and ant helemorphic

coordlinake CZ,'i). T+ is often usefyl o coaSider a ﬂ;ng‘(’ Poin{* in the UHP asS

o pair of poisks on o purely holomorphic copy of the entire complex pbwe; 2z if

o point above the real amis, any

R PN P
‘,'\\:;lP \\'("';)\“: I;' '\"\ [ o= . T is o point below Hre ceal xnis,
R &\:—} e ' \\i \—\T\_; This is called +he “debling +rick!

&,::‘;"9 '\‘ \\ AN ; Often we are interested in correlotion
~A\ ‘s FoneHons of purely holomorphic or

°"Hho\omppp\v.ic eperatrors on He UHP.

Consider a holomorphic operator $(R), Sakiskying 24(x) =@. Since a eorrelation

fonch
vmeren <¢(Z) ) )uuP

i€ holomorphic in %, denecally i can ke anolyheally conkinved 1o the lover half

have o cofresponding correlatrion FuncHon
Provided thort

plane wikh Imz2<®. Now we also
with Hhe ankiholomorphic operator 3(5) saHsPying 33(E) = 0.

the bovndary conadikions on the rea] akis ave—loesn are such that J:(«D =§x),

we knoow thatk

CFR) o Oy, = 4D L]

The lef hand side is a correlabon Funchion off an ank holomerphic operoor on $he UHP,
0nd on +he right is o coprelakion Fonckon of a holomerphic operater, analyricwlly
Continved From the UHP 1o Hie lower halé plane ond ewaluated of the paint X,

In +his way we represent +he VHP ity o helomorphic copy of Hwe enhire plane; We

aur our work in halt by Jdiscussing holomofphic operalons on Hne ankiPe plone  inchead




of holomerphic and antiholemorphic  operators ©n the UHP. SHI, wheq working wih ©

corcelation funcHons of operarors which are nlether  holomorghlc nor  onH helomerphie

* moy be more coaveoleat o shHck to +ha UHP visvalizadien,

For gome PUrposes it is ysefyl 4o deceibe BCFT in a Srore/operaror  formalism |

The relakren “o correlaton FonckHons 8 givea by

(0] O,C2,.3,) ... Op (%, T @) = <@,(2,, %) o+ O Rt %) Doy
o> 1z}”> ... >z, 1>0

On the right hand Side is a BCET correlaHon Funckion On Hhe UHP of operators

O (xR e Tp(20Bm )i On the left hond side, 10> is o special srate of the
BCET aolled +he SL(2,R) vacvum, ond O, (2., %)) ... O(2m,Ta) ore interprered os
operators, in dne sense of ‘he camnealeal Pormolism, ackng on Hee shake Space ¥ of
Hhe BCET. The operators on the cight hand side are ordecad from left to right
in seguence of decreosing distmace tv dhe erigh Cradial ordesing). The &rate 107 if
colled e SL(2,R) vacuvm Since it is inariant  under the SLC2,R) svbalgekra
of e Yirasoro algelrat
[L,Lel =L, [LL.L-)) =2L, [howLg) ==Ly
where Lo  are the Virasoco opecabors, appearing in  the mode espansion of the

@nergy momantumn Fensort

L dz nER
T(z):Eu ';;:;. L, = b 21\'.’.: T(=)

e parr of Hhe  confour in the lower half plane represeats T¢g), via dovkling trick.,
Ir is ensy to show Hhotr

L,ie) =@, Lolo) =@, L,/lo) =0
implying iovasiance vnder SL(2,R). More senerally, ler $(x) be o holomorphic priman,

operaror of weight h With mode EApansion

d Mrh,~1
¢(z)=§l .;'-:;b &,‘b: §° ;’:.z.z h, $c2)

where +he index M labaling Hwe modes s chosea F° Hoat

[LOo *q‘,] = “W&w
Then one coan Show ot s
¢, 10> = @ nt‘-h.
Usvally we +think of a ekare as representing e Conkisration of +Hhe quanium
systern  oF £20Q; ia radial aquantizatlen, 1s corresponds o lzl=1, I+ is Yherefore
naboral o interpret  the vacvem expectodien Valve o on inner prodver loehween
on “eur” sSrare and an “ia" shave
(b‘ a.(z|lil) “oe ag‘.(’luai) Uu.,(a;,., ,;‘..‘) S dﬂb(z‘btifm) '0) ’Z;' > |
k o W 2

1232

{ouvtl find




where +he our Shute Conkaings the eopetators  with 2121 ond the n  Shoe

Contains the operotors with 1X1< 1, The space of 1)p" stahes defineS the share spate
N of 4 BCFT.

Given o stute WD E W, we con define o corresponding beundaty operator Vip(e),
called the Vethex operofor, €o ihak

12> = Va(@)le)

We caa viswalize +ois state as a porkion of e UHP H
r’,”-A\..
cm’f‘&a O'F M W-'+ di‘k |2‘<1 w% h vgfh* °”'hm "' /v'.
3 )

Vi (@) inserled at the ofligin, The uait half-ciccle ot b V@(O) 1

the Bovndary of the holf ~disk. ©an be pur omaererized by an

angle ocelo,T]. The SLL2,R) vacourn is & half disk with 0o operator insertion o oll;

or aquivalently, i* the hatf-disk with on inserHon of the idenkity operaror, Given & dual

shate (W16 294, we can define o corcesponding Bsundary verter eoperater wt indiniry,

86 dhad v ik 3 e s

{B1 = <ol vg (w) & i aa Y
, \
We canr visvalize +his ag a porton oF +he UMP { : i
with the uai+ half-disk Pemeved, and a vertex \ PR ‘
1 "\ . ¢

. i ‘
opecator  Vip (0) jnseried oF inbinity. The unit —._..4" “r ; —

- 1

half sircle o the bewndary of Hhis region

®an be parmetzrized by on angle & f@,7]; this Hme, however i+ Iums our o k&

ANl 3o measve  +his  angle from the negative feal anls, To aempute e overlap

SRIEY ,awe in +nis visvaliaabon, we glve the surface of <1 4ot sorface of 13D

aleag the half ciccles in such o way 4Haar the onble & on the half-ciccle of (R}

is idenkitied with the oagle &' on the hal-circle of 18) Hveovgh Oo=TW-o',

This efrectively Ppoaiches the unit half disk h ks complement in sveh 0 way

as 1o Ferm the entire UHP. The owerap is then given by compubing e

UHP corelation Roactons < TIED = {Vgle) Vg (o) .
Convantionally, +he verimx Operator Vg (@) is regarded ac o local operater

tngerred oFf the orfigin, This will be the case * we act o &aite aumber of primary

modes 4‘-,., and  Viraseros en the SLCZ,R) vacesm. Hewever, in the applications

W& consider ofren V(@) will be o aonlocal operarprj Ihis will occuvr, for eromplk,

for ste¥es corrying opecators displaced From the origin of- the bhalf~disk, The

vertex operotor moy also Contain an infinike number

of energy momentom ingerBions, which Wve +the A ™
L——-‘-—-—‘
comviative effeck oF deferming e Shape oFf e Ygr ()

halk - gisk . A 92neriCc  sitvalen s shewn To the right, l RAPY.

What iz troe, hoviever, is Jhop We can ¥ad o basig




*or % using shaves whose veflen eperators oare lecal ok the eorigin. These are @

c“““ U] Fock SPOQ ma S (Ih CM«R“’“G‘ uﬁ’c' a Fock space Sroye is alge mﬂg

of verted operodves Whose Lo sigenvolve is bonded Fromn above, and <0 Con be Created
by acting o Finite number of primary  mede osillators ond Vieaseros on the  SL(2,R) vacoum),
Nentoeal vertex opematers are then only creaked in a limie where we allew infinite
Sums of Feck Sihutes, Teo give a 4oy example which capiures the essental polar,
Consider +he delbn HuncHon B(L), which hase suppord o x=0@. All derivarives

oF the delta fonciion alsd have soppork ar %20, kur the infidk  sem

2 o™

T 2.5 = 8(n+a)

L %1% 'uo
has svppork oF a=-~a, Though the vertex operator Vpe) may ke ooalocal, it cannet
be arbitrarily nonlocal; i musi SHIl e localized within dhe oair hal disk, what
Hhis maeans in pocHce i that correlators with V(@) ia the VHP de aok encoonter
diveroence s long s oher local operators in the cofrelaror de  aof collide of
eser +wm uait  half.disk.

We have Choracherized +he siote space W of o BCFT, bur vk have act

defined Qn 3nmr Pfodvc.h &m The natoral aotion I8 +he BQ’AVM, PO‘VRKDV,

Zamelodchikev inne, prodvet, or BPE aner proclucr, which s defined os Pollows,

Svppose we wont o compore ¥he isner prduct
bebvween stotes [®)> ond 1B>, dencked w35, AN R
The idea is to map +he unit half- disk '
of I'PD> with on SL(2,R) ransfermation

+~ TTovgre)
IT(x) = ~ = T “
2 ": P slus
which waps +he interior of the half d

dsk Jo the extedor, 9nd in parhculal  Sead
& Vg@ to o verhex operator ToeVy (@) ar irkinity, Ta parficvlar, Hhie  4ransborrmiio
naturally assedates @ dual state (L) to WY, and e BPE imer produck
is given ag <WIFD. Note +har the onple O on the unit halk-ciccle of VR,

measured w.it +Hhe real aflS, mMaps o +he angdle & on Hwe vunit halP circle of

T, measvred Witk He rgafve feal adis. Theretore the BPZ isner prduc
is defined by 9luing & on the half.cicle of IE) 4o W &' on He hal circle
of 135> wih the identificoten o= W=0C'. Sinév comelators on the UHP are

St(2,7R) javariant, and ToT = id, one can =ee Hhor
{TIE> = {IoVyg(@) Vg('e))um, = { Vg ( Tovgle)) = =<1V >

Where +he mines sign may appeal i Hhe yerhex operoders ane  onkicommubing. T4

shovld also ke clear Hhat Hwe BPZ lanec prducr is nondegenerwre: Th {BUB) =0




For ¥V 1> @M, thern [B)=0O. This 4ollews From +he observarion +hat an @
operator in +he BCFT  which has vanishig 2-point Foncrion with ikseH and

with ony other opersder can iteelH be ¥aken +o vanish.

The worldsheetr theory of an open Lesonic Siting is o  teaser
product of 'matter” ond Vghost” BCFRTs:
BCFT = BCFTmatrer ® BCPT g
The ghost Fackor is desecibed by a bc Sysrern with ceniral chargt —26.
T+ is characterized by anNcommuhiag, holomerphic  worldsheet HRielas b(z), c&x)

(with antiholomerphic  aovakerparks  which we can acCovnt for with dovbling #rick ),

80’)';5':\,109'.
b(z) = primary of dimension 2
e(z) = primary of dimeasion —1
b(x) = B(x) c(x) =C(x) weR
¢z cC = — 4 ...
z) CCyy) P
The gbost BCFT s vniversal; it Ge—cemimen—to—uahl- takes the same form for

all  backgrovnds o +he open besenic string. The information abeuvt #he background
is Contuined in +the mater BCET, The only recessany condition on the mathr BCFT
is Hhar i+ Should have  cenbral charge 426, 350 that  the tokal mondrer +ghost |
BCFT has cenkeal charge +26-20 =@, For o D-p brane in #flat spoce, the
motter BCFT consists of p+rl1 Free Posons X*(z,%) Ir=0,...,p svbject
to  Nevmann boundary condirions, ond 25—p Free lbosons X%z, x) o=1,..,25~p
subject +v Dirichlet boundary conditons :

2X™(2) = primary of dimension 1

AP (2) = primary of dimension )

AXM(x) = B %eR  (Nevmann b.c.)

INM(w) = —-3X(2) weR  (Dirchler b.c)
yrev

M) IRY(w) = —~ ‘; 7 >
Z—w

LY

sqb

XM () IR (W) = — L
- (z-'w)z

We also have antiholemorphic operators 3%*(x) and OX*(T), bur Hnese
can be acounttd for with +the dovbling 4rick.
The  matrer/ghost  form, of Ihe open String BCFT provides oddiHonal Shrchow
ond properhies  nof present Yor o geneic BCFT. Let vs hst  Hhem:
@ Since the central choarge nB the +oro) BCET vonishes, +he
énergy- mementom  Fenser
T(2) = TR 5y 4 TohosT ¢3)

is a prmory operater of dimension 2. Also, corralarien funcHisac




are idenbcally Conformally iavariont: ®

<6'd .es 75 = ('FO 6. 'Foe'z veo >‘,°2

where ("'>£ is a correlorior funchHon on o disk pI <...>¥°2
is a corelaban funcHon on o disk Foh defined by mopping [ with

o conformal transhormoation F(z), and $o 0, is the anformal

transtorm of e operator 3. For example, i Oy e o laslommorphs

primary of weight (h,h), wWe have

o) = (32) (FJ otron 7

For o BCFT with nonzere cenbal charge, +his proparky only holds i

#(x) is an SL(2,R) moapping, Which +akes +he UHP ino jpself.

The gset of operotors 0 the theory has o Za gradlng occording Yo
whether they are commuhing or ankicommubag ; corimuting opera¥ors

are soid 4p ke "Gragsmann even” and anFcornrmwtng operodors ‘' Grassmana
odd; the Z; ograding is colled "Gmssman pority.” In oddition, e set
of operators corries o Z orading called "ghosr avmker”, which covnrs
e number of € miavs the number of b inserHons contraned in

the cperotor. Hence

2AM(2) = Gerassmann even, Ghost ¥ @

b(z) = GQrassmann odd, ghost ¥ -1

cCz) = Grassmann odd, 9host # 1
For backgreund we are Concerred with, b and € are the enly ankicommuting
Operators in  the worldshesr thaory, Which leads to an identificaron
behween Grassmann pariby ond  ghost #°

Geassman pacrity = Ghost ¥ wmod Za
We also defne the Grossman parity / ghosr Mumber of States
in the BCET occorling %o that of +the corresponding vertex operodors,
The Heory Comes wWikh an imperkant dimension 1 helemorphic

Primary +ield called +he BRST cuprent:
B2 = cT™H ) 4 ibedelx): + 5 2%(x)
There is also an anbholemorphic counterpant Jg (2) which we deal with
Using the dovbling trick. The iategral of jp(z) oOrevnd o
closed centour defines +he BRST operator:

Q= §c 42, ju(2)

21

The ocHon of +he BRST oparator 0n an operator Oz,Z) is define
by inserHng the Wollowing objeck In corcelodon funcHeas

QoeD = § 92 500) 0¢a,3)




Where C is a shall contoor arevnd  +he pet z2; TIF O(=,%) is @
Pot o boundory operoter or hdemerphic, C ¢hovld olso contoin a  small
Cordour arund Z In the lower holf plane. The BRST operotor 15
nilpol-tn{-;

Q* =0
is Grossmonn ©dd, ond cories ghost nomber 1. Since Q is defined
by o conbur integral of o weight 1 primary, i is also confermally

invariony in the senge thatr
Fo(@ 0D) = Q (fo(z®)
We also have +he Pmpzr‘l-'tes
Q- b(z) = T(z) Q- T(Z) =Q
The lost stotement Follows from the first and Q2=0. Since T(z)
is the Nocther current ossociated 4o cenformal Symmetry, BRST nvanance

oF T(x) is in fact He same +hing as conformal invariance of Q.

We can define +he BRST opecator ocHng on a stare in the BCFT

by the achon of (@ on +he corresponding boundoary vertex operator,
Via the Skute /operolor CoPrespendence

QIEY = Q-Vgl2)
A "physizal® stare” is a BRST iavarlant state of the BCET ot ghost

avmber 1:

Physical state: QIED> = @ oh# (1E)) =1

Physical states are deFned to be equivolent #  they differ
by +he BRST variaten of a stote aF ghos-)' nAombker @

Physical equivalence: 1®'> = [E) +~QIA) oh#(IAD) = O
We 6oy +har +he space of ineguivalant physical stakres corresponds

+o  the cochomdegy oF Q@ oF ghost number 14 Note +hot the

diskingHon behween Vphysicol” and “unphysical” Stores does not opmonate

in the BCET itself; while +he moter/ghost Fform of 1he open bosee

string BCFT implies the existence of O and an associated cohemology,
Hae meaning oF +his cohomol®dy originates elsewhere, Essaniiolly i

comes From the Facr that the BCET descriphion of the worldsheer
Hheory orises  from 9ovse Firing Hhe ceparaieteri zakion and Weyl Symmelrie

of the P°|y“kgv achon, The shrarement Hrot PhyS?:u\ srares of the

worldsheeb Heory sheold bg  gavge invariant transiores, afrer goavge Fiting,

¥o e sratement thatb Physical sthes of the open skring BCFT

Should lee BRST invariaaf.
@ The corelation WncHons of the ghost Fackor of the BCFT are




reonyanishing only F e ahes~ number of all opetator insettions adds op @
to 3. Using Wiek's theorem, all coprelaHen FPunctionS can be redyced +o

o corcelotor with 3 C-ghost inserhions

{elx,) c(z) CCZ;.J)>3:':;f = (%~ 2,)(x,~ 23)(x,~ 23)
Correlabon funcHons with CCZ) are 9iven by +Hae dovbling *rick.

This  completres ouvr review of Hve worldsheer +heory of an opea  loosonic SHing.
We new want o pass from He Fesr quankized worldsheer  theory

+o  +he classical ¥ield Hieory of fluchabons o a D-brane., The Hrsr shep

is Yo Specify the onajure of the Fluelvorion ¥Helds. T+ is coavenient +o consider

the set of fluchmhbon Fidds “Yogether oS a gingle object, called +he “Siring fdd”

So the first step is 1o define +he String Field, We make the fellowing elaim:
Claim: A string Field is an element of the vechor space M of quantum

Stotes of +he open bosonic sting BCFET,
At Ficst  Hois  statement Seems o litHe Strange. An elemear of M is a quantom

stote of a 2-dimensional QFT — ik is a quantvm mechonical ebjeck. But now

we are claiming +hat i cepresents & configuration of Huciuation Hidds of a
Classical Field theory fepresenting +the dynamics of & Debrane configuration

in omss bosonic shing theory. There are a couple of ways o Jushify his.

The ¥first is that it follows o general rule abeut +he cerrespondence behween

Fiest quantized theories and classical Field Hheory: Namely, the wavefunckion of

a Fiest quanhzad +heory can be ;M'erpmhé as the otasaaeh Field of an eguivalenr
clossical f£ield theory. Since +his Fack may lee unfamiliar, let us give on example
+o show +ho) i+ Mmakes sense, (onsider o Free, noncelahvisHe quantum parhkicle
characterized oy Hthe gquantvm skate 1P, The skare W) evolves in Hme °‘=4~‘4109

to the Schrodinger eguation:
2
.2 o P
2> = 21y
The wavefunchon is given by expressing W) in Hhe position basis?
Ylx,t) = <] W)
Where the Schredinger equalion fexds
. - | 2
*5@;'4’(1»,6) = -?’;,"P(t,t)
Now it we Forgel here this equakon covne from, +here is nothing & Prior
Contradickory abeut interprefing W(x,&) as o classical complex Scalar $Held

Subject +o o nonrelativiskic wave eaqvakion. In +ack. the wave equation can by

derived as eqvaHons of moHon oF & clossical Feld +Hheory ackon;

S= ‘Y de dt [ LY, &) %"P(w,t-) — 31-;‘. :—;‘Vl" Gt) :—;\P(ﬁ-.-k)']



From this point of view Yl,e) is a complex Scalar +ield, %nd there (¢ @
no Jjushficaton ¥or interprerng it as a probability amplitvde, Howaever, His cClassicpy
fidd ¥heory is egvivalentr tp  Jhe Firs quantized Haaery in the following aw sense:
I8 we shart From e achion Jor Wmt) and follow +he uswal cacipe For
canenical quantizaton in QFT, we +ind o Fock space oF mulkiparHele shohés
ven by achng creabon operaters  PT,k) on o vacwum erale. The QFT

e wave functien For
Hamiltosian implies that Veach parHele inside the mupiparHcle erate will
evolve according +e the Schrodinger equaHon For o Free, oonrelakivisHe Purl‘lt\e.
So we are back fo where we started, only we have a Formalism descrileing
Mmany and variakle ~umker of nonrelativiskic  partcles, Applying the analogovs
procedore To Hhe First quantized shutes of an open bosonic string  gives o
field theory Formalism Coapable of describing Mony and voriakle Aumber of
quantumn  open loseaiC  String Shules,

There is a second, pechaps more physical juskification for e definition
of the shrng Field, From the shake - opecator mvapping of BCFT, we know +thot
avery stare 1> @ % has a corresponding bevadary vertex oparator Vg2,
A¢ wentioned lbeFore, ihe ser of loeundary operalens Correspends o the sek
of possible bouvndary depermations oF the BCET. This, in tum, correspends to
He space of determaHons Cor Fluchs atlens) of the D-brane sSystem dekbining Hoe
open loosenic siriag BCET,

T+ is imporkant to disHaguish between o generic Shring Field, and dhe
Par¥icvlar kind af String tield which enters the acHon and equatons of meohon
== Hhe “dynamical siting $dd” Tn a similar way, i gavge dIheories We hava
Lie algebro valoed dJifferential Forms — incloding the 2-form Field Sirengh —
but Hhe dymamicel voriokle of the theory is @ T-form — Hw govge potential.
The dynamical Shing Feld in open besonic SFT is the same kind of shoe
in % where we impose the physical state Condition, namely, i+ s Gmsmany
odd and ohost ~umber 1. Just as Hhe Scheodinger Zouaton of the nonrelarivisNe
parHele s ieterpreked o8 o Field equarion for a complex Scalar, the physiog]

Stake condiHon s interpreted o8 O Vinearized equaton For the shring Field,

QY = @ gh# (@) =1, = Grassmann odd
and  the eguivalence of physical stares IS interprered as & linesrized
govge invariance
T =¥ +QA ghir A = @. A = Grassmewmn €ven
Noke #hat T wm dropping +ne ker arovnd W; this is to emphasize  tha

W is o classical Fidd; we will aoh iry T interprer i+ aS a  pobability
amplifude.




To see thar +his mares sense as o field aguation, i+ is helpfu) to giva & more @

concrete preseatpfion oF the Stiiag Reld OSag—elyaagkaies—oP—bhg.. 93 an expanslen in
cigeastores of Lg. let us do this for +he Dp-brane. The mode expansioas
of the beC ghesrs and free Scalxrs are olven by

bx) = 3 b brl@d =@ mnz-1

nan ,.m-z
e(x)= 37 Cao tnj@od> =@ =n22
ney gn!

XM2) = 37 A -t ey =0 mzo
nen ™M vz

X =F Fm i %210 =@ 2z
nal gnrl 3

The 2ecoth oscillaror oF X% s related +e  +he
aHuched 4o e Dp:

W momentum of +he string

N:’ =V§PM’

ond the 2eroth oscillator of IX® vonishes — oy = @ — since the open shing does
not carry o consened memestum orthogonal to  the prane. Since Yg'lo> =@, the
5LC2,R) vacvom carries zero momentum. To describe Fielde with nondwivial Space Fme
depandence, we need Yo injeck some mementvMm N the vacwm; this can ke
done by 'trandloting” in momentum Space uSing +he posion zero wmode %o
sabstying [ag,p¥] = ) e

ey = e oy = ¢ to)10>
This stare is created by achig a boundary plane -wave vertex opacaior eik-%(&
at Hae origia oF the holf-disk represeabing k), We can then represent

+Hhe siring Field as o som of stores Wﬁ——m’—"‘ Creared by aching

an aver largec number of mode oscillaters on Ik>. Afranging in  Sequance

of increasing Lg sigeavalve For Fiked Kk, ond recalling Hrot thitl Aot

shing Feld carries ghost nomber 1, We then axpress the shring Fleld in the

form:
i afry - .
G [ T) e, + A (R)oZyC, + 4>‘(z)or_,c, + plklcg +--- ]“L»
™) s - — -, 4
L°= 21—1 ~ Laﬁ ba

The coefficient HFuncHons T(k),... Ore an infimre lisk of ocdinary spacetrime
Field€ — Hre FluchuoHen Ffields of Vhe Dp-beane ~ @xpressed in mementum  space,
As Yoo can promakly anticipate, T@) is the +athvon of Hhe Dp-brane,

A,.,(‘b) is the Morayvell Pokn-ﬁu" ?Q(‘*o’) ore the massless Scalarg f'PNaﬂ“hg




tronsverse  displaccment of +he Dp, and we will see dhe role of P@&) in
& moement. Plugging this form oF B jsro QY =0 implies a Ser ot
€0M For the coefficiear Fields:

(M+NT =0

OAu ~8,p =0

O¢e =0

B— %A= @

.
.

The licgarized gouge +ransfermaton o W Franslares +o

T = iovoriast

AL = Au +3,,2

¢q = javariant

R' =p+ O
[Btccl'siso‘lr Derive +hese equatons by computing QX =@ and T =P -rGA]
The gauge feld hag +he expected Moiyell govge iwariance. The field P @ does
not cotey any physical degrees of freedom ~— it is an auxiliiary Field — Since
we can elimiaate W From Hhe theory by solving its @guaton of meHen

algebraicully: we just svbstitvte B with 3%A, . The BOM for Au lecoves
DA, =2, %A, = (3 Au ~2uhy) = 2F,,, =0

which is Moiwell's equatiens. The Lg @xpansion oF B contains an inkinire
Aomber  of  avgilliary Fields like P which do not carry physieal degrees of
Freedomn. In a sense they are nof physicilly necessary, vt wny offempt +o
ivtegroke  Hhem ovt makes  the thety leok formidably complicated. In any Case,
it is clear Hrat a ghott number 1 state in B ovromaklcally inzerporotes
the infinlre tower oF FluckvaHen Fields of e rederence D-brane.

There s another fepresentation oF the shring Fald which Pplays @ very
important Concephual role In understonding the struchure of the thesry — the
Positien space, or Schrodinger representulion. Ta quantum Mechanics we turn a

quantum  share 1ped> into a 5¢hmdi"9¢(‘ wavefunehon by contracHny with

o posiHen eigeashate: Wiz, &) =2 <2IVPE)), Is ere Somebhing Siwilar For

the string Field? For debiniteness, lek vus cencentrate on a gingle Free boson
sobject to Neowmann bovndary CendiHons — Hee Dirichler Casc is similar, 4and
even +the bC cage W e allow for Grassmann 033 Coordina¥es. Consider the

Mode @aiponsion of A(2,%):

of, 1 Jo
Ra,2) = %p —p niz? & #En—m . (;3_ * 'a""‘)




If we restrict to 2=2€'Y on +the unit half-ciccle ( cofresponding to +=8 from

the point of view of radial quantizaben) +he mode erpansion Simplifies +o

n .
X(o) = Xg +273 Xm COSME R = L Im—Aom
) Nz pog

The oppeartance of Cosines rePleds 4he dack Hwot Hhe bourdary CondiHens
are Nevmann, New we can imagine Hnding o Share in % which Seryes

as an algesstei®  For each posiHon mode operator Aa'
K 120> = 2y | Al0H D

where the cigenwvnlves 2, are reartd +o the curve 2(6) in Hwe syme way
as Xy le related b %(o). Computing the ovaflap

E[e] = ¢aco) 1PY
gives a complex scalar Feld which depeads on a curve in spacetime (o).
In o sense +his is what we woold expeck; waSib o4 ordinary Feld depends on
a peiar % in spaceHme, representing o possible locaton of a point particle; o
String Hizld shovld depend on a Corve in spacelime, representing a possible
condiguraHan of the Shring. Thus i+ may seem Somevhad vnnatural  To  view
the shring Field as an infinite collecdHon of erdinary Flelds; +this representorion
i€ on seww arhfizial aconsequence of the Fack that o Ffree string is
indisHagui shakle from an inKialke ocollecHon of parkcle sSpedes. Ay +the immrochag
level the frve natvre of the string shovld emmege, ond indeed 0 he
Schrodinyer repheseahrtion Hhe interactions afe Simple 4o fomvlale, while in terme
ofF the infinite collecHon of ordinary Fields ""'3'\:5:4- inscrotably  complicated ,
The Schredinger representation is also useful in glviag o cencrete interpretation e

® the geomeirical picture of o skate OS  the hal—disk Corrying a vertex opemFor.

The BPZ innec proguck of stukes B> and 13D can be compyies 05 A0

UHP corralation $onchen

(2IF> = { ToVg(e V§(o)>u”

ond  the @ correlnkion fonchon itself can be computed oS a path integral oyer

the taryer Space coordinate  K(%,E) for each polatr i the UHP:

{®IF) = S[axtz,ﬁ)] ToVg(e) Vg(e) e~%

We mow factorize +me integroHon ito 3 compenents: Firsk over the reglon 1z1>1

Subject Yo the bevndary condition X(z,2) o = X(6) wih  X(e) o Fired curve;

Second over Hhe reglon 12141 subject o the bovndary ondiFon R(BTeir = X(E);

and third o path inteydl sver Ale) on he curye Izl =21 itsert:




(ZIZ)> = S[dxtﬂ]( § el Tevg e®) ([ losemivgee )

1x1>1
*(z5) i =X(0) X3 )|gie = R(e)

Note thar vie—amm ToV.p(2) ooly depends on Hhe integroton variables A(2,3) with lz1>1
and Vg (0) enly depends on the inkegraten varables ¥(x,2) wih 1x1<1, This 15

pelared to a polar we mode eaclier: Vg(@), i+ oot necessarily a complarely local
operater, mosk be localized ot least within #he unh  half disk. New he porken

of the poth integral ovet 121>81 can also be writken o @ poth integesl over 1zi<B1
by making @ conformal transiormation I(2) = =% . Accownbiag for e ianshemotion

of the bowndnry cenditions

<z1g) = {Lann] ( J e, [axm] Vg1 e ) ( S’M [a%¢z3] vg (o) e“)

K)o = *Mwaed X))o =R(e)

I+ is cleor that  +his Con be iatespreted o an inner prodvet belween Scheodinger

$uncHonals
{P13) = S [a%e)] [ xtw-e)] B[ x()]

with

PIx(e)] = Shw [ax(2,E)] Vg (@e s

A1) jo =R(0)
Thus the Schredinger +uncHenal Con be evalvated og o path integral, with vertey
operabor insertion, on the wvait halt disk with aewhe fited boundary condiHoas at Ixi=1
corresponding o +the configuration of a shing,

To make +hts concrate, lab us use the poth integral to ewluste +the Schrodinger
funcHenol of Hewe SLEZ,R) vaewm. A similar coleviabon (For Hwe dlosal string) is discurse]
in Polchinski Ch.2. We werite Hae Ffunchoenol as

QL] = {uionled
Since it i somewhat owkwerd to white OIWNT. The vertex operatve in this case

le +e ideakity, 6o we only need to avalywre

Qfztod] = Sh“‘ [d%Cz,5)] & ®

A@E) |eio = %L0)
The +rick is f» make a chonge of variables inside the poth intayral
X(z,%8) = %¢x,3) + Y(z,%)
where %(x,8) is a soloNen +v #he Laplace equa¥ien on the vair half disk
V=)=
sobject +o  the boundaty condiHons
e




@

LD, _ i T %D o) = 3'1o(x,;)]mm=o
The #esh Soys  AC(xE) coereSponds +o the oargumesr of e vowhnchoral o 12) =1,
and Hhe second imposes Nevmonn bourdary condiHons on e real awis, Since A(z%)
is also Fited Yo o) ot lal=1, we learn thar Y(2,¥) soHsfes
o Dirichlet bovadary condiHen ot Iz]=1
YCz,’i)Izgego. =
Since %(23) is o completely #ixed AuncHon, +he new lategraton vorokle in the
poth inregral is Y(2,%), and we have
QluN] = -Ymu [a¥ez,3)] e—Stwc:,'i') +Y(z,2)]
Y(22))ic = @
The world sheer qelien For a Free looson IS
S = ;‘;—S‘ 47z IX(2E)BK(=Z)
o
in a'z) convenHons and 9223 2dwdy when 2= w+iy. Plugsiag in evr ansatz,
term linear  in Y  drop out since  %(2Z) sabiskies e Eom. we then Hiad

SL%(z3) + Y(2,3)] = SLa(z32)) + SI[Y(2,3)]

Qf 2(e)]

n

S [d¥(x3y] e~ SI2=D]-sIve2 ]
1216 ]
Y23 ) i =@
= Ne—st'b(z,’z')]
where N is a nermalizoien given ofter evalvating +he inhegrol ove Y(zz), ard
is independent of ALY . We il not abrempr 1o fix its valve. All that s
lef+ js o compule e on-shall weddshe®+ achHon. TI#
0
o) = Lg +2 T, %m COSNT
=)
then Loplace’s eguotion aad the loundary conditions deresmine %(z,Z) +o be

(d
2(2,2) = %p + 35 % (2™ +3X)
W=l

Evalvating ST %(z,%)] +hwen gives
Q] = N L % no
w(e)] = epr— = & 'rb':b.n,]

[ Excercise 2; Do his calovlavion ]

This is o gauvssian in e Space of shiag  positen rnodes; note Hvak dhe
position 3em mode decs nok appear, Consistemt with our earlier obmmoten
the SL(2/R) vacvem 1S a 2er0 momenrom Stare. The goussion hos measimos— o

maximum when Hhe curye RLo) sheiaks o o pointi (o) = g . The Facter




ofF m in +he sSum over modes says that highly ircegular corves “tead 3o ke @

Soppressed — bor neverHeless SLIAC(O)] dees hoave suppert on  unbonded string conbiguraHens,

Butvesr The physical signibicance of +Hhls is aok torolly 2lear, +o MW Kaowledoe.
To gt the complere 5L(2,R) vacvvm Ffunckional of Hr open Bosenlc sthring
on a Dp-prane, we must inclode +he contribvbens From the remalning 25 Pree posens

ond From Hhe ghests, We will nor discoss dhis Forther leeCovk, i* Yurns eur,

the Schredinger represeatotion IS awkward Fer explict colovlations, Wemmproakics,

The rain polat is to give some iatviHon alour whot i means to asseciste

a state with a regien of +he complex plane with operofor inserHens — for example,
Hve uvnit halt disk with vertex operator, FRE—Echiknwyes This is an idea we

will yse Frequently, ond he Schrodinger representution makes s meaning Clear,

Withen's open lbosealc SET  We ace

now ready +o disevss Witren's open bosenie SFT.

The taskk s o Find o nenlinesr extension of +he linearized EOM QT = 2

and define on approprwte achon principle. First, we note an onology defween

Siring Fields and ogavge Fields Formulated In the lamguage of differentia] ferms:

%
P N —P Shos+ nAumber
+orm

exredor dedvahise ~——p BRST ope.l'ad'or Q

savge ¥elg ——) cdynamical String
fiedld P

Thic onalogy Svgoests a nodlisear 9avge invarinace of e chring Field:
T =P + QA +[T.A)

where [\ is on iafniressimal gavge parameter,

R avd A

The prodoetr oF string Pields
is defined vsing WiRen's ©open Shing shar produet, which is +he

€Pux  of fhe whole mubter, For the memest ler us assome we have debine]

+his prdvet ond proceed. There IS oaly one gouvse Covamiant, nonlinear
exTension of +he EOM:
QT +2* =0

These recemble the equedions of moHen ia  Chem- Simons +heory. We can then

weite +he action
) a--'z-’Tr(‘EQ‘Q) o %Te(?‘-‘)

for an appropriatrely defined #race operation, Since ‘R is QAmssmann 24d and

ahest 1; -
i e sol*apility of is acken relies on +he following * axioms: !




©® Grading: gh#r (QA) = oh#(A) +1 Analoguos  propacties @
oh #(AB) = gh#(A) + oh#(B) hold dor Gemsranann parity,
Tr(A) 20 —> ghw(A)=3 med 22
@ Nipoteney :  Q* = 0
(@) Teregrarion by partsi Tr[QA] =@
(® Darivation property: Q(AB) = (QA)B + -1 A@QB)
® cyeneiry:  Te(AB) = (~D*® T-(BA )
© Associa¥ivirys  A(BC) = (AB)C
We use o notadion where, the Symbel For a Shing Field in 4w exponent o -1
denctes Hie Grassman parity of ek string Field. Seo, 0 ('--1)“B the Grassmann
pority of A shovld e mol¥iplied by the Grassmana prrity of B Caore, in parkeMlar,
thar AB does Nor indicare Hw grassmann parity of Hhe Shar phduck o A and B,
which would lee A+B). These properbies imply thar the somre space  of
+the BCFT has been endswed wikh +he struckore oF a Cyclic, 9raded differentol
associabve algebra — +he €ame Shuchite as MATiX-valyed Forms on a 3-manibold .

Ler ys 4y +to understand hew 7o dedine +he produer and trace, The prodvet
is associatve, and all assesiakive prodveks are, in some woay oF anether, MNatrin
products. The ehving Ficld 0 the Schrodinger representorion 5 @ HoncHonal ot a curve
Platod]

and # ie natural do interpre ne ourve oS rcpr&:enHm, mathix indices, in Some Sense.

Hovicver, a morria Sheold hove #yo indices, and  Hyere is enly one curve Wo).

We can deal with +his by regarding e fll corve as a palr oF  halb.corves

) = 2(o) oTe [e,;] PTED)
QN T
(o) = (T ~-0) 0'8[0,.?] v N
/7-\ \/
o) is called He Miedr hal? o e > I g«
2
sthing, and TCo) is ecolled the “rght half.” L o)

The let+ and right halves jein a¥ o common Poink:
2(1}’) =‘r(¥) :.-«x.(g)

called Hve "midpo)n?." Thus we cegard Hhe String Field as o Funchional of

the lef+ and eight holves of the shring:

T — Tlate)] - PLae), ]

and we have o morrik. The associahiwe prodvucr of s¥ring Helds may ke defined

AB[ 2(e), 7] = S[dw(o’)] AL&(e), wler] BIwe), v(on]

Thie is a ¥TuncHonal integral yersion of matizx multiplicabion. In werds,




You ideatity the right half curve 0 A withy, tht @

AB
- lef+ half cune in B, and then svm over the commoa
° E half -curve to derive AB, To o similar way, wWe
A =2 o caxn define +he *race
Som

Te[A] = S[dw(ﬂ] Alw(e), wie)]

The product mad trace debine o cubic verrer To[W3). W I, Bigwans digaink,

e cubic yertew con ke wWsvalized as o precass vhere

Hacee incoming shrings collide and join along +heir . v \—"
haives. Since e achon is cukic, 9lviag propagators --~"‘“ &
together with this vertexr generates all Feyaman ..\-—-
diagrams ceeded +or the compurarion of opea shring 7 /

amplitudes, Proving thar these Feynman diograms compure open Shring scetrerng
amplifudes in the form wWe are uvsed 3o #hinking aboul — 0s integrals of differential
Forns oVer  Hhe maduli spaces of Riemam surfaces — i Fairly aqontrivial. Hewiever,
the end resulr is perhaps nok surpricing: I# w wegn't +he case, Thar would
imply that we have +two cersishenr and inaquivalerT  peories  of ‘wreraching  open
bosenic  strings,

Note +hat, or the guantom level, open S+ring Feynmon diagrams wil) prodvoe
clesed Shrings as intermedinte shates, This can
be seen, For example, in the nonplanar T=loop

2-poirk  FuncHen. The corner of the moduli space

where +he open Skdng propogaters in  the leop
Shrink to zerm length (+he UV  fromn +he open Sting perspechine) its—equivalear can
be interprered as the corner oF moduli sSpace where a  tube of  worldsheet
becomes  infinitely long, and +he closd Srrlay  shutes inside the tvbe wust
be eon-shell. Tn Hhais sense, guankom open bosonic Shring Peld theory is expecie]
fo encode closed sHIny physics. How this is precisely accomplidhed is ner well -undershug,
and pemans one oF the most  imporiont ovhstanding guesHons |n SFT.

The Schredinger representution caphures +he &ssental definirion of e
produck and irace, lbor is nor very practical for calolabons, We wevld like
to dekine Hre ocHon in teemms oF BCFT correlarion fonchionS. To do Hhis, we
use e celapion letween Hie Schredinoger funcHonal and the path iotegral ovel
a hol ~disk Wity vertex operotor, Suppose we wont to compute

T~ CAB)

The product AB  inskrucks oS te lve the right helf Commmmsie—el—te porfon
of Hre half ciccle bounding Hie half~ disk of A to the lef+ porHon of e

halé- Ciccle lbounding +he haH-disk of B; the Trace glues the \ef+ porHon of




the half -circle beunding +he halt disk of A 4o +he rignt PporHon of Hre @
half circle b"‘”‘d"“a the half-disk of B, This defines q correlaHon funerlen

oF the vertex operators VA(Q) and V(@) ©n o funay- leoking  Vpiral’ shoped

curface, To make this look rore fomiliar, we can apply o i vl

transtormaton I(z):—i— to the holf -—disk of A bebore
— V(@) "
. gling to he hak disk of B. I+ is clear +hat this
Va(ﬂ)

defines o correlarion funchdn on the UHP

< ToVi(e) Vg(2)»

Therefore +Hhe trace of a produc<)' of siring Fields s ideadeal +o the BPZ
inner product of +the shrlag  Fields
Te(AB) =<AIBY
Nete thor Symmeiry of the BPZ inner produck is eovivalent to cyelirdy ab dpe Jsee
Letr us mention o sSmall visval problem W which raises  an imporian-
question of ConvenHens, You wnight roHze thor +e lef+ halk of Hw  shing
cele:T] maps + the points Re[e®1 >0 on +he unit half circle, while

He right half of +He shring G'G[‘E'."’"] wops Yo Yhe polars Relef®] <d.

"H ?,zﬂ Thus i+ Seems +thatr +he lefr half oF the shring

-- Sits ol the o :9H half of e uni*r 9 half -circ\e, and
Vice-versa Jor the cloht  half o the sHing. This \ends
to possible cenfusions in ordering  when rovlFiplying

¥wo stares: when we 9lve Yhe right halF  oF the string

of A Yo e letr hat of Hw s¥ring of B in  Gompu¥ing
AB, we moust glve +he correspondiag

) b w
half - gisks in Hw opposire way. We avold A la B = AB

His porential confusion by reflechn, +he

esval pictore  of Hre complex planc wew iough ‘@

the imoglnary anls; Hhor s, we draw

\]

AB

Hhe real axis se Hrar oaombers inccease  towolls the apie lefr. Tn 4his  visyalizatioo

Hie standard orientarion of Complex contvors i€ dockwise, Ae olrerarive

reselokion +o His problem s +o keep the Stoadard picture of +he complew

plane, bot *o regubrety define o similar, byt diffecent prodoct lbehween
string Helds @  where the lef+ index of Hhwe Vmadrin’ corresponds Yo +the righy
half of tae shing, ond He clght inded +o the lefr haW of the skring.
The +Hheonles defined with %s;?"n:v;m;);’:,v‘:::;ns are CAared Yy a linear

Fieddd redefiqition, which ammounts Yo o reversyl of the parcrecteriz a¥ion




of the open Shring. o W=, This is analogous 4o a mMatrix  +4ranspose.
Bot product convenkions Oppear in  the literoduce, ond you Can decide which

one you like pest,

Next we want +o express +Hhe cCublc veflox TP(ABC) ‘A depms of
Correlation funchions, Gluing e half usiring seoments appropriotely gives
o cerrelabon FoncHon ef +hree yerlex Operorors on  the
svrface  ghown 4o e lebr. This +me, i+ is ner So easy

to see how +o transforrn  Hhis iato o coerelobon dnchion

on the vpper half plane. Pacrk eF +the issve 16 Hthor the

Uit half disk has & cueved beundary, ond glving i+ Fo
obher Curved boundafies te—OWEEENS 31905 & somewiar  awkword - leeking
sorface. For this reoasen it is vseful 4o roake a coaformal HransPecmalion
of the unir half- disk inke o reglon whose boundarles are shealght liges.
This con ke achieved usihg the so—colled sliver coordinate maps

FsC2) = %\_—hn"z

This maps +he unit-half disk inke o Semi-infinite skrip of  world Sheet;

lef+ right The line segment [-1,1] on the
i_ .

FTeal owlg e i
i e T + whece e Imposc boundar,
~

; '
5 Fs(z) : Co0diHons appropri
R I ! : onS  Appropriare jo +the BCKT,
1 > . : . i5 moapped o the i Segym ik A
1 ° 1  FsoVa@ | PP ne Segment [-4 L7
r e -i The curve representing Hhe lef+ hait
2 2

of He shing e‘% Re(e®)>® is mappe
+o o vePHeal line Jiui-l'.y which intersecks the real axis a+ -i-; Phe corve

representing the right half of the shing €O, Re(ei®)<® is mapped to
the w~erHcal line —--‘2- ¥ly intersecHny Hie real axis o ~%. Note Hrat

+the worldsheet path integral on the half- Jisk od on the  somi Rate  Ship
define the same Scheodinger funehional provided +hat the bondary cendiHons

0n +he unit  halb- circle correspond  to those on  +he vertical lines. Fer example,

i# a free boson « tukes the Valye (&) ot the angle @[, F] oo +he half

sirele, i ! Same
s 't Shovld  pop, +he 'vglve %(y) on the vecticasl  line Jz' *iy with y related
+o o throgh
> +iy = £, (') = y=Lns
7 *iy s 7 toh! sine

Similarly ¥ % takes the vale A(o) of ongles g-ef"'}.",—,\-], i+ sheuld take Hhe

Some value q,(.,P on Hhe verHeal line "';‘j"‘iy with

r-o)
~grly =50T7) Sy =L tuah sintrao)




The cosdinate y 00 the verboal line  tokes valves Frm @ 4o lofinity. with )
Q@ describing the end polnt oF tHhe open sinng and o0 tHhe Midpdt. \ye (a,
olsp use the dovkling +nick to replace the semi-inhaite  skrip  with
o holemorphic copy of the $oll iakaite  skeip —-‘Z-S.Re('a)f_.‘-z . in wWhich casc
y +akes valves Prorm —o0 o . For ihe small minority who wmay appredare
this comment, it is interesHag 4o note thatr y is The posiHon  yarioble
conjugate +o +the eigenvalve K of the mldpo‘mJ-—PmszNing re polarmne Yen 2 o¥ion
generabr Ly +L_y= K,. The epeckrm of K,y ploys an important rele in Hae
diggonalization oF the Neornana Coefficlents which characrerize The oscillovor
Pepresendqlior of +the cublc verieh.

With this visvalization ik is @osy +o glhe the surfaces oF differ ent
Schrodinger funchionals ‘amerssr when compoHag producks of shring Fields, To Fingd
e prodock AB, we gloe the risht edye of Hie shrip of A to the left adge

of the ship of B; Hus creores a semi-iafinke  Ship of width 2 carrying

leds- ) "';9"‘* operokor inserHons

'u' ' : TyefseV, () fsoVp(D)

, !

) { :‘ whete Ty is a ‘ranslabion map
Jio%avm FIPYAEN " Taz) = 2 +0

31 L e -y

Imposing the approprare loundary @ condirons on Hae
le#+ and right edges of +he dovbled strip, and pePFormisg
the werldsheer poth integral i the interior, dekines +he Schrodinger Funchonol
of +#he prodoct AB. Note thal the vertical line where A and B haye loeen
gloed is en +he interior of the dovbled sirlp. The worldsheet vorinbles on this

line ate Sommed over, 05 afe worldcheer variukles ok orher inkerior polnrs. This
Som is precisely +he sorn over moalrix isdices. I+ is also wetth netiag that

Hoe verhexr operalor of the stake AB is  very nonlocal ; i+ efRechively Inserts

o whole new piece of surface lbetrween

. ' ) \\\ : 1 and @, in addition o the verkes operarus
! ' ‘ \‘ |

[} i ¢
'; ,: o , af Hoe adye of this region. This shows
—— e i that the produck ©F shring Fields Js not
fsoVap(@) TiofgoValR) $50Vp(@)

closed on Fock spoce skares in B,

Now consider the 3-shing vertex Tr(ABC). To compore +his, we place #he

Shrips of A,B. C  side by side +o form o stip oF width 3  wikh iaserHons

Tzo¥s0Va(@) T,0 $s0VR(R) +50V.(@)




T

- -‘_. Vi

1
[

|
To¥s o Va(@) ) TioFsoNa(@)
2

FTI .

Nl -

3 1
2

fsoVe(®)

The +race R then glues the leF+ and righy edges of Hhis Strip o Form
o  cemelopdsa-=>we aylinder of circomParence 3. The Cylinder 15 Aot ye¥ +he UHP,
bot o cylinder of circomberence L can be mopped +o He UHP using

Fi(2) = hn%x

B This means thoat the correlabon Funckons are related by

Cone Dg, = CF0Coe Wipup
This giws On €xiplession Por +he cubic Vertex in +erms of o correlahon  funzhon¥
Tr(ABC) = {Tyefg0Va(@) Tiof oV, (2) ﬁcsc,\.lcca,»c3

which can be mopped to the UHP. In a similar way, We Can write +he 2 - shring
vertex (i.e, BRPZ inner pnodOC"') as a correlaMon FoncHon ©n & cylinder oF
circormberence 2 ;

Tr(AB) = AIRD> = (T efs0V,ale) F5oVp(@) ),
OF the 1-String verkex on o Wy eylinder of circuraference 1%

Te(A) = {$s0Val@))c,

This generalizes in the ebviess way For Hwe Irace oF o product of any num bber
of ehring Flelds. Above we hove implicily defined & coordinake syskem sn
the oylinder where “+he veched opefator of the Findl String Field siks at+ 2=D
However, we are free 1o shift +he origin of the coordinates Somewhere <liSe;
by protaHenal invariance oF the cylinder, correlaHon fonchdns do not depend on
+the choce ef orlgin.

oor definition of the product of shring Felds AB is shll ot flly @ concrete,
since i+ SR seemS e have to evoluake +he Schredinger Funchional oF +he
skeip of wiath 2 Carrying +he inserrions T,ofs0V,(0)+50Vp(@). This can ke
remadied oS follows. Consider a basis of sigres 14;Y for 3, For etomple
o Fock space basis of L, eigensiules. Folloviing Hhe Gram - Schimid+ procedure,

we can coashttuer o duol basis of stwres 19i) with  the properhy thor

<6‘|¢,> '-'-'Si'_;




Then +he product AB can e  defined

AB = 33 Ié; > Te[ $°ARY

T 160> Ty0850V4: (@) Tyofc0 Va@) F5oVa (°7>o3

In +his way, oll esseahol operations 1N the theory are concrerely defined
in +torms oF correlaHen FunchHons on the cylinder, which can be rnapped to

comelakion FPuncHons on the UHP.
Excercise ) Show thar all of the SFT axioms hold using the definivon of

the produet and Irace as Correlation foncHons on the cylinder, oS3VMing Hhat

-A-amﬂ-i. all stares are represented by well=behaved €.5. Fock Spoce

Vertey opef ators.

“ Excerclée 4: The zero momentum sechor of the  Shriag Ficld can deseribe 8@ the

taaslationally invarlant Voacua of SFT. A an approsimetion fo  the Rl

Sttlng feld in this  Seehrr, Consider Hhe 2000 ~momentum  kachyon Shate
Te,lo)

By subshihiHnag +his indo the ackion of Witea's open besonic SFT, derermine

e resulbing appromimation 4o  He Jachyon Pporentiel. Noke the exiftence

of a neakrivial StaHonary pelatr of Hw poleatal For T >0, This is

+he Ffirst approwimation +o +he Tochyon vacuum in the level ¥rvacuien

scheme. Show +hot the energy density of +he “Fochyen vacvum in this

oppro*imaHen is

- —

5—.-._._‘.(_6.‘!... R B2
6\ 8143 3l

| Compare +his to the wolve predicred by Sen's conjeciures,

I+ is worth Mﬂlﬂ'?m\lqg Mot we Wave Pmﬁnh) Wirea's ackon in & ncrarion
Wwhich 1s Suired +o ovr needs, kot other nolatens are CoMmmon. The norarion

We use ig clasest in Spirit ho  WiHens origiaal notation, bur he dencres e

trace with an integral, and Hhae shar prodvet wibh an  eipliciy X

Here: TrLA] —> Withen: | A Here: AB —» Witem A®B
We drop the stwr lbecause strar predvchs  in equatens Will appesr So profusely

Hoat i+ lecomes combersome 1o wrire them oor, We uvse the trace symioel

sinte we wont o diEEngereh aveoid confusion with ordinary ntegrals which
frequently appear with Shring  Helds. There are particvlarly A large

aumber of alternabive noraons  For the BPZ ianer Produc}-‘.
Te(AB) = [ A¥B = <AIB) =<A,B> = A" w(A, B)

The norabons emphoasize different ospects oF the theory which may loe

relevant in  difberen® conresls. Tn parhcular, Tor ganera strng Fleld  Hhaories




= Fer exomple clestd ghing Fleld Hneodes — Heere i3 no ashublidhed nollon of

Y4race However, it is always possible +o wrile SET acfeas vsing the BPZ

inner predver, hose definiHen comnes avromatically  frern CET.

Let us diseoss *he gavge invaram- ooServables of the Hheory. They can be

categorized roughly as  Polows:

(@ The space of classical soloHons module gauge *ransformations, A special
case oF thic is the space of ineguivalent ligearized Flvcrvakions arovnd &
soluHen By. TP we expand +he shing Held

T=Py+3
where 8 is a Flucrvabon arevnd Py ., e oxbon can e  rewribun
SI% +3] = SI®] + 5,[3]
———
constand

where S,[37] +okes +he Form

Sel2l = ;7r[3Qe 3] + +To[3%]
and  the operotwr Q@, takes the form
Qe, =Q + [, ]
With dhe commotator graded W.ht. Grasgsmana parity, Ir is easy to show
that Q@, is hilpotert due 1o the EoM For B, , and cokisfies the same
awioms as Q. From this i+ Fllows +hot the linearized EOM  for +he
Fluctvation Fred & is
QY‘Q =0
with soloHons identificd modvlo lin€arized gavge +Hmsformalions
2'=22% + Qg A
Thes +he specirm of fuctvarions arevnd +he solvhon Wy is given by
the cohomdogy of Qp, at ghosk oumber 1.
@ Scatrerlng  amplitudes  around  Hhe pertorbative  vacvum T=0 or
o noatrivial soluHon P = P,. A pocheolarly w intecestia, cosce is the
closed shring +agpole amplitude — the amplitvde For emmission and
obsorbHon of a Single closed shring off o D-brane. This con be
celared +o +he So-called Ellwood iavariant

Try [®]

where Te,[-]1 denokes the *race. occompanied by on inserHon of a
closed shiay I -
BRST jovariam , weight (Q,0) Yyertex operater V(Z,X) = CC vRER),

W“’h Vmcz'.i) o wg‘.qh‘, ("|) prirnw‘y c-f’ ‘H'C marrer CFT, M y)ncca

oF the open shring midpoint. Concretely, if V(@) is  the verter

&)



operorter Yor the store T on the unit hn""“):k, The Ellweod iovarjant @

Can ke Computed -as o coffelabr on Hr cylinder of cifcumberance 1

Tey, [ 2] = (Vo) 5oV (@) )c'
The Ellwood invoviant is related to the closed SHing Tedpole as Follows.
Suppese we formvloke SET arovnd o D-krane aonfiguration Specified loy BCFTy.
and we $ind o classical SoloHen Ty describing BCFETy. Then

Tey [Be ] = Ag (V) = A (V)
where  Ag(V), Ap(V) ane #he respective closed Siring tadpole amplitudes

in BCFT, and BCFT,. They con be computed 05 a corelgtion Funchion

in Hhe watrer component of the BCFT en Hawe unik disk

Y g ot
AV = L~ {V™(e,0) )" i
:.cr:( ©) 7 jiex o ° looundany
The Ellweod invarlant has beecn gcngm)izcﬂ in a V" (e,@) Congi Hens

covple of wiays ¥o give informaHoa abovk he leoundady

Srare of the BCFT represeated Joy a claysical soluHoen .

The classical acHon. The acHon is & gavoe invariant quan¥ity, kot
#ypically ke valve when evalvated on 6 solubon 18 divergear due o e
infinite valume oF +he D-brane. However, for Hme independent Solukons
the acHon is equal +o minus the energy of Hhe soluben +Hmes t+he

Volume oF Hthe Yme ceordinatre:
S = — E-volye
Pivtds ' A I ; 5

@ Orer observalles! T+ is possible thar SFT has other olesemy gauge INVariany

observables +hal have not yer been characrerized. For example, we might
expach imarlanks representing charges ok ‘opologicsl selitons, BuT rhese are

oot expected v exist for +he open lkosonic siting — perhaps Hhe open supersiring.

The moct imporrant clossical solvHon in open lbesonic SET ¢ +he tachyen

vacuum, B, . Sen's Conjachures ™Makes the Following prediaion abeuvr e

aboy

¢ govge invariaats:

@ Since the Yratfwen Vatvom descrives o ConfiouroRen witheur D-branes

©)

O]

of open Shrings, +he cohomelogy of Rp,, showld ke emphy: all mantiae)
FlucluaHons of Hhe soluHon are pure gavee

Since +here ore @R no D-branes ar the +wchyon Vecwm,  +he clesed sHing,

radpole shovld vanish. Thes

Try L8wy] = = AglV)
STP, 1 A

—

The ochion divlded by +he D-brme volume ppc
™

Should give +he brane +enslen: vel




Lachre 2 Tr Hae losk leckore we ouHin@d o geaceal pickure of Whik open Losenic SET &
iS and the kinds of oguesHenS e woold ik Jo adaress withl it3 o oenecal undersmading
of the oohon of a Strlng Field; and & concre¥e detinlbon of e acHon for
Wikhen's open bosenic SET. With +his Preparaton, we con begin to explore
the spoce of shring lackgrvnds os  Seen Fromn e Fluch aHen felds of
a reterence D-lorane., The lackgrounds cefrespond +o» soluHons of e EOM
QY + P2 =0
The gool of Hhis lackure is 4o ‘nbrodoce Voriovs algepraic shroctures  which hwe
proven v be essenHol in anolyHc soloNon oF these equarions
Wedge stwhes  The firsk +hing YO0 might+ y in ofremphing Y0 solve  Hoese  eguations

is 4o compoir shar prdvets and sSee what kind of siwtes you generate. T,

G Rl N ' AN | QRO
Simplest shake in Hoe BCET is the SL(2,A) vacwm Q.= 10>, In e sliver
Fr.mc, Q. s l‘cprgg,\h.\ by o semi-in FHoite 9¥P?P oF worldsheetr of widkh 1
Carylng no  operoyor jaserHons. We aan rwlFiply Q1 with itself  fo give

+ae stare % ; +his cormespend to  gluing

Fl— =1 — ——

‘ ; : r: ‘ ] two Semi-infinite vemdew skips eof  width 1

i X ! | | |

: E : o= ' Yogether on a verHical edge¢ Yo Ferm o Semi

' ] : 2 : . »

: P K : : inftinibe  shrip of width 2 (with e operater
[ Ve~

0 9lve 2 (PN insec¥ions ), New It nay seem thatr o

skip of width 2 is nor 60 different from a Shrip of width 1:  they acan

ke relnred by a conformal transformarion — Specifically © scaling Fransformntion
by o Factor of % which shriake +he strip of  widy 2 down h o

Shrip oF width 1. The point, hovever is Har in this  confermal transfer marion
we have to accovar For the kovadary conditiens r—diye it

of the path inkegral on #he lebt and right verkical edges , represeating

the Schredinger FuncHonal.

the lefr and right halves of the shring in
We have Seen hew tor  represeny the SL(2,R) Vacvwm as o Huactenal of a
path #(8) (For the free Woson); ofter corne celabelling of variskles We have
Le) = xle) oele, T

Qlxe)] = QL e, rio) ]
o) = wr-0) celo, T

= Qley), vty Ly) = a) i y =k tasnd sing-
Ty) =1rle) s ‘I'-:'c‘,L*-Nh"clnu-

2¢y) gives Hwe bovadary coendiHen en the Path integral of o koiat y above
e real uwric On +the leR+ verRcal edge of dwe ship. and wCy) oives

Hhe comresponding loendary cendition oa He right edge. ¥ we compuvre




Q?, +he bowadary conditioas or the leb+ and right adges are +he same, @
bor Hhe skeip ever which e compute +he poth integral has devbled in widih,

If we shrink Hw svip by o Jador of &, +he region where we evalvate

the poath jntegml i€ Hhe same os S2, buk the loondary conditons chonge; of

a point y above the real aXs e o vertical edge, the poundary cendibion

chovld ke respechively 2€2y) or T(2y). Thus the Schredinger Funchons|

for 02 should related Yo Hoot of the SL(2,R) vacvem  threvgh

Q2Laly), (] = QIal2y), rizy)]

Nete that 2(y),T(y) and 2(2y), r(2y) deFine the same unparameterizel
corve in spaccHme; but as Ppafmeierized curves they are ditferent. Since the
SL(2,/R) vacvvm is nor fully Mepuramelerizaton invariant (iy is aor onnhilale)
by all Virasore gdntlv:hrs), He sotares SL and S3* are differenr.

Conkinving, we moy censtrvetr 2 by glving 3 shrips ob unit width  Side -by-side,
the resvlt is a ship of width 3. Similoely S is o strip of wiarh 4 and
Se on o Oy posipive integer M. It is clear Frem tHhis conskruehion +hot
Hhere is nothing special abouk posive integer powers of e SL(2,R) vacwwm;
We can generalize tp any pesiHve nfeal power, defining S2Y  as a  semi-isFnik
g-)—r)? of widhh o containing  no eperater inserHons:

i R,

o« -
Qf = —_—

-

QY is called o “wedge state,” and o is ofteq colled +the "waedge angle.” The
Termintogy originates From he apperance of Inese shatts  when repregemied on the wnit
Jdisk, and is maialy histetical, I is immediovely cleac Frem gluim shrips horrher

b B —y ,_p_J_.,_f ‘....en-P—'—"‘_ Hhat mulpplication of wedge state

=

oy -

i= abelion:

a*af =ofa~ = 0™

T

——

S

Ly o

Geometrically, t+he cestriction o 2@ Seems natoral, bor i+ is interesring Fo  think
albout  Hhis  mere  Carefully,  Frem the above discussion of S22 b is clear fhat

all wedge states are relared +o Hhe SL(2R) vacwuom by o Pepoaramelerization of &,
This implies ther ¥ is a Qavsslan FuoncHoeal oF ale) For ¥2@. I we
analyraally centinve +o megative o, i+ +urne ouk thar Y become "wreny sign”
Gavssians  like e""‘”, and are Herefore nor normalizable ShuleS. We can 2ven
Conkive +o complea o, in which Case we get Gaussians with Complex  widvh,

These  States look normulizakle  For Re(a) 2@, bor Hie geometnical interpreimtion




@Y
iS 0ot obvious. Pachops such  Shates coan ke undershood ‘n the contaxt oF & Lorentziva
worldsheet +heorg. In any case, we will enly need +o Hhiak abour feal A 20,

The alesence of well -behaved Shdes For A< @ implies that mulbiplicatisn of wedege

Stares, in o e, cannot ke uadone.
Thece  are two sSlagelar limike of wedge Shales which play o Fondamental role: o9
and of »&. The limit o-p0 defines +he So-called idenkity Shring field*

Q°% =1

This Coresponds Fo a ship of worldtheer whh vaniching  widh, ard Fermally scts

as an idenhty element of open Shring mwikplicarion’

L
f

1A = Al = 5
This can lee Seen by Viewlng a genedc shtate A as & shhip oF widkh 1 with
. 1 s :—'-—1 vertex epermiy ingerHon. Mulkiplying by 1
. ' ' : : by 2 i
oy g El Vo ammovats 4o atraching & Sirip of vanishiy
et ! ‘ i) o /
T O T S .
: & L

Width v either side, and leaves +he shrip

‘Fl’VA“’) fsoVale) 450\/‘“) Uhchangld. Another way o see +his is

Har Hhe path integenl o0 a ship of vanishing
Widhh vanishes vnless  the boundar g condiHlons on the lefr and Cighr verreal edyes

makrch., Thos +he ideatly Shing Field moskr ammevmr to A delha FuncHonar|

behween the lelr ond Cight hojver of Ww shing’

1[0, v (D] = 8{ M) = v (o]
This i€ analpgovs +o how the Kronecker delta och as dhe identity of rnarix
molHplication, The existeace of an identity is relared o the Fuct thar open losonic

SFET has a well-defined trace operation; given 1 and the BPZ Tarky poEL,
the drace oy ke  defined

{1AY = Te[1A] = Te[A]
The dentity sHing ficld is o somewhatr singular stare, and there is Some queshicn

as 4o whether i+ shodd be included in e algelra of Shring Helds. The queskien oF

wheiar 1 s "acccp*abk" depends +o Some degree on what you want o do  with
it. For the calaiatons we will do + is convenient and Consistent o assome the
eAlstence of 1.

The opposite limi defies he so-collad Sliver sihole, Q% .,  This is defined

by a shrip of inbinite widHh. To ounderstand  what this means concretely,

it is helpful To define e sliver siute Hromh its overlap with a tes shae,

The oveHop of SXY with a test Stute can ke computed Qs a correlation

foncHon  6n  3he aylinder:

{$IQ¥)> = Te[d Q%] = <-F50V¢(0)>cd
1




7 ) -
The cylinder can lbe preseared as o Strip between + 55— and AL, with

Opposike verHol adges identidicd. A+ the Center of this TP Letwaen +% and -3

@

— ) ——d is +he Shrip representing the tesk Sinre . To +he limitr
: !"_‘ : *P %  His cylinder vafolds and lozcomes o correlation
; v ?
f : : J Fuaction on the UHP, Therefore +he sliver shate oy
H N H [
o_% : ;—-g _gig be defined by
x < ®> =<fs0
)
$soVp(e) $12%> seVg@2,p

I+ is clear that the sliver stare Shoold be invariant

vader Mulfiplicotion  With other S¥@t wedge shales

a¥a* =qQ*aY =20
and  @ven invarianl under wwlhiplicabion with itset:

Q=) = Q%
Therefore 1he Sliver shute is called & "prejecbr"ef Hwe open string star a«lgelora,
T+ ie clear frem the presentabon of o coerelater on He UHP that
the Schrodinger Fuactonol of SU°  can be decived loy poth inkegral en the
region Kg(‘.l)?_-lz- subject +hy the lecvadanr, condiYion

X(Z,i)lz:__*‘-:’ = Q‘(‘))

Hmes a poath infg) on a region Re(z)S—-& svbject o the boondany zendition

)(C:ii)l_i Ky = TeY)

This in parkcvlar implies +hat the Schrodinger Funchonal factorizes loehween
the le#H and  right halves oF  +he shring
Q*[e(e), r()] = FLalDIFIr)
Viewed as an operater on Hwe SPace o+ half-gting Fuachonals, *his is 4
rank 1 prjactor— sormewhsr analogoos +o +the projector 10> ente the
9round shate of the hartmonic eoscillator, The idenHby sShing field s also
o prjector, since e shovld have
12 =1
This con ke vieved as the ideary,  operoler en Hw space of half-string

FuncHenals. The analogows operator  Ffor Hie harmmonic  oscillaker is

1 = 10301 + 1100 + 12542\ + .-
which is an irfisite Poak Projechr. Like +he idenriry string fed, tie slver

skate is sSome whatr singilar. Ta fack, wiH, +he sSliver share  +he sihyarion

is semewhot worse Since oenencally it dees nor hove well defined star producks,

Expressions such as
Q* AQ™

depend on hew *he sliver limit is Twken,




While wadge siates are iateresting, they o 0ot by themselves anevgh to get @
solutiens 0 +he equations of moHon; Fhis is ebvievs Since \yedge Srates carry
9host Num ber @, anrd o soloHen 4y the EOM  must carry ghost numloer 1.
Te oet & richer class of states, we consider ehips oF | jond sheet ofF varyin g
width caffying varicos inserHens oF local operaters — soch states are ofren
Pefetred 1 a5 "wedge States with inserbions.” I+ is ofven vsefl o present
such  shotes as Fachenized inte  predvehs of Wedge states and Fields
Pepreseating +ie jnserHons oF local operotors., Censider For example +he shute

Showa to  the lef¥, 1Inside the semi
T,

: ¢ e : “inflaite ship js  an operarer &y a

" L) ’

5 Iv. 'da Y i distance %y From bhe lefrmost vertiea)
' Ya :

- I et e———— ®dge and a distance y) Aabove the
TR R -t 3]

real awxs; and operater O3 a distance

%ikAz trom Hie lepr edge and o distance Yz aboye the real axls, ard se

°h vp to the operator @, . The idea is Hha- for cazh  operator O we

Introdvce o cofrespondiag shring Field O: (denoted with #he same symbel)

.,

.
'
*
.
0. =
'
:
'
!
:

ke4

;‘"O
as on in#;niiusimall-, thin shrip carrying +he operator O; a distance
Y. obove +he real oaxis, The region of Hee surface belween inserfions

@; and @;,, con he described oS an emphy sivip oF width iy = in
other ords, o wedge shole. We con Hherelbore Pepresear +Hhe shake as
@ product of wedge shutes and Hhe string Fields O

o*re,Q*e, ... Qe q*
This is O conveniear symbolic representution of i shale, ond 38 siFable

For calaylobions.

Eucercise 57 Show tHial +he zero -momentum tachyos Store can be writen
ale) = L 40 e
where the field © IS defined loy an infairly thia Ship with a bovnrdary inserdion
of  Hhe C-ghes},
T+ will be o interesr to compube Hie deriva¥ve of o wedge skate i,
He vedge angle, We will do +his  Following & computurien dve tv  Okawe, Concidge
the ovedap of O  \ith a Yest stake 4 given loy an ingerdion of On  operaper

'§(e) af e origih of a Semi-isfiile Sip of uais vidth, We asgme Hiap $®)




\ For W
las defisite Scaling dimeansion h; i+ s possible +o con skrver a  bowis @
3 thea be compute
vsihg stares of His Fermn. The everlap of QY with ¢ coa ¥
as a A-poar Sonehon on @ eylinger oF circumterence 1%
of -
“1Q%> = ¥ .

We oan scale ¥he cylindcr down %o vsir circumfecrence, obtaining

ehary = (=) LN

Now Fake the denvalve Wi, o aad sca!. He cocrelaror loock:
o of o - htl
<“;; QY> =-h (er-m ) {4’(’))c,

- o 1
i vl (NO))C-M

Since § hae 2caliag dimension h ite OPE with the energy "momtabom tenser

rakes he Form
TC2) $(®) = --- + —:-'; $e@) + L2¢(0) + ...
This  implies
hole) = §° 92, 2 TCx) §(0)

ond we Can  wrike

ol = "‘-—- .L.
2 <hiav> Forrar <§ 2 T(z) m'))c

Next we onfeld the eneray momenram contours jodise  the cylinder, We seagider

the Cylinder as a SHip L +of 2 Re(z) Z—~% with opposire sides ideanhbied,
and use +he doubliag trick. Expanding +he contoor gives a contributon at

+he lef+ verHcal edoe and &

5 e o _ . .
: v i : ', 5’. tz), 7 Contm burlen oF +e right verical
' ) §xTe) ! ) ! !
’# :' q 1(' z E * edge :
f WXL = =t T Y i pol¥d
wyk NS b o« 2 R 4z o T@) = a2 T
= * % H 2mi 21 %)
‘ i H : l : ; ® ~iom +olrd g
* . §; i &%
[ g ey
~in ...L 21h

TIn the second “Ferm We make a svbshtrorion 2 - Z=— (f+)) 4o that lboth Ferrng

share g common integration variable:

§;‘-’a-z‘l'c:) _ S;n+-f+& il

21 ,;n_..*"_; 2mi

[!Tﬁ) —(z—-(cn-\))'r(z..(ou-n)]
The ;aentificarion on the verHical edges of +he eylinder implies
T¢2) = Tz~ («+1))

Therefore

§ 9-3— 2T(z)
o 21‘6

jeororrd
X’” * iLT(z)[x—(z—c«H))l

-i0 +of+g 2w

|

(00 4= of +
(o41) S‘ ¥ LIS yo
-ih&-d«)»-‘.- 2we



and ‘e
| 2 o " _Y dz
WA = ~-K< i TED #(®) ), 5
We can charackerize +he energy- moraéntom contovr Ilrth‘ as a Steag Field K3

this ia an infiaitely thin eip  cafying an inserHon of

L ITCR) {
i :!EIX the energy momentum  Fensor, integrated  paralle Hhe
K = s oz
ami I :mq’h\un’ axlg. Therefore we have showa
“{® v )
2 g 4 ¥ = -k
—d e Q
240

This implies +hat+ wadge shates can be  expresseol

in terms of the &hring field Kk

This  eguarten gives vs a oy o derive Hne verken operator representing aq
wWedge stoute. Noke Hootb

QY = J8 e~k s
The shate on the olght can be viewed as o SHp of widHy 1 eontining an
infaire number of ver¥icol conbour inserHons of the @aergy -momenturn  Fensor,
To derive Hie vertexn operotor we must map tHhis ship back Yo tha
Canonieal half disk. NoHng +har

o e gz - m ¢t
% °y. o T = ELE 22 (ex?) TE)
) Te

-
“60

The vertex operator of the shate Q¥ s given loy
= s
Vau (@) = .1_(1'_&-5). P
ax = Ed s 5 S-; 2_::‘(»:2)1‘(:)

As expecred, *he yerkex operater is nonlocal,

Glven +he get of wedge siutes, we can form an algebra by formiag linear
Combinabions — Hhis is called the wedge algelony. Generally we Can form  GonFavoes
lincar combinakions

F(k) = Sm dot Feot) X

e

As the agraHen suggesrs, 4., wedge algelora Con loe Sean AF an algebrs, of
forckions of bhe siring Fiela K. Since Q ze ¥R, F(K) can be viewed as
the Laplace iransform of the coefficients F(a). T+ is interesiing o try to give
@ precise dedinition of the wedge algebra; this polar is Somewhar conkrversial,
buF we will gesceibe one proposal, due tp Rashualli, which #vras ooF to have
Suprising  explanatory power. Firtk, we consider +he skias Field F(K) as isomorphic
Yo an ordinary Fenckion F(K) on numbers k ia the 2pechrom of K. The
Spectrom of K i glven by avmiels k  with the property Yhaf

the shring Fleld
K=k

i€ not iavertble, We tmay formally determine the inverse of K-k using




the Schwinger poarameler:zation @

| = ool ke of
Xk So dor @ SL

Since SU¥ upPN""h‘-’h o constont State os >0 (the Sliver), Hhis inres tal
s divergear For ol K ZO; this gives the sSpechrom of K. Tharefore

Hie wedge algekra can lbe seen as on algelm of Foachons on  nennegatiuc
real avmlers. The simplest possbole algebra we ceold propese consists of
bounded, contavevs Puachenr of k 2 suppliad with the norm

BRI = svp |F(Ck))
kzo

We have +he vsval owiems of a norm
NFCI 2@ and  NEMIN =0 —» F(k) = @
HaFG)Il = lalNF (eI
HFR) + GU) £ HF() I + 1 G(k)))

in additen do the property

IRCe) G 11 £ 1 RCI) - 11 GO

The lntiaprepacte, Space of leundad, @oabavos Pupctions oF k2@ is complere

with respect 4o this nerm, and Hae Final proparky +hen implies that we

have a Panach algelora. (In fack, we have @ C*.algelora once we accouny

For the noHon of Hermitlan cenjvgabon of a shing fField, which we have not

discvssed). We make o feyw olscrvarons based eon this Chnracrerikation of

Hie wedge algebra. Firsy, +he idendiry shring Fleld and wedge shotes with

#iaive, posiFve wedge angle are park of the algebra. Secoh), wedge shares

wWith neggrive wWedge angle are excluded Since they are 0ok lewnded Fuachivas
Eao a of k2z@; the sliver shwe i exclvded siace ik s

ot a coaknuovs FuncHoa:
Q” o 1 ar k=@
—> Q- = {
R for kW>0O

One imporsmnt consequence oF +hie is  that, while lim a™ Gonyerges oS
n~» &

@ stwPe os an axpmsion in Fock spoce 5Motes, iy dees nok Comerge as

a Cavchy sequence wikh respect 3o the onorm in the wedge algalora.

One can check #hak

HON™ . Q™) = N7 - N~

whish is a conshant Cindependens ofF m) in the limit m,p00. The facr thar

the aliver limit is onor cenvergeat ic SigniFicant ia the shudg oF anelytic soluhvas,




QY
Schoakl's Lo An importarr role in the theory i P'“i‘d by the dilitation gentraror

in ¥he sliver coordinwte Frame, inkredveed loy Schasbl

Lo = § 92 ¢ T(2) (shiver Frame)
-4 2

'
.

]
'
'

4&'@3—1’."” This i5  differeat From the usval Lgp Siece the conteur i3 intwgratel
X b 2

: orovnd +he verter operator ©ON the shep of widrh 1, rarher
Hhan +he unitr hatf disk] In paricviar, Virasore chargas
are nok c."qu\ly invaclaar, Te pelate zo +o  the oﬁ"(d\l Yiraseros, we Musr

map back to the wunir  half - sk

o = FI'°§> 22 2Tez) = & F2 Cipgt)tan'z Tx)  Cumf disk)

b awi ® 2wi
= LO + ? La TS L“ + ...

Since &g & Imade From positively meded Virasocos, we have Lgld) = 0. ™is
merely indiawhes thar, in  the sliver fram@, we Can Sheilk +he Contour withor
@ncountering poles Slnce there IS 0o verrex oplraver =  the opigin.

We wil need +o oack Hw epacator Lg ©on Shrips of arbiirany width, Te do

this, we cecxpress i+ as Follows

ADO! dz S—iu-t oz 2 Tex)
i of - —_—
o = j‘-mw-‘}t ami T in~g AT

= Sn S Gef)TGrg) « §°

R da 22 (= AT
~im Aw oo Z r)

In #e last Step we moge a Change of intvgration variakle so Huar X is purély

imaglnary, Nete +hut +he energy-momasrum opecateres ace placed o the lefd and

pight verHcal @dges of Hie sirip, This correspones to the Ffact that Mede

operators are always defidd on the unlr clecle in radial quantaates. Fer @ shrip

of general width, i+ is always the cpse thatr the lefr and right vertionl

cdges correspond +o Hhe unH circle in radial quanHzation, Therehere, For a STip

whose left venriex] edoe infersechs  the real omis oF B aml Whose light  verdical
Qdge inmtersects Hre rea] oawis Ak o, the achen of Lo is described

by #he contour insecHons

~ioa
= S‘ i’.—-(:-r-,':)'r(xi-],) 4 g ii_:.(z-. -;-)T(g.pqﬁ
—edd 2W¢ l:ﬁ 21!'7.

HeS ™

b -l dz i dz TCx+0) keo az
= S S22 Tez+a) + S = TCz+r) + —-[S (= * {;.T(aff)
——en 2L m 2m -0 L
The last hwo +erms  are Hie eneryy ~momentora inserHons defining Hhe siring

treld K. The Fect two terms define a pew opecator, whith we will call FZ”:
- im
¢ = {77 22 meen) +S L 2 Teer)
-ion I'rt

The Factor of &  hece is a hisiwical inconvesence; W& dariqes From the Pock  HhaT




Z° was eni’bui., defined o< @

&":.-x.—l,:
whee L& iz the BPZ conjugate oF Lg. The relaton betweea Xg od FIT
can be eupressed
L, A = TLTA +(kA +AK)3‘_-
For o general shring Reld A. The otility of #his decomposiHon is +Hhat FL° s
a derivaiion of the star product
T (AR) = ($2°A)B + A(42-8)
and leaver Hhe drace iowdriands
Ttz Al = o
The deriysdion Property can e 3ea 05 Follows. We mMay represent AB as a Shrip
of width 2 wiHh He verrex operwior of B Clarered of the origin, The arkoen of

3L en AB is shoewn lkelow:

; i : o 3 ! T(z-4)
I e 4 : ;+S“‘.d;,i : H%
-leo 2WL iS4 S| e a— ioo 2w ! . " @ -t
{ TyofeoVy(e)]  Hovp(e) | :' "'.Of;ov,.(o):' FeoVg(®) |
s ; i ‘ ' '
» : ~ ' 2 QT“" )
= Sgme + a2 2 H Tc“*)‘lz I + S& -J—.-z ! I: * ‘;
o 3w © | { ! o A i Picenceut
i ! ] !
5 T, D§‘°VQ(D) ‘ ““’V.(.’ ; 'ITIO‘;SDVQ(O) “ 7S "QBV.‘D) "

The poiat is that we can add +wo opposite Snergy - Mo mantuim  Conters inrarsecting
The real axic ot L. of e juacHen of the ships of A and B. Grovping terme
sives the gdepiyaHon prepechy of 438~ A gimilar Manipvlation shows thot  the
trace is iavaridant.

It is vsebul 4o understund  how %" acks on wedge stoler wiHh  iagerkions.
Consider first a siring +ield O detined by an inseriion of an operator

@) of acaling dimension h on the real awis inside on intinitely  Hhin

.. shrip. Placing +he energy mementorn contours opproprinte

&5‘-’-:1‘&) h 587 on e et and Fight lovadaries of the shrip,
am
. it is easy 4o see Hoort they can be joinBd intv

i |
—3
240

@ Slngle conkeor iategral
da
§° o 2T
Surrevnding O(w). Plugging in the T-& OPE, +he contoor integral Singles out

the dovble pole, and e oblain h@Cx). We +herefore have
X270 = ho



Neasxd consifer +he oehen of 3L~ oh K. Note +hat +he operator insertHon
detining K has scoling dimessten 1; if Sacz) = Az 15 the scle ranstecmation

by a Con *uﬂ" 'A 7 we havg

-

00 Lod
9“°S g2 102y = ‘).S 92 1c2)

-0 A -los 2Wi

Indeed, we Find
*a{:"k. =¥

[ Ewcercise 61 Prove His ]
Thos +he achion of 4£~ on on @ infinirely  dhin skrip conhuining an operator
inserHon of sanling dimension h  Simply gives the secaling dimension o3 an
overall Ffastor. Combinea with the derivabion preperty, We oon use this Yo
compute e achlon of ﬁa&" on more genarsl srotes. For aiomple, ©on

9 wiedge stote we hove
327 QY = ~ak QY
T+ is also vseld Yo consider, For on arbitrary shabe A
$07 (VA AYG) = GLVE) AT * VS (32-A) S + vEA(RES)
=~ kVGAVE + JE(FXA)G +VSE AV (-4K)
Bringing +he Firsk and last terms o the other side 9ives Schnabl's Ly

This gives a Conyenient @xpression oF the celabonship between Lo and 127

-‘Co('RiAm) = Jﬁ({-x—ﬂfﬁ

e $0ba\9¢bl‘:« Next we introduce a svbalgebra ©oF wedoge stares with

inSerpiont oot 1z wfbiclent 1o give analyHe solvhens for the endpoint of
tachyon condensaton — the Jmdwon vacvorn. Tk is nalvel 3o guess ‘hot
this  suvbalyebra sheld Inclode Hhe 2er0 momentom  tachyen Shaie

gle) = -"z-':ﬁcfd
Since this is the mosr impertantr Hyslvation $ield on the D-brase which
acCguires expectution volve ober Yachyen condensotidn. Therefore we can
Consider a svbglyelra given by preducks of Fields K and C

K, ©

where ¢ is defined as an nARnitessimal  ship with a leewndary iasecHon of
the C-ghest. Hewever, i+ +ums our thar +this svlkalgebra ie nor tich eaewgh
t deseribe  intereshng  tachyon vacusm  SokbHos — we  need in additlen Felds
with  negative ghost number. 0re way +o raotiveje  this ig gavge Fining ;
Since we ae ngr nterested in consituckng  the eatire gavge orbi+ of tuchyon




vacvm soluHons, i+ makes sense t» look dor &  soluHen in a parHlar
gavgd. Ta the avmerieal consiruction eoF soloHons ia level uncapion, the
yost Commmen gouge Choice is Siegel gavge’

be X =0
vhert by is the 2er mode of +he b-ohort, This is inconyenizar 0 analytc
calcvlabions, 8ince by, ond .LO fake us ovkside +he il oF wedge shades.

A natwral alberorive s

B, P =0
where B, I8 +he 2er0 mode of ¥he boghest in He sliver coordirate Frame—
i+ i6 W same aS Qg obrer feplacag T by b. This is called “Schnakl gavoe.”
We have +he property

Bo(VELANQL) = VE1(3B7A)NCL

Where §B" s o deriveden oF the shur prdoct — it i§ the SIS
abrer Teplacing T by b. We hawe ihe property

+®" K =B
where B Hre string, Held B is the same o5 K ofter replacing T loy b— b

ie wiven by a verdien] contour indoral

§in Az e

-

- AL

inside an iadaikely thia shp. Tharefore, Schnakl IWoE leads vs o Gonsider

a svbalgbra of stotes given ly Mulkiplication of Hhe String Flelds K,B, and &
K = Grassmasn even; ghost ¥ Q

B = Grassmonn 60d; ghost % —1

e = Grassmans odd; ghost# 1

We have #Hne propertecs

127K =k 1% K =8B
t1x"B =8 1%"B =0
7L = —c ",:‘B"c =@

For e*ample, Using +hese relaBesrs we Ean chack +hat the zero-momentom
+achyon store is in Schrabl gauge:
By 110> = By (T T AS)
- T

=0Q
Alrerna¥ively, we can check thiz by nohag
By = b & -2, ..
e o +gba—~szby r.

The posibvely moded b oscillaters pass Yorough €, and ansihilate Hee SL(2,R) vazom,




The Fielde K,B,c sabisly a oumber of impoctont relaHme with respect @

+o Cachother ©nd wih respeck +o +he BRST operater’
[x,Bl =@ pB*=c'=o [B.e]l =1
QK =@ QB = Kk Qc = cke
We use I[,] 3o deaoke the commuiolor graded w.pd  Grassmann parity).
The importus® thing to noke is  that the KBt sybalgebm s closed vunder
+he acHoa oF +he BRST operater, Therebore it IS  oOonsistrab Yo look For
a soloHon o QT +2 = @ in this svbaloebrn, Mest of these velarions Cwn
be ecasily yerfied by the appfopiabe conteur deforrralivas laside correloNon
funcHons on Mre cylinder. The compvinHon oFf QC hewever Therits a brief commear,
Firgh, the compuimron of Gc glves a $iing feld wWe can wrire as  £dc, dehas)
by o kovadary ingerHon oF the operator COCCL) inside on iARHrly thie sHip.
The operotor Bc however, is ditferet From c and it Jooks like we leawe the
KBc subalgebra, However, we fole  that
[x.e]l = 2¢

In reeme o corelotion funcHems, the comrwiater  wite K preduces o contour
oF Hne eneryy -mormentem  Fansor around the C€-insecHon, which picks our  the

pele commibuben of the T-c oPE, giviag 2c. Therefore we have

Qc = c3e = elk,c] = ckec ~Cc%k = cke
Genrerally, W is always +rve  Har [K,-1 computes the worldsheer derivative
of Hee operatvr inserHan, defining o shing deld.
Now that we have o simple algebraic setvp, ik i€ hard Yo pedst  playing
arovnd o bir o see

W we can find ssme soloHons. One +Hniag you might aotice

'8 Hhot & YU mwliply Qe by K, yeu £ad  the idenBivy
Q(ck) = (er)?

This  weans tHhat
Y=ok

is a golubon Yo Hhe opaen SET quatiens ef melion, Unfortunarely, Hhis selv¥ion
is somewhat of o dud — i+ hes ne physical meaniag or signiRicance, as Far as

we kaow., Geserally, i+ j& a nontrivial waler u,.h,.mn“", when o solvrien is

really Wihere,” or when 3+ i an arkifact of some Wind of singulariry, Rather

Yhan dwell on Hhis, we noke et a.},n,,, € results in asemething more interestiom’

W =cli-k)

T durns oo that His s A solubion for the ehgon vatvoim, Ths erarerment

& .
hovld ke  undersrosd with seme gualificaton, since He sourlon i3 singolar: ir




iz detined by a pair oF operainr insertlors on an ieRadly this ship, and  beneser @

similatly do Hre ideatiby Siring Fiald, The thing we would like 4o do  aiyes

o Tachyen vacoum selHen is Prove  Sen's conjectures. For example, the acke,

@ualuaitd on Hhe asolvHon shevld give +he lbrane

deasion
SI®) __
Yol am2

Since ¥ s an iafinively +Hhin strip with optroader inserMHons. Compuling Srar predverc

and Iraces o P produces o cofrelation Funchion en a cylinder with vanishiog

C“’Com%ren:e, There i no surface, and o  upambigudus way do detine e

Corelater, S0 i+ gseems +har Wk acHem evoluaied on P i undetinad, Neverthelass,

T say Mot AR s o tachyen vaceum selHon Jue 40 its senalie relatioaship

fo ohher dachyen vacwrn solviiens which are well - Jebined, ond, more intvashngh,

dve o dne fack that dhe soloFen Supporks no open shring eAciveHENT. The
lineatized Rlyctoations of the butkgtound desined by ¥ are ogiven by the
cohemelogy of +he shifrad kinetic operodor

Qe = Q + Le(i-k),-]

We clabn  dhat e cohermclegy of Qg is emphy, and therefore mny linearized
flvetuation of the solobon i2 pure gavae. The asence oF Gohomelogy tollows
from the dollowing compuiniion:

QB = GB+ [c(1-k),B] = K+ [¢,B](1=k) = K |~k = 1
Given o $Hucivalien ¢ arevad satisfying +the linealized EOM:
Qo=
we can write
P=1.¢ z@QB)Q = Q-Q(B(P)
Therefore ¢ is a ivial element of Fhe cohomology — all Jinearizey

FluckvaHons are pure gawe.

Lechore 3 1n shis lechre we preseny Some of  Hae rowak impertant  analgHe

SelvHons in  Withe's open besenic SFT i Schnabl's SolvHon for Hoe tuchyon vacuum;
Schaakl oausp  solubens For morginal  deformaliens; the simple tmshjon vacuum; an)

the KOS (Kiermoler-Okawa-Sder) goloHon Tor Mmarginal deformalions. Ameng the
impertunt  solulions we will a0t discoss is the Fuchse Kroyter = Polriag = Kiermpier « Okawn
SoluHons for morginal defermalions (othen called e Kiermaler- OKawa soluHon for shork,

perhaps vakairly, Since ite essenhial shrvchire was Fesk  desaribed oy Ruehs, Reopree

and Peldag). The Kierrnoler = Okonta SelvHonS have o rarher beavibul Strocture,




but ore concephyally Mather ditterent Fromn the other selutions, amd, e one  ceasen e

¢ another, have not plaged a central role in cecent developments,

Schnabl's _solvhlon  The Hirst Rlly regolar analybe  Solubon in  open lososc SFT

was  Schnabl'g SoloHon For ine tachgon Vacwm, Ve will give a “derivation” o
this Soluben which is robher diphbetent From Scheabl's OFiginal approach, levk is
Mmore diresr From +he perspective oF ovur development. We look for solurions omong states

" dhe KBc svbalyebra  sallshying the Schaabl gauge conditon:
B =0
A Faldy generol class of Such stoles takes the form

W= ¢ BF(K) eV

With o fie more work we cun ochally wWrite Hie complerey 9eneral ansatz for KBe
® Shates In Schnabl 9auge, but the other pessible combinations of K,BL de e
appear in Hre seluben, so we will mpke our lives a livHe simpler by ionering
Haem. First let's check the Schaskl ogauge cendition; acHnag Bg on the rhs  sives
Bo (VT BRIV ) = VEI 18 (cBFIC)VE
Now recull Hawr % B~ acks as a dedvakion, and anninilaves B andc. The only
pessible contriloyrHon apPeEars whea %X B™ acks on F{Kk), 9iving
$B"F(k) = BF'(R)
However, Hhis ContribuHon vonighes dve o B2 =@. Nexr we plog this ansatz

ito +he EOM +o Fix the Jorm of F(K)
Q® = — VB ckBe FcS1 + JE3cBFcke~%

W2 = JGcBFeSLFcYSi = Vi cBOQFcFe vl
These cxpressions look rather ditferent, bur £ g stare ar i+ a Nite bik you will
Find thar +he equakons of mokion are equivaleat o Hne following FvacHoml egquaton
for F(K):

FlK) Ky + FIRDIRIRE™™ = DK, F(Ry) - e~  E(KIF(R,) = @

Since Hrere are Fwo varlables K, Kz and enly one vnderarmined function Fek),
his loeks overconstralned; sHIl  There s & solurion, Afrer some algelra e
Can rewrite Hnis asg

£k, = _ F(Kka)
Ky +e™ ROK) Ka+e™2 Eex,y

Since ¥he InS is only o Suackion of K,, and M right hanrd side only o

function of Kzo the °l'|y way +his can lbe coagistentr s i+ hoth gide

are  equal Yo a constant, which we call A




Eek)

=

K +SLFCK)
This implies
E(k) = AR
1-A82
ond KB
ANQ ¢ c
T =R

We hove a I-paramerer Family of KBa solubions in Schrabl gouge, Note Hagh
i N=@ we oklaln +he Irivial selution
=0
Thig s #he perhwbative vacvum — the configuradion where Al Fluciyaren  Fields
Vanish, and +he D-brane deMalng the SFT s  undésturbed. T A is 2mall e
Cun eAPAnd  the soluHon perturbalively ia AL
P = AVELckBeNSL +O(22)

The leading order contribuHon is BRST exack)

VG ckBeAEL = Q(VE Be vz )

This  means thak, For Sufficieatly small A +he solubion represents o detormotion
of Hhe perfurbative vacvom by a trivial clement of the BRST cohomelogys
physically, this represents no deformabon of allt for  small enevgh % Hae
SolvHon is pure gavge, I+ is a litle pozzling +v Hnd pure gouge goluHens  since
we have supposedly +Fixed ihe gavge — Schaabl gavge. Apparently, the Schnokl
gavge conditien does nok comPlckL, ¥ix He gawe,

However, whor we wented 0 Find is a seoluHea For the Iachyon vacvorm. One
way +o Know # we hove a tachyon vecuum is i+ the linearized evcitarom
of the solubon arg gavge Irivial — the background supporks no  open  ShrlagS.
This Pollows From +the existence oF o shring Held A 3:.\-:37-,;,.9

Qyp A =1
The Pield A s colled o "’”""””P*I eperaror.” We can try ‘Yo conshrocr
A ¥or the KBe Schaabl 99V9¢  solyHons. A m.,&_’:f.ﬂn ghest number =1,

and agserming i+ can ke erpresstd in e KBe sukalgebra, i+ must Feke the

Form
A= BG()

Now compute

KB 7o) L1
GgA = Q(BGH) + AVEhcEos ¢ BYEL GO + N BGUIVGi e /5

= KGIK) + MO eB REK /S« aAvE KRG g, ./
=90 =AY

_ KL KG(K) Bl
".G“K)(K*"l-an. -»'A-.l'ﬁ[ TR J5




This eon only e 2qual +o 1 H 3 @
KGCK) .
1-A2

G = =283
K

VoM q;‘}'l’ ﬂ"?
Have we just proven Haar Hhe  Solkons represent o dnchge WS

makes Sense A A
Nor yet: we sHll hove ‘o see that the hometopy operator

:  accepimbr
string +ield. For +his recal ovr previovs discussion albovt the wedge algelra 4

3 K
stutes in the wedge algekra most e loovnded, contiavous fonctions ot =R

w Fonetion GCK) has o pole ar k=0 For all welues 30 %
(]
R except AN=1; where
) NGl =1
T ~> K

To see +hat Hus pole shoold be imken seriovsly, consider

+he homotropy operotpr at N2

- B
A K

The axistence of this stote would imply that +the origihgl D-lrant  Supperts  no
open shrino exCitations — which s obviovsly nret Frue., We can nevertheless arrempt

to constrver this  shade, For erample by dedining I/ +hrowgh the Schvﬂng!r

parameterization oS an integral over all wedee Shutes:

-]
2 -8 s

We may wWorty about 4he upper limif  in the istegrabion 4dlnce QX approaches

+he sliver shate; bur ockually Hhe inteoral s flaite  since BQLY  vanishes

in the Fock Space as
of Ao
BSY ~G’(q3)
Excercise i Prove +his ly Finding +he operaor ¢ of lowest scoling  dimension
such that <($IBOXD> 20, and determine +he lehavior oF +his  Cofrelator +oI"
lage of:

The difficoldy does ovk  come frem W*Mm a divergence

of the shite, but from +he Fack Hrk W I+ Goes gk actually define o homohpy

operator:
a(L) = § sx ke

[}

0o
~§o kot = 1-a”

The presence of the sliver stake  negates the conshachion. Ths preseace i
reloted +o +he Fack +har +he identily oOperator is nontrivial ia dhe BRST

cohomdogy. For other A£Q@ +he homolopy opcrator moy be Fermall, whaithen

A =B’~:k-°!-9 = B(L: dor OF 4 (:-%)ST Aan‘*)




(33
The seconqd +erm, with iatagration ovk +o  the sliver stake, is  +he problemate .
contribuHon oand s absent precisely when A=1. Thus of A=1 we have

9 well defined homotopy operoter and linearized excitotions afe Frivial. The

Corresponding  Solukon

P =4Qc

KB
,_nc'fﬁ.

iS  Schagbl's solubien For +he +achyon vaCvum.

An imporrant aspedt of Schnablic seluHon is  understaading hew To define
Hne string +ield T-%'.). Concretely, One pessible approach i Yo define i+ by a
povier serles in K. Reaalling he ogenerating FuncHon for Beraoulli auvmkers,

this gives
o o om
T= 3y D Br 5epimevd
m=0 ‘Ybf

]

Jacvsy -%JﬁcKBc.{ﬁ + #ﬁcK’Bcﬁ o
Each +emm in Hhis sedes iz o0n elgenstate oF XLy

2o(VE cK™Be VL) = (m=1) 48 c K™ Be ¥EL
This defines the so-called Lo level expansion. Tt is somevwha? analogevs o
#He expansion of the Shing ficddd inte o basis of Fock shates with definike
Le eigenvalve — #he ordinary level expansion— &ncepr Formulated in the shiver
Frame. The "level” of q stare in this exwponsion is detlned +o be its Lo

eigenyuloe. The lowest level shae in  the Lp @iponsion oF Schaablls Selution

'S He  zero-momentum  tachyen %.cl|°>’ ar layel ~1. T+ is also  iateresting

to see e Lo level cxpansion of KBe solubens in  Schnabl ghvat whea A # 1

¥ = -,-:’-—; VA ckBe VY -~ E,L_;)zfdcxzbcm- .

The 2zero-momeantvm tachyon shate s now absent from +he exponsion, and the leading
stafe, ot level @, is +riyial in the BRST cohomology. Mor interechingly, the oo
expansion ;s diversenr ia the limit AP 1; this s Rrther evidence that

the solrons For A=1 ard AF 1 are really diskner, A celahed obser valion

it thar +he states —2 do nob form o &M Couchy gequence in +he @ A1

1=-202
limir  w.r.+ +the wedoe algckra norm, and in parbHcvlar

\ L — K
l".'l, 25 ;-M:.“ =1

due h  the Facr Hhar ,—&;‘3 vamshes of Kz=0

for all A41 bu+ ,,_E.a is 1 ar K=0.

Note thar +the Ly level expansion represnts Schnabl's

Solvhon a¢ o unik s¥dp  contwining an infinite nvmber  of

enerfgy — morqentorm  contour  inserHon, Such a representwuion




can ke uteful For Some purpesesS, but is nor always apprepriate. Another apprench

is +o represent """",:'n as a ogeometric sSeries ia S2. More ng:aly, we

have Hhe Sollowing iden ity:
N N+1

1-Q m=0 1-Q

Tn the lost demm  we may expond using Bernovlli il

L = ﬁ kQ™ + % -)8, K% Q"H
- n=gQ L=o 2

Note +hat in the limi* of lame N, QNY  approaches  Hhe  sliver shate

NH ore suppressed. For the calevlalions thar

and higher powers of K achnag on L

concern us +the higher povers of K .can lo@  ignored, 8nd wWe can replace +he

(]
Becnoolli sum  with its leading Term N7 RBe yo 1 Therebore

!
K N
— = lim n N1
1-S N-)OQ[EOKQ rQ ]

and Schngbl's solukion is expressed

nod

N
T = 'IV»:M[ T YL ckBOQ™ NG & —JﬁcBQNHcJ—a]

The lask Yerm in  this expression ie¢ called ¥he "phavom term,’ and is a
Source of o lot of puizlermnes® abour Schaabl's Selovion. On the gne hand, oS
Followis $rom Hne computation oF Excercise F, +the phoatom term  vanishes as

@ stute in the Fock space:

(‘blﬁcBﬂ""’cJﬁ) = a’(ﬁ'-a-) I$>= Fock o space Share,

On +he other hand, He phantom term is essentially what is responsible For
Hhe physics of 4he soluoHon — it is +he orlgln of Hhe 22r0 momentum
+“chy°" contribuHon In Hae Lo lavel axpansion. Note that for AE1 e kBe

Schhrab) 90v9e  soluHon can e writrea in Q S)M”qr +orm

=R AT e KBSY VB

n=¢
Thic works for 1Al <1, gince obherwise +he geometric  sedles iS5 divergemt.  However,

Since the phastom etm yanicthas in the Fock space, the limir A» 1 is
perfecHy  gmonth in the Fock space. Thos i seems that Schaabl's Soluron
is 'elosc” 3o being pure gauye.

It was realized by Okawa that  Schaab) gowe KBc solvHons  can e
expressed expliciily as a  finite  9auge drondformation of e perturoabive Vvacwum

Y = (1 Be)Q —
(1= A~SLBe) T

and  +his converges +o Schaabl’s  8olution in +he Fock Space in He Umit A>1.

[Bucerdse ®: prove +his formolal




The problem with +the pure gowge expression o8 AP1 i€  Ahat  the

inverse gavge parameter

; = 1+ AL
1 =AVEL BV

develops & pole of K=Q. Thereore, the finire govde Yransformation relakng

LI - PV (]
- A%

: )
Schagbl's solgbien Ho e perhirbakye vacuum i Sipgular, Thee s a <l

+
Pe‘auons),lp between +his s)ng\;\qr'ﬂ'., and Mre presence of a phantom it

in Hie solvHon, which we will desaribe latel

Now Mot we have an analytic SoloHon for Hhe +achyen Vacvom, wa would
like ¥o evoluate e oackon o nreprduce the D-brane Jension. The computoXion,
as orglnally given by Schnabl, is unbertunotely A ligle tve complicated to
pressnt here. TInsread, we will give a compuiwhon oF +he Ellwood invariant,

Ty [R] = '1‘3:” [ ‘;_’,‘ Tr VS ckBSY e V52) + Tr.,['fﬁcBQ-NH cmq
w0

Lek s Frsr deal with +the Yerms in the som. They alse appear In +the kBc

Schnabl gauge soluFons when ANF Q1L

S5 a7, [VEL cRBE™ eV )

n=0

However, we know ¥hai the Schnakl oavge kBe solv¥ions are pure govge For 41,

N A press
and +the Ellweod invariant mMusk therefore vanish. Therefort, the above EXPressios

vanishes order-by-order in A, which implies

LY ['fd cKBﬂ""cJﬁ] =0

Theretore the only nonvmishing contriliution v Hhe  Ellweod ievariant of

Schnabl's  soluHon musk come drom the phantom Ferm
Tr = lim T, [yq B8O
Vl'g] N'-’co v[ e c n}

= 'l;::n Tey [cncanﬂﬂl

To  simplily Jhe ghost correlator, we note  the Following idenHHes:
Tey [chBQ"”l + Tr,,[‘:Q-Bc.Q.NH] - T"V[CQNH] =0
Te o~ (e = Te,[eBOcOM™ | ~Te,[cOc BN [ (N4 <0

SubtracHas +the sSecond eqvabon Prom +he First gives
(INe2)Try [eQe Q™' =~ 10 [e Q2] = 0

Therefore

Trv ['\2] L’:” n Te [c QN!’I}

Using % &L~ invariance of Hee Hace,

Te, [R] = lim N+2 [(m‘z)ﬁ" Qm-:)] 2 lim :’:; T, [eQ] = Tr,[e]

N-960 N-9e0




The $inal +race can he weitten as a certelotion  FopcHon or a cylinder of circumperence 1, @
which can ke mapped 1o Hhe unik disk using

$Gz) = cawis

This gives
Tey[®] = {eBV™(im) c@ ),

= ¢z
e {eEV™@) e,

rootver

disk =" AO(V)

= == {Vm(o)
2w

where in  Hie lask step we used the Facr thar the ghost correlator evaluates to -1,
This is preciscly e ditference in the closed shing  +adpole amplifode berween

the tachyon vacwum (where +Hhwe  Fadpole vaniches) and  Hhe perturbative vacoom,

Schnabl gavae Marginal soluHons  We now describoe anplgHC  geloHons Ffor Mmaryinny
deformoations; +hese comespong o deformotions of +he reference D-krane ogiven

By moving alons HaF direshens in the string Field poteatial, A+ linearized order,
Svch selvNons are represented by O nentriwiol alemesr of the BRST cohomelogy,
which we will assome tukes 4he Form

’Q = cV(O)lO) 4+ nonlinear correchons

where V(z) is o bovndary matrer primary operaror of weisht 1, If we
imreduce o airing Field V' as an inkailessimelly  thin  ship  with  bouadary

inser Hon of Y(2), we can write

P = JO VIO + nenlinenr  correchions
Some impertunt properHes of V are
Q(ev) =0 t&"v=vV 1® V=0

Trhe  sccond property €ays  Har V  has scallng dimension 1, and +he Hhird properk,

Follws becavse V(x) is o mader operotor. OFfren we mol¥ply V by q Snstadd N,

Corresponding +o the enpectabion wole of +he Field generated by +the verter
operater VL), We will absewk #his Constant st +he norrmalization of V,

to aveid WriHA v many Ms in formulas. The soloHon can be @xpanded
per turbatively

T = '\21 *?2"'?3"'"‘

where ¥, containge M incerHong of Vi they represent the nonlinewr correchions

Hhat occovatr For dhe fack Hhal the Field generated by cV  has finire

expectabon value. Matrching Zerms +har conbwin the Same onumber of Vi




the EOM implyi (D)
QT =0
Qe, +,* =@
QP + 2,9, +P,P, =@

Thee moy ke an obstruckion to selubon of These equaHens P the quadrabc terms
contwining lower order CorrecHoas are Mot BRST exack. Thwe physicol interpretarion
oF +his obskruckion is thar +he peteanal For Hwe field eV is nok exacHy fiat;
a Finite expeciadon valve For the FHeld i€ nok ar a shabonaly point ef Hae
perential. T& 4he construcHen e Yo Find a soluhien for W, » Hiat  meane
thar Hhe pohential ooes rovshly as  NMT' dor small K. TF e obshruckion i¢
absert, Hoen the daformation genernted 0y eV is called “eracH, marginal,”
We assome #iar oV generntes an  exacHy marylnal deformahion in what Ffollows.

We look For an annlybs solulon For +he margisal deformoakion s Schaabpl

gavge:
BoE, =@

AcHng Rg en +he EoM and vusing LR, Be] =L, we oblwin & cecursive set
of equakens For the corecHons of Hne Form

Lo ¥, + By (lower order comeckions) = @

Tt ¥he Secend +oem in  this egualion dees mot produce stores in the
kernel of &Ly, wWe can invert Lg +o obhin an explicir formola For Y.
Let uvs work this our for the second order correcTion:

= B
2, = }f.q;l

SvbgrirvHag AP, = mcvm and pePpQS!n‘ﬁng Fhe iaverse of 1‘0 vsing  rhe

Schwinger porameterlzation, +his is  shraightferward Yo compvote:

Y, =~ %— VS eV QLeVYE.

= -:5‘5 JO.eVBQ eV

[
== {7 ge e %o (/A cVBO V)

= =74 va e evBnev)va

i

0 -t
-2 g et VR NB QT cvvE
Sub sti tute o = c—* 5

T, = = S; dot Jﬁc\l&dc\(«ﬁi

Yov wmight recognize this integral From +the homotopy operator for Schnabi's Solukion,




We have @

P, = ~JSL cV B !-"Tf—z-‘chﬁ
Ler us menton o puzzle. Usvally moarginal operators, leeing dimension 1 pPrimaries

have a douvble pole in Hwir OPE oproporHonal +o Hw idenHby 0 peraton:

Vex) Vee) = oy + o

Hewever, the sirip separptng the hwo V inserbons in P, coan be arbibrarily
+hin, aond Hie OPE of Vs will prodvce o divergencet in @z- The iater pretotion
ob this i€ fairly clear: apparesHy, WY BT  contmins shutes in the kernel of Lo
The puzzle is MWat normally  His  wouvlal indicare +har the deformation S

not exactly rorginal  In  Siegd aqavge, ¥ by B2 has o Stwhe ia the kernel
of Lo, B> is not BRST exack and P, doesa't exist. However, we Know
that there are plenty oF @kactly marginal eperators  with dovble pole OPEs — it
is the ganeric axpectabon. The resoluton to Hhis puzzle is +hat Lg — uvnlike

Lo— has @& Srare jn its Kkeenel which is yriviol ia +he BRST cohomology

N ckBe VoL = Q(J Bcﬁ)
Therefore, i+ is possible +hal we can have an obstruction +o soluHo in
Schnabl gauge which does 0o indicare on obstweHon Jo  solo¥en in obther 93Y9es,
Hewever, since we wonF o SoloHon in Schprakl 9aV9€ we acsome Huar all
peles in the OPE of Jdwo Vs are oabsear
V) V(@) = regular as L@
To avoid proklerns at higher orders, we will in Fact assomne that all powex
oF #he shring Field V are Haite. This assumpHa, is noT as  aonstraning as
it right geemy ot First. One eaample of V with regular OPE ja +he rolling

+achyon deformahon:

Ve = Xt e*®(x) e*°(0) = 1x]* : e2%° (o) + ...
This represeats o Hme ~depandent Soloon where +he reference D-lorane
decoys starting From an  infiairessimal, hoemogeneovs g -Hv:::‘unh‘on in the isfinire
past. For iabeyimr —tirr—ide +ime indepaskent marginal deformarions  Hnere
i a rrick for obraining a sgolvHon in Schaakl gawge: Given V wiHh 4
dovkle pole Cand gnly a doulle pole) in +he OPE with irself  with  usit

CoebFicienk, we may Consider 9 modiFied marginal operotor
Vi) = V) + i3k ()

This has regular gelf OPE Since the double pole of 2%%.9%% cancels

Mratr of V-V, and V-2%2 s regular Since V is iadepesrden: of Hne b 3
oV

BCFT, Technically, *his deformmation +urns on  the Feld corresponding to V(L)




in additten To o Hmelike qauge Field Ay, ©n +the D-krane. Howrever, in physical @

configuratioas  the Hmelike  direetion on Hwe D-brane woridvwolume is  Nonacompact,

and o Constan¥, ¥imelike gavge Rield Ag can lee removed by gavge traastorm xhan,

Theretore e debormation generxitd by V' is physicrlly indiskaguishable From thor of V.
In ony case, to procesd in Schaakl gavge we mMuSF nssume  mMargingl  operarors

with regvlar 2¢l¢ OPE. Then P, is well-deFned and we car proace) hy

lnig\vﬂl' 01’&"‘. wWe wt“ g]mﬂ, q\’Oh Hae r(&)l*’:
= -0 e B L2d)
Adding o)l comechons  gives the £&ull  selyv Honr,

¥ = Jnev— — Vo

1+ B 1=5% oy
M

= eV E e Vo
I+ |~T‘7-_v
Ia e lask Step we simplified Bc insertisns uwoiag [B,c] =1,
[Ev-crcise 2: Prove Yhat this selubon sahsiles the EoM.]
With the Schakl 9ane marginal solubon conshruckeds we can +ry +o Compok
some observables: The ochon s ot very inteceshng Jo compute gince a  margina)
solvhon moves the shing Field olong o Hal dicection in the poleakal; +he

valve of ihe achon does not chunge. More intereshiag S the Ellwood iavapiont

Tl T] = Ag) =~ A (D)
Ler us caplain +he expected resulr. The solutien ghifrs the backgrovnd $rom
BCFTy, 40 a inarginally deformed loacksrovnd BCFTy. The closed String
tadpole in the new lbackoround is compoted by & matter 1-poilr  foncHon
on the disk in BCFTy:

A N m marer
+ ) = s (Ve

The queshion is how +his correlator is relal®d to  Hat of BCFT@- The

Morrer  correlator pn Hhe disR i BCFT* Can be computed az o poth integ ral

an

matrer _ = - Sdisk = §," d6 V(@)
<... >dz:z, BeRT, S 'E"’X'(z,a)'} = e (- )
<

Where Sy IS e Pod yakov achion en the ovnit disk ond e addifiona)

2 ’ X
+ecm So b d8 V(p) is o eound ayry inderochion represenbng Hee shift in  boun dary
condition implemented by the  morginal operater V. This bovndary imerackion
can e vieied either oS park oF the worldsheet achon, or as an eoperator

inserHon inside  +he poth  integrml of BCFT . Therefore we expect




7 maier

o Bty = & e"P[ S b \I(O)] dm -

One subHety i3 thatr +he exponential operator ‘typically needs renormalizabion
¥ make sense in BCFT,. However, Tor Schaabl gause Marginal defor mationg
all OPEs of V are Finite, 30 renormaljzabion s aok necessary. Therefore

He enpeched resuldr For +he Elwood invariany is

Ty [R] = ;:((ean:rda V(b)] . |)1)'"(o,o)

maiter

disk, BCFTp

This resold was Proven ia o paper by kishimato, though the poper looks complicatzol
and the notation cormparsome: T have not really read i+, levr T have always
felr Huw¥r o wmore elegag demonshraHen 15 possible vsing Hre  shreamlinod
algebraic  Pormalism  we have been developing. I+ wwovld ke gmar If someone

here covld ogive a nice proof, and exploin Fheir caleviobon Yo me (Ercercse).

Simple _solobon Ty is intecestng to leok Ffer other Juchyen vacvom  solutions

in the KBe svlbalgebfe. With seme analysis, i is possible Yo prove that

the geneml *achyon vacuorm  takes Yhe form

g =T a;!‘ +Q(8T)

where T s e "2em0 memesivim "‘Achyof\" shate thrdﬂhf;l'lﬁQ e solvron,

For Schaablls solo¥ien, T ;s literally toe 2er0 -Thomestom  Jachyon s

T=JQ el = -%r- c,loY (Schaabl's  solotion )

and  For mMmorg aeneral selotions it may take the Form
[ ®
T= ) axf op separea’

F(K) is #he "“yacvom skate” ofF Hhe solobion, and is celoted to T  throvgh
[B.T] = Fek)
For Schnabl's asoluhon, this is lithrally the SL(2,R) voacvum shle:
E(k) = O (Schnabl's  solution)

Te ger a well -defined tachyon vacovm, it seems necessary thal the 'F’”NN’AQ

States are bovaded, conbiavovs FuacHons of KZ Q-

K E(K) 1= F(K)
I = F(K) 3

The Firs  should be o 9oed Sl  since it appews from compvting B B;

The second shev)ld be a 9eod sShuke  since

K



P

®

detines  the homorepy operator which mplies the absence of open shhing  shateg.
The  struchure of  Schaakd's  seuron is  Fairly representative et  the generic

+achyen vacoum in the KBc svbalgebm. Given #hic otneral shaclure, i+ is
interestiag o asR  whather there is o simplesk possible cealizabion, The +achyos
vacuom  defines +wo distinguished Shates in the wedge algebra: the "vacoum? sdan
FCQO and  the srare '—%(—19 which appears in Hhe homolopy operator, We can
define & soloHon by requiring them 4o be egquali

FOO = 1= F(r)

K
This implice
P F(k) = )
1+
A convenieatr choice of the 200 Momenhum tachyon state is
T=c1—
I+ Kk

The solution is +hen
P = cOrr)Be

1

I call this Hye © Simple” tachyen vacvom 3Solvkon. We can define e Vs

the Schwinger paramelerization

1 _S“"’ —-of ~eor
“.k..oddz (91X

The explicit dekbinition of Hre golubon dees nor require o phantom term.
However, the selurion is not quire as well-lbehaved as Schaabl's  selvbon in +he
Fock space eapansion. One Can compule the energy of the soluhon by dropping

Fock space compenenr Helds with masses obove o fized integer L, Pplogging inte
the achon, and *aking Hee limir L->e. For Schaakl's soluphien, this proceduee
appenis Yo converge on the correct answer, whereas for the Simple solunen i
does not. Tnsreas, +he sum OF contriboNons From cach mass level gives o divergem
SerieS, botr +he series con le resummed 1o give the Cofredt omnswer. The origia
of his behavior is dvar e Simple  soloHon invelves o contiwovs supgrposmp,,

of wedge shules al]l the way dewn o the idenkiry Srring Field ; the identlk,
Srring Held & jush oF the leorder lbetween normalizable and  nen-ner malizable
@Gavssion funcHonals, and ;s peorly behaved aS o sSture A Hhe Fock sSpncy Shpaoisg,

One oreat odvarrage of the simple  selurion, however, is thar ihe analyKe
calevlaHon of +he energy s valy easy. Assoming +halr Hoe shring Fleld P

SakisFies Hye EOM, the action Swnplifies to

S=-3T[®aw)- T [w3 -+ mleae] = ~e TFleae)

If we Mmﬂ“ze Yhe epuce 'ﬁmc valvmt b “"H'V " s ‘hgv’a 9:ve ”.(

enersy (or tension) of Hhe D-brane  koRre tachyen condensabien., Nermalizing




the spacehme volume 4o 1

implies dhat +he vacoum matter Corfelatvr in the UHP
is egual 4o 1, S0 the iuhall cerrelater with 3 c-ghett inserhons s given by
<c(z.)ccz,pc(za))w = (2~ %) (23~ 23 ) (x,— %)
wWe write the simple solv¥ion as
¥=ete +qBe )
14+ =K
Plugying into  the achon, He BRST exack +erm drops oot  since Q? =@ an)
BRST invariace of +the Trace, Then
s= =& T [TQE]
= - LT | —— coc —
6 Irk l+K ]
=i 'é‘ S dof S dp Te[e¥cacP e §
o o
The *race

can be compuhd as a correlator on o ayl?ndzr ot  clecomPerence B,
which, can ke mopped +o the

UHP  using
Yon SE. ) )
v ok
Fizing  the origla ©n cac, this gives e cgc J
o ° -B
Tr[eQ%e2c QP] = {cta) cae(@))
Corsp

- w 2 vof \™!
= sec” =) (T~ sec?o
("’"P o +p

-1
4
o rp ) < c ('l'an -_'Gf%'p cdc (O))UHP
Usin
ks <elx) edelz))y,p = — Cxim2a)
aives

Te[cQ¥cac QP ] =

" (.L*-E)’ cos? mA_ (. m«z:s_.)
™ orp orp
2 .
= ——E-d; ) sin2 To
o(+p
This  predv ces the

inregra)

ANl

e~ P G ma

c(.)-P
The form of the integral Sugpeshs @ svlostihyHon
La dxp % 12,0] dadp= - L dLdB
g =T ¢ [0, 7] T
) ’
giv'm,
S=

v o0 mw La - L "
e So dlL So d6 -FC sin%B

& (§T a2 ™) ([T aosa0)

h
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611'3 x
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ey

a2

This confirms Senr's conjectvie.
KOS solutlen A similar simplilcaton of the Schnabl - gauge marginal  SoluRoas  was
ww given loy Kiermaler, Okawa, and Solar, a3 jyps ovlk HD have o - reachlag
Consequeaces. we will present the solurion with seme refinemenrs Following
work hy C. Maccoferri ond myself.

The simple eoloHon is relored 4o the Schakl gavge duchyon vecowm by
reploaing €2 with -ﬁ'-lc—' A Similar replacemant: s also powmikie For ihe Sdnabl geuge
marginal  gelobon, oiving

B \
= eV c

o e ==V 1+
1)

In this seluNon i+ is also necessary Vo asSvme Hvok the Vs can be  wulhiplied
wiheut Singularihy, Thie unassvming axpression con be  turned tnbo something
profeund wiHh o few simple algebraic manipuladiens Wwhese Signiticence and necesdily

are net @Ay tv gee o Firsr, Tt goes ae  Felows:

(o]
oy C1ekavV) K

v = ¢V

= cvV—E Clen) ¢ —L
1K+ 1K

= J& K - | [ -
c( VY = (k) e Oek) yav
= c(1rK)Bec ! - aCir)—2 Uek) e ——
Ik 1KeV 1=K
ol - —
WN w.g

The Hest Jermn is « the slmple +ncwon vacum. Since B js a sevbion, he
Second +erm is a souHen v the e2quaMons of moHon areund Yhe tachyon vecuumm'
Qe,, By + B =0
Th o sense, ¥he $imt ¥Yerm desiroys the referance D-brane, and the second
herm  creares a  marginolly  deformed D-brane out of #Hne +achyon vacuym,
Te ake genge of ¥he solulon in this Form, I is necessary to Sive a
Concrere defiaion ¥ the okt Tray. USing the Schwinsger parsm ehed 2ation

W& can  write

’ -l
\ - S du & cte ot (V)
Y °

The string Field 1n the  inkegrand looks somevhat Kke o vedge state , @ncepy

that the combination K +V appears in  +the SAponantial. We claim 3het ey




Yhie is o wedoe shobe aentwmining an axponential Jnserrion of line iategrals
aF V on the bouvndaty:?
b o} ——>
8CcrTw E
1
3
exp [~ S g V(w)]

e aCk4v)

® enans
1

The cumvla¥ive effger of +his operayor insertion is 10, deform the bovndany

condiHon +rom Hre reference D-brane BCFTg iate o new D-bmae BCFT’,

related +v BCFTy, by marginal deformalion through  the marginol operator V(x),
Let vs prove this relation. Soppose that Q% is o wedge siube defined with

the bovadary condivions of BCFTa. Coniract with & test shire and compu¥e

db<a100> = L 1 [0Y 8] ; g
# '.
— _d_ & +Va ‘ !
= g eup[- S"z du V(w)] ‘Fs’V‘(ﬂ)c,M artl BCFTa ,Bcfr. e,
FooV4l0)

The Inkegean derivytive Rirst acks on rhe exponential , bringing

down an inserHon of Vlor+%); it also ackS on the eylinder circumfeence. ITn
the coordinate Systern we hove chosen, this  shifks Hie lefrmest bovndnry of
e ship (leaving +he operatror InserHors vnchanged)e This shitr can ke Implemented
by a vertical contour insertion of #ne energy = Momantorn tensor interseckng the

real ails ak oH--k. Therefore

& <H07> = (e -§77 0 32 10) ap[§10 anvir oy

~iyolvy M V2
Which implies

-&%Q;{ =~ (R +VIOT

ond -
Q: =e o V)

as claimed.

T+ wil be helphyl o adopt o slightly diterent language For describing

the beundqry interachion. Consider an open siring ConnefHng a D-brane BCFET,

to another D-brone BCET,. From the point of view of radial auantization

u{lr. BC/I"T, such an open ¢ghrling can be associated
e T ey
o a—av. the Semijcircle beoun ding a /‘7 4
c BCFT \.
(> half disk with BCFTp loovndary LB
4 (/] -1
/ conditions on the Ppositive real asis

ond BCFT4 loundary condilons on +he negakive rfeal anis,
Ir js nobveal to think of Hhis shoke as keing created by O verbew operator, whic)

Somehow chamges ¥he bondary condition +rom BCFTy, 4o BCETg e This is <alled

Cotvi ||




N T e —— —_—n

o boundary conditen charging eoperater (bea  operarer), which we dencke as o(2),
There i alse o bce operatyor  whidh ShiFts  the boundovy  condivien From

BCFTa Yo BCFTe, which we write as  &(@), Consider a urfnce B with
+wo bowndary Components Co and Cy , carrying respechively BCFTg and
BCFTy boundary condlHong; meving cleckwise, led &  and b loe Hne

e pointt on  the lboundaty al e juncHon ofF Cu and Cy and oF e

neHoa of Cy and Gy, respectively. The
bee operarers are telaked o the Jovadoary

interaction through

g)ota) = eny[- Sc* dx V(z)]

We can learn o Faw things From this identibicotion, TF b approaches o Fom
a eswrtesrlockwise direckion, the whole bovndary of L Cares an exponential
ingertion of line integrals ofF V., From the poinr of view of an open String in
BCFTy: #his 15 Simply a yrivial inserHon of the danhily operaiv-

b =
Jim Ero) = exp|- Sar. dzvcﬂ = Tgepr,

If o opproaches b  From a Cemmimnclockwise direckon, +he boundary

interackion Shriake 4o nothing Gnd e obtain

J-Q @) FCb) = 1gcpr
Note twst Hhece properkies hold only becavie +he OPEs of V(1) are Fnites
IF Hhey were not Finite the bovadary interackHonr wWould naed o la definad
in Some tengrmalizarisn acheme; and in general it will ot e possible
do renormalize S0 that the limiks a—?b and b->a reman Fiaite . Ia a sence,
O and & develop singvlaritics in Hneir OPE. Ir is also clear thar the

bovadary inkerackion IransFerms in O trivial way vnder corfarmal transfor mutions of T

#ocxp[-s azvm] = m«p[_S szm]
Ce foCa
This  implia¢

Fo| o) o-c.o] = F(&6)) o(FCa))
Theredore 0,5 are primary operators of weight . Again, dhis is true
begavse the OPES of Y are sonsigular. TF renormalization s necssary,
¥he repormalizabion sSchewes in  ditferent conformal framec weuld be  nonirivially
related, which would hove the efbeck o implying  nendrivial  dranshormabon
properties of 0,5, An impertust advmtage of the bee operater  polnt of view

i hab Wt is vniversalt for any BCFT, ond BCFT,, Yegardless of  whebher




ey afe d% felaed Wy mmargicsl deformation, Heere are bec  oparators
0,6 reloHny +hem . This IS kecovse for any poir of D-lranes, +he spechvm
of ancitotions olways Includes open airings  which Connect one  D-brane +v  anchher,
However, i+ 15 nor oenerally irve that @,5 are Jimansion @ primories
which wolliply Y oive 1; i is alse not gerdlly dve thar o pair
oF bec inderFons Can ‘oe represeated by inscetion oF o bovndury nhwrachon
Webwaan the locations of O and & — of least not a 'bwadm, intefacHon +hem
con e erplicily deflned oy renorroalizabion of oparaters in BCFTg. These additioan)
properties follow from the fact BCFTy and BCFTy, v our case, ore related
by o nonsingular rargingl  detormakion.

With thi¢ mobivaHos, i+ s nokural ‘o describe the solvkion in  terms
of 0,5, rother Hwn V., We intoduce two string Fields & and &, definegd

oy 'ﬁﬁihss.llvd“’ ¥in  strps contuining Youndary inserHonsd of o), a(ﬂ).

oD «DQ

The siriag Filalde have the properties = 2l
l: 1

by &

&6 =05 =1 rB»G’]:'[CrO'] =0 "!, "':

' BCFa: |

8.2] =[c.5] = 0 Brle IV i Al
c g

Since @,8 represent insertions ot dimension @ Water primaries,

Lo =217 =0 Qo = cao Q& = c25F

Where 3 is eguivalenr to o comraukaler with K. This oives Hwo ways
oF representing Hwm wedge sStotes of BLRTe!

QY = M) _ oavgz
L Bucercise 9: Shew that V ard o, are cdard by V= odd, Use this +o

prove ¥ne above relation ] The XOS marsianl solulien Can then be expfessed

P =T, Wy = cOrr)Be e 2 2
w + s Crg = clHo —=-F(1rkde e

We qre ot done yeb. I Wil be interesting asd veeh] o inibduce
a +riyial Factor of the  simple bachyon vacworn beiietn o and &  vith

e re placewne nts

8 = 8 cO1x+R)Be B
1%

telk J& )

The gacend Term in Hre gololon aan #en be ewphessed

= cBOrK)e L (- 1 _\& )
Y, ™ ( c(1r)Bc em )c‘(hl) Be oy

Now we rmuke sne followiang observarons. W, ic a stare in BLFTy, which

ceccribes  Hne creatlon of he D-brane BCFTy oot of te tuchyon vacoum.




The foctor in parantheses is & crafe in BCFTy § sinco ik ¢ mieuS The simple @

tochyon vecuem, i+ describes the crenbon of +he Debrane BCFT3 our oF the

fochyon vacvom., That s  the siwhes

P, & BCFT, - e(1rR)B¢ & BCFTy

H-
Phycically mean Hee Same Iing;  they are just expressed ysing the deyrees
oF freedom of diffesent Debrones, This suggests that the fPactors & Conknining
0 and F on elther side oF the simple toualwon qu;m Serve o3 o kind
of dicHonary letween Hhe fluclvolion Fietdas of BECFT, ard BCFTa. We write

these faclers o8 I wnd B, so +har By  tokes the form
'Q* = 2("’ ?Qv)i

The fect thar Ty and =B, ofe solukoas o the SquaHoas of mwhon

wound Hae tackyon yacvum In Hhe respechive BCFTs leads + the Hollowing
properHes:

Gg, B = Qg, % = 0 1T =1

Ove can ehow Huad ‘2,§'| can ke dafined as

Y = qu(o-'-g—- = aB(H-K)O'ﬁ. + o Be

L= %N(E_E_ =2 FU+K)Be + Q¥R FcB L
i1+ J¢R

Note Huat only dhe Tirst tecms olsove respeckney appear in Wy the
Second Yerms dl’OP our due o c"-‘-’@. Tn +his form i+ s manfes

Hoat B and i are  annihilated by Q’ij. We may also compule

58 = QQ‘N( T%E)GW (’ 1+X
= Gy (3 B ag, (o 5))

= Q'!"'é'a Q“!N(TT-TZ GTE' QN( n-r.) Py
e 1

= QQ"’(OG ek

=1

Tn evomaty, we hove found that He KOS SoloFon can be @Apresid as

P =P, ~LE,T @, = c(lHQBc-‘—li-
To reitterots, the Hesk  rerm  desiroys = B
re ’ 2 QQN(O‘H.K
e Dubrane of BCFTy ; the gecond = - 8
2 = Qp (a’
+errn creotes Phe Dobrane of BCET, W 1+

ovF of e imchyen vacvoum of BCFTy , and reenpresses ik in termg of Wi BLFTp  dlegrees




of Freedom. @

The +hing 4vat impresses obour thie  suiuHen s thal i+ ancopavlates

o0 oenaral srructure which could apply e any ceterence BCFTg  and day Tolget
BCRTy. The difficolt park is Implementing  the condition

55 =1
which 1s direcHy related T o CondiHon on the bce operwivrs

o =1
This coadition s sarisfied For neasSinglar marginal deformations, kuk s cather
Unnatural Jor bee operarars connesling genem) lbackgwnds, One feselvhion is
related Yo an earlier comment +hot marginn]l  deforoons can be Mode
honslagular by +urning on o ‘Hmelike 9avse potential. This Irick can be
Sencralizad  Jo any Hme independent backgroung as Follows. Suppese we

hove bee operaters o, G’ @ wvhich are primaries of weight h.  with OPE:

F'(s) ole) = -Lh'. oo

s

Ve may conshroct primarles of Weight @ and gabiklying S (@) =1 +:-

by tensoing with & Yimelike, pane wave vertes operator

c@) = o'eVh*% @)

F) = &' ¥ (o)
The planewoN®  verlex operalois are bce oparafors which fura en & Hmelike
gwge porential on Hie D-brane of BCFTg. Hovever, o Hmelike gowge porentiol
is phydically Jpivia). This 9ives an analybic sovHon in opan besonic SKT  describing
any  rime - independent D-lrane  contigwabion.

One svbtlely with this soloHon 38 Hat shar producks of 0,3 ape

geneémlly aol asseciakive. To see why, consider o S=poiny arler 2-pola+
Foncrion of ihe boc opefalors on e walb disk

(&) o (et®) ::::ﬂ

For angles between @ and A *the boundary of the disk
Carcias  BCFTy  bovadary condinons, ond ourside fhat
rame i+ carrias BCFTy bowdary coaditons, Since
o.& are dimengion @ Primarles the oormelotor is  iadependent of 9, we
my  evalvare  the correlator by Jukirg the limit @ op @ combaawradim
vhere & annihllates o

SACEAC DM E diex, ;csf.r =%

94 is cwlled +he disk parkition fvacHon (eb BCET, ) ir ¢ essenrbolly  Hhe




norm of the SL(2,M) vocvom in BCRTE, This Ir prepertional ¥ the velume and @
energy of the D-<lbrone system desodbed oy BCFTy, Now we can alse take the limir
8% 21r™, whae +he Weundaty conditien on the disk s BCFTy. This produces

the Jdisk porHHes FuncHon 9 of BCFTe. This leads b0 o paradedi  for

general BCET, and BCFT4 , 99 # 9y . Thiy happead o e dessmamieih apal
BCFTy oand BCRETg are relajed by nonsipgpler marginal oetormaten,, buvt iF

they describe Syshetns  with differant anefgy, Thie—wHb—aot—hwish, Hhey will aot

be equal. The resolution Jo this parador e that +the -5 OPE depends

on whether BCETo or BCET, lbovadary condilions are  being squeezed Beiwen
the bec ovparaders. By choice oFf ocormulizakion we huve

| N F)ola) =1
zp0T

bot- e in Hhe opposilz  order this regulres

lim cENd(R) = 2%
L-pl" 99

The siring Hede o, & will molliply os

Go =1 o5 = —
bor +this is laconsistent with associaXvily

(Fo)& $ 5(cd)
The inportwnt point Is ihar the prduer oF which a cavses problems with
assosinhiviry does not appew I8 +he sloHon of when evaluating ¥the eguationg
of moHon. While ir is trve hot predvcke of 9eneric Shates ia the KBRe,0, T
Sobalgebra may ke armbiguovs if 9g #9,, these ambigvities do not appear
P apply o Hwe sloHon ibseld.

Perhaps #he most rematkalle Fedure of the KOS soHon 18 thar
povides @  Simple prosk oF backgrowd ndependlence  1n  open boswic SFT.
Let Sp desote e acCHen arevad BCFT,, ovd Sy denoke the achen arevngd
BCETy. We wank Jo use Hne KOS solukon 4o prove +har dhe achionc are
reloted by Red cedefinition. First we seperare 7he shriag FHeld of BCFTy
Into +he KOS eolvhon Plvs o FlvelvaXon:

Z+9, €BFT,
T™he acHon s reeAprestd
SolW+P,] = S LT]~ '\z'T'I‘?.Q‘!'?o] - -13-1',.[?03]
Since ais capression and Sy are koth cvbic ackions for Rucivatiens areund
BCFTa, we Know Hhat P shevid ke linearly relaled +o Hw stvag Feld Pq EBCPY,

in Hve acHon Sg. It ¢ natvral to  svess:
Po = i:?.‘z




We can imwediately See thor +he cubic teams 1a the achons agree duve 4o
FiX =1. To ldeatify e Kineke tems we have do deal with the shifted
Kimelic operdtr Qap. To do this, it is vsebvl 1o introduce the epermror
Rgg ¥ = QX + ¥,X ~ I* XY,
I* Q,P, are goludims Jo the aguoatons of moHon
Q-wz,qz = 0Q

We qoiso have o vYarslen of the laibaiz mle

— 4

Q‘ﬂ'.'?s(’(Y) - (o'wnsz)Y +F % (Q‘!z?sY)

where R, en the rioht hand side is aay SelvHon Yo the egquations of mokoa;
i does net appear on the lel haad Side, The Signiteance of this operator

is Hwt i napurally appears in the SFT forravlated on a pair of D-branes.
On a pair of D-branes Jhe siriag -feld natvrally carsies 2ZX2  Chan-Pabve

factors, and <an Lo arranged ine &4 2%2 ey,

Au K2

X =

LIRS $3
Nele +hat @-priesi it is not necessary 4o assume that the mahnit
enrries are shues in e same BCRET; the wo D-branes which comprise
the sychern need nor ke identiesl. Thus X, IS a state in the BCET  of
the Lirsr Dabrmne, R2z2 ic¢ o shube in the BCET of +he second and Ra, s Ko

ore  sfreiched Sing shwres Connecthag the hyo RBCKETs,

It We condense the Hrsk D-brane to a D-brane 1 /'
- Debrane 3

r
-
o solvHon W,, the sluNon on ¥ne combinel X"( - {\*“

Y
system ;s X2
'\/)
"?n (] V "n

(3 <)

and  the klnaMc operator expanded arevnd E is

Qg X = ( o g2, %12
Qe g X2 Q-p, X2y

Solvtion W, and +he Secony D-lorsne ‘o

-

Therefore Q®, S the shifed kinetic operator for o sirefched string

connaching ® Dbrmne 1 condensed +o & solobeyy By, owd  D-brane 2

condeased e o selobion Wy, We claim that Z,ﬁ Satishy

Qpe X =0 Qoqﬁ =Q




This Con ke seen ar FTollews: @ j

Qg Z = QT + XX

= QR +(Ty ~BTE)E

= Q8 + Py ~ B8y

"-‘lQ-QNS

=0 ’
with a similar compuiarion For Qeqﬁ. The lmerpretadion ig thar X3 s killed
by e Kinehc opsrator For o sirerched chring connectiyg BCFET, condensed o Hne
koS sdu¥on P ond BCFTy ar the perivrkbative vacuum @. Note that BCFTy
condensed to T asd BCFTy physically represear +he same loaskgrovad; therefore
the cohemology of Qe ghevld lee the same os the coomelogy of Q
in BCFTy. Frem this point of wiew. Z'.ﬁ are clearly represantutives of the
covomolegy class of the identiky operavol in BCETq. Retoraing +o leuckgrewd

indepandance, we use ?.=73?‘ﬁ to  compute

Qg 9, = Az (T 9, R)
2Qpe D)% T + B(Qg,) D + T4 (Gog ™)

=2 Qe )2
Plugging jnto Hhe kinahic term and  usiag TR =1 we have shown

So[R+9,] = SaL 2] +5,L¢,1
which establishes loackgrouad independence.

Given Hiis ganerd soluNon, i IS possible to shdy spesfeoviviions realizations
For apecific backgromds in seme detwl. One impotiunt example are lump SelvHons
describing lover Oimensional D-bruneS. We may For example cosider a Dp~brane
with one Spacelike world yolume coor dinate %! Compoctitied o0 a circle of ragivs R.
Iﬁ"""%‘h‘w‘ Yochyon condeasglion on Hhis circle can preduce a lvmp soloPon
describing & D{p=V)-krane. Since dn e Dp-brane X! galskies Nevmasa lbovadan
condifions arnd en e  D(p-D-Wwane it saBsties Dirichler bovndany condivions, we
Can consiruer the seimde lomp soluHon using bec oparaters  Oynp, Syp which
change e lboundary condiYion +From DiNchler to Nevmann, These are known
06 Navmann~Dirichler hist operalves, and the lovesr possible conformal

weight For such opecaters is f;. Unlike nonsingslar morgiaal deformations, i+

Sy, &
is nor Xnown how Jo M—me oS virwbly renormnal ize)

Composite operolors buil from R'(x,%). Nevertheless, quie o loF s known olo?

Heir correlaYion PoacHoOns. Te construct Ihe  Solutien we ouer furn, @n Q@




Halike oovge potential en ihe D§ ~1) brane 50 aar the OPEs of the bcc operaren @

are regular: ) ~iat®

When R4l dhis lump soloden hat higher eénetgy  +han the original Dp-brase. From the
Tedval irecprebavion R 'I‘i" Jne solo¥ion actvally represents the Formaation of a higher
dimensional D-prane In teorns oF +he Huclvations of a DP-brane with one lower

dimensien .

Anothar Interesting ciaet of Solutienc  reprecent rrwihple ‘D..b“,.. syerems. A curloss
Feature oF backgrovnds ia open Shring theory IS that they cun be svperimposed to crewre
Atve Backgrounds: Given & D-brane represested oy BCFTy  0ad  anckher D-brana represantes
by BCET,, by oadding Chea-Paha Janters we can eobluln & Backgroond whete beth D-lorones
are present, Th le almodt ar theugh the Dobmres do net ideract; in ordianey Tidd
Yheories, Simply addiay  Seliven colotions logether dees ot aive @ rwil.golilen

gince Hhe Hed cquatoss are non-lisear. ™ Using dhe KOS mivion, we Gdn ry

m
% crexte @ moliple D-bmne syshem by addlag Solotions around the  Fadhyen vazwu

Creating BCFT, and BCFT,
T a3y~ B¥D -5,%.5

Th Faet, tnls is o sluHon provided thal the bcoc operators ia o, Ta  have
been chesen So tha?

2|El =0 z;z. =0Q
The compesite solvlion Con Be writhey in the  Jorm ef the otginal  soluBon

2 -, -22,8

provided Hhatr [, E  are inkerprated a¢ columa and rew vectors which “arenre” Chas-Petva

§
actors; =08 B, %= (2")

8z=(, %)

which is the identity Malvix acHay on Chan -Paron $acters oF the composike  fyshem.

In parficoler

The KOS soluHea has bmg'\* ol v,d"mdga, o, bﬂ“’fﬂﬂ‘ lﬁd‘?‘ﬁkﬂﬁ

in @ open
bosonic SFET o q new Jevel, The Sololion

S very simple, bur thers ara reasons o
be skephcal® Like the simple tachyen v, The struciune oF e solubon is  highly
depandent on spasial kot pessikly @pgular properties of ihe identity Sttlag Fed. The
Presence of agsociakiviry ooreolies  pevests o ustiol geaerdlization 4o epen 2 perstring
Field Hwory ; the Hmalike oauge potential breaks wonitesr Lerentz WVorionce, and

prevents o conshvalion of Hmewdepandanr backarounds. We hope fv see naw develop Menys

which address soume of Hhese prblems iIn e Rivure,

I |




