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QU = @V
UNINTEGRATED VERTEX  BRST CHARGE

WORLDSHEET  
Derivative

INTEGRATED VERTEX

GOAL

SOLVE FOR         GIVEN THE FIRST EXCITED MASSIVE OPEN STRING UNINTEGRATED 
VERTEX OPERATOR        (BERKOVITS+CHANDIA (2002))

U

V



which generates the following transformations

δXm = λγmθ , δθα = λα , δλα = 0 , δdα = −Πm(γmλ)α , δwα = dα (2.5)

where, dα and Πm are supersymmetric invariant combinations

dα = pα − 1

2
γmαβθ

β∂Xm − 1

8
γmαβγmσδθ

βθσ∂θδ (2.6)

Πm = ∂Xm +
1

2
γmαβθ

α∂θβ (2.7)

The OPE between various objects is given by

dα(z)dβ(w) = −
α′γmαβ

2(z − w)
Πm(w) + · · · , dα(z)Π

m(w) =
α′γmαβ

2(z − w)
∂θβ(w) + · · ·

dα(z)V (w) =
α′

2(z − w)
DαV (w) + · · · , Πm(z)V (w) = − α′

(z − w)
∂mV (w) + · · ·

Πm(z)Πn(w) = − α′ηmn

2(z − w)2
+ · · · , Nmn(z)λα(w) =

α′(γmn)αβ
4(z − w)

λβ(w) + · · ·

Nmn(z)Npq(w) = − 3(α′)2

2(z − w)2
ηm[qηp]n +

α′

(z − w)

(
ηp[nNm]q − ηq[nNm]p

)
+ · · ·

J(z)J(w) = − (α′)2

(z − w)2
+ · · · , J(z)λα(w) =

α′

2(z − w)
λα(w) + · · · (2.8)

where, V is an arbitrary superfield, ∂ denotes the derivative with respect to world-sheet coor-

dinate, ∂m denotes the derivative with respect to the spacetime coordinate Xm and

Dα ≡ ∂α + γmαβθ
β∂m (2.9)

denotes the supercovariant derivative. The · · · terms denote the non-singular terms.

The scattering of N external string states at tree level is described by the amplitude

AN = ⟨V 1V 2V 3

∫
U4 · · ·

∫
UN⟩ (2.10)

V and U in the above expression denote the unintegrated and integrated vertex operators

respectively. The correlation functions of pure spinor fields are computed using the OPEs

given in equation (2.8) and the identities of appendix C4.

After this brief recollection of general pure spinor results, we now turn to unintegrated

massive vertex operator.

4In appendix C, we only give the identities which are used in this paper. See [7] for a complete list.
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 The tree level scattering amplitude for  N external states is given by

where, V and U are the unintegrated and integrated vertex operators

2.8.1 Tree-level prescription

N-point tree-level scattering amplitudes are computed by a correlation function with three

unintegrated vertices (2.68) and N − 3 integrated vertices (2.69),

A = ⟨NV 1V 2V 3

∫
U4· · ·

∫
UN ⟩. (2.84)

The computation of (2.84) proceeds as usual in a CFT. First one integrates out the

conformal weight one variables through their OPE’s to get an expression containing only

zero modes for λ’s and θ’s,

A =

∫
[dλ][dλ][dr]d16θNλαλβλγfαβγ(θ).

The measures [dλ], [dλ] and [dr] are given by

[dλ]λαλβλγ = ϵρ1...ρ11κ1...κ5
T ((αβγ))[κ1κ2κ3κ4κ5]dλρ1. . .dλρ11 (2.85)

[dλ]λαλbλγ = ϵα1...α11κ1...κ5T((αβγ))[κ1κ2κ3κ4κ5] dλα1
· · · dλα11

(2.86)

[dr] = ϵα1...α11κ1...κ5
T ((αβγ))[κ1κ2κ3κ4κ5]λαλβλγ ∂

α1

r · · ·∂α11

r (2.87)

This is almost the same recipe as in the minimal formalism, the difference is the

insertion of a regularization factor N , where

N = exp({Q,χ}) = e−(λλ)−(rθ) for χ = −(λθ).

The purpose of the regularization factor is due to the fact that the integration over λ and

λ may diverge because they are non-compact. However, as N = 1 + QΩ the integral will

be independent of the choice for the regularization.

Using the measures (2.85) – (2.87) one can show that

A =

∫
[dλ][dλ][dr]d16θNλαλβλγfαβγ(θ) = ⟨λαλβλγfαβγ(θ)⟩

and therefore the non-minimal prescription for tree-level amplitudes is equivalent to the

minimal pure spinor formalism.

2.8.2 Multiloop prescription

The prescription to compute g−loop amplitudes is given by

A =

∫
d3g−3τ⟨N (y)

3g−3∏

i=1

(

∫
dwiµi(wj)b(wj))

N∏

j=1

∫
dzjU(zj)⟩ (2.88)
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 The g-loop scattering amplitude for  N external states is given by

MOTIVATION



 INTEGRATED VERTEX OPERATOR IS A MUST SUFFICIENTLY HIGHER POINT  
    TREE LEVEL AND ALL LOOP LEVEL AMPLITUDES 

 VERTEX OPERATOR FOR MASSLESS OPEN STRING STATES IN UNINTEGRATED  
    AND INTEGRATED FORM ARE KNOWN 

 THE ONLY KNOWN MASSIVE VERTEX OPERATOR IN PURE SPINOR FORMALISM IS 
    AT FIRST EXCITED LEVEL OF OPEN STRING  (Mass)2 =

1

↵0

 WE SHALL PRESENT THE INTEGRATED VERTEX FORM THE ABOVE VERTEX     
     

 WE SHALL SEE THAT OUR CONSTRUCTION SEEMS TO BE GENERALISABLE 
    TO HIGHER MASS LEVELS 

 



SIMPLE EXAMPLE

SO, HOW DO WE SOLVE                     ?QU = @V

CONSIDER NX

i

B̂ici = 0

ALONG WITH

where, {B̂i} 2 V

Ii(B̂1, B̂2, · · · , B̂N ) = 0 ; i = 0, 1, 2, · · · , p

  QUESTION: WHAT VALUES OF             SOLVES                     ?{ci}
NX

i

B̂ici = 0

 ANSWER:  DEPENDS ON NUMBERS OF CONSTRAINTS.

CONSTRAINTS



❖  IF p = 0 THEN ci = 0 8 i

❖  IF p 6= 0 THEN WE HAVE TWO OPTIONS FOR SOLVING FOR  {ci}

Ii(B̂1, B̂2, · · · , B̂N ) = 0 ; i = 0, 1, 2, · · · , p

COLLECT ALL THE COEFFICIENTS OF LEFTOVER 

AND SET THEIR COEFFICIENTS TO 0 AND SOLVE FOR  {ci}

✦OPTION 2: INTRODUCE LAGRANGE MULTIPLIERS  {Ki|i = 1, 2, · · · , p}

✦  OPTION 1: ELIMINATE SOME           IN FAVOUR OF OTHERS USING {B̂a}

{B̂j | j 6= a}

COLLECT COEFFICIENTS OF ALL  THE                    {B̂i}

AND SET THEIR COEFFICIENTS TO 0 AND SOLVE FOR  {ci}

NX

i

B̂ici +
pX

j=1

IjKj = 0



OUR CASE

FEATURES

✦ OPTION 3 USE OPTION 1 AND OPTION 2 IN A MIXED WAY.  

 THERE ARE CONSTRAINTS.

 CONSTRAINTS NOT KNOWN IN LITERATURE DISCOVER THEM

NX

i

B̂ici +
pX

j=1

IjKj = 0

SUPERFIELDS

PURE SPINOR WORLDSHEET  
OPERATORS



RESULT

The inclusion of I ensures that all operator basis constructed in step 1 now can be treated

as linearly independent. Instead of introducing the Lagrange multipliers, one can also

directly eliminate some basis operators in favor of others.

• Step 5 : Express each of the arbitrary superfields in U as a generic linear combination of

 m↵, Bmnp andGmn and their space time derivatives. The correct number of terms in each

ansatz can be determined by using the representation theory of SO(9) which is the little

group for the massive states in 10 dimensions. The number of times  m↵, Bmnp and Gmn

will appear in a given ansatz is same as the number of 128, 84 and 44 representations

of SO(9) respectively in the superfield. This can be figured out by analyzing the index

structure of the superfield in the rest frame.

• Step 6 : Substitute the ansatz of step 5 in the equations obtained in step 4. These

lead to a set of linear algebraic equations for the unknown co-e�cients appearing in the

ansatz.

• Step 7 : Solve these linear equations. Plugging the solutions back allows us to express

U completely in terms of the superfields that describe the massive supermultiplet.

Following this procedure, the final form of the first massive integrated vertex operator is

obtained to be

U = : ⇧m⇧nFmn : + : ⇧md↵F
↵

m : + : ⇧m@✓↵Gm↵ : + : ⇧mNpqFmpq :

+ : d↵d�K
↵� : + : d↵@✓

�F ↵
� : + : d↵N

mnG↵
mn : + : @✓↵@✓�H↵� :

+ : @✓↵NmnHmn↵ : + : NmnNpqGmnpq : (3.20)

where, the superfields appearing in (3.20) are given in position space by

Fmn = �18

↵0Gmn , F ↵
m =

288

↵0 (�
r)↵�@r m� , Gm↵ = �432

↵0  m↵

Fmpq =
12

(↵0)2
Bmpq �

36

↵0 @[pGq]m , K↵� = � 1

(↵0)2
�↵�
mnpB

mnp

F ↵
� = � 4

↵0 (�
mnpq)↵ �@mBnpq , G↵

mn =
48

(↵0)2
�↵�
[m n]� +

192

↵0 �
↵�
r @r@[m n]�

H↵� =
2

↵0�
mnp
↵� Bmnp , Hmn↵ = �576

↵0 @[m n]↵ � 144

↵0 @
q(�q[m)

�
↵  n]�

Gmnpq =
4

(↵0)2
@[mBn]pq +

4

(↵0)2
@[pBq]mn �

12

↵0 @[p@[mGn]q] (3.21)
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WHERE

will appear in a given ansatz is same as the number of 128, 84 and 44 representations

of SO(9) respectively in the superfield. This can be figured out by analyzing the index

structure of the superfield in the rest frame.

• Step 6 : Substitute the ansatz of step 5 in the equations obtained in step 4. These

lead to a set of linear algebraic equations for the unknown co-e�cients appearing in the

ansatz.

• Step 7 : Solve these linear equations. Plugging the solutions back allows us to express

U completely in terms of the superfields that describe the massive supermultiplet.

Following this procedure, the final form of the first massive integrated vertex operator is

obtained to be

U = : ⇧m⇧nFmn : + : ⇧md↵F
↵

m : + : ⇧m@✓↵Gm↵ : + : ⇧mNpqFmpq :

+ : d↵d�K
↵� : + : d↵@✓

�F ↵
� : + : d↵N

mnG↵
mn : + : @✓↵@✓�H↵� :

+ : @✓↵NmnHmn↵ : + : NmnNpqGmnpq : (3.20)

where, the superfields appearing in (??) are given in position space by

Fmn = �18

↵0Gmn , F ↵
m =

288

↵0 (�
r)↵�@r m� , Gm↵ = �432

↵0  m↵

Fmpq =
12

(↵0)2
Bmpq �

36

↵0 @[pGq]m , K↵� = � 1

(↵0)2
�↵�
mnpB

mnp

F ↵
� = � 4

↵0 (�
mnpq)↵ �@mBnpq , G↵

mn =
48

(↵0)2
�↵�
[m n]� +

192

↵0 �
↵�
r @r@[m n]�

H↵� =
2

↵0�
mnp
↵� Bmnp , Hmn↵ = �576

↵0 @[m n]↵ � 144

↵0 @
q(�q[m)

�
↵  n]�

Gmnpq =
4

(↵0)2
@[mBn]pq +

4

(↵0)2
@[pBq]mn �

12

↵0 @[p@[mGn]q]

(3.21)

It can be explicitly verified that the integrated vertex operator constructed here is a primary

operator with respect to the stress energy tensor of the theory5. The 3rd and the 4th order poles

of the OPE between the total stress tensor T and the vertex operator U given in (??) vanish

identically for the solution given in (??) on using the conditions (??). The full computation,

5We thank Nathan Berkovits for raising this issue.
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 FIRST EXCITED STATE OF OPEN STRING FORMS A SPIN 2 MULTIPLET COMPRISING

 s↵ =  s↵|✓=0 gmn = Gmn|✓=0 bmnp = Bmnp|✓=0

44 + 84 bosonic d.o.f128 fermionic d.o.f

UNINTEGRATED VERTEX

 IN THE UNINTEGRATED VERTEX THESE APPEAR AS

and the fact that the matter and the ghost sector fields do not have any non trivial OPE

between them.

After briefly reviewing the basics, we now turn to the first massive unintegrated vertex

operator [22, 23]. There are 128 fermionic and 128 bosonic degrees of freedom at the first

massive level of the open string spectrum. The fermionic degrees of freedom are contained

in a spin-3/2 field  m↵ whereas the bosonic degrees of freedom are contained in a traceless

symmetric tensor gmn and a 3-form field bmnp. These fields are demanded to satisfy

@m m↵ = 0 ; �m↵� m� = 0 ; @mbmnp = 0 ; ⌘mngmn = 0 ; @mgmn = 0 (2.12)

These constraints ensure that the number of independent components in the fields  m�, bmnp

and gmn are 128, 84 and 44 respectively. These fields form a massive spin-2 supermultiplet in

10 dimensions. To describe the system in a supersymmetric invariant manner, we introduce

basic superfields  m↵, Bmnp and Gmn whose theta independent components are  m↵, bmnp and

gmn respectively. The higher components of these basic superfields contain the same physical

fields in a more involved manner.

At the first mass level, the unintegrated vertex operator of the open string is given by [23]

V = : @✓��↵B↵� : + : d��
↵C�

↵ : + : ⇧m�↵Hm↵ : + : Nmn�↵F↵mn : (2.13)

where, the superfields appearing in the above expression are given in terms of the basic super-

fields Bmnp and  m↵ to be [23]

Hs↵ = �72 s↵ =
3

7
(�mn) �

↵ D�Bmns , Cmnpq =
1

2
@[mBnpq] ,

F↵mn =
1

8

✓
7@[mHn]↵ + @q(�q[m)

�
↵ Hn]�

◆
(2.14)

The normal ordering : : is defined as

: AB : (z) ⌘ 1

2⇡i

I

z

dw

w � z
A(w)B(z) (2.15)

where, A and B are any two operators and the contour surrounds the point z.

The basic superfields at the first massive level, namely, Bmnp, m↵ and Gmn satisfy the

superspace equations4 [22]

D↵Gsm = 16 @p(�p(s m))↵ (2.16)

4To go from position to momentum space and vice versa, we use the convention @m ! ikm and km !
�i@m. We shall do calculations mostly in the momentum space but express the final result in the position
space using this rule.
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B↵� = (�mnp)Bmnp C↵
� = (�mnpq)↵�Cmnpq Hm↵ = �72 m↵

and the fact that the matter and the ghost sector fields do not have any non trivial OPE

between them.

After briefly reviewing the basics, we now turn to the first massive unintegrated vertex

operator [22, 23]. There are 128 fermionic and 128 bosonic degrees of freedom at the first

massive level of the open string spectrum. The fermionic degrees of freedom are contained

in a spin-3/2 field  m↵ whereas the bosonic degrees of freedom are contained in a traceless

symmetric tensor gmn and a 3-form field bmnp. These fields are demanded to satisfy
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These constraints ensure that the number of independent components in the fields  m�, bmnp
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10 dimensions. To describe the system in a supersymmetric invariant manner, we introduce

basic superfields  m↵, Bmnp and Gmn whose theta independent components are  m↵, bmnp and

gmn respectively. The higher components of these basic superfields contain the same physical

fields in a more involved manner.

At the first mass level, the unintegrated vertex operator of the open string is given by [23]
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↵ : + : ⇧m�↵Hm↵ : + : Nmn�↵F↵mn : (2.13)

where, the superfields appearing in the above expression are given in terms of the basic super-

fields Bmnp and  m↵ to be [23]

Hs↵ = �72 s↵ =
3

7
(�mn) �

↵ D�Bmns , Cmnpq =
1

2
@[mBnpq] ,

F↵mn =
1

8

✓
7@[mHn]↵ + @q(�q[m)

�
↵ Hn]�

◆
(2.14)

The normal ordering : : is defined as

: AB : (z) ⌘ 1

2⇡i

I

z

dw

w � z
A(w)B(z) (2.15)

where, A and B are any two operators and the contour surrounds the point z.

The basic superfields at the first massive level, namely, Bmnp, m↵ and Gmn satisfy the

superspace equations4 [22]

D↵Gsm = 16 @p(�p(s m))↵ (2.16)

4To go from position to momentum space and vice versa, we use the convention @m ! ikm and km !
�i@m. We shall do calculations mostly in the momentum space but express the final result in the position
space using this rule.
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CONSTRUCTION

U = : @2✓↵C↵ : + : @⇧mCm : + : @d↵E
↵ : + : (@J)C : + : @NmnCmn :

+ : ⇧m⇧nFmn : + : ⇧md↵F
↵

m : + : ⇧mNpqFmpq : + : ⇧mJFm : + : ⇧m@✓↵Gm↵ :

+ : d↵d�K
↵� : + : d↵N

mnG↵
mn : + : d↵JF

↵ : + : d↵@✓
�F ↵

� :

+ : NmnNpqGmnpq : + : NmnJPmn : + : Nmn@✓↵Hmn↵ :

+ : JJH : + : J@✓↵H↵ : + : @✓↵@✓�H↵� :

(4.28) general_U

The terms in the first line involve derivatives of fields to produce objects of conformal weight

2. The terms in the last 4 lines involve products of fields with conformal weights 1 to produce

objects of conformal weight 2. Note that the superfields contain the expansion in ✓↵. Hence,

there are no explicit ✓↵ dependent terms in the above expression.

To proceed further, we note that all of the superfields in the above expression must be

expressible in terms of the basic superfields Bmnp, Gmn and  m↵. Moreover, due to the equa-

tions (2.13)-(2.16), it follows that the relation between the superfields in (4.28) and the basic

superfields can be written without using the covariant derivative. By comparing the theta

independent components, we can convince ourselves that all the superfields whose theta inde-

pendent components can not contain the physical fields bmnp, gmn or  m↵ must be zero. Thus,

we can write down the most general form for the superfields as follows

C↵ = Cm = E↵ = C = Cmn = Fm = F ↵ = Pmn = H = H↵ = 0

Fmn = f1Gmn , Gm↵ = g1 m↵

K↵� = a �↵�mnpB
mnp , H↵� = h1�

mnp
↵� Bmnp

F ↵
� = f5(�

mnpq)↵ �kmBnpq , F ↵
m = f2k

r(�r)
↵� m�

Fmpq = f3Gm[pkq] + f4Bmpq , G�
pq = g2�

��
[p  q]� + g3k

r���r k[p q]�

Hmn↵ = h2 k[m n]↵ + h3k
q(�q[m)

�
↵  n]�

Gmnpq = g4k[mBn]pq + g5k[pBq]mn + g6k[mGn][pkq] + g7 ⌘[m[pGq]n] (4.29) Group_theory_U

9

STEP 1
WRITE DOWN THE MOST GENERAL OPERATOR CONSTRUCTED OUT OF 
 BASIS WITH CONFORMAL WEIGHT 2 AND GHOST NUMBER 0. 

NO �↵

{⇧m, d↵, @✓
↵, Nmn, J}

PRODUCTS AND WORLDSHEET DERIVATIVE  
      OF CONFORMAL WEIGHT 1 BASIS



STEP 2 
RULE OUT SUPERFIELDS THAT CANNOT HAVE THE PHYSICAL DEGREE OF 
FREEDOM BY DOING REST FRAME ANALYSIS 

EXAMPLE

C↵ = Cm = E↵ = C = Cmn = Fm = F↵ = Pmn = H = H↵ = 0

C↵

16

Cm

C0 Ci

0 16

Cmn

C0i Cij

0 36

✦ A SUPERFIELD WITH ONE INDEX VANISHES.  

✦ A SUPERFIELD WITH TWO ANTI-SYMMETRIC VECTOR INDICES VANISHES.  



STEP 3 COMPUTE QU 

objects of conformal weight 2. Note that the superfields contain the expansion in ✓↵. Hence,

there are no explicit ✓↵ dependent terms in the above expression.

To set up the equation of motion (??), we now need to compute QU . Before stating the

result, we note that the superfields appearing in (??) must be expressible in terms of the basic

superfields Bmnp, Gmn and  m↵. Moreover, we shall argue below that the superfields whose

theta independent components can’t contain the physical fields bmnp, gmn and  m↵ must be

zero. These superfields are C↵, Cm, E↵, C, Cmn, Fm, F ↵, Pmn, H and H↵. Keeping this in mind,

the action of the BRST operator Q on the 10 non zero terms of (??) can be computed to be7

1. ⇧m⇧nFmn

Q (: ⇧m⇧nFmn :) =
↵0

2


: ⇧m⇧n�↵D↵Fmn : + : ⇧m(�n↵�)@✓

��↵
⇣
Fmn + Fnm

⌘
:

�

2. ⇧md↵F ↵
m

Q
�
: ⇧md�F

�
m :

�
= �↵

0

2

h
: ⇧md��

↵D↵F
�

m : + : d�(�
m
↵�)@✓

��↵F �
m :

+ : ⇧m(�n↵�)⇧n�
↵F �

m :
i
� 1

2

✓
↵0

2

◆2

@2�↵�m↵�F
�

m

+
(↵0)2

2
: ⇧m(�n↵�)@�

↵@nF
�

m :

3. ⇧mNpqFmpq

Q (: ⇧mNpqFmpq :) =
↵0

2

h
: ⇧mNpq�↵D↵Fmpq : + : @✓�Npq(�m↵�)�

↵Fmpq :
i

�↵
0

4
: ⇧md↵(�

pq)↵��
�Fmpq : �

1

2

✓
↵0

2

◆2

: ⇧m@��(�pq)↵�D↵Fmpq :

� 1

2

✓
↵0

2

◆2 h
@2✓����m↵�(�

pq)↵�Fmpq + @✓�@���m↵�(�
pq)↵�Fmpq

i

4. ⇧m@✓�Gm�

Q
�
: ⇧m@✓�Gm� :

�

= �↵
0

2
: ⇧m@✓��↵D↵Gm� : +

↵0

2
: @✓�@✓��↵�m↵�Gm� : +

↵0

2
: ⇧m@��Gm� :

7These computations were also checked using the Mathematica package OPEDefs [?].
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A  FEW TERMS OF THE ABOVE COMPUTATION ARE



objects of conformal weight 2. Note that the superfields contain the expansion in ✓↵. Hence,

there are no explicit ✓↵ dependent terms in the above expression.

To set up the equation of motion (??), we now need to compute QU . Before stating the

result, we note that the superfields appearing in (??) must be expressible in terms of the basic

superfields Bmnp, Gmn and  m↵. Moreover, we shall argue below that the superfields whose

theta independent components can’t contain the physical fields bmnp, gmn and  m↵ must be

zero. These superfields are C↵, Cm, E↵, C, Cmn, Fm, F ↵, Pmn, H and H↵. Keeping this in mind,

the action of the BRST operator Q on the 10 non zero terms of (??) can be computed to be7

1. ⇧m⇧nFmn

Q (: ⇧m⇧nFmn :) =
↵0

2


: ⇧m⇧n�↵D↵Fmn : + : ⇧m(�n↵�)@✓

��↵
⇣
Fmn + Fnm

⌘
:

�

2. ⇧md↵F ↵
m

Q
�
: ⇧md�F

�
m :

�
= �↵

0

2

h
: ⇧md��

↵D↵F
�

m : + : d�(�
m
↵�)@✓

��↵F �
m :

+ : ⇧m(�n↵�)⇧n�
↵F �

m :
i
� 1

2

✓
↵0

2

◆2

@2�↵�m↵�F
�

m

+
(↵0)2

2
: ⇧m(�n↵�)@�

↵@nF
�

m :

3. ⇧mNpqFmpq

Q (: ⇧mNpqFmpq :) =
↵0

2

h
: ⇧mNpq�↵D↵Fmpq : + : @✓�Npq(�m↵�)�

↵Fmpq :
i

�↵
0

4
: ⇧md↵(�

pq)↵��
�Fmpq : �

1

2

✓
↵0

2

◆2

: ⇧m@��(�pq)↵�D↵Fmpq :

� 1

2

✓
↵0

2

◆2 h
@2✓����m↵�(�

pq)↵�Fmpq + @✓�@���m↵�(�
pq)↵�Fmpq

i

4. ⇧m@✓�Gm�

Q
�
: ⇧m@✓�Gm� :

�

= �↵
0

2
: ⇧m@✓��↵D↵Gm� : +

↵0

2
: @✓�@✓��↵�m↵�Gm� : +

↵0

2
: ⇧m@��Gm� :

7These computations were also checked using the Mathematica package OPEDefs [?].
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5. d↵d�K↵�

Q
�
: d↵d�K

↵� :
�

=
↵0

2
: d�d��

↵D↵K
�� : �↵0

2
: ⇧md�(x)�

↵�m
↵�

⇥
K��(z)�K��

⇤
:

+
↵02

2
: d�@�

↵�m
↵�@m

⇥
K�� �K��

⇤
: +

✓
↵0

2

◆2

@✓�@�↵�m���
m
↵�K

��

+

✓
↵0

2

◆2

: �n�⇢@
2✓⇢(x)�↵(z)�n

↵�K
��

6. d�NmnG�
mn

Q
�
: d�N

mnG�
mn :

�

=
↵0

2


� : d�N

mn�↵D↵G
�
mn : � : ⇧pNmn�↵�p↵�G

�
mn : +↵0 : Nmn@�↵�p↵�@

pG�
mn :

+
↵0

4
(�p�

mn)��
⇣
: @⇧p��G�

mn+ : ⇧p@��G�
mn : �↵0

2
: @2��@pG�

mn :
⌘

+
(�mn)↵�

2

⇣
: d�d↵�

�G�
mn : (z) +

↵0

2
: d�@�

�D↵G
�
mn :

⌘�
(4.25)

7. d�@✓�F
�
�

Q
⇣
: d�@✓

�F �
� :
⌘

=
↵0

2

h
: d�@✓

��↵D↵F
�
� : � : d�@�

↵F �
↵ :

i
�↵0

2
: ⇧m@✓

��↵�m
↵�F

�
� :

+
(↵0)2

2
: @✓�@�↵�m

↵�@mF
�
� :

8. NmnNpqGmnpq

Q (: NmnNpqGmnpq :)

=

✓
↵0

4

◆2  8

↵0 : N
mnNpq�↵D↵Gmnpq : �

4

↵0 : d↵N
pq��(�mn)↵�Gmnpq :

�2 : Npq@��(�mn)↵�D↵Gmnpq : +(�mn�pq)↵�
�
: @d↵�

�Gmnpq : + : d↵@�
�Gmnpq :

�

� 4

↵0 : d↵N
mn��(�pq)↵�Gmnpq : �2 : Nmn@��(�pq)↵�D↵Gmnpq :

+
↵0

4

⇣
@2��D↵(�

mn�pq)↵�Gmnpq

⌘�
(4.26)

9. Nmn@✓�Hmn�

Q
�
: @✓�NmnHmn� :

�

=
↵0

2


� : @✓�Nmn�↵D↵Hmn� : + : Nmn@��Hmn� : �↵0

8
: @2�↵(�mn)�↵Hmn� :

�1

2
: d↵@✓

���(�mn)↵�Hmn� : +
↵0

4
: @✓�@��(�mn)↵�D↵Hmn� :

�
(z) (4.27)
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FIVE MORE SUCH TERMS



STEP 4 COMPUTE           USING            @V

8. NmnNpqGmnpq

Q (: NmnNpqGmnpq :)

=

✓
↵0

4

◆2  8

↵0 : N
mnNpq�↵D↵Gmnpq : �

4

↵0 : d↵N
pq��(�mn)↵�Gmnpq :

�2 : Npq@��(�mn)↵�D↵Gmnpq : +(�mn�pq)↵�
�
: @d↵�

�Gmnpq : + : d↵@�
�Gmnpq :

�

� 4

↵0 : d↵N
mn��(�pq)↵�Gmnpq : �2 : Nmn@��(�pq)↵�D↵Gmnpq :

+
↵0

4

⇣
@2��D↵(�

mn�pq)↵�Gmnpq

⌘�
(4.26)

9. Nmn@✓�Hmn�

Q
�
: @✓�NmnHmn� :

�

=
↵0

2


� : @✓�Nmn�↵D↵Hmn� : + : Nmn@��Hmn� : �↵0

8
: @2�↵(�mn)�↵Hmn� :

�1

2
: d↵@✓

���(�mn)↵�Hmn� : +
↵0

4
: @✓�@��(�mn)↵�D↵Hmn� :

�
(z) (4.27)

10. @✓�@✓�H��

Q
�
: @✓�@✓�H�� :

�
=

↵0

2

h
: @✓�@✓��↵D↵H�� : � : @✓�@��

�
H�� �H��

�
:
i

The BRST equation of motion also involves the world-sheet derivative of the unintegrated

vertex operator, namely, @V . Making use of the equation (2.13) and the operator identity8

@f = @✓↵D↵f + 2⇧m @f

@Xm
(4.28)

where f is an arbitrary function of X and ✓, we obtain

@V = : @✓�@�↵B↵� : + : ⇧m@�↵Hm↵ : + : @2✓↵��
�
B�↵ + ↵0�m

�↵@mC
�
�

�
:

+ : @✓�@✓��↵D�B↵� : + : ⇧m@✓��↵
�
2@mB↵� +D�Hm↵

�
: + : @d��

↵C�
↵ :

+ : d�@�
↵C�

↵ : + : d�@✓
��↵D�C

�
↵ : + : 2⇧md��

↵@mC
�
↵ : + : @⇧m�↵Hm↵ :

+ : 2⇧m⇧n�↵@nHm↵ : + : @Nmn�↵F↵mn : + : Nmn@�↵F↵mn :

+ : @✓�Nmn�↵D�F↵mn : + : 2⇧pNmn�↵@p F↵mn :

(4.29)

8 Note that the factor of 2 in the second term in the right hand side of equation (4.28) is present since we
are working with the open string. It will be absent for the closed strings.
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@S(X, ✓) = 2⇧m@mS(X, ✓) + @✓↵D↵S(X, ✓)

WORLDSHEET 
DERIVATIVE

SPACETIME 
DERIVATIVE



where, we have used

: 2d�⇧
m�↵@mC

�
↵ : = : 2⇧md��

↵@mC
�
↵ : +↵0 : �m

��@
2✓��↵@mC

�
↵ :

We now need to equate QU and @V . A convenient way to do this is to compare the same

basis elements in both sides. For the conformal weight 2 and ghost number 1 pure spinor

objects (which appear in QU and @V ), naively, we have following 26 basis elements

⇧m⇧n�↵ , ⇧md↵�
� , ⇧m@✓��� , ⇧mJ�↵ , ⇧mNnp�↵ , @⇧m�↵ , ⇧m@�↵

d↵d��
� , d↵@✓

��� , d↵J�
↵ , d↵N

mn�↵ , @d↵�
� , d↵@�

�

@✓↵@✓��� , @✓↵J�� , @✓↵Nmn�↵ , @2✓↵�� , @✓↵@��

NmnNpq�↵ , NmnJ�↵ , @Nmn�↵ , Nmn@�↵

JJ�↵ , @J�↵ , J@�↵

@2�↵ (4.30)

As mentioned earlier, all of these basis elements are not independent. There are non trivial

relations among some of these bases. We turn to these constraint relations between the basis

elements in the next subsection.

4.2 Constraint Identities

As mentioned in section 2, due to pure spinor constraint, the Lorentz current Nmn and the

ghost current J satisfy the identity [23]

: Nmn�↵ : (z)(�m)↵� �
1

2
: J�↵ : (z)(�n)↵� � ↵0�n

↵�@�
↵(z) = 0 (4.31)

This constraint is relevant if one is interested in the quantities involving conformal weight 1

and ghost number 1. However, in the expressions for QU and @V , we encounter quantities

with conformal weight 2 and ghost number 1. For this case, there are several identities which

can be obtained from the above identity (2.4) by taking the OPE of this with the objects of

conformal weight 1 and demanding the normal order terms in the OPE to vanish (the pole

terms of the OPE vanish automatically as expected). Since the derivative and the normal

ordering commute, the world-sheet derivative of (4.31) also gives a constraint. We list these
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 NOTE THAT OPERATION WITH BRST CHARGE AND WORLDSHEET DERIVATIVE 
     GIVES RISE TO 26 BASIS ELEMENTS

CONFORMAL WEIGHT 2, GHOST NUMBER 1



STEP 5 ADD SPECIAL ZEROS OF THE FORM 
6X

A=1

IAK
A

constraint identities below.

(I1)
n
� ⌘ : NmnJ�↵ : (�m)↵� �

1

2
: JJ�↵ : (�n)↵� � ↵0 : J@�↵ : �n

↵� = 0 (4.32)

(I2)
mnq
� ⌘ : NmnNpq�↵ : (�p)↵� �

1

2
: NmnJ�↵ : (�q)↵� � ↵0 : Nmn@�↵ : �q

↵� = 0(4.33)

(I3)
n
�� ⌘ : d�N

mn�↵ : (�m)↵� �
1

2
: d�J�

↵ : (�n)↵� � ↵0 : d�@�
↵ : �n

↵� = 0 (4.34)

(I4)
pn
� ⌘ : ⇧pNmn�↵ : (�m)↵� �

1

2
: ⇧pJ�↵ : (�n)↵� � ↵0 : ⇧p@�↵ : �n

↵� = 0 (4.35)

(I5)
�n
� ⌘ : @✓�Nmn�↵ : (�m)↵� �

1

2
: @✓�J�↵ : (�n)↵� � ↵0 : @✓�@�↵ : �n

↵� = 0 (4.36)

The above 5 identities follow from taking the OPE of (4.31) with the object of conformal

weight one, namely J,Nmn, d�,⇧p and @✓� respectively. The identity which can be obtained

by taking the derivative of (4.31) is given by

(I6)
n
� ⌘ : @Nmn�↵ : (�m)↵�+ : Nmn@�↵ : (�m)↵� �

1

2
: @J�↵ : (�n)↵� �

1

2
: J@�↵ : (�n)↵�

� ↵0�n
↵�@

2�↵ = 0 (4.37)

Apart from these, there are two more constraint identities which follow from the OPEs given

in section 2. The OPE of d↵ with d� implies

: d↵d� : + : d�d↵ : +
↵0

2
@⇧t(�t)↵� = 0 (4.38)

Similarly, the OPE of Nmn with Npq implies

: NmnNpq : � : NpqNmn : = �↵0

2

h
⌘np@Nmq � ⌘nq@Nmp � ⌘mp@Nnq + ⌘mq@Nnp

i
(4.39)

One way to think about these two identities is to note that we are working with a given ordering

of the pure spinor variables inside the normal ordering. However, for : d↵d� : and : NmnNpq :,

there is no preferred ordering. The above two identities (4.38) and (4.39) are a reflection of

this fact9.

For later purpose, we multiply (4.38) with 5-form �↵�
mnpqr to obtain

�↵�
mnpqr

⇣
: d↵d� : + : d�d↵ : +

↵0

2
@⇧t(�t)↵�

⌘
= 0 =) �↵�

mnpqr : d↵d� : = 0 (4.40)

9Note that there are OPE between ⇧m and ⇧n as well as between J and J . However, no pure spinor fields
appear in these OPE and hence they do not lead to any non trivial constraint between basis elements.
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constraint identities below.

(I1)
n
� ⌘ : NmnJ�↵ : (�m)↵� �

1

2
: JJ�↵ : (�n)↵� � ↵0 : J@�↵ : �n

↵� = 0 (4.32)

(I2)
mnq
� ⌘ : NmnNpq�↵ : (�p)↵� �

1

2
: NmnJ�↵ : (�q)↵� � ↵0 : Nmn@�↵ : �q

↵� = 0(4.33)

(I3)
n
�� ⌘ : d�N

mn�↵ : (�m)↵� �
1

2
: d�J�

↵ : (�n)↵� � ↵0 : d�@�
↵ : �n

↵� = 0 (4.34)

(I4)
pn
� ⌘ : ⇧pNmn�↵ : (�m)↵� �

1

2
: ⇧pJ�↵ : (�n)↵� � ↵0 : ⇧p@�↵ : �n

↵� = 0 (4.35)

(I5)
�n
� ⌘ : @✓�Nmn�↵ : (�m)↵� �

1

2
: @✓�J�↵ : (�n)↵� � ↵0 : @✓�@�↵ : �n

↵� = 0 (4.36)

The above 5 identities follow from taking the OPE of (4.31) with the object of conformal

weight one, namely J,Nmn, d�,⇧p and @✓� respectively. The identity which can be obtained

by taking the derivative of (4.31) is given by

(I6)
n
� ⌘ : @Nmn�↵ : (�m)↵�+ : Nmn@�↵ : (�m)↵� �

1

2
: @J�↵ : (�n)↵� �

1

2
: J@�↵ : (�n)↵�

� ↵0�n
↵�@

2�↵ = 0

(4.37)

Apart from these, there are two more constraint identities which follow from the OPEs given

in section 2. The OPE of d↵ with d� implies

: d↵d� : + : d�d↵ : +
↵0

2
@⇧t(�t)↵� = 0 (4.38)

Similarly, the OPE of Nmn with Npq implies

: NmnNpq : � : NpqNmn : = �↵0

2

h
⌘np@Nmq � ⌘nq@Nmp � ⌘mp@Nnq + ⌘mq@Nnp

i
(4.39)

One way to think about these two identities is to note that we are working with a given ordering

of the pure spinor variables inside the normal ordering. However, for : d↵d� : and : NmnNpq :,

there is no preferred ordering. The above two identities (4.38) and (4.39) are a reflection of

this fact9.

For later purpose, we multiply (4.38) with 5-form �↵�
mnpqr to obtain

�↵�
mnpqr

⇣
: d↵d� : + : d�d↵ : +

↵0

2
@⇧t(�t)↵�

⌘
= 0 =) �↵�

mnpqr : d↵d� : = 0 (4.40)

9Note that there are OPE between ⇧m and ⇧n as well as between J and J . However, no pure spinor fields
appear in these OPE and hence they do not lead to any non trivial constraint between basis elements.
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where, we have used the fact that the trace of product of 5-form and 1-form is zero and the

5-form is symmetric in its spinor indices.

For solving the equations of motion, we shall need to take into account all of these constraint

relations between the pure spinor variables.

4.3 Setting up the Equations

We shall now equate QU and @V and solve the resulting equations of motion. As mentioned

earlier, a convenient way to do this is to equate the terms with the same basis elements taking

into account the constraint identities given above.

To take into account the constraint identities, we have two options - eliminate some basis in

terms of others or introduce Lagrange multipliers. We shall make use of both of these options.

We shall use the elimination method for taking care of (4.38) and (4.39) constraints. More

specifically, we shall eliminate the basis involving @⇧m in favour of the basis involving d↵d�

and similarly we shall eliminate the anti-symmetric part of the basis involving NmnNpq (in

simultaneous m $ p and n $ q exchange) in the favor of basis involving @Nmn. On the other

hand, we shall introduce Lagrange multipliers for the six constraints (4.32)-(4.37) which follow

from the pure spinor constraint and involve the pure spinor ghost. This means that we add a

very specific zero to QU = @V equation so that we have

QU = @V +
6X

a=1

IaKa (4.41)

The IaKa involve contraction of the six identities (4.32)-(4.37) with appropriate Lagrange

multiplier superfields. We denote these arbitrary superfields by Ki (i = 1, · · · 6). Thus,
6X

a=1

IaKa ⌘ (I1)
n
�(K1)

�
n + (I2)

mnq
� (K2)

�
mnq + (I3)

n
��(K3)

��
n + (I4)

pn
� (K4)

�
pn

+ (I5)
�n
� (K5)

�
�n + (I6)

n
�(K6)

�
n (4.42)

The Lagrange multiplier superfields Ki will also be determined in terms of the basic superfields

Bmnp, Gmn and  m↵ as we shall see.

We can now write down the equations of motion. Using equations (4.42), (4.32)-(4.37) and

the expressions of QU and @V , we obtain the following equations after comparing the same

basis elements in both sides of (4.41)

1. ⇧m⇧n�↵

↵0

2


D↵Fmn � �n↵�F

�
m

�
= 2@nHm↵
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WHERE, 



STEP 6 COLLECT ALL THE TERMS WITH SAME BASIS

1. ⇧m⇧n�↵

↵0

2


D↵Fmn � �n↵�F

�
m

�
= 2@nHm↵

2. ⇧m@✓��↵

↵0

2


�n
↵�(Fmn + Fnm)�D↵Gm���m

↵�F
�
�

�
= 2@mB↵� +D�Hm↵

3. d↵@✓���

↵0

2


��m

��F
↵

m +D�F
↵
� �

1

2
(�mn)↵�Hmn�

�
= D�C

↵
�

4. ⇧md��↵

↵0

2


�D↵F

�
m � 1

2
(�pq)�↵Fmpq � �m

↵�

⇣
K�� �K��

⌘�
= 2@mC

�
↵

5. @✓↵@✓���

↵0

2


�m
�[↵Gm�] +D�H↵�

�
= D[�B|�|↵]

6. @⇧m�↵

(↵0)2

8
(�m�

pq)�↵G
�
pq = Hm↵

7. d↵d���

↵0

2


D�K

↵� +
1

2
(�mn)��G

↵
mn

�
= 0

8. @2✓��↵

↵0

2


�↵0

4
�m
��(�

pq)�↵Fmpq +
↵0

2
�m
���m↵�K

��

�
= B↵� + ↵0�m

��@mC
�
↵

9. ⇧mNpq�↵

↵0

2


D↵Fmpq � �m↵�G

�
pq

�
= 2@mF↵pq + (�[p)↵�(K4)

�
|m|q]

16



1. ⇧m⇧n�↵

↵0

2


D↵Fmn � �n↵�F

�
m

�
= 2@nHm↵

2. ⇧m@✓��↵

↵0

2


�n
↵�(Fmn + Fnm)�D↵Gm���m

↵�F
�
�

�
= 2@mB↵� +D�Hm↵

3. d↵@✓���

↵0

2


��m

��F
↵

m +D�F
↵
� �

1

2
(�mn)↵�Hmn�

�
= D�C

↵
�

4. ⇧md��↵

↵0

2


�D↵F

�
m � 1

2
(�pq)�↵Fmpq � �m

↵�

⇣
K�� �K��

⌘�
= 2@mC

�
↵

5. @✓↵@✓���

↵0

2


�m
�[↵Gm�] +D�H↵�

�
= D[�B|�|↵]

6. @⇧m�↵

(↵0)2

8
(�m�

pq)�↵G
�
pq = Hm↵

7. d↵d���

↵0

2


D�K

↵� +
1

2
(�mn)��G

↵
mn

�
= 0

8. @2✓��↵

↵0

2


�↵0

4
�m
��(�

pq)�↵Fmpq +
↵0

2
�m
���m↵�K

��

�
= B↵� + ↵0�m

��@mC
�
↵

9. ⇧mNpq�↵

↵0

2


D↵Fmpq � �m↵�G

�
pq

�
= 2@mF↵pq + (�[p)↵�(K4)

�
|m|q]
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14 MORE SUCH TERMS

10. ⇧mJ�↵

0 = �1

2
�q

↵�(K4)
�
mq

11. ⇧m@�↵

↵0

2


↵0�n

↵�@nF
�

m � ↵0

4
(�pq)�↵D�Fmpq +Gm↵ +

↵0

4
(�m�

pq)�↵G
�
pq

�

= Hm↵ � ↵0�q
↵�(K4)

�
mq

12. @✓↵Nmn��

↵0

2


�p
↵�Fpmn �D�Hmn↵

�
= D↵F�mn + (�[m)��(K5)

�
↵n]

13. @✓↵J��

0 = �1

2
�n
��(K5)

�
↵n

14. @✓↵@��

↵0

2


�↵0

4
�m
↵�(�

pq)��Fmpq +
↵0

2
�m
�↵�m��K

�� + ↵0�m
��@mF

�
↵ +

↵0

4
(�mn)��D�Hmn↵ � 2H↵�

�

= B�↵ � ↵0�n
��(K5)

�
↵n

15. @2�↵

↵0

2


�↵0

4
�m
↵�F

�
m � (↵0)2

8
(�m�

pq)�↵@
mG�

pq +
↵02

32
(�mn�pq)�↵D�Gmnpq �

↵0

8
(�mn)�↵Hmn�

�

= �↵0�n
↵�(K6)

�
n

16. @J�↵

0 = �1

2
�n
↵�(K6)

�
n

17. J@�↵

0 = �↵0�n
↵�(K1)

�
n �

1

2
�n
↵�(K6)

�
n
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STEP 7
WRITE DOWN THE ANSATZ FOR SUPERFIELDS OF INTEGRATED 
VERTEX AND THE LAGRANGE MULTIPLIERS 

superfields whose theta independent components can’t form the 84, 44 or 128 representations

of SO(9), must be zero.

Next, we consider the superfield G�
mn. Since, it is also anti symmetric in its vector indices m

and n, going to the rest frame, we find that its non zero components can only be G�
0a and G�

ab.

Our goal is to look for representations of SO(9) corresponding to the physical states. Now,

the index structure of G�
0a implies that its theta independent component forms the product

representation 16 ⇥ 9 which contains one 128. Similarly, G�
ab contains one 128. This means

that the theta independent component of G�
mn should contain two representations of 128 and

hence there should be two terms involving  m↵ in the expansion of G�
mn in terms of the basic

fields Bmnp, Gmn and  m↵.

Doing this analysis for all the superfields appearing in (4.24), we find that the most general

form of the superfields in momentum space are given by

C↵ = Cm = E↵ = C = Cmn = Fm = F ↵ = Pmn = H = H↵ = 0

Fmn = f1Gmn , Gm↵ = g1 m↵

K↵� = a �↵�
mnpB

mnp , H↵� = h1�
mnp
↵� Bmnp

F ↵
� = f5(�

mnpq)↵ �kmBnpq , F ↵
m = f2k

r(�r)
↵� m�

Fmpq = f3Gm[pkq] + f4Bmpq , G�
pq = g2�

��
[p  q]� + g3k

r���
r k[p q]�

Hmn↵ = h2 k[m n]↵ + h3k
q(�q[m)

�
↵  n]�

Gmnpq = g4k[mBn]pq + g5k[pBq]mn + g6k[mGn][pkq] + g7 ⌘[m[pGq]n] (4.46)

We also need expressions for the Lagrange multipliers in terms of the basic superfields. By
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✤ SUPERFIELDS APPEARING IN INTEGRATED VERTEX



✤ LAGRANGE MULTIPLIER SUPERFIELDS
following the same procedure, we find

(K1)
↵
m = c1k

r(�r)
↵� m�

(K2)
↵
mnq = c2k[m�

↵�
n]  q� + c3kq�

↵�
[m n]� + c4�

↵�
q k[m n]� + c5k

r�↵�
rmn q� + c6k

r�↵�
rq[m n]�

+ c7k
rkq�

↵�
r k[m n]� + c8k

r�↵�
r ⌘q[m n]�

(K3)
↵�
m = c9Gmn(�

n)↵� + c10kmBstu(�
stu)↵� + c11ksBtum(�

stu)↵� + c12ksBtuv(�
stuv

m )↵�

(K4)
↵
mn = c13(�n)

↵� m� + c14(�m)
↵� n� + c15k

rkm(�r)
↵� n� + c16k

rkn(�r)
↵� m�

(K5)
↵
�m = c17kpGqm(�

pq)↵� + c18Bmpq(�
pq)↵� + c19Bpqr(�

pqr
m )↵� + c20kmkpBqrs(�

pqrs)↵�

(K6)
↵
m = c21k

r(�r)
↵� m�

Our job has now reduced to finding the unknown coe�cients appearing in this ansatz. If we

put these ansatz for the superfields in the equation of motion given above, we shall obtain

a system of linear algebraic equations for the unknown coe�cients which are much easier to

solve. However, before doing this, we shall now see that there are some restriction on some of

the coe�cients which follow from the constraint identities given earlier and also from direct

pure spinor condition.

We start by noting that the superfield Gmnpq appears in the expression of the integrated

vertex operator as NmnNpqGmnpq. We want to find the consequence of the identity (4.39)

on Gmnpq. For this, we consider the quantity (NmnNpq � NpqNmn)Gmnpq. Using the identity

(4.39) and the ansatz for Gmnpq given in (4.46), we find that the right hand side of the identity

(4.39) vanishes identically after contraction with Gmnpq and hence

: (NmnNpq �NpqNmn)Gmnpq : = 0 =) : NmnNpq(Gmnpq �Gpqmn) : = 0 (4.47)

This shows that Gmnpq is symmetric under the exchange of simultaneous m $ p and n $ q

indices. Now, the last two terms in the expression of Gmnpq are already consistent with this

property. However, this is not the case with the first two terms for which the tensor structures

multiplying the coe�cients g4 and g5 get exchanged. Thus, for Gmnpq to be symmetric under

the exchange of m $ p and n $ q indices, we must have

g4 = g5 (4.48)

Next, we show that the term involving g7 in the Gmnpq superfield vanishes identically. For

this, we first note that the term involving g7 appears in the integrated vertex operator as

g7N
mnNpq⌘mpGqn = �g7N

mnNnqGmq (4.49)
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STEP 8
ELIMINATE THE BASES FOR THE CONSTRAINTS FOR WHICH THE  
LAGRANGE MULTIPLIERS ARE NOT INTRODUCED. 

EXAMPLE

constraint identities below.

(I1)
n
� ⌘ : NmnJ�↵ : (�m)↵� �

1

2
: JJ�↵ : (�n)↵� � ↵0 : J@�↵ : �n

↵� = 0 (4.32)

(I2)
mnq
� ⌘ : NmnNpq�↵ : (�p)↵� �

1

2
: NmnJ�↵ : (�q)↵� � ↵0 : Nmn@�↵ : �q

↵� = 0(4.33)

(I3)
n
�� ⌘ : d�N

mn�↵ : (�m)↵� �
1

2
: d�J�

↵ : (�n)↵� � ↵0 : d�@�
↵ : �n

↵� = 0 (4.34)

(I4)
pn
� ⌘ : ⇧pNmn�↵ : (�m)↵� �

1

2
: ⇧pJ�↵ : (�n)↵� � ↵0 : ⇧p@�↵ : �n

↵� = 0 (4.35)

(I5)
�n
� ⌘ : @✓�Nmn�↵ : (�m)↵� �

1

2
: @✓�J�↵ : (�n)↵� � ↵0 : @✓�@�↵ : �n

↵� = 0 (4.36)

The above 5 identities follow from taking the OPE of (4.31) with the object of conformal

weight one, namely J,Nmn, d�,⇧p and @✓� respectively. The identity which can be obtained

by taking the derivative of (4.31) is given by

(I6)
n
� ⌘ : @Nmn�↵ : (�m)↵�+ : Nmn@�↵ : (�m)↵� �

1

2
: @J�↵ : (�n)↵� �

1

2
: J@�↵ : (�n)↵�

� ↵0�n
↵�@

2�↵ = 0

(4.37)

Apart from these, there are two more constraint identities which follow from the OPEs given

in section 2. The OPE of d↵ with d� implies

: d↵d� : + : d�d↵ : +
↵0

2
@⇧t(�t)↵� = 0 (4.38)

Similarly, the OPE of Nmn with Npq implies

: NmnNpq : � : NpqNmn : = �↵0

2

h
⌘np@Nmq � ⌘nq@Nmp � ⌘mp@Nnq + ⌘mq@Nnp

i
(4.39)

One way to think about these two identities is to note that we are working with a given ordering

of the pure spinor variables inside the normal ordering. However, for : d↵d� : and : NmnNpq :,

there is no preferred ordering. The above two identities (4.38) and (4.39) are a reflection of

this fact9.

For later purpose, we multiply (4.38) with 5-form �↵�
mnpqr to obtain

�↵�
mnpqr

⇣
: d↵d� : + : d�d↵ : +

↵0

2
@⇧t(�t)↵�

⌘
= 0 =) �↵�

mnpqr : d↵d� : = 0 (4.40)

9Note that there are OPE between ⇧m and ⇧n as well as between J and J . However, no pure spinor fields
appear in these OPE and hence they do not lead to any non trivial constraint between basis elements.
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1. ⇧m⇧n�↵

↵0

2


D↵Fmn � �n↵�F

�
m

�
= 2@nHm↵

2. ⇧m@✓��↵

↵0

2


�n
↵�(Fmn + Fnm)�D↵Gm���m

↵�F
�
�

�
= 2@mB↵� +D�Hm↵

3. d↵@✓���

↵0

2


��m

��F
↵

m +D�F
↵
� �

1

2
(�mn)↵�Hmn�

�
= D�C

↵
�

4. ⇧md��↵

↵0

2


�D↵F

�
m � 1

2
(�pq)�↵Fmpq � �m

↵�

⇣
K�� �K��

⌘�
= 2@mC

�
↵

5. @✓↵@✓���

↵0

2


�m
�[↵Gm�] +D�H↵�

�
= D[�B|�|↵]

6. @⇧m�↵

(↵0)2

8
(�m�

pq)�↵G
�
pq = Hm↵

7. d↵d���

↵0

2


D�K

↵� +
1

2
(�mn)��G

↵
mn

�
= 0

8. @2✓��↵

↵0

2


�↵0

4
�m
��(�

pq)�↵Fmpq +
↵0

2
�m
���m↵�K

��

�
= B↵� + ↵0�m

��@mC
�
↵

9. ⇧mNpq�↵

↵0

2


D↵Fmpq � �m↵�G

�
pq

�
= 2@mF↵pq + (�[p)↵�(K4)

�
|m|q]
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✤ CONSIDER THE CONSTRAINT

✤THIS RELATES 

✤  RE-EXPRESS 6 COMPLETELY IN TERMS OF 7 ONE EQUATION LESS



STEP 9 SUBSTITUTE THE ANSATZ AND SET COEFFICIENTS OF ALL THE  
 BASIS TO ZERO. 

EQUATIONS RELATING 

a, {f1, f2, · · · , f5, }, {g1, g2, · · · , g7}, h1, h2, h3, {c1, c2, · · · , c21}

STEP 10 SOLVE FOR THE ABOVE EQUATIONS 



a = � 1

↵02 , f1 = �18

↵
, f2 =

288i

↵
, f3 =

36i

↵0

f4 =
12

↵02 , f5 = �4i

↵0 , g1 = �432

↵0 , g2 =
48

↵02

g3 = �192

↵0 , g4 =
4i

↵02 , g5 =
4i

↵02 , g6 = �12

↵0

g7 =
3

2↵02 , h1 =
2

↵0 , h2 = �576i

↵0 , h3 = �144i

↵0 (4.40) {?}

(K1)
↵
m = c1k

r(�r)
↵� m�

(K2)
↵
mnq = c2k[m�

↵�
n]  q� + c3kq�

↵�
[m n]� + c4�

↵�
q k[m n]� + c5k

r�↵�
rmn q� + c6k

r�↵�
rq[m n]�

+ c7k
rkq�

↵�
r k[m n]� + c8k

r�↵�
r ⌘q[m n]�

(K3)
↵�
m = c9Gmn(�

n)↵� + c10kmBstu(�
stu)↵� + c11ksBtum(�

stu)↵� + c12ksBtuv(�
stuv

m )↵�

(K4)
↵
mn = c13(�n)

↵� m� + c14(�m)
↵� n� + c15k

rkm(�r)
↵� n� + c16k

rkn(�r)
↵� m�

(K5)
↵
�m = c17kpGqm(�

pq)↵� + c18Bmpq(�
pq)↵� + c19Bpqr(�

pqr
m )↵� + c20kmkpBqrs(�

pqrs)↵�

(K6)
↵
m = c21k

r(�r)
↵� m�

(K7)↵mnpq = k1(�mn)
�

↵ k[p q]� + k2k
ak[m(�n]a)

�
↵ k[p q]� + k3k[m(�n]p)

�
↵  q]� + k4k[p(�q]m)

�
↵  n]�

+k5k
r(�rmn[p)

�
↵  q]� + k6k

r(�rpq[m)
�

↵  n]� + k7k
r(�r[m)

�
↵ ⌘n][p q]� + k8k

a(�abmnpq)
�

↵  b�

(4.41) Lag_multi_ansatz

We now put (4.29) and (4.41) in the equations given in the previous subsection and analyse

them one by one. Some of the equations will determine the unknown coe�cients while others
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HOW DO WE KNOW ITS THE CORRECT SOLUTION?



Thank You 


