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1. Introduction

To consider the superstring theory as a fundamental theory of the nature,
the nonperturbative formulation is needed.

SuperString Field Theory is one of the promising candidates.
& Three kinds of formulations

o \WZW:-like formulation
e Homotopy algebra (HA) based formulation

e Sen’s formulation including decoupling sector

WZW-like HA based Sen'’s

open NS O O O

R O O O

heterotic NS O O O

R JA\ X O

closed (NS,NS) O O O
(RR) (NS,R) (R.NS) X X O




WZW-like formulation

> A complete action has been given for open superstring

{> Partial action
S =50 1 g2 L g4)
has been given for heterotic string using fermion expansion

‘ Toward a complete action the purpose of this talk is to give S® + S(&). I
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2. Open superstring field theory

String fields and constraints:

NS
® € Hygpge : 121 =0,(9,p) = (0,0).

U, e%ffwge: U, =1,(g,p) = (1,—1/2).

Constraints:

nl, = 0, XYU, = ¥,
where
X = —6(Bo)Go+ 8 (Bo)bo , Y = —cod' (7o),
which satisfy
XYX = X, [Q,X] =0.

We use

= = &+ (©(Bo)n&o — &o)P-3/2 + (§omO(Bo) — &o) P-1/2

which satisfies {Q,Z} = X on states with p = —3/2 subspace.



Complete action:

S == [ dt (A, QA1) =5 ( To YQUL) +5( Vo, PTo).

where
A(t) = (8,e®)e D A, (t) = (ne®P))e W,
with (1) = &, $(0) =0 and

FV,=(14+2(D,—n)) 'v,,
with )
D,A = nA — A, A+ (—1)"AA,.

Gauge transformation:

The action is invariant under

(6e®)e * = QA+ D,Q + {FU,FE ({FU,A} — \)},
U = QA+ XnFED,({F¥ A} — ),

with A =0, XY\ = \.



3. Heteroticstring field theory

String fields and constraints:
V EHpr . ® Hioson : |V =1,(g,p)
W E%llnge ) Hboson : |\Ij| =0 ) (gap) -
Constraints: (¢ = (co & &) /2, by = by % bo)

LV = bV =0, Lj¥ = b¥ = 0,
nv =0, XYU = U,

where
X = —6(Bo)Go+ 8 (Bo)bo, Y = —2¢i6 (),
satisfying
XYX = X, [Q,X]=0.
We use

= = &+ (©(Bo)n&o — &o)P_3/2 + (£om©O(Bo) — &o) P-1/2 -

which satisfies {Q,Z} = X on states with p = —3/2 subspace.



Closed string products and their dual:

Closed string products satisfying L.-relations:

n
0 =Q[B1, -, Bn] + > (-1t BV, ... QB;, Bisy, -, Bl
1=1
+ Z J(ilajk)[Bila T 7Bil7 [Bj1> T ’B]k]] .
l+k=n

Dual products satisfying another L.-relations exchanging () for n:

n
Bi4- LB
0 :77[317 7Bn]n+2(_1)( Lt 2_1)[B17"' 9nBiaBi—|—1a"' 7Bn]n
=1
+ Z O-(ihjk)[Bila"' 7Bil7[Bj17°°' 9Bjk]n]n'

l+k=n



We can construct it from the original products as, for example,

[B1, Bl = —[By, Bal,
[B1, By, B3] = —%(XO[BLB%BS]+[XOBlvBQ’BS]+[BleOBQ’B?)]+[Bl’B2aXOB3]
+ (=1)P1(&[B1, B2, B3]l - (€0 By, [Ba, B3]
+ (~)PLBy, (60 By, B3l + (-1) 71T P28y, [By, 0 B3))
+ (-1 B1B2TB3) B2 (¢, (B3, By]] — [69 B2, [B3. Byl
+ (—=1)P2(By, [0 B3, B1ll + (-1) P27 P38y, (B3, €0 B1))
+ (~1)B3B1HB2)FB3 (¢85 (B, Byl] — [69B3. [B1. B2l

+(-1)3[B3, (0B, Ball + (1) P31 1 B3, By, €0B2l)) )

General products can also be constructed.



Dual shifted quantities:

It i1s useful to introduce

(¢ m
K
[Bl7"' ,Bn]gn - Z |[(G77)maBla"' 7Bn]na
m=0

m

DyB =nB + Z (Gn) B]",

where )

Gp(V) = nV + [V nv1]" %([V, V)1 + [V, [V, VI + -
is a dual pure-gauge strlng field satisfying

77G77‘|' Z 0.
Shifted quantities satisfy DZ =0, and
= B B
0 = DTI[Bla e 7B’I’L]77Gn + Z(_l)( 1t i_l)[Bla te 7DnBia B’é—l—la o 7BTL]77G?7
1=1
+ Z O-(ibjk:)[Bila"' 7Bil7[Bj17"' ’Bjk]gn]nGT]

l+k=n
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Fermion expansion:

Expand the action and the guage tf. in powers of Ramond string fields,

S = isw, Bs = iBéQ’”), 00 = iaxp(?”—l).
n=1 n=1 n=1

And for arbitrary variation, Bs and §V,
55 = (50, Y E@"~VY) + (Bs, B,

The equations of motion in this notation are given by

oo oo

ZE(Qn) = 0, ZE(2n—i—1) — 0.

11



Then the gauge invariance of O(¥?") requires

n n

0 = _Z<<5\Ij(2n_2k+1),YE(2k_1)>>—|—Z<B§2n_2k),E(2k)>.

k=1 k=0

In particular, at the lowest order n = 0, (i.e. no Ramond string field),
(2) reduces
0 = (B, B,

This is satisfied by
BY = QA+ D,Q, E© = QaG,,
derived from the dual WZW-like formulation of the NS sector.

SO — /Oldt(Bt(t),QGn(t)>.

(2)

12



3.1 Up to O(¥%)
In the previous work we solved (2) at O(¥?) and O(¥*).

At O(T?) we obtain

S® = (U, YQUY) + = / dt(Bi(t), [F(t) 7]},

(¥, YQWY) + S (‘1’ ),

l\DIr—L [\DI»—\

with FU = (1 + Z(D,, — n)) 'W. This has the same form as that
for opensuperstring field theory, but now

K m
DW= ¥+ )  —[(Gy)", "

This is invariant at O(¥?) under

2

(2) _ K 2 n 2 —_ n n —_ n
By” = [FUAlf, — w7 [FY, FE[FY, AL VL — s[F¥, FEAIL, |

5 0 = — kXnFED,[FV, A, + QA = XnFEDpA,

13



At O(¥*) the gauge invariance (2) for A\-gauge tf. requires

2
SENF D = (0w Wy B + (a0, vy D) — (B, QaGy).

We can determine £, 5§, and B ) to satisfy this equation using the fact
that the dual string product [---]7 can be written as BRST exact form

[B17"' 7Bn]77 - Q(Bla" ) 7Bn)[l]_Z(_l)Bl—i_.“_i_Bi_l(Bla"' , QB -+ 7Bn)[1]7 (’)’L > 3)
1=1

Here the new products (- --)! is defined by

1
(B Bl = (n—1)(n—2) M(By, -, Br) = N (By, -+, Br),

where A1) = 2% A is defined from the EKS's gauge product with a
single plcture deficit All(¢) as

Ay = —eealwe @), e = P exp (/O dt' A1 (¢ ))

14



As a result the action and the gauge tfs. at O(¥*") is given by

2
4 K 1
s = Z(F\P,(F\IJ,F\IJ,F\IJ)[GL},

and
(4) rt NN L 0l A 4 5 (pgt
35 - _ Z[(F\p )GU’A]Gn + — 3l [[F\IJ,H(F\IJ ) ] A]Gn + o (FV ’D"A>Gn

4 4
K 3 —_ 1 1
- (P ,F:[F\If,DnA]gn)[G]n P, FE(FU®, DAl ]] L

4 4
- S [FE(FY U ¥, DyAll + S [F¥, FE(FY ,Fa[F\If,DnA]”Gn)[GL]”Gn

k! I K [1] _
+§[F\11 FE[FE(FT° )G & ]gn+ 3 [FE(FT° )G, FE[FT, DnA]Gn]gn
S(F\y F,\)“] 3[F\11 FE(FU?, FA)L ] +“—3[F:(Fx113)[” FA”
2 B 31T G~ "Gy’
3 3
(3) _ = _F 3 ] & 2 e n 1]
60 = xnFED,( (PP, DyN)Gh (PP FEIFY, DyAY )

3 2
R e 3y [1] n r 2 [1]
+ o FE(FUY) G, DyAlY, + - (F ,Fk)Gn).

15



3.2 Beyond O(¥%)

Unfortunately, at the present stage, we do not yet know how can we
determine a complete action. So let us continue the fermion expansion a few
more steps.

Order O(¥°) :

If we concentrait on A-gauge tf. Eq.(2) at O(¥°) requires

4

EFa, [ 2(F9®, [FO?)"
41

1 4. [1]
L — P, (Fehdl g

L(FO?, [FOP 1, )[” Fo?, (F\p%gn]%)

= (QFAY (- )+ (¢ ), YQFU) —((--+),QGy). (3)
This implies that (---) in the I.h.s. has to be written as

() = Q)+ Dy(sx)
where - - - denotes the terms including Qrv or Qa,,.

16



In order to show this we introduce (generating function of ) two new products
with arbitrary deficit number from the EKS's product and gauge product as

[n] _ - [n] ~1 [n] _ - [n] ~ 1
L@ = —GHLM®G @), A@) = —GHA"HE ().
If we denote
(B, ,Bn]" = L'(By,---,By), L"(t) :Zt”LZH,
n=0

the dual string product is related to the new product as
aL"(t) = LI(t), [AM(®),L"¢)] = —(n+ 1)L
If we further introduce generating functions
Ly(t,s) = > s"LI@t), Xt s) = > s"A(0),
n=0 n=0

17



we can show that the relation

At[An(t, s), L"(t)] + (1 + 883)[/08 ds'® s Ap(t, s'), 0L (t)]

—oul [ dsa (e[S’ [ s Dt O] = ~1Qud ()]

or

k
(k+ DA L3 (ke (o DL+ 2N L)

(=0
S nHl i)yl 1]
m: —_— p:

In particular, for n = 1 we have

(k+ DAL, L) +Z<k+21+3>[ WLl = —2(Q, A7)
=0

18



Using A" = (n — 1)(n — 2)plY), it becomes

(k + 1)k +2)(k +3) ([pph 4 L1 + [ogp 5 L3]) + kaa) ol LT ] = —2(Q, A7),
with fi.(l) = (k + 2l + 5)(k =1+ 1)(k —1). We split LY, L] and L}/ (I > 0)

because L7, , = [Q, p;,]. We can further find that the coeficient function fi (1)

satisfies
fe) + fulk =1—-1) = (k+1)(k+2)(k + 3),
and so
] 1 k—1
[Pt 4o L1+ [pg{ﬂr?), L]+ 5 Z[pgcl]—lu’ L/ = -Q,n Eﬂrzx]’
=0
where

2
Picta —(W)(Hg)mg)( it g Z<fk<l>—fk<k L= 1) eyl 2,p££31)-

Then if we define shifted products as

p[(é)]n(Bl’ ’Bn) = Z pgf_]f_m((GTl)maBla aBn)a
m=max(0,p+2—n)

19



We find

1 2 0 |2
> 10ehansa e il = = 1QpElano) + (QGn)5emllay i,
m=0
1 1 2 2
Z [p[G]:2n—|—3—m’ Lg m—l—l] + 2[p[G]n—|—2’ LZ—|—2] - = [Q’ p[G]:Qn—l—?)] + (QGU)5G p[G]2n—|—3’
m=0
with
2 1] o 18T 1]
2 _ .
pLL] = pGn_E[pG:n—I—l’pG:O] _5 z_:o [pGn m’me—l—l]

In particular for n = 5 we have

[2]

1
Peis: L1 + [P Lol + 3logi Ll = —1QupGs] + (QGn) 5

on H

n ,H2n—|—2

2n—|—3

20



Acting on FU"® and note L] ,(F¥) = D, F¥ = 0 we can show

(2(F\113, [1?\1/2]7(7;17)217 — [FY, (1"1’4)[&]”]?;77

+(Fe?, (PO )G - (e, <F\v3>[§171gn>

= ——@(F\If o+ Dnuw Nay + (FELQFOE 4 2(FY, Qe G)

+r((FE G FU?, QGG - w(re?, (reP, ) EDE

In this way we can solve the gauge invariance equation and find

4
— 2 3\[1] +[1]
——XnFED,(FV°, A(FW
nFED,(Fu*, A(F*)EE

4
(5) _ [2]
EY) =~ XnFE Dy(F¥°) + o3

with
1
A = 5(FED77 — D, FE),

which can be derived from

4
g(6) _ <F\p (FU )[2]>+ 1 — (FV, (FU?, A(FT? )Gn

2 313! >G"7>
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This is invariant under the A-gauge tf.

4

5w — —IXnF_Dn(F\II FA)[2]

K A
+ S XnFED (ARGl FU NG+ S XnFEDy(FY, ARV, FA)G g

5
g6 _F 5 2]
= (PO, FA)g,

5>\
5 " K2 1] \[1
3'2'(D77F_(F\I’3)[1] Fu? FA)[ ] (F\If Dy FE(FU?, Pl )[ ]
1 K" — 3] e 2 n ° = 2 7
~ Saig [P FE(FY ), FE(FYS, FAJL = oo [F2 =(Fo) ) gy DnFEFTT, FA)]G
P 2 K BNCR
-4 ~_[FE(FT° Ve FAIL —|——[FH(F\I’ A(FT? )& ) ]7777
— '“”"—5[F\11 FE(Fwt, PR 4 ”—S[Fxlf TONC R BV ok PR
4! T ’ Gn'Gn 3l T G’ GnGn

5

+%[F\If FE(FV?, A(FY?, FAGHG L,

22



From S© we can further obtain

59
6 K 6|2 34(1] \[1]
E©® = p, (a(p’\y )[Gl7 —(FU®, D, FE(FV?) e

313!

5 5

- =[P, FE(FY )[2]] ot o " _FU, FE(FV?, A(F\If?’)[” )[”]

2131

— S FE(FY )[1] DnFE(F\If?’)[éL]gn> .

We can also obtain the A-gauge tf. in a similar manner.
Order O(P®) :

Similarly, gauge invariance at O(¥®) requires

0 = — (5, ¥V vEMy) — (5, ¥® | yE®) — (5,00 yE®)y —

+(BZ, B + (B, BY) + (Y, V) + (5], BY).

v, y My

23



We find

) = — xyFED, ( - ';—?(Fxlﬂ)[?’]
6 6
+M(F\p FED,(Fu®)} )[217 2’75'(1?\1/ Dy FE(F¥)2) 6
e BRORIUEN e
2'2'3'(1?\1/ AFVAFE)EE G 12%(}7\11 (FU2(Fo° )Gn)Gn)

_ li(F\IfA(F\I! )[1] Dy FEFTHE ) - i—6(F\If(F1113)[1] (FoHlly
2 313! B Gn’  24313! Gn’ |’

which derived from the action

s®) — K—6<F\IJ (FoHBlYy
8! ’ Gn

0

t o (R (FU?, D, FE(F¥® )Gn)Gn>

n 1 /16
2213131
1 KJ6
~4121313!

(P, (FU°, AP, A(Fe) ) EHE )

(Fv, (P (FV, (P EH ).
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5. Summary and future prospects

& Using fermion expansion, we have constructed an action S6) and S(®)
for heterotic string field thoery.

& We have also constructed 60 ®) 5T (7). B§6) and, B§8) under which
the action is invariant.

General form of s -

We can easily extrapolate main part of 5™ as

2n—2

n K n— n—
s — (%')(F\Ix,(Fqﬂ e+

but we don’t have a method to obtain general (---)" .
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