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Gauge 3-forms in four dimensions: 
a simple model



The simplest 3-form in 4d

   Gauge 3-form: F4 = dA3A3 ! A3 + d�2

   EoM: d ⇤ F4 = 0 constant!

(fixed by boundary value) 

⇤F4 = n

   Action:
Z

M
d(A3 ^ ⇤F4)

=
S = �1

2

Z

M
F4 ^ ⇤F4 +

Z

@M
A3 ^ ⇤F4 + . . . […, Hawking `84, 

Duff `89,… ]

effective cosmological 
constant

⇤e↵ ' n2
Se↵ = �1

2
n2

Z
d4x

p
�g + . . .
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 Different      ’s  correspond to different effective actionsn

Remarks 

 Stringy/quantum gravity 
[…, Banks-Seiberg `10, …]

is quantisedn

 Lagrangian’s parameter 
traded for

F4(non-propagating)n ⇠
p

⇤e↵
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Adding membranes

 We can add membranes: SM = �⌧M

Z

C
d3⇠

p
� deth+ q

Z

C
A3

d ⇤ F4 = q�1(C)

⇤F4 = n
⇤F4 = n+ q

me
mb

ra
ne

 Nucleations of membrane bubbles

[…, Brown-Teitelboim, …]

n = 3

n = 2

n = 1

⇤e↵ ' n2
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Gauge 3-forms in string 
compactifications



3-forms from string compactifications 

X

   String theory contains several gauge 
p-forms:

Cp Gp+1 = dCp
⇥

  However, usual strategy: 

Ve↵(�;n)

light scalars

nA =

Z

DA

Gint
6�q ⇠ hFA

4 i

  Effective 3-forms in 4d:

appropriate basis of closed  internal forms 
Gp+1 = FA

4 ^ !A + . . .
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internal 
fluxes

[Bousso-Polchinski `00]  
[Feng-March-Russell-Sethi-Wilczek `00]Cp = AA

3 ^ !A + . . .
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trade forGext
p+1
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Gint
9�p = ⇤10Gext

p+1
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[Bielleman, Ibañez, Valenzuela `15]
[Carta, Marchesano, Staessen, Zoccarato `16]



3-forms from string compactifications 

X

   Various wrapped branes can 
give effective membranes in 4d ⇥

 domain walls separating compactifications with 
different flux quanta

 dynamical relaxation of the CC

 matter changing transitions

So far, mostly qualitative:

 Difficulty of fully 10d description

 Presence of 4d moduli 

 Supersymmetric 4d EFT including
3-forms and membranes was missing

[Bousso-Polchinski `00]  
[Feng-March-Russell-Sethi-Wilczek `00]



Main questions addressed in this talk

Can we combine:

 gauge three-forms  

 membranes

 supersymmetry

“dynamical” flux quanta

into a 4d effective supergravity for string compactifications? 

powerful 4d organising principle



 We will focus on effective superpotentials of the form

where

Main questions addressed in this talk

We↵(�) = eI�
I �mIGIJ(�)�

J
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GIJ(�) ⌘ @I@JG(�)
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special Kähler 
prepotential

Inspired by string flux 
compactifications

 Counting: a pair of mI , eI
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for each �I
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a pair of ‘microscopic’ 3-form potentials AI
3, ÃI3
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 Is there a ‘microscopic’ supersymmetric 3-form theory such that

mI , eJhF I
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?



Gauge 3-forms and  
4d rigid supersymmetry



3-form multiplets

  Start from a a set of complex linear multiplets        :

[Gates-Siegel `81]complex 3-form

⌃I

⌃I = D̄↵̇ ̄
↵̇
I = �I + (⇤C3I)m✓�m✓̄ + ✓2sI + . . .

DOUBLE 3-FORM MULTIPLETS

D̄2⌃I = 0

[Farakos-Lanza-LM- 
Sorokin `17]

⌃I ! ⌃I + L̃I � GIJL
J

L = l + (⇤d⇤2)m✓�m✓̄ + . . .

real linear multiplets: D̄2L = D2L = 0

   Gauge symmetry:

inverse of MIJ ⌘ ImGIJ

SI = D̄2
�
MIJ Im⌃J

�
= �I + . . .+ ✓2MIJ⇤F4J + . . .

MIJsJ

@I@JG

  Gauge symmetry selected by prepotential          for gauge invariant chiral fields G(S)



3-form multiplets

  Start from a a set of complex linear multiplets        :

[Gates-Siegel `81]complex 3-form

⌃I

⌃I = D̄↵̇ ̄
↵̇
I = �I + (⇤C3I)m✓�m✓̄ + ✓2sI + . . .

DOUBLE 3-FORM MULTIPLETS

D̄2⌃I = 0

[Farakos-Lanza-LM- 
Sorokin `17]

  Gauge symmetry selected by prepotential          for gauge invariant chiral fields 

inverse of MIJ ⌘ ImGIJ

SI = D̄2
�
MIJ Im⌃J

�
= �I + . . .+ ✓2MIJ⇤F4J + . . .

MIJsJ

G(S)

@I@JG

⌃I ! ⌃I + L̃I � GIJL
J   Gauge symmetry:

 

 ,

C3I = Ã3I � GIJA
J
3

 is pure gauge �I

AI
3 ! AI

3 + d⇤I
2 Ã3I ! Ã3I + d⇤̃2I

, dÃ3I � ḠIJdA
J
3F4I =



The Lagrangian

 L =

Z
d4✓K(S, S̄) + Lbd “Microscopic” 3-form theory

 integrating out      XI �I ⌘ SI = D̄2
�
MIJ Im⌃J

�

back to original Lagrangian     !L

 We can rewrite it as: ordinary chiral multiplets

L0 =

Z
d4✓K(�, �̄) +

Z
d2✓

⇥
XI�

I �XID̄
2(MIJ Im⌃J)

⇤
+ c.c.
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The Lagrangian

 

 EoM of ⌃I = D̄↵̇ ̄
↵̇
I

arbitrary integration 
constants

XI = eI � GIJ(�)m
J

L =

Z
d4✓K(S, S̄) + Lbd “Microscopic” 3-form theory

We↵(�) = eI�
I �mIGIJ(�)�

J

        is arbitrary!

Effective Lagrangian for 
ordinary chiral multiplets

K(�, �̄)
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Le↵ =

Z
d4✓K(�, �̄) +

Z
d2✓We↵(�) + c.c.

 We can rewrite it as: ordinary chiral multiplets

L0 =

Z
d4✓K(�, �̄) +

Z
d2✓

⇥
XI�

I �XID̄
2(MIJ Im⌃J)

⇤
+ c.c.
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The Lagrangian

We↵(�) = eI�
I �mIGIJ(�)�

J

Effective Lagrangian

 

Le↵ =

Z
d4✓K(�, �̄) +

Z
d2✓We↵(�) + c.c.

L =

Z
d4✓K(S, S̄) + Lbd

�I = �I + . . .+ ✓2F I
� + . . .

“Microscopic” 3-form theory

ordinary chiral multiplets

double 3-form multipletsSI = �I + . . .+ ✓2MIJ⇤F4J + . . .



Gauge 3-forms and  
4d supergravity



 Ordinary formulation is not the most natural one: cf. Bagger&Wess 
textbook

Weyl invariant formulation 

Z
d4✓E e�

1
3K(�,�̄)

�ichiral multiplets: (             )i = 1, . . . , n

conformal compensator
ZI = Y f I(�) I = 0, 1, . . . , n

Y Introduce:  

projective coordinates 

+

Z
d2✓ E W (�)

   Gauge-fixing: Y = 1 back to B&W’s formulation

 is invariant under Super-Weyl transformations:

Ea
M ! e⌥+⌥̄Ea

M ZI ! e�6⌥ZI

Z
d4✓E ⌦(Z, Z̄) +

Z
d2✓E W(Z)

⌦(�Z,�Z̄) = |�| 23⌦(Z, Z̄)

W(�Z) = �W(Z)
YW (�)  

 
|Y | 23 e� 1

3K(�,�̄)
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String-inspired superpotentials

e.g. in type IIB

eI =

Z

BI

GRR
3

[Gukov-Vafa-Witten `99]

mI =

Z

AI

GRR
3

 

 

=

Z

X
⌦3 ^GRR

3
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ZI =

Z

AI

⌦3
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GI =

Z

BI

⌦3
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 We will focus on effective superpotentials of the form

We↵(Z) = eIZ
I �mIGI(Z) GI(Z) = @IG(Z)

G(�Z) = �2G(Z)

where

 Counting: conformal compensator +          

    physical chiral multiplets

pairsn
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n+ 1
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mI , eI
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 ‘Microscopic’ 3-form supergravity theory with              double 3-form multiplets? n+ 1
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= GIJ(Z)ZJ
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The 3-form Lagrangian

+ Lbd

Microscopic Weyl-invariant 3-form theory

L =

Z
d4✓E ⌦(S, S̄)

ZI = �I + . . .+ ✓2F I
Z + . . .

Effective Weyl-invariant Lagrangian

Le↵ =

Z
d4✓E ⌦(Z, Z̄) +

Z
d2✓E

⇥
eIZ

I �mIGI(Z)
⇤
+ c.c. + . . .

SI = �I + . . .+ ✓2(M̄�I +MIJ⇤F4J) + . . .
<latexit sha1_base64="b2tgQwaOYcmtWJfquY374cNUe8M="></latexit><latexit sha1_base64="b2tgQwaOYcmtWJfquY374cNUe8M="></latexit><latexit sha1_base64="b2tgQwaOYcmtWJfquY374cNUe8M="></latexit>



Remarks

 After gauge-fixing: gmn �i
F I
4 = dAI

3 F̃4J = dÃ3J

metric
scalar fields

(i = 1, . . . , n)

3-forms

(I = 0, 1, . . . , n)

,

replacing auxiliary fields M,F i
�

n 2n+ 2SI = Y f I(�)
<latexit sha1_base64="nFj2UUe70S4V5kLR457025CHC4w="></latexit><latexit sha1_base64="nFj2UUe70S4V5kLR457025CHC4w="></latexit><latexit sha1_base64="nFj2UUe70S4V5kLR457025CHC4w="></latexit>

Y = 1
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  One can add other F-terms and couple “ordinary” chiral matter 

L =

Z
d4✓E ⌦(S, S̄, T, T̄ ) +

Z
d2✓E Ŵ(S, T )
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integrating out 3-form 
potentials We↵(Z, T ) = eIZ

I �mIGI(Z) + Ŵ(Z, T )
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+ fermions



Examples



A special class of models

special Kähler geometry

  The theory is covariant under symplectic duality transformations 
✓

AI
3

Ã3J

◆
! S

✓
AI

3

Ã3J

◆

In type II models, expected from freedom to change symplectic basis of cycles

S 2 Sp(2n+ 2;Z)

  Factorised kinetic potential: e.g.: type II compactifications (const. warping)
[Grimm-Louis `04]

[Bandos, Farakos-Lanza-
LM- Sorokin `17]

⌦(S, S̄, T, T̄ ) =
�
Im[SI ḠI(S̄)]

� 1
3 e�

1
3 K̂(T,T̄ )



A simple example
  2 double three-fom multiplets:                     

A0
(3) A1

(3) Ã(3)0 Ã(3)1, , , F(4)0 = d(Ã(3)0 � iA1
(3))

F(4)1 = d(Ã(3)1 � iA0
(3))

K(�, �̄) = � log Im�

G(S) = �iS0S1

 

 

1 scalar: �

4 gauge 3-forms:

,

1

Im�

✓
1 i�̄� 3Im�

�i�� 3Im� |�|2

◆

Invariant under                                       : � ! a�+ b

c�+ d
FI ! UI

JFJ 
duality group

S = �
Z 

R⇤1 +
d� ^ ⇤d�̄

(Im�)2
+ T IJ(�)F̄(4)I

⇤F(4)J

�
+ Sbd + fermions  Action:                     

SL(2,Z) ⇢ Sp(4,Z)



Sbos = �
Z 

R⇤1 +
d� ^ ⇤d�̄

(Im�)2
+ T IJ(�)F̄(4)I

⇤F(4)J

�
+ Sbd

Se↵ = �
Z 

R⇤1 +
d� ^ ⇤d�̄

(Im�)2
+ Ve↵(�, �̄)

�

Ve↵ = eK(|DWe↵ |2 � 3|We↵ |2)

We↵(�) = (e0 + im1)� i(e1 + im0)�

 

 

 

  Integrating out 3-forms:

Re(T IJ⇤FJ) = mI Im(GIJT JK⇤FK) = eI,

Infinite landscape of AdS vacua 
from a single 4d theory!

(SUSY) vacua:

�⇤ =
m1 � ie0
e1 � im0

cf. [Denef-Douglas `04]

-1.0 -0.5 0.0 0.5 1.0

0.5

1.0

1.5

2.0

2.5

�



Type IIA compactifications

G(S) = 1

6S0
kijkS

iSjSk

complex str. moduli + 
dilaton+ RR-axions

= (S0, Si)

compensator + complexified Kähler structure moduli

SI                 double 3-form multiplets:

�i = vi � ibi

               ordinary chiral fields:h2,1 + 1

cf. [Grimm-Louis `04]

  Prepotential:

T p = tp + . . .
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n+ 1
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h1,1
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(i = 1, . . . , n)
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kijk ⇠
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triple intersection numbers



Type IIA compactifications

S3-forms = �
Z

d4x eVe↵(�, �̄) Ve↵ = eK(|DWe↵ |2 � 3|We↵ |2)

We↵(�) = e0 + ei�
i + kijkm

i�j�k +m0kijk�
i�j�k =

Z

X
GRR ^ eB+iJ

[Grimm-Louis `04]
[Gukov-Vafa-Witten `99]

  One can solve EoM’s of 3-forms in terms of                  integration constants mI , eJ2n+ 2
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  Partially matches bosonic action of [Bielleman, Ibañez, Valenzuela `15]

[Carta, Marchesano, Staessen, Zoccarato `16]

derived from 10d type II democratic pseudo-action [Bergshoeff, Kallosh, Ortin, Roest and Van Proeyen `01]

Sbd !
Z ⇣

mI F̃4I � eI F
I
4

⌘
hybrid formulation with mI , eJ
present in the boundary term



Membranes and jumping 
domain walls



Membranes

   We can couple locally supersymmetric            -membranes

Ã3I + . . . AI
3 + . . .

⇠i 7! xm(⇠), ✓µ(⇠), ✓̄µ̇(⇠)C :

kappa-symmetric without dynamical 
constraints on bulk fields!

SM = �
Z

C
d3⇠

p
� deth

��qISI � pIGI(S)
�� + qI

Z

C
AI

3 � pI
Z

C
Ã3I

   Supersymmetrization of what expected from type II compactifications, with 
correct moduli dependent tension

superembedding

(qI , p
J)



Jumping effective potentials

   Membranes generate a jump of the integration constants

qI

Z

C
AI

3 � pI
Z

C
Ã3I

me
mb

ra
ne

mI

eJ eJ + qJ

mI + pI

W e↵
m,e(�) W e↵

m+p,e+q(�)

 and of the effective superpotential 

   One can have domain walls or bubbles interpolating between different 
effective potentials

V e↵
m+p,e+q

V e↵
m,e

�



Jumping BPS domain walls

   Flow equations in presence of membranes 

�̇i = 2Ki|̄ @|̄|Z| with jumping “central charge” Z ⌘ e
1
2KWe↵

away from membranes, as in [Cvetic-Griffies-Rey `92]

[Cvetic-Soleg `96]

[Ceresole-Dall’Agata-Giryavets-
Kallosh,-Linde `06]

   Central charge jumps across the membrane: 

   A BPS-action argument identifies the domain wall tension

2|�Z| = TM

as in [Ceresole-Dall’Agata-Giryavets-
Kallosh,-Linde `06]

TDW = 2|Z|+1 � 2|Z|�1



Jumping BPS domain walls
   For instance, in our toy model each 

effective potential has a single susy vacuum 
Se↵ = �

Z 
R⇤1 +

d� ^ ⇤d�̄

(Im�)2
+ Ve↵(�, �̄)

�

We↵(�) = (e0 + im1)� i(e1 + im0)�
�⇤ =

m1 � ie0
e1 � im0

   A jumping domain wall can connect these vacua 
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⇤Re� ⌘ Re�⇤ = Re�0
⇤For instance:
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2 [|Z⇤|(y + c)]|Z|

W e↵
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�⇤

�0
⇤



 Tadpole conditions can implemented by partially integrating 
out gauge-three forms

 Possible incorporation of brane sector?    

Final remarks

  Generalization to extended supergravities?

[Carta, Marchesano, Staessen, 
Zoccarato `16]

Uplift to M-theory?



Thanks!


