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Formulations for open superstring field theory

The Berkovits formulation [Berkovits 1995]
@ The action has Wess-Zumino-Witten-like gauge invariance.

— Ramond extension: [Kunitomo, Okawa 2015]

Homotopy algebra based construction [Erler, Konopka, Sachs 2013]
@ The action exhibits the A, structure.

— Ramond extension: [Erler, Okawa, TT 2016], [Konopka, Sachs 2016]

Sen’s quantum BV master action [Sen 2015]
@ Simpler worldsheet realization of interaction terms

— Applications to open SSFT: [Erler, Okawa, TT 2016], [Konopka, Sachs 2016]
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Open SSFT based on the covering of supermoduli space

@ Recently, a new approach to formulating NS sector of open superstring field
theory based on the covering of the supermoduli space of super-Riemann
surfaces was proposed [Ohmori, Okawa2017].

@ We extend this approach and construct a gauge-invariant action including the
Ramond sector up to quartic interactions.

@ Our approach is based on the covering of the supermoduli space, and our
action exhibits the A, structure.

@ We also construct an action based on the products with stubs. One of the
advantages of our construction is that incorporation of stubs is
straightforward.
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1. A, structure
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Witten's open bosonic string field theory [witten 1985]

5= - 3 (0.Q0) ~ Lw v,
W=QA—gA*xVU+gUxA.

The star product * is non-commuttative: A x B # B x A,

but associative: (Ax B)«C = Ax (B xC).

The gauge invariance follows from

(A,B) = (-1)"%(B, 4),
QA B) = — (-1)(4,QB),
(AxB,C)=(A,BxC),
Q*A=0,
Q(A%xB)=QAxB+ (-1)*A%QB,
(AxB)xC = Ax(BxC).
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Actually, we can construct a gauge-invariant action based on a string product
without associative two-string product:

5= - L) - L(wva(ww) - L (080 0)) £ 0.

We assume V5, V3 are cyclic:

(Va(A1, A2), A3 ) = (A1, V2(A2, 43)),
(Va(A1, Ag, As), Ay) = — (=1)A1( A, Vs(Ag, A3, Ag)) . J

The action is invariant up to O(g3) under a gauge transformation

+ 92V3(\I]a \IjaA) - 92V3(\113A5 \Il) + 92V3(A7 \II, \IJ) + 0(93) )

if @, Vo, and V3 satisfy ...
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A structure

0= Q%4

0= QVa(A1, Ay) — Va(QA1, Ay) — (—1)A1 (A1, QA3)

0= QVz(A1, A, Ag) — Vo(Va (A1, As), As) + Va(A1, Va(As, A3))
+ Va(QAL, Ag, A3) + (—1)M1V3(QA;, Az, As)
+ (=1)A 4213 ( Ay, Ay, QA3)

@ These equations are extended to higher orders, and a set of these relations is
called an A structure.

@ The A structure is closely related to the decomposition of the moduli space
of Riemann surfaces.

@ The quantization of string field theory based on the Batalin-Vilkovisky
formalism is straightforward if the theory has the A, structure.
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2. Neveu-Schwarz sector [Ohmori, Okawa 2017]
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Two-string product (NS sector)

Disks with three NS punctures have one odd modulus, and we denote it by (.

In [Ohmori, Okawa 2017], an integral over the odd modulus is implemented by
XN = /dCdeN(C,f), Xn(C,E) = e SP-1/2HCCryz

where C~ is a Grassmann-even variable [Witten 2012]. In [Ohmori, Okawa 2017], the
two-string product in the following form is introduced:

1 X
Vg(Nl,Ng): §(XN (Nl*N2)+XNN1*N2—|—N1*XNN2). J

V2 (N1, N2) realizes cyclic Ay structure at this order, but not associative:
Vo(Va(N1, N2), N3) # Va(Ny, Va(Na, N3)) .

We need a three-string product to satisfy the 3rd order A, relation.
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The 3rd order A, relation

We define V3(Ny, N2, N3) in terms of a Grassmann-odd operator =:
(N1, V3(N2, N3, Na)) = (g1 0 N1(0) Z g2 0 N2(0) g3 © N3(0) g4 © Nu(0) )p -
where (...)p is the correlation function on the disk.

Furthermore, we define Grassmann-even operators X;, X by

<]\717 %(%(NQ,Ng),N4)> = <X¢ g1 © Nl(O) g2 o NQ(O) gs o Ng(O)g4 o N4(0) >D 5
(N1, Va(Na, Vo(N3, Ny)) ) = ( Xs g1 0 N1(0) g2 0 N2(0) g3 0 N3(0) g4 0 N4(0) )p -

In this notation, the 3rd order A, relation is expressed as

Q-E=X,— X,. J
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Rule of the game (NS sector)

The 3rd order A, relation in terms of =

QZ=X;—X,.

We construct = in the following steps:

1 define two-string product V4 (already done),
2 calculate X; and X, from the definition of V5
3 pull out @ from X; — X .

Since we assumed (V3(A1, Ag, A3), Ay) = — (=1)41( Ay, V3(Ay, A3, Ay) ), the
operator = must be constructed to satisfy the cyclic equation

€
o
[1]
Il
|
[1]
\—

where w(z) = ¢™/22 = iz is 90°-rotation on disks.
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Step2: calculate X; and X

We define X v[g;] for conformal transformation g¢;(£) by
Xnlgi] = /dgdgeféamgmccmgi]

where Bn[g;] and G n[g;] are pull back of 3_;,5 and G_; /5 by g;. Then we can
pull out X from each vertex operators.

For example, we find

<XNN1,N2* XNN3 *N4 XN 91 XN g3 g10N1 0 ggoNz 0 g30N3 0 g4oN4 O >
X_N[g_1] X_N[g_2] X_N[g_3] X_N[g_4]

Tomoyuki Takezaki 14 Feb, 2018 13 / 36



Step 2: calculate X; and X (continued)

Furthermore, we introduce X y[h;] for (i = 1,2,3,4) with h;(

elolele

X_N[h_1] X_N[h_2] X_N[h_3] X_N[h_4]
For example, we find

((XNN1), N2Xn(N3Na)) = (Xn[g1] Xn[hs] g10N1(0) g20N2(0) g30N5(0) gaoN4(0)) p

Using this method, we find

Xy = %(XN[M] + Xnlg2] + Xn(gs3] ) (XN[91] + Xnlho] + XN[gzd) ;

X, = §(XN[h1] + Xn(gs] + Xnlg4] ) (XN[92] + Xn[hs] + Xn|g1] ) :
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Step 3: pull out @ from X; — X

It is useful to introduce the following operator:

1
=[a, ] :/ dt’/df’/dgdf @ CBNlal) (~{Q(-1)GBN ) |
0
where @’ is the extended BRST operator [Witten 2012]:
Q = Q+10y +Coc.
The operator E[a, b] satisfies
Q- Ela,b] = Xyla] — Xn[0].

Therefore, we can pull out @ from the difference of X .

Xi_[g_1,h_2]
—

X N[g.1] X N[h_2]
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In [Ohmori, Okawa 2017], an operator Z satisfying the 3rd order A, relation and
the cyclic equation was given in the following form:

1
= 1—8( E[hg,h4; h3,h1] aF (17 terms) ) s

—_
=
—

where

- 1/_
Ela1, az; b1, b2] = 5(:[@, b1] X n(as] + (3 terms)) )

@ = consists of an integration over one even modulus and two odd moduli.

@ The three-string product V3 constructed from = covers the missing region of
moduli space of disks with four NS punctures.
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3. Ramond sector
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Ramond string field

For the Ramond sector, it is known that the BRST cohomology on an appropriate
subspace of the small Hilbert space reproduces the correct spectrum, and we use
the string field restricted to this subspace.

The restriction on the Ramond field is characterized by XgrYrVr = WUg, where
Xg = / dCdCXR(C,0), Xr(C.0) = e D V= —cob'(%0).

X g commutes with @, and X is BPZ even: X}, = Xpg. For restricted Ramond
fields Ry, Ry, we use the inner product in the following form:

(R1,YrR2) .
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Define X;, X, and = for NS/R sector

We consider two-string products V2(N1, R1), Va(R1, N1), Va(R1, R2), and
three-string products

V3(N1, N2, R1), V3(N1, R1, N2) , V3(R1, N1, N2) ,

‘/E)’(va R17 RQ) ) ‘/?’(Rh N17 RZ) P V3(R17 R27 Nl) ’ V3(R17 R27 R3) .

We define =, X, and X for NS/R sector. For example,

(R1,YRV3(N2, R3,N4)) = (g1 0 R1(0) ErnrN g2 © N1(0) g3 0 R2(0) ga © N2(0) )p ,
(R1,YRrV2(V2(N1, R1),N2)) = ((X¢)rnvrN 91 © R1(0) g2 0 N1(0) g3 0 R2(0) g4 © N2(0) ),
(R1,YRV2(N1, V2(N2, N2))) = ((Xs)rnrnN 91 © R1(0) g2 0 N1(0) g3 0 R2(0) ga 0 N2(0) ) -
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Rule of the game (NS/R sector)

Ay relation for V3(Ny, Ry, N3) in terms of ZgyrN

Q- ZrnrNy = (Xt)rvrN — (Xs)RNERN -

We construct Zi gy in the following steps:

1 define the two-string products V5 for NS/R inputs,
2 calculate (X¢)rnrn and (Xs)ryry from the definition of Vs

3 pull out @ from (X;)rnvey — (Xs)rnen -

The cyclic equation ( V3(Ny, Ry, No), Re ) = — (=1)M( Ny, V3(Ry, No, R2) ) is
translated into

woERNRN = —ENRNR, J
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Step 1: define the two-string products for NS/R inputs

Let us start form the NS-R-R interaction. Since disks with two R punctures and
one NS puncture has no moduli, we can simply use the star product:

a{UN,UrxTr),
where « is non-zero constant to be determined. This term can be rewritten as
a(Un,Ur*Ugr)= a(¥YR,YrXR(¥YN *xUR))= a(VUr, YrXr(Vr*x¥nN)).
Motivated by this equation, we define the following two-string products:

Va(N1, R1) = Xr(N1 * R1),
Va(R1, N1) = Xg(R1 * N1),
%(R1,R2) = R1 k R2 .

These two-string products have cyclic A, structure at this order, but not
associative except for V2(V2(R1, R2), R3) = Va(R1, V2(R2, R3)).
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Step 2: calculate (X})gyvry and (X)rvrN

Using the two-string products defined in the step 1, we find

(R1, YRVo(Va(N1, R2), N2) ) = ( Ry, YRXRr( XR(N1 * Ra) x N2 ) )
:<R1,XR(N1 *RQ) *NQ),

and

(R1, YRV2(N1, Va(R2, N2)) ) = (R1, YRXRr( N1 * Xg(R2 * N2)))
:<R1,N1 *XR(RQ *N2)>

Therefore, we have

(X¢)rvry = Xrlh2], (Xs)rnry = Xglhs], J

where X r[h;] is pull back of Xg by h;.
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Step 3: pull out @ from (X;)rneNn — (Xs)rNRN

The 3rd order Ay, relation is Q- Zryrn = Xrlha] — Xg[hs]. We introduce

1
Zgrrla,b] :/ dt//d{’/dgdé e—1Q',t'¢Brlal} e_{Q/’(l_t/)CBR[b]},
0

which satisfies

Q - Zrgla,b] = Xgla] — Xg[b].

’ Xi {RR} [h.2, h 3]

X_R[h_2] X_R[h_3]

ErNRN = Zrrlhe, hs]. J

We can also construct Zngryr and show the equation w o ZrNry = — ENRNER-

Tomoyuki Takezaki 14 Feb, 2018 23 /36



For other NS and R combination, we can show that the following ZxnNRR, - - -
satisfies the 3rd order A, relation and cyclic equations.

- 1/
ERRNN = 3 (:RN[h2, hi] + 2rn[h2, g3] + Ern[h2, 94] )
- 1/
ENRRN = 3 (:NR[gl,h3] + Enrlhe, hs] + Enrlga, hs] )
- 1/
ERNNR= 3 (:NR[M, hi] + EnRlg2, h1] + Enrlg3, h1] )
- 1/
ERRNN = 3 (:NR[hl, ha] + Enrlg3, ho] + Enrlga, h2) )

where

1

Zpne,b] = / dt’/df’/d{df e 1Q/ ' ¢Brlal} (—{Q".(1—t)CAN ]}
0
1

=y rle,b] = / dt’/d[//d(:d(f QW eBNlal} (—{Q,(1=t")CBRIVI}
0

@ The three-string products constructed from Zgngrn, ... COvers the missing

region of moduli space of disks with two NS and two R punctures.
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4. Open superstring field theory with stubs

Tomoyuki Takezaki 14 Feb, 2018 25 / 36



Open bosonic SFT with stubs - stepl

We define the bosonic two-string product by attaching propagators of length w:

V(A Ag) = e~ wlo ((e_“’LOAl) * (e_wLOAg)) . J

V5" has the cyclic Ay structure at this order, but not associative.
Let us consider V3. We define By, £, and LY by

(A1, V5" (Ag, A3, Ag) ) = (g1 0 A1(0) B ga 0 A2(0) g3 0 A3(0) g4 © A4(0) )p
(Ar, V3" (V5" (A2, Ag), Ag) ) = (L g1 0 A1(0) g2 0 A2(0) g3 0 A3(0) g4 © A4(0)) )p,
(A1, V3" (A, V5" (A3, As))) = (LY g1 0 A1(0) g2 0 A2(0) g3 © A3(0) g4 0 A4(0)) ) .
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Rule of the game (open bosonic SFT with stubs)

The 3rd order A, relation for V3" in terms of BY

Q-BY=LY—L¥.

We construct BY’ in the following steps:

1 define the two-string product V3 (already finished),
2 calculate £3* and LY from the definition of V5" |
3 pull out @ from L}’ — LY.

The cyclic equation for V5" is translated into

wo By = —-BY. J
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Step 2 & 3

Using the definition of V3", we have

w _ _—wkL —2wLg[h —wlL —wlL —wlL
LY =e olg1] o o[ha] o olg] o olgs] ¢ olg4] ,

Y = e~ wlolg1] g—wLolga] ,—2wlLolhs] —wLolgs] ;—wLo[ga]

We introduce an interpolation function Ba, b]:
1
Bla,b] = / dt/df(e{Q (A=t)(=2w)bolal} | @ J(*Qw)bo[b]})7
0

where # is a Grassmann-odd variable, and Q' = Q + t0;. Bla, b] satisfies
Q . B[a7 b} — 672wL0[a] o 672ng[b] )

Then Bs is realized in the following form:

BY = Blha, hs] e~ wkolg1] g—wlolg2] p—wLolgs] —wLo[ga] J
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Rule of the game (open SSFT with stubs)

Let us consider open SSFT including the Ramond sector with stubs. We define
Ehnen, (X)bByey » and (Xs)Bnry  as in the case of OSSFT without stubs.

The 3rd order A, relation in terms of =,y N

Q ’ E%NRN = (Xt)%NRN - (XS)%NRN'

We construct 2%y zy in the following steps:

1 define the two-string products,
2 calculate (X¢)fhypy and (Xo)BNan

3 pull out @ from (X)) Enpy — (Xs)BNaN -

The cyclic equation for V3(N1, Ry, N1) is translated into

=w _ _=w
WOZRNRN = — ENRNR: J
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Step 1 & 2

We define two-string products by replacing the star product * with V;":

1 * w w w
Va(N1, N2) = g(XNvg (N1, N2) + Vo' (XN N1, N2) + V5 (N1, XNy N2)) ,
Vo(N1, R1) = XrVa" (N1, R1),
Vo(R1,N1) = XrV5 (R1, N1),
Va(Ri1, R2) = V5 (R1, Ra) .

Since we just switched the star product * to V3*, these two-string products have
cyclic A, structure at this order. Then we have

(X:)snry =Xrlha] e~ wlolg1]l ,—2wLolh2] ,—wLolg2] ,—wLolgs] ,~wLolg4] ’

(X:)Enrn =Xg|[hs] e wlolg1] —wLolg2] ,—2wLolhs] ,~wLolgs] ,~wLolgs]

Remember that Xglho] = (Xi)rvrn, Xr[R3] = (Xs)rnRN, therefore

(Xt)rven = (Xe)rRvrn LY, (Xo)pney = (Xs)RNRNLY
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Step 3: pull out @ from (X3)3nen — (Xs)BNRN

(X)Rnen — (Xs)ENRN
= ((Xt)RNRNe_QwLO[hZ] - (XS)RNRNE_QwLO[h3]>

w e—wlholg1] g—wLolg2] ;—wLolgs] ;—wLolg4]

= ((Xt)RNRN(fQWLO[hQ] — 1)+ (Xt)rNrN — (Xs)RNRN + (Xs)rRNRN(1 — 672“'[‘0%3]))

« e~ wLolg1] g—wLolg2] ;—wLolgs] c—wLolg4]

We introduce
1 1
Bla, 4] = / dt/dge{cz’xl—t)(—zw)bo[a]}7 B, b] = / dt/d;e{cz’,u—zw)bo[bn’
0 0
which satisfy

Q . B[a, *] — 6—2wLo[a] -1, Q . B[*7 b] = 1— e—2wLo[b] )
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Step 3 (continued)

Then we have
(Xe)nrn — (Xs)ENRN
= ((Xt)RNRNQ -Blha, %] + Q- ErnrN + (Xs)RNRNQ - Bl*, hs])

x e~ wlholg1] g—wlLolg2] —wLolg3] ;—wLolg4]

=Q- [((Xt)RNRN Blha,*] + ZErNrN + (Xs)RNRN B[*,hg])

x e~ wlholg1] g—wLolg2] —wLolg3] ;—wLolg4] ] .

Finally, we find

ERNRN = ((Xt)RNRN Blha, *] + Ernrn + (Xs) v RN Bl*, h3])

« e~ wkolg1] ;—wlolg2] ,—wlolgs] ,—wLo[ga]

We can also show that E% y py Satisfies the cyclic equation:

=w - _=w
WOZRNRN = — ENRNR

We can construct =% 5, for other NS/R combinations in the similar way.
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: —u
lllustration of =%\ px

(X_t)_{NRNR} x stubs (X_s)_{NRNR} x stubs

\/ Xi_{NRNR}
D=
A

B[h_2, *] t

(X_t)_{NRNR}*w (X_s)_{NRNR}"w
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4. Conclusion and Future directions
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Conclusion and Future directions

Conclusion

We constructed open superstring field theory based on the supermoduli space
@ including the Ramond sector
@ with stubs

@ up to quartic order

Future directions
@ Extension to all order?

@ Relation to other formulations?
(especially Homotopy algebra based constructions)
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Thank you for your attention!
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oo. Back up
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ERNRN IS CyC|iC

We have
ERNRN = ENRNR = ZRrR[h2, h3].

Let us consider the cyclic equation. We find

woZrNRN = Zrr[hs, ha] = — Err[ha, h3]

= —ZRrrlh2,h3] = —ENRNR-

Therefore, three-string products constructed from =znygrny and Zygrygr has the

cyclic A structure 1.

IWe used antisymmetric property of Erp:
Errla,b] = — Egrg[b,a],

and Bgrlh2] = Br[ha] which follows form the fact that 3¢ is BPZ even.

Zrglho, hs] = /dt’/d{'/dgdé e—1Q"t'¢BRrIN2]} ,—{Q',(1~t")¢BRIN3]}
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By is cyclic

We can show that BY satisfies the cyclic equation. We find

woBy =wo (B[hg, hg]e—wLo[gl]e—wLo[gz]e—wLo[gz] o~ wLolga] )
= B[h3, h4] e*u}Lo[!]Q] e*u}Lo[yﬂ ewaO[gél] ewaO[gl]
= Blhs, ha) e~ wlolg2] p—wlolga] ,—wLo[ga] ,—wLo[g1]
= — Blha, h3] e~ wholg1] p—wlolg2] o—wlLolgs] o —wLo[ga]
= By
where we used Bla,b] = — B[b,a] and
bo[h1] = bolha], bolhe] = bo[ha],

which follows from the fact that Ly is BPZ even. 2

2

1
Blhs, ha] = / dt/d;g(e{Q’,(lfw(f2w>bo[h31}+6{Q’,t<72w)bo[h4]})7
0
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=4pcp s cyclic

If (Xt)aBcp,(Xs)aBcp, and E4pcp satisy
wo (Xy/s)aep = (Xs/t)paBCc, woZapcp = —Epasc,
we can show that 2% 5 satisfies the cyclic equation. We find

woE4gop = wo [( (Xt)aBep Blha, *] + Easep + (Xs) asep Bl*, hs] )

> e*wLo[gl] 6*10110[92] e~ wko lg] e*wLo[g4] ]
= ((XS)DABC Blhs,*] — Epapc + (Xt)papc Bl*, h4])
« e~ wholg2] j—wlolgs] ,—wLolga] ,~wLolg1]

= ( — (Xs)pasc Bl*, hs] — Eascp — (X¢)pasc Blhe, *])

> 6—wL0[91] 6—wL0[92] e~ wlo lg3] e—wLo[94]

— =w
— T —=DABC -
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