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Abstract

Let K be an infinite field. If @ and B are algebraic and separable elements over K, then by the primitive
element theorem, it is well known that @ + uf is a primitive element for K(a, 8) for all but finitely many
elements u € K. If we let

&x(@,B) = {u €K : K(a,p) # K(a + up)}

be the exceptional set, then by the primitive element theorem, |£x(a,8)| < co. Dubickas [‘An effective
version of the primitive element theorem’, Indian J. Pure Appl. Math. 53(3) (2022), 720-726] estimated
the size of this set when K = Q. We take K to be a finite extension over Q or Q,,, the field of p-adic numbers
for some prime p, and estimate the size of the exceptional set.
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1. Introduction

In any book on field theory and Galois theory, we first encounter the primitive element
theorem (see, for instance, [6, Theorem 4.6]) which states: ‘If L/K is a finite separable
extension of fields such that K contains infinitely many elements, and «, 3 € L, then for
all but finitely many u € K, we have K(a,) = K(a + uf). That is, for all but finitely
many u € K, the element a + uf is a primitive element for K(a, ) over K’.

Let K be a given field which contains infinitely many elements. If @ and 8 are
algebraic and separable elements over K, we define

&x(@.B) ={u e K : K(a,p) # K(a + up)}

as the exceptional set. By the primitive element theorem, |£x(a,f)| < co. In the
following theorem, we estimate the size of this set. We denote the degree of the
extension field F over K by [F : K].

THEOREM 1.1. Let K be an arbitrary field which has infinitely many elements. Let
a and B be distinct algebraic and separable elements over K. If the degree of B is
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at least 3 and (B — 1)/ (B — B2) ¢ K for any two distinct Galois conjugates of B with
Bi # B fori=1,2, then

Ik (. B)l < [K(a) : K].

If L/K is a finite Galois extension of fields with Galois group G, then by the normal
basis theorem, there exists a € L such that the set {o(@) : o € G} forms a K-basis for L.
Such an element « € L is called a normal basis generator for L/K. Also, for a given
number field K, an algebraic element 3 over K is said to be totally real, if all its Galois
conjugates are real.

Let K be a number field and f(x) € K[x] be an irreducible polynomial of degree d.
Let Q; = {a1,...,a4} be the set of all complex roots of f(x). We say that Q is
K-trivial, if cyay + -+ - 4+ cqay = 0 for some ¢; € K, impliesc; = ¢y = -+ = ¢4. In 1977,
V. A. Kurbatov [5] proved: ‘Let L/K be a finite Galois extension of number fields of
degree p, for some prime number p > 3 with K N Q({,) = Q. If L = K(B) for some 8
whose minimal polynomial is f(x) € K[x], then Qp is K-trivial’. In 1997, Dixon [1]
proved: ‘Let L/K be a finite Galois extension of number fields with Galois group
G and let L = K(B). If f(x) € K[X] is the minimal polynomial of  and G acts on
Qp 2-transitively, then Qy is K-trivial’. We prove the following corollary.

COROLLARY 1.2. Let K be a given number field. Let a and 3 be algebraic numbers
over K such that a, ¢ K and 8 ¢ K(@). Suppose one of a and (8 is of degree > 3.

(1) IfK CR, then |{k(a, B)l < min{[K(a) : K],[K(B) : K]}.
(2) IfK ¢ R and B is a totally real algebraic number of degree at least 3, then

Ik (. B)| < [K(@) : K].

(3) IfK ¢ R and 8 € Q is such that 8 and at least two of its Galois conjugates are
purely imaginary, then |éx(a, B)| < [K(@) : K].

(4) IfK(B)/K is a finite Galois extension of degree at least 3 and B is a normal basis
generator of K(B)/K, then |ég(a,B)| < [K(@) : K].

(5) If f(x) € K[x] is the minimal polynomial of B and Q. is K-trivial, then

€k (@, Bl < [K(a) : K].

It is easy to see that |éx(a,B)| < (d—1)%, where d = [K(a,f) : K]. In 2022,
Dubickas [3] gave an argument for the upper bound |£x(a,B)| < e(e + 1)/2, where
e=4d/p and p is the least prime dividing d. For earlier results of this kind, we
refer to [3]. Then, he proved [£x(a,B)| < min{[Q(a): Q],[Q(B): Ql} <d (as in
Corollary 1.2(1), when K = Q) and noted that the bound for |£x (e, )| as a function
of d is far from optimal. However, in the same paper, he also proved that the bound
obtained in Corollary 1.2(1) cannot be improved, in general. This is applied to our
situation in Corollaries 1.2 and 1.3.
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Now, we consider K as a finite extension of Q,, the field of p-adic numbers. If g is
an algebraic element over K of degree d, then the discriminant D(8) of £ is defined by

pp =[] B-87

1<i<j<d

where 8| = 8 and the §; are the other Galois conjugates of 8 for j > 2. We say that the

square root of D(B) is square-free if \/D(B) does not contain a term (8; — ﬁj)2 for any
i <]J.

COROLLARY 1.3. Let K be a finite extension over Q,, the field of p-adic numbers. Let
a and 8 be algebraic over K.

(1) If K(B) is a finite Galois extension over K of degree > 3 and 3 is a normal basis
generator of K(B)/K, then |éx(a,B)| < [K(a@) : K].

(2) If K(PB) is a finite Galois extension over K of degree > 3 and if the square root of
the discriminant of B over K is square-free, then |éx(a, B)| < [K(a) : K].

(3) Suppose L is the splitting field of B and L/K is unramified. Let L and K be the
residue fields of L and K. If B is an integral element which is the pre-image of a
normal basis generator of the residue field L/K of degree > 3, then

Ik (. B)| < [K(a) : K].

2. Preliminaries

We first prove some lemmas and then we prove the theorem and its corollaries. The
first lemma provides a criterion for an element to be a primitive element.

LEMMA 2.1 [3]. Let K/F be a finite separable extension over a field F and let
L be the Galois closure of K whose Galois group is G = Gal(L/F). Let H be the
subgroup of G which fixes K and let {H,0\H,...,04-1H} be a complete set of left
coset representatives of H where d = [K : F]1 =[G : H]. Then, @ € K is a primitive
element, that is, K = F(a) if and only if oi(a) # a foreveryi=1,2,...,d — 1.

LEMMA 2.2. Let K be a field with infinitely many elements. Let ay,a; and a3 be
distinct algebraic and separable elements over K. Then, the following statements are
equivalent:

M (o1 —a)/(a) —a3) € K;
(2) forany xi,x3,x3 € K\{0} with x; + x5 + x3 = 0, we have xja1 + xpa; + x3a3 # 0.

PROOF. Observe that

a) — @
——=x€K <= (x-Daj; +a, —xa3z =0,
) — a3
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with x; =x—-1, x, =1 and x;3 = —x satisfying x; +x, + x3 = 0. Note that x #0
as a; # ap. Hence, x1,x,x3 € K\{0}. Conversely, if xi,x,x3 € K\{0} are such that
X1 +x +x3 =0and xja; + xa; + x3a3 = 0, then

0= (—X2 - x3)a/1 + X + X303
a; —ay X3
— = =—-—€XK.

=x(a — 1) + x3(a3 — ) & =
] — Qa3 X2

This proves the lemma. |

The proof of the following lemma follows easily from [2, Theorem 4] (see also
[3, Lemma 4]). Hence, we omit the proof.

LEMMA 2.3 [2]. Let K C R be a given number field and let o, ay and as be distinct
algebraic numbers over K which are Galois conjugates of each other. If x1,x, and x3
are nonzero elements of K such that x; + x; + x3 = 0, then x| + x,a, + x3a3 # 0.

LEMMA 2.4. Let K be a finite extension over Q, for some prime p. Let a be an
algebraic element over K of degree d > 3 and let L/K be a finite Galois extension which
contains a. Suppose there are nonzero elements x,x,x3 € K withx| + x, + x3 = 0 and
distinct Galois conjugates a1 = @, az, a3 of @ such that xya; + x,ay + x3a3 = 0. Then,
the square root of D(@) is not square-free.

PROOF. Assume that x;a; + x,a; + x3a3 = 0 for some nonzero elements x; € K and
for some distinct Galois conjugates a; = @, @, and «@3. We consider the valua-
tion in L and denote it by v.(y) for y € L. Since x| + x; + x3 = 0, we must have
ve(x;)) = vr(x;) for some i,j with 1 <i < j < 3. Without loss of generality, we assume
that vy (x1) = vi.(x,). Since

X1y + xap + X33 = 0 = X1 + xap + (—X1 —X2)a’3 =0

X2
= a-a3= —x—(afz - @3),
i

it follows that vy (@) —a3z) = vi(x2/x1) + vi(a, —a3) = vi(a; — @3). Therefore,
(@) — a3)* divides vD(a). This proves the lemma. O

LEMMA 2.5 (Nakayama lemma, [4]). Suppose M is a finitely generated module over
a commutative ring R and J(R) is the intersection of all the maximal ideals of R. If
M = J(R)M, then M = 0.

LEMMA 2.6. Let K be a finite extension of Q, for some prime p and let 8 be an integral
element over K of degree > 3. Let L be the splitting field of 8 over K such that L/K is
unramified. Let L and K be the residue fields of L and K, respectively. If 3 is a pre-image
of a normal basis generator of L/K, then for any other distinct Galois conjugates 3’
and B of B, if c18 + co8" + c3B” = 0 for some cy,cr,c3 € K, thenc; = ¢; = ¢3 =0.

PROOF. Put 8 = ; and label the other given distinct conjugates 3, and S3. Assume
that ¢181 + ¢y, + 363 = 0 for some ¢y, c;,c3 € K, not all zero. Let G be the Galois
group of the unramified extension L/K which is the splitting field of 8 = 8. Let Og
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be the local ring of K and m; be the unique maximal ideal in L. Let o1, 0, and o3 be
the automorphisms of L such that o;(8) = 8; fori = 1,2, 3.

Since B = () is a pre-image of a normal basis generator y of the residue field
L/K, under reduction modulo m;, we can write 3; + m; = 8; for i = 1,2,3. Under the
reduction modulo m;, the automorphisms o; are automorphisms &; of L over K. Note
that m; N Og = mg is the maximal ideal of K.

Since the &; are automorphisms of the Galois group L/K and r(/j) = 7, the normal
basis generator of L/K along with two other Galois conjugates of y are given by
oi(B) = y; fori = 2,3. Since L/K is an unramified extension, we have [L : K] = [L : K]
and hence 05 # 3. This in turn implies that y, # y3 and both are distinct from y. We
denote the Galois group of L/K by G.

Consider the Og-module M = Og[G] - (ci0 + ¢c202 + ¢303). Then,

M/muM = (Ok/mg) [G] - [c101 + 202 + ¢303] = K[G] - (€151 + €202 + T353).
@.1)

Since ¢181 + ¢35, + ¢33 = 0, we conclude that

C1y + Cayz + ¢33 = 0.

Since y is a normal basis generator, we must have ¢; = 0fori=1,2,3. Together with
(2.1), this implies that

M/mM=0 & M=mM.

Since my, is the only maximal ideal in L, by Nakayama’s Lemma 2.5, we conclude that
M = 0. However, Og[G] is a free module over Ok with generators as their elements,
so we conclude that ¢; = ¢, = ¢3 =0. O

3. Proof of Theorem 1.1

Let K be an infinite field. We wish to prove |k (e, 8)| < [K(«) : K]. In fact, we prove
that whenever u, v € éx(a,8) with u # v in K, there are two distinct Galois conjugates
of @ which gives the desired result.

Let u,v € éx(a,B) with u # v. Since a + uf and « + vB are not primitive elements
of L=K(a,B), by Lemma 2.1, there exist embeddings 7,7, : L = C such that
Ti(a +uB) = a+ uB and 1r(a +VvB) = a +VB.

Note that if 7;(8) =8 (or 7i(a) =), then these equations give Ti(a) =«
(respectively, 7;(8) = 8) as u,v are elements of K. It follows that 7; must be the
identity, which is in contradiction to Lemma 2.1. Therefore, 7;(a) # « and 7;(8) # S.
Thus,

Ti(@)+uri(B)=a+uB and T7(a)+vr(B) =a+VpB,

with 7;(@) # a and 7;(8) # S for i = 1,2. Since 7;(@) and 7,(@) are Galois conjugates
distinct from «, we claim that 7, (@) # T2(@) (and the proof of the assertion follows).
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To the contrary, assume that 7y (@) = 72(@). Since u # v, we must have 7{(8) # 72(8).
From these equations,

uB-711(B) =11(@) —a = 12(a) —a =v(B - 12(B))

and hence
B-—1B _v
B-2B) u

which is a contradiction. This proves the theorem.

eK,

4. Proof of Corollary 1.2

PROOF OF COROLLARY 1.2(1). Since either a or S is of degree > 3, we can assume
that S is of degree > 3. Since K C R, by Lemmas 2.3 and 2.2, we conclude that

B =B

B—p

for any distinct conjugates 5; # S8 (i = 1, 2). Therefore, by Theorem 1.1,
Ik (@ B)l < [K(a) : K].

If [K(e): K] = [K(B):K]=>3, we swap the roles of S and a giving |éx(@,B)| <
[K(B) : K]. This proves part (1) of the corollary. ]

¢K

PROOF OF COROLLARY 1.2(2). If K C R, the result follows from Corollary 1.2(1).
Hence, we assume that K c C.

If x1,x2,x3 € C, then we write x; = aj; +iap for j=1,2,3 and a,, € RN K. Since
X1 + x + x3 = 0, we have

ap +ap +az = 0 and ap +ax +azp = 0.

Since 3 is of degree > 3 and totally real, every Galois conjugate of § is real. Therefore,
if 81 and 3, are any distinct Galois conjugates of 8 with 8; # 3, then by Lemma 2.3,

anP +anf +aynp # 0 and apf +anf +anfs * 0.

Therefore, x18 + x,81 + x38, # 0. Part (2) of the corollary follows by Lemma 2.2 and
Theorem 1.1. ]

PROOF OF COROLLARY 1.2(3). Given that 8 and two of its Galois conjugates are
purely imaginary, we have distinct conjugates 5 = i’, 81 = i8] and B, = i, with B, 3]
and g} distinct real numbers. With the same notation in the proof of Corollary 1.2(2),

ilanf +anPi +auP;) #0 and  —(apB + anf) +anf;) %0,
by Lemma 2.3. Therefore,
anf +anfy+auf; #0 and apf +anB) +anpf; #0,

and hence x8 + x,81 + x38, # 0. Part (3) of the corollary follows by Lemma 2.2 and
Theorem 1.1. ad
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PROOF OF COROLLARY 1.2(4). Let K(B) be a finite Galois extension over K such that
[ is a normal integral basis generator over K of degree at least 3. If the Galois group
of K(B8)/K is G, then the set {o(8) : o € G} forms a K-basis and, in particular, it is
K-linearly independent. Therefore, if 8| and 3, are any distinct Galois conjugates of 3
such that 8; # S, then x18 + x,81 + x383, # 0 for any nonzero tuple (x1, X, x3) € K3. By
Lemma 2.2, we have (8 — 31)/(8 — B2) ¢ K. The result follows from Theorem 1.I. 0O

PROOF OF COROLLARY 1.2(5). Let f be the minimal polynomial of 8 and assume
that Q, the set of all roots of f over K, is K-trivial. Since Q, is K-trivial and the
degree of 8 is at least 3, if ¢18 + ¢8> + 383 = 0 for some ¢; € K and for any distinct
conjugates 51 # f3, different from S, then c¢; = ¢; = ¢3 = 0. Therefore, for any nonzero
c1,¢3,¢3 € K with ¢ + ¢3 + ¢3 =0, we must have ¢i18 + ¢8; + ¢383 # 0. The result
now follows from Theorem 1.1. O

5. Proof of Corollary 1.3

Let K(B) be a finite Galois extension over K. Since 8 is a normal basis generator,
Corollary 1.3(1) follows by the same proof as Corollary 1.2(4).

To prove Corollary 1.3(2), we can assume that 8 is not a normal basis generator
of K(B)/K. Since the square-root of the discriminant of 8 in K(B8) is square-free,
by Lemmas 2.4 and 2.2, the element (8 —,)/(8 —5,) ¢ K for any distinct Galois
conjugates 3; # . Corollary 1.3(2) now follows from Theorem 1.1.

Since S is a pre-image of a normal basis generator of L/K, by Lemma 2.6, we see
that ¢|8 + 81 + ¢3B3 # 0 whenever one of the ¢; is nonzero. Therefore, Corollary
1.3(3) follows from Lemma 2.2 and Theorem 1.1.
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