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Abstract

For a given finite extension K over Q, let L/K be a finite Galois extension with Galois
group G. Then, by the normal basis theorem, there exists & € L such that L = K[G] - «,
where K[G] is the group ring. Such an element « is called a normal basis generator. We
say o € Lisa completely normal basis generator, if o is a normal basis generator for L/F
for every intermediate field F such that K C F C L. In this article, we prove the following
result. Let /K be a finite Galois extension of number fields with Galois group G.If L ¢ R
and G is an abelian group or dihedral group, then there exists a Pisot-Vijayaraghavan
number « € L such that for any natural number m, @™ is a primitive element as well as a
completely normal basis generator of L /K. As an application of our result, we prove the
following upper bound for the index, when L = K and K = Q in the above result, to get

[Ok ZIG) -] < (f”qldm%*%ﬂ N 1)n

wheren = [K : Q], T = ¢(n)n > 1 when G is abelian and T = n + 1 when G is dihedral
group of order n. We also classify the extension of prime degree related to this. We use
resolvents and technique from geometry of numbers.

Keywords: Normal basis generator, Pisot-Vijayaraghavan numbers, Primitive
elements, Galois theory

Mathematics Subject Classification: Primary 11R32, Secondary 12F10
.

1 introduction

For a finite Galois extension L/K of number fields with Galois group G, consider the group
ring K[G]. It is well known that there exists an element o € L such that L = K[G] - «; in
other words, {o(«) : 0 € G} form a K-basis for L and such an element « is called a normal
basis generator of L/K. This is known as normal basis theorem and can be seen in any
Galois theory textbook. This theorem was first proved by E. Noether and Deuring in 1932.
For more information, we shall refer [18] and [23]. For example, if L = Q(¢,), the n-th
cyclotomic field for an odd square-free natural number # > 3, then L = Q[(Z/nZ)*] - ¢y,

and hence, ¢, is a normal basis generator of L.

© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2026.
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An element o € L is said to be a completely normal basis generator for L/K, if it is a
normal basis generator of L/F for every intermediate field F such that K C F C L. So,
it is still an interesting problem to know whether some special type of algebraic number
(or algebraic integer) can be a completely normal basis generator for a given finite Galois
extension L/K. In 1957, C. C. Faith [9] proved that every finite Galois extension L of
an infinite field K contains a completely normal basis generator. D. Hachenberger [15]
provided explicit constructions of completely normal elements in prime power cyclotomic
fields over Q.

A real algebraic integer & > 1 is said to be a Pisot—Vijayaraghavan number (or, in short,
PV number), if 8 # « is a Galois conjugate of o, then || < 1. For example, any integer
m > 1isa PV number of degree 1, and it is known that there exists a PV number of degree
d for any given natural number d > 1. For more information, we refer to [8] and [25].
The PV numbers are the only class of algebraic numbers whose powers go very close to an
integer. This can be seen in the results of P. Corvaja and U. Zannier [5] and P. Philippon
and P. Rath [24]. In the following results, we shall give a class of number fields that admits
a PV number as its primitive element and as a completely normal basis generator.

Theorem 1.1 Let L/K be a finite Galois extension of number fields with Galois group G
and L C R. If G is an abelian group, then there exists a Pisot—Vijayaraghavan number
a € Lsuch that for any natural number m, o™ is a primitive element as well as a completely
normal basis generator of L/K.

Theorem 1.2 Let L/K be a finite Galois extension of number fields with Galois group G,
dihedral group of order 2n for some natural number n. Suppose L C Rand LNK(¢,) = K,
where ¢, is a primitive n-root of unity. Then, there exists a Pisot—Vijayaraghavan number
o € Lsuch that for any natural number m, o™ is a primitive element as well as a completely
normal basis generator of L/K.

In order to prove Theorems 1.1 and 1.2, we first prove a characterization for a normal basis
generator in terms of resolvent (idempotents for G is abelian), which we discuss in &2.1.
When we specialize resolvent for a trivial character, we get the trace element. So, a related
question is as follows. For what finite Galois extensions L/K of fields, an element o € L of
degree [L : K] is a normal basis generator of L/K if and only if its trace Try x(a) # 02
When K is a field of characteristic p, for a prime number p, in 1981, Childs and Orzech [2]
proved that for a Galois extension L/K of degree p”, an element a € L is a normal basis
generator if and only if Tty /i (o) # 0. For the number field set up, we prove the following.

Theorem 1.3 Let K /Q be a number field and L/K be a finite Galois extension of degree
p for a prime number p > 3 with Galois group G such that K N Q(¢,) = Q. If o € L such
that L = K(«) and Tryx(a) # O, then L = K[G] - a.

In order to prove Theorem 1.3, we take the following approach.

Definition 1.1 Let K be a number field and « be an algebraic element over K. Let f(X) €
K[X] be the minimal polynomial of « over K. Let Q, = {«3, . .., @)} be the set of all Galois
conjugates of « over K. We say that Qq is K-trivial, if cjoe; + - - - + ¢4, = 0 for some
¢; € K, we necessarily havec; = ¢p = -+ - = ¢y.
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Then we prove the following.

Theorem 1.4 Let L/K be a finite Galois extension of number fields of degree n for some
natural number n such that L = K(«) and f(X) € K[X] is the minimal polynomial of o.
Then Qq is K-trivial if and only if n = p a prime number and K N Q(gp) = Q.

The converse of Theorem 1.4 was proved by V. A. Kurbatov [21] in 1977. We give a
representation theoretic proof of his result and prove the other implication.

Since K N Q(¢y) = Q in the hypothesis of Theorem 1.3, by Theorem 1.4, we see that Q,
is K-trivial. Since by hypothesis Tr(x) # 0, we get L = K[G] - «, which proves Theorem
1.3.

Let K/Q be a finite Galois extension with Galois group G and Ok be its ring of integers.
An element o € O is said to be a normal integral basis generator if « is a free generator
of Ok as a Z[G] module, that is, Ox = Z[G] - «. By Hilbert—Speiser theorem (see, for
instance, [16]), it is known that if G is abelian, then K'/Q admits a normal integral basis
if and only if it is a tamely ramified extension. If G is non-abelian, and K/Q admits a
normal integral basis, then it must be tamely ramified extension. However, tameness is
not sufficient.

Suppose K = Q[G] - « for some « € K (by normal basis theorem). We need to know
the ring of integers Ok is how far away being from a normal integral basis generator, that
is, Ox = Z[G] - @. One way to measure this is to calculate the index [Ok : Z[G] - «]. By
the application of Theorem 1.1, we observe the following.

Theorem 1.5 Let K /Q be a finite Galois extension with Galois group G and K C R such
that G is abelian, or dihedral group. Let a PV number o € Ok be a normal basis generator
of K/ Q. Let dx be the discriminant of K such that |dx| > (1+¢(n)™1)¥ wheren = [K : Q].
Then, the index

[Ok :Z[G] - a] < (Tn_lldm%_ﬁ n l)n

where

_ | ¢(m)n, when G is abelian
| n+1, whenG =D, '

Corollary 1.1 Let K = Q(+v/d) be a real quadratic field where d > 1 is a square-free
integer. Let @ € Ok be normal basis generator of K/Q such that « is a PV number. If
di > 2%, then the index

[Ok : ZIG] - o] < (2ldk|3 + 1)~

Forexample,ifd > 1isasquare-free integer and K = Q(«/E). Then,a = [«/E] +1++d
and its Galois conjugate [v/d] + 1 — +/d. Thus, both are positive real numbers and « is a
normal basis generator of K over Q (and hence « is a PV number). Therefore, by Corollary
1.1, we conclude that

Ok : ZIG] - o] < (2d} + 1)
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In the literature, the following results are dealing with group index. In 2022, Del Corso et
al,, ([4]) proved the following. Let K /Q be a finite abelian extension and p be any given
prime. Let p"d be the ramification index of a prime ideal lying above p where n > 0 is an
integer and d is an integer coprime to p. Then, exact power of the prime p dividing (denoted

by vy) the index
. [K:Q](p" —1)
vy (arg(ljr}([OK  Z[G) -a]) - T(’il).

In 2024, H. Johnston and A. Torzewski [19] proved an upper bound for the index in a
general setting and a particular case is as follows. Let K be a finite Galois extension over
Q with Galois group G, and let k be a positive integer. Then, there exists a positive integer
i that is coprime to k satisfies the following property: There exists « € Oy such that the
index [Ok : Z|G] - o] divides

i- |G|f3|G|/21‘

In the same paper [19], they also prove the following result. Let K be a finite Galois
extension over Q with Galois group G. Suppose n1, ny, . . ., n; are positive integers such that
QIG] ~ ]_[f:1 Mat,,, (Q). Then, there exists a € Ox such that the index [Ox : Z[G] - o]
divides

‘ 3/2
2
G —n;
<|G| T ) )
i=1

2 Preliminaries

2.1 Criterion for a normal basis generator

Let L/K be a finite Galois extension of number fields with Galois group G of cardinality
n. Let x : G — C* be an complex irreducible character of G. Then, for a given number
field K, we have x : G — K(¢,) where ¢, is a primitive z-th root of unity.

Let G be the Galois group of K(¢,)/K.If 0 € G, theno o x : G = K(¢,) is called
K-conjugate character of x. Then, it is known (see, for instance, [17], Page 546 and [13]),
there is a unique character ¥ = «(x1 + - - - + xc) of G, which is K-irreducible (a character
which takes values in K and indecomposable as a character over K is called K -irreducible)
containing x where x;’s are K-conjugate characters of x, and « is the Schur index of x
(We recall the definition of Schur index (see [6] and [17], Page 546) as follows. Let L /K be a
finite Galois extension of number fields with Galois group G. Let p be a complex irreducible
representation of G and x be its associated character. Then, the Schur index of p is the
minimum of the degrees [F : K(x)], where K(x) is the field extension of K generated by all
the values of x and F varies over all the field extensions of K(x) such that p is realizable
in F). Note that when G is abelian, all the complex irreducible representations of G are
one dimensional, and hence, the associated characters are same as their representations.
Therefore, the representation corresponding to character x can be realized in K () itself.

Hence, the Schur index is one.

D Journal: 40687 Article No.: 0616 [_] TYPESET [_]DISK [_]LE [_]CP Disp.:2026/3/16 Pages: 15 Layout: BMC-OneCol




S. Das, R. Thangadurai Res Math Sci _##########AAAARAH#A

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

Let ¥ be the set of all K-irreducible characters of G. Then, it is known that the induced

character (or left regular character of K[G]-module K[G]) Indgd}(l) = Z ny ¥ where

vev
Ny = 1.

Abelian Case. Let L/K be a finite Galois extension of number fields with Galois group
G. Then, the group ring K[G] is semisimple, by Maschke’s Theorem (see Theorem 10.8,
Page 41 in [6]). If G is abelian, then ny, = 1 for all ¥ € W, and hence, it has a unique
decomposition into simple K[G]-submodules, namely

K[G] = P KIG] - &y, (2.1)
vev

where gy, is the idempotent element in K[G] and defined as

gy = é > Yoo e K[G].

oeG

It is known that for ¥ # /' two K-irreducible characters of G, the idempotents &y and
&y are mutually orthogonal. We shall prove the following. (K. Girstmair [14] stated this

without proof. Compare a similar result in [20]).

Proposition 2.1 Let L/K be a finite Galois extension of number fields with abelian Galois
group G. Ifa € L such that

gy(a) #O0forally €,

then L = K[G] - a.

Proof Leta € L such that ey (o) # O forall y € W. Since L/K is a finite Galois extension
with abelian group G of number fields, by the normal basis theorem and by (2.1), there
exists B € L such that

L=KI[G]- B = EP KIG]- &y (B). (2.2)

Yev

Let W = {y1,..., Yy}, by assuming |W| = hand let &; = ey, foralli = 1,2,..., 4. Then

h
foranyi=1,2,..., h,since K[G] - ¢;(ar) C L, by (2.2), we have ¢;(a) = Z)‘/g/(ﬁ) where
j=1
h
Aj € K[G]. Then, by applying &; on both sides, we get 8?(0() = Z Ajeigj(B). Since g; is an
j=1
idempotent and for i # j, &; is orthogonal to ¢;, we arrive at g;(a) = A;&;(8). Therefore,
K[G] -y () C K[G]- &y (B) for every ¥ € W. Since K[G] - &y (B) is a simple K[G]-module
and gy () # O for all € W, we must have K[G] - ey (o) = K[G] - ey (B) forall y € ¥,
and hence, we conclude that L = K[G] - «. Thus, « is a normal basis generator of L. O

General Case. When G is a non-abelian group, we consider the following approach.
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Let L/K be a finite Galois extension of number fields with Galois group G. For any
complex representation p on G with its associated character yx, the Frohlich-Lagrange
resolvent (see Page 29 of [12], or/and Page 575 of [1]) of @ € L attached y as

(lx)r/x = det <Z 0_1(04),0(0)) ,
oeG
where det(A) denotes the determinant of a square matrix A. For more clarity, for each
o € G we write the matrix representation of p(c’) as

p(0) = (pj)1<ij<n.

Then, Z o Na)p(o) is a matrix whose ij-th entry is Z o’l(a)pg foralll <ij <n

oeG oeG
Hence, the resolvent is the determinant of the following matrix:

> o Ma)pfy Y o He)py o > oM @)pf,

oe@G oeG oeG

Do Haps Y oM@, - Y o @)pd,
<a|X>L/K = det | oG oeG oceG

Y o Hapg Y o H@pg - Y o @)oy,

oeG oe@G oeG

Then we have the following result (see, for instance, A. Frohlich [10], Corollary 3.2., [11],
Page 187 and [12]).

Proposition 2.2 Let L/K be a finite Galois extension of number fields with Galois group
G. Then, an element o € L is a normal basis generator of L over K if and only if the resolvant
(@lx)z/x # 0for all K-irreducible character x of G.

When G is abelian, {a|y);/x # 0 implies ey (o) # O for every K-irreducible character v/
of G and hence Proposition 2.2 implies Proposition 2.1.

Suppose G is dihedral group of order 2# for some natural number #. It is well known
that (we refer to J. P. Serre [26]) the complex irreducible representations of D, are either
dimension 1 or of dimension 2. We assume the presentation of

G={(ns|r=s>=1srs=r"1).
Case 1. Representations of dimension 1.

Suppose # is even. There are 4 representations ¥; of dimension 1, which are given by
the table.

rk Si”k
v | 1 1
Yo |1 -1

Y3 | (=D | (=D
Ya | (=DF | (=1)FH
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Suppose n is odd. Then, there are two representations i as follows.

V'k Si"k
Y| 1] 1
Yo | 1] -1

Case 2. Irreducible representations of dimension 2

The irreducible representations of dimension 2 are as follows. All the non-isomorphic
representations of dimension 2 are given by ¢, for each integer 4 satisfying 1 < /1 < n/2

and defined by

Ik
10} 0
on(r*) = ( 0 whk)

and

0 o'k
k

k) =
(/)h( )—( nk 0 )

where w is a primitive z-th root of unity.
We need the following result due to K. Girstmair.

Theorem 2.1 (K. Girstmair [13]) Let K(«) be a finite Galois extension of K with Galois
group G. Let f(X) € K[X] be the minimal polynomial of o over K. Then, Qq is K-trivial
if and only if the character v = p — 1 of G is K-irreducible, where p is the character
associated with the left regular K[G]-module K[G].

2.2 Existence of PV number as a primitive element

Let K/Q be a number field of degree n and Ok be the ring of integers of K. Then it is
well known that there are precisely # = r; + 2ry embeddings of K into C. Among them,
there are precisely r; number of real embeddings of K|, say, 01, ..., 0,, and r, number of
complex embeddings, say, 0y, 11, . . ., Oy, 4.r,, Up to conjugation. Note that oy, 1,1; = 071
forallj = 1,2,...,r. For a nonzero fractional ideal Z of K, we denote the norm of the
fractional ideal as N(Z) and note that N(Ok) = 1; the discriminant of K/Q by dx. We
need the following theorem of Minkowski [23].

Theorem 2.2 Let K /Q be a number field of degree n = r1 + 2ry where ry is the number of

real embeddings of K and ry is the number of distinct complex embeddings of K. Let T be a

nonzero fractional ideal in K. Suppose there are positive constants ci, . . ., Cry+r, Satisfying
ri+r 2\ "2

[Ta-(2) Vi,

i=1

Then, there exists a nonzero element o € T satisfying
loi(@)| < ciforl <i<ry, and |a,1+j(oc)|2 <cnijforl <j<r.

We first prove the following general theorem.
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Theorem 2.3 Let K/Q be a number field such that K C R and v > 1 be a given real

number. Then, there exists a PV number o € K such that K = Q(«) and for any non-trivial

embedding o : K — C, we have |o(a)| < 7%

Proof Given that K C R is a number field of degree n = r1 + 2ry. Therefore, the identity
embedding of K is a real embedding and we denote it by 07. Choose positive real numbers
€1,€2 ..., Cr4ry SUuch thate; > 1, ¢ < % forj=2,3,...,r, ¢4 < %2 forj=12...,m
and satisfying

ri+ry ) )
1_[ ci > (;) V0dkIN(Ok) = <%) Vl0dk|.

i=1

Then by Theorem 2.2, there exists a nonzero element € Ok satisfying
loi(B)| < ¢ifor 1 < i < r1, and |oy,4j(B)* < cpypjforl <j <r.

Since B € Ok \{0}, we conclude that N(B8) € Z\{0}. Thus, we get

ri+2r r ry
1<IN@) = [] loiB)l = lorBI ] [ 1o ] [ low+:(B)1
i=1 =2 i=1

Since |0;(B8)| < 1/t foralli = 2,3,...,r and |c7,1+j(/3)|2 < 1/t%forallj = 1,2,..., 1,
we must have [o1(8)] = |8] > 1 as N(8) > 1. Rest of the Galois conjugates of § satisfies
loj(B)| < 1/t < 1. Therefore, we conclude that 8 € O is of degree n. Let

|8 sifp>o0
| -pB;iftg <o

Then, @ > 1 and all its other conjugates |o;(«)| < 1 foralli > 1. Hence, « is a PV number
in K with K = Q(«) and |o («)| < ! for every non-trivial embedding of K. O

Lemma 2.1 Let K/Q be a number field and L/K be a finite Galois extension with Galois
group G such that L C R and let t > 1 be a given real number. Then, there exists a PV
number o € L such that L = K (™) for any natural number m > 1 and for any non-trivial
element o € G, we have |o(a™)| < %,,,

Proof By Theorem 2.3, we know that L = Q(«), and hence, L = K(«) for some PV
number « and |0 («)| < % for any non-trivial o € G. Therefore, for any natural number m
and for any non-trival element o € G, we have |o ()| = |o ()" < Tim So, to finish the
proof, it is enough to prove that for any natural number m, the degree of &’ is the same
as that of « over K.

Let the degree of @ € L over K bed = [L : K] and a1 = o, @y, . . ., &y be all the Galois
conjugates of «. Suppose there exists m such that the degree of «” is < d. Since the Galois
conjugates of o’ over K are precisely a{”, ..., o/ and the degree is < d, we must have
m

o

"= aj”’ for some 1 < i # j < d. That means, o; = {a; for some m-th root of unity

¢ € L. Then, by applying all o € G, we must get ¢1 = & = ¢’ for some 1 < r < d. Since
a > 1, we must have |a,| > 1, a contradiction, as « is a PV number. Hence, o] # aj”‘ for

any i # j and hence the lemma. |
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2.3 Primitive group action

For this section, we refer to a fine article by K. Conrad [3]. Let G be a finite group and let
X be a non-empty set such that | X| > 1. We say G acts on X transitively, if for any given
%,y € X, there exists g € G such that gx = y; equivalently, this action has only one orbit.

For a given group action of G on X, we define G-equivalence relation on X as follows
(see Definition 7.3in [3]);x ~y = gx ~gyforallg e Gandx,y € X.

This is an equivalence relation and the equivalence classes form a partition of X. Note
that given any transitive group action of G on X, we have at least two G-equivalence
relations, namely the equivalence relation having all of X as a single equivalence class and
the equivalence relations whose equivalence classes are individual points of X.

A transitive action of G on X is said to be a primitive action, if there are no G-equivalence
relations on X, other than the two equivalence relations of individual points and the whole
set.

The following is a basic result that gives an equivalent criterion for an action to be

primitive.

Theorem 2.4 [3] Let G be a finite group and X be a set with |X| > 1. Then, the following
statements are equivalent.

(1) G acts on X primitively.
(2) For every x € X, the stabilizer subgroup of x of G is a maximal subgroup of G.

We have the following observation.

Theorem 2.5 Assume that L = K(x). Then, G acts on Qq primitively if and only if
|G| = [L: K] = |Qq| =n = p, a prime number.

Proof By Theorem 2.4, we see that G acts on Q4 primitively if and only if the stabilizer
subgroup of @ of G must be a maximal subgroup of G. Since « is a primitive element of
L, the only subgroup of G fixes « is the trivial subgroup. Hence, we conclude that G acts
on 2, primitively if and only if {id} is a maximal subgroup of G. Therefore, by Sylow’s
theorem, we further infer that G acts on €, primitively if and only |G| = p, a prime
number. Hence the theorem. a

3 Proof of Theorem 1.1
Given that L/K be a finite Galois extension of number fields with abelian Galois group G.
Suppose |G| = [L : K] = n. Since L C R, in Theorem 2.3 taking t = ¢(n)[L : K], there

1
exists a PV number o € L such that L = Q(«) and |o ()| < SO K for every non-
n)[L :
trivial embedding of L into C. Since L = Q(«) C K(«) C L, we conclude that L = K(«).

By Lemma 2.1, for any natural number m, we have L = K (™).

To complete the proof, it is enough to prove that L = K[G] - «” for any natural number
m. However, it is enough to prove m = 1 as «” > 1 and |o ()| < t=", by Lemma 2.1.
By Proposition 2.1, it is enough to check that ey () # O for all K-irreducible characters
Y e W of G.
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Let ¥ € W be a K-irreducible character of G and ¢y, be the corresponding idempotent
element. To prove gy (o) # 0, it is enough to prove |G] - |£1/,(a)| #0.LetG = {01,...,04}
with o7 is the trivial element and #n = [L : K]. Consider

G| |ey (@) = | vioo(e)

oceG

> [y (o7 DI-lal =19 (o5 DI-loa(@)] = - =¥ (0, )] lon(@)]

(3.1)

Since v is a K-irreducible character of G, then there exists a unique complex irreducible
character x of G such that ¢ = x;+- - -+ x., where yx; are the K-conjugate characters of x
and ¢ = [K(¢,) : K] with n = |G|. Note that ¥ (o] 1Y =1asoy is the identity embedding.
Therefore, for any i > 2, 0; € G, we see that

[y (o, ] < ¢ = [K(&) : K] < ¢(n) (3.2)

where ¢(n) denotes the Euler ¢-function. Therefore by (3.1), (3.2) and |o; ()| < 1/(¢p(n)[L :
K]) for every i > 2, we get

|G| - ey ()] = || — p(m)|oz(a)] — ... — p(n)|on(a)]
1 1 CL:K]-1

A R AT A 4

asa > 1. Thus, ey (o) # Oforall € W.

>

If F is an intermediate field such that K C F C L, then L/F is a Galois extension with
the Galois group H (which is a subgroup of G). Then, H is abelian and [F(g,) : F] <
[K(¢y) : K]. Therefore, the same estimate in (3.1) holds for L/F with the same «. Hence,
L =F[H]-aand L = F(x) follows. O

4 Proof of Theorem 1.2
As in the proof of Theorem 1.1, it is enough to prove the assertion when m = 1.

By hypothesis, L/K is finite Galois extension with dihedral Galois group G of order 2x
and L C R. By choosing r = 2n+ 1 = |G| + 1 > 1, by Theorem 2.3, we conclude that
there exists a PV number « € L such thata > 1 and |o(e)| < 1/t foreveryl # o0 € G.

Also, by hypothesis, we know that L N K(¢,) = K for some ¢,, a primitive n-th root
of unity. Therefore, by Galois theory, the Galois group G(LK(¢,)/K(¢n)) of LK(g,) is
isomorphic to the Galois group of L/K through o + o], restriction map, that is,
G(LK(¢,)/K(¢n) = G(L/K) = G, the dihedral group of order 2n. Also, we know that
ifa € L generates a normal basis for LK (£,)/K(¢,), then « is a normal basis generator for
L/K.With all these reduction, it is enough to prove that the PV number « € L is a normal
basis generator for LK (¢,)/K(¢,). By Proposition 2.2, it is enough to prove that

(lx) = (o | X))k = det(d o py(e)) # 0

oeG

for every K(¢,)-irreducible character x associated to complex representation p; of Dyy,.
Note that & € L is a PV number and hence o ~}(«) > 1 whenever ¢! is identity and
otherwise |0 ~Na)| < 1/(2n + 1).
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Since K(¢,) is a character theoretic splitting field of G, we see that the complex irre-

ducible characters of G is the same as the set of irreducible characters of G over K(¢;).

If p is a complex one-dimensional representation of G, then

(@l x) =) o Hwpl)

oceG

with p(o) is an n-root of unity. Thus,

2n —1
>a— ) o) >1- 0
Helx)| = o ' lo™ ()| > 1
o0€G,0#id

This proves the assertion for the dimension 1 representations of G.
Now, let p be a complex irreducible representation of G of dimension 2. Then, p = ¢y,
for some integer 0 < /1 < n/2. Let x be the associate character of ¢, and consider

(a] x) = det (Zo (@)pp(o) )

oeG

Since the presentation of G is

(s =s®=1srs=r"1,

we see that
(| x) = det (Z r (o)gn(r') + Z(sr‘)*(a)wh(srt))
t=1 t=1
D ) N 0 W () O
— det t=1 t= 1

Z(Sr ) H@)w Zr (@)™

b
Thus, in order to prove («|x) # 0, since the determinant of (a d) is ad — bc and
c
|ad — bc| > |ad| — |bc|, it is enough to compute the lower bound for and the

D e

t=

n
1

n

Z(srt)l(a)‘ as |w™| = 1 for evey m.

=1

Since & € L is a PV number, « > 1 and |o(e)| < 1/(2n + 1) for every 1 # o € G.

upper bound for

Therefore,

n—1 n—+2
>

“Ha) - >
2n+1 2n+1

z |a| -

whereas for every t = 1,2, ..., n, we see that sy~ # 1, and hence

n

D CORICHES

t=1

n
2n+1
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Therefore, the determinant of the matrix is nonzero.

Now, let E be an intermediate field such that K C E C L. Then L/E is a Galois extension
with Galois group H, a subgroup of G. Any subgroup H of G is either cyclic or dihedral
group of order 2m satisfying H = (r/m sk 0 < k < n) with m|n. Since m|n, we see that
K(&m) C K(gn).

Using the fact that L N K(¢,) = K, we get LN E(g,,) = E.

If H is cyclic, then all the irreducible characters of H are one dimensional over E(¢,).
Hence, we get

(] X LE(Gm) JE(6r) = Z x(@)o H(a)
oeH

and we get

|H| -1
2n+1°

) @ E@n| = 1~

If H is dihedral group of order 2m, then all the complex irreducible characters of H are
irreducible characters over K (¢,). Using the similar calculation as above, we can complete
the proof of the theorem. d

5 Proof of Theorem 1.4
Given that K is a number field and L/K is a finite Galois extension of degree # for a natural
number # > 2 with Galois group G such that L = K(«) for some « € L.

Suppose Q2 is K-trivial. Then G acts primitively on €2,. Therefore, by Theorem 2.5, we
conclude that n = p is a prime number. Hence G = Z/pZ, the cyclic group of order p.
Now, we need to prove that K N Q(¢) = Q.

Since 4 is K-trivial, by Theorem 2.1, we see that the character Ind{GId}(l) —1is K-
irreducible. Note that the group ring is decomposed as rings

K[G] = K[Z/pZ] = K[X]/(X —1) = K[X]/(X = 1) ®K[X]/(1+ X +- -+ XP1).

Since Ind{GId} (1) — 1 is K -irreducible, we conclude that the second component is indecom-
posable, and hence, we conclude that ¢, ¢ K.

To prove K N Q(g,) = Q, it is enough to prove that [K({y) : K] = [Q(g) : Q] = p — 1.
Suppose [K({,) : K] < p — 1. Since Ind{Gid](l) —1= Zw ny ¥ where the sum is running
over all the non-trivial K -irreducible characters of G and each complex irreducible charac-
ter x of G is contained in one and only ¢ that appears in the above sum. The K -irreducible
character ¥ corresponding to the given complex irreducible character x of G can be
obtained as ¥y = k(X1 + - - - + xc) where x;’s are running over {0 o x : 0 € Gal(K({,)/K)}
with [K(¢p) : K] = ¢ < p— 1 where « is the Schur index of the character x. Since G is the
cyclic group, it is known that « = 1 and ny, = 1 (cf. [26], Page 92). Since ¢ < p — 1 and the
dual group Hom(G, C*) of G is of cardinality p, we must have a non-trivial complex irre-
ducible character 1 of G, which is not corresponding to ¥ above. Hence, we conclude that
there exists another K-irreducible non-trivial character vr; of G other than . Thereby
we conclude that Indgd}(l) — 1 cannot be K-irreducible, a contradiction. Hence, we get
[K(5p) : K]l =p —1andso K NQ(g) = Q.
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Conversely suppose # = p > 3 and K N Q(g,) = Q. Then, the Galois group
Gal(K(gp)/K) = (Z/pZ)*. If x1 is a non-trivial complex irreducible character of G, then
the unique K-irreducible character containing x1 is ¢ = x1 + x2 + - - - + xp—1 Where x;
runs over {o o x : 0 € Gal(K(¢,)/K)}. Since there are only (p — 1) non-trivial complex
irreducible characters of G, we conclude that ¥ contains all the complex irreducible char-
acters of G. Hence, Ind ml}( ) — 1 = ¢, which is K-irreducible. Then, by Theorem 2.1, we
conclude that 2, is K -trivial. O

6 Proof of Theorem 1.5

Given that K/Q is a finite Galois extension with Galois group G which is either abelian
or dihedral. Since K C R, by Theorem 1.1, there exists a PV number « € K such that
K = Q[G] - a with @ € Ok, that s, the set {o (@) : 0 € G} forms Q-basis for K. Therefore,
the discriminant D(«) of {0 («) : 0 € G} is given by

ID(@)| = [Ok : Z[G] - a]*|dk|
where dy is the absolute discriminant of K. Thus, we have

|D()]

1 Z[G] - a] = .
Ok : Z[G] - o] x|

(6.1)

Since « is a PV number, by Theorem 1.1, we also see that if 8 # « is a Galois conjugate of

1
a, then |8] < — where T = n¢(n) when G is abelian and T = n + 1 when G is dihedral of
order n = [K : Q]. Leta; = a, . . ., o), be all the Galois conjugates of . Then, it is known
(see, for instance, [22]) that

I (Z a) ‘

s=1

VID(@)| =

Therefore,

JiD@)l < ]"{ (Z |ar|> (a+"=1)"

Also, by Proposition 2.2, we see that ¢; > t"71\/|dx| and so, if we choose ¢; =
[t"~1y/ldk|] + 1, then we conclude that

" di|] + 1.

Thus by (6.1), we get

ID(@)| (o + )"
il Vx|

(Tn—lm_i_l_i_nr;l)n fn_l\/@‘i‘l—{-n?_l n
) Vldk] B ( |dic |1/ )

—1\ "
_ n—1 1L 1+ nT
—<T ldx |2 2”+W .
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By choosing |dx| > (1 4+ ¢(n)™1)*", we see that 1 + L < |dg |V, as T = ¢(n)n or
T

T = n+ 1. Hence we get

[Ok : Z[G] - a] < (Tn_1|d1(|%_% i l)n

as desired. O

Proof of Corollary 1.1 Since n = [K : Q] = 2, it is known that the Schur index « = 1 for
the cyclic group and ¢(n)n = 2. Hence, we get t = 2. Therefore, by Theorem 1.3, we get

the corollary. |
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