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Abstract

For a given finite extension K over Q, let L/K be a finite Galois extension with Galois
group G. Then, by the normal basis theorem, there exists α ∈ L such that L = K [G] · α,
where K [G] is the group ring. Such an element α is called a normal basis generator. We
say α ∈ L is a completely normal basis generator, if α is a normal basis generator for L/F
for every intermediate field F such that K ⊂ F ⊂ L. In this article, we prove the following
result. Let L/K be a finite Galois extension of number fields with Galois group G. If L ⊂ R
and G is an abelian group or dihedral group, then there exists a Pisot–Vijayaraghavan
number α ∈ L such that for any natural numberm, αm is a primitive element as well as a
completely normal basis generator of L/K . As an application of our result, we prove the
following upper bound for the index, when L = K and K = Q in the above result, to get

[OK : Z[G] · α] ≤
(
τ n−1|dK |

1
2− 1

2n + 1
)n

where n = [K : Q], τ = φ(n)n > 1 when G is abelian and τ = n + 1 when G is dihedral
group of order n. We also classify the extension of prime degree related to this. We use
resolvents and technique from geometry of numbers.

Keywords: Normal basis generator, Pisot–Vijayaraghavan numbers, Primitive
elements, Galois theory
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1

1 introduction2

For a finiteGalois extension L/K of number fields withGalois groupG, consider the group 13

ring K [G]. It is well known that there exists an element α ∈ L such that L = K [G] · α; in4

other words, {σ (α) : σ ∈ G} form a K -basis for L and such an element α is called a normal5

basis generator of L/K . This is known as normal basis theorem and can be seen in any6

Galois theory textbook. This theoremwas first proved by E. Noether and Deuring in 1932.7

For more information, we shall refer [18] and [23]. For example, if L = Q(ζn), the n-th8

cyclotomic field for an odd square-free natural number n ≥ 3, then L = Q[(Z/nZ)∗] · ζn,9

and hence, ζn is a normal basis generator of L.10

123 © The Author(s), under exclusive licence to Springer Nature Switzerland AG 2026.
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An element α ∈ L is said to be a completely normal basis generator for L/K , if it is a11

normal basis generator of L/F for every intermediate field F such that K ⊂ F ⊂ L. So,12

it is still an interesting problem to know whether some special type of algebraic number13

(or algebraic integer) can be a completely normal basis generator for a given finite Galois14

extension L/K . In 1957, C. C. Faith [9] proved that every finite Galois extension L of15

an infinite field K contains a completely normal basis generator. D. Hachenberger [15]16

provided explicit constructions of completely normal elements in prime power cyclotomic17

fields over Q.18

A real algebraic integer α > 1 is said to be a Pisot–Vijayaraghavan number (or, in short,19

PV number), if β '= α is a Galois conjugate of α, then |β| < 1. For example, any integer20

m > 1 is a PV number of degree 1, and it is known that there exists a PV number of degree21

d for any given natural number d ≥ 1. For more information, we refer to [8] and [25].22

The PV numbers are the only class of algebraic numbers whose powers go very close to an23

integer. This can be seen in the results of P. Corvaja and U. Zannier [5] and P. Philippon24

and P. Rath [24]. In the following results, we shall give a class of number fields that admits25

a PV number as its primitive element and as a completely normal basis generator.26

Theorem 1.1 Let L/K be a finite Galois extension of number fields with Galois group G27

and L ⊂ R. If G is an abelian group, then there exists a Pisot–Vijayaraghavan number28

α ∈ L such that for any natural numberm,αm is a primitive element as well as a completely29

normal basis generator of L/K.30

Theorem 1.2 Let L/K be a finite Galois extension of number fields with Galois group G,31

dihedral group of order 2n for some natural number n. Suppose L ⊂ R and L∩K (ζn) = K,32

where ζn is a primitive n-root of unity. Then, there exists a Pisot–Vijayaraghavan number33

α ∈ L such that for any natural numberm,αm is a primitive element as well as a completely34

normal basis generator of L/K.35

In order to proveTheorems 1.1 and 1.2, we first prove a characterization for a normal basis36

generator in terms of resolvent (idempotents for G is abelian), which we discuss in )2.1.37

When we specialize resolvent for a trivial character, we get the trace element. So, a related38

question is as follows. For what finite Galois extensions L/K of fields, an element α ∈ L of39

degree [L : K ] is a normal basis generator of L/K if and only if its trace TrL/K (α) '= 0?.40

WhenK is a field of characteristic p, for a prime number p, in 1981, Childs andOrzech [2]41

proved that for a Galois extension L/K of degree pn, an element α ∈ L is a normal basis42

generator if and only if TrL/K (α) '= 0. For the number field set up, we prove the following.43

Theorem 1.3 Let K/Q be a number field and L/K be a finite Galois extension of degree44

p for a prime number p ≥ 3 with Galois group G such that K ∩ Q(ζp) = Q. If α ∈ L such45

that L = K (α) and TrL/K (α) '= 0, then L = K [G] · α.46

In order to prove Theorem 1.3, we take the following approach.47

Definition 1.1 Let K be a number field and α be an algebraic element over K . Let f (X) ∈48

K [X] be theminimal polynomial of α overK . Let'α = {α1, . . . ,αn} be the set of all Galois49

conjugates of α over K . We say that 'α is K -trivial, if c1α1 + · · · + cnαn = 0 for some50

ci ∈ K , we necessarily have c1 = c2 = · · · = cn.51
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Then we prove the following.52

Theorem 1.4 Let L/K be a finite Galois extension of number fields of degree n for some53

natural number n such that L = K (α) and f (X) ∈ K [X] is the minimal polynomial of α.54

Then 'α is K -trivial if and only if n = p a prime number and K ∩ Q(ζp) = Q.55

The converse of Theorem 1.4 was proved by V. A. Kurbatov [21] in 1977. We give a56

representation theoretic proof of his result and prove the other implication.57

Since K ∩ Q(ζp) = Q in the hypothesis of Theorem 1.3, by Theorem 1.4, we see that'α58

is K -trivial. Since by hypothesis Tr(α) '= 0, we get L = K [G] · α, which proves Theorem59

1.3.60

Let K/Q be a finite Galois extension with Galois groupG andOK be its ring of integers.61

An element α ∈ OK is said to be a normal integral basis generator if α is a free generator62

of OK as a Z[G] module, that is, OK = Z[G] · α. By Hilbert–Speiser theorem (see, for63

instance, [16]), it is known that if G is abelian, then K/Q admits a normal integral basis64

if and only if it is a tamely ramified extension. If G is non-abelian, and K/Q admits a65

normal integral basis, then it must be tamely ramified extension. However, tameness is66

not sufficient.67

Suppose K = Q[G] · α for some α ∈ K (by normal basis theorem). We need to know68

the ring of integers OK is how far away being from a normal integral basis generator, that69

is, OK = Z[G] · α. One way to measure this is to calculate the index [OK : Z[G] · α]. By70

the application of Theorem 1.1, we observe the following.71

Theorem 1.5 Let K/Q be a finite Galois extension with Galois group G and K ⊂ R such72

that G is abelian, or dihedral group. Let a PV number α ∈ OK be a normal basis generator73

of K/Q. Let dK be the discriminant of K such that |dK | ≥ (1+φ(n)−1)2n where n = [K : Q].74

Then, the index75

[OK : Z[G] · α] ≤
(
τn−1|dK | 12− 1

2n + 1
)n

76

where77

τ =
{
φ(n)n, when G is abelian
n + 1, when G = Dn

.78

Corollary 1.1 Let K = Q(
√
d) be a real quadratic field where d > 1 is a square-free79

integer. Let α ∈ OK be normal basis generator of K/Q such that α is a PV number. If80

dK ≥ 24 , then the index81

[OK : Z[G] · α] ≤ (2|dK | 14 + 1)2.82

For example, if d > 1 is a square-free integer andK = Q(
√
d). Then, α = [

√
d]+1+

√
d83

and its Galois conjugate [
√
d] + 1 −

√
d. Thus, both are positive real numbers and α is a84

normal basis generator ofK overQ (and hence α is a PV number). Therefore, by Corollary85

1.1, we conclude that86

[OK : Z[G] · α] ≤ (2d
1
4
K + 1)2.87
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In the literature, the following results are dealing with group index. In 2022, Del Corso et88

al., ([4]) proved the following. Let K/Q be a finite abelian extension and p be any given89

prime. Let pnd be the ramification index of a prime ideal lying above p where n ≥ 0 is an90

integer and d is an integer coprime to p. Then, exact power of the prime p dividing (denoted91

by vp) the index92

vp
(
min
α∈OK

[OK : Z[G] · α]
)

= [K : Q](pn − 1)
pn(p − 1) .93

In 2024, H. Johnston and A. Torzewski [19] proved an upper bound for the index in a94

general setting and a particular case is as follows. Let K be a finite Galois extension over95

Q with Galois group G, and let k be a positive integer. Then, there exists a positive integer96

i that is coprime to k satisfies the following property: There exists α ∈ OK such that the97

index [OK : Z[G] · α] divides98

i · |G|+3|G|/2,.99

In the same paper [19], they also prove the following result. Let K be a finite Galois100

extension over Q with Galois group G. Suppose n1, n2, . . . , nt are positive integers such that101

Q[G] - ∏t
i=1 Matni (Q). Then, there exists α ∈ OK such that the index [OK : Z[G] · α]102

divides103

(

|G||G|
t∏

i=1
n−n2i
i

)3/2

.104

2 Preliminaries105

2.1 Criterion for a normal basis generator106

Let L/K be a finite Galois extension of number fields with Galois group G of cardinality107

n. Let χ : G → C× be an complex irreducible character of G. Then, for a given number108

field K , we have χ : G → K (ζn) where ζn is a primitive n-th root of unity.109

Let G be the Galois group of K (ζn)/K . If σ ∈ G, then σ ◦ χ : G → K (ζn) is called110

K-conjugate character of χ . Then, it is known (see, for instance, [17], Page 546 and [13]),111

there is a unique character χ̂ = κ(χ1 + · · · +χc) ofG, which is K -irreducible (a character112

which takes values inK and indecomposable as a character overK is calledK -irreducible)113

containing χ where χi ’s are K -conjugate characters of χ , and κ is the Schur index of χ114

(We recall the definition of Schur index (see [6] and [17], Page 546) as follows. Let L/K be a115

finite Galois extension of number fields with Galois group G. Let ρ be a complex irreducible116

representation of G and χ be its associated character. Then, the Schur index of ρ is the117

minimum of the degrees [F : K (χ )], where K (χ ) is the field extension of K generated by all118

the values of χ and F varies over all the field extensions of K (χ ) such that ρ is realizable119

in F ). Note that when G is abelian, all the complex irreducible representations of G are120

one dimensional, and hence, the associated characters are same as their representations.121

Therefore, the representation corresponding to character χ can be realized in K (χ ) itself.122

Hence, the Schur index is one.123
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Let+ be the set of all K -irreducible characters of G. Then, it is known that the induced124

character (or left regular character of K [G]-module K [G]) IndG{id}(1) =
∑

ψ∈+
nψψ where125

nψ ≥ 1.126

Abelian Case. Let L/K be a finite Galois extension of number fields with Galois group127

G. Then, the group ring K [G] is semisimple, by Maschke’s Theorem (see Theorem 10.8,128

Page 41 in [6]). If G is abelian, then nψ = 1 for all ψ ∈ + , and hence, it has a unique129

decomposition into simple K [G]-submodules, namely130

K [G] =
⊕

ψ∈+
K [G] · εψ , (2.1)131

where εψ is the idempotent element in K [G] and defined as132

εψ = 1
|G|

∑

σ∈G
ψ(σ−1)σ ∈ K [G].133

It is known that for ψ '= ψ ′ two K -irreducible characters of G, the idempotents εψ and134

εψ ′ are mutually orthogonal. We shall prove the following. (K. Girstmair [14] stated this135

without proof. Compare a similar result in [20]).136

Proposition 2.1 Let L/K be a finite Galois extension of number fields with abelian Galois137

group G. If α ∈ L such that138

εψ (α) '= 0 for all ψ ∈ + ,139

then L = K [G] · α.140

Proof Let α ∈ L such that εψ (α) '= 0 for all ψ ∈ + . Since L/K is a finite Galois extension141

with abelian group G of number fields, by the normal basis theorem and by (2.1), there142

exists β ∈ L such that143

L = K [G] · β =
⊕

ψ∈+
K [G] · εψ (β). (2.2)144

Let + = {ψ1, . . . ,ψh}, by assuming |+| = h and let εi = εψi for all i = 1, 2, . . . , h. Then145

for any i = 1, 2, . . . , h, since K [G] · εi(α) ⊂ L, by (2.2), we have εi(α) =
h∑

j=1
λjεj(β) where146

λj ∈ K [G]. Then, by applying εi on both sides, we get ε2i (α) =
h∑

j=1
λjεiεj(β). Since εi is an147

idempotent and for i '= j, εi is orthogonal to εj , we arrive at εi(α) = λiεi(β). Therefore,148

K [G] ·εψ (α) ⊂ K [G] ·εψ (β) for everyψ ∈ + . SinceK [G] ·εψ (β) is a simpleK [G]-module149

and εψ (α) '= 0 for all ψ ∈ + , we must have K [G] · εψ (α) = K [G] · εψ (β) for all ψ ∈ + ,150

and hence, we conclude that L = K [G] · α. Thus, α is a normal basis generator of L. 23151

General Case.When G is a non-abelian group, we consider the following approach.152
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Let L/K be a finite Galois extension of number fields with Galois group G. For any153

complex representation ρ on G with its associated character χ , the Fröhlich-Lagrange154

resolvent (see Page 29 of [12], or/and Page 575 of [1]) of α ∈ L attached χ as155

〈α|χ〉L/K = det
(
∑

σ∈G
σ−1(α)ρ(σ )

)

,156

where det(A) denotes the determinant of a square matrix A. For more clarity, for each157

σ ∈ G we write the matrix representation of ρ(σ ) as158

ρ(σ ) = (ρσij )1≤i,j≤n.159

Then,
∑

σ∈G
σ−1(α)ρ(σ ) is a matrix whose ij-th entry is

∑

σ∈G
σ−1(α)ρσij for all 1 ≤ i, j ≤ n.160

Hence, the resolvent is the determinant of the following matrix:161

〈α|χ〉L/K = det





∑

σ∈G
σ−1(α)ρσ11

∑

σ∈G
σ−1(α)ρσ12 · · ·

∑

σ∈G
σ−1(α)ρσ1n

∑

σ∈G
σ−1(α)ρσ21

∑

σ∈G
σ−1(α)ρσ22 · · ·

∑

σ∈G
σ−1(α)ρσ2n

...
... . . . ...∑

σ∈G
σ−1(α)ρσn1

∑

σ∈G
σ−1(α)ρσn2 · · ·

∑

σ∈G
σ−1(α)ρσnn





.162

Then we have the following result (see, for instance, A. Fröhlich [10], Corollary 3.2., [11],163

Page 187 and [12]).164

Proposition 2.2 Let L/K be a finite Galois extension of number fields with Galois group165

G. Then, an elementα ∈ L is a normal basis generator of L over K if and only if the resolvant166

(α|χ )L/K '= 0 for all K -irreducible character χ of G.167

When G is abelian, 〈α|ψ〉L/K '= 0 implies εψ (α) '= 0 for every K -irreducible character ψ168

of G and hence Proposition 2.2 implies Proposition 2.1.169

Suppose G is dihedral group of order 2n for some natural number n. It is well known170

that (we refer to J. P. Serre [26]) the complex irreducible representations ofD2n are either171

dimension 1 or of dimension 2. We assume the presentation of172

G = 〈r, s | rn = s2 = 1, srs = r−1〉.173

Case 1. Representations of dimension 1.174

Suppose n is even. There are 4 representations ψi of dimension 1, which are given by175

the table.176

rk srk
ψ1 1 1
ψ2 1 -1
ψ3 (−1)k (−1)k
ψ4 (−1)k (−1)k+1

177
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Suppose n is odd. Then, there are two representations ψ as follows.178

rk srk
ψ1 1 1
ψ2 1 -1

179

Case 2. Irreducible representations of dimension 2180

The irreducible representations of dimension 2 are as follows. All the non-isomorphic181

representations of dimension 2 are given by ϕh for each integer h satisfying 1 ≤ h < n/2182

and defined by183

ϕh(rk ) =
(
ωhk 0
0 ω−hk

)

184

and185

ϕh(srk ) =
(

0 ω−hk

ωhk 0

)

186

where ω is a primitive n-th root of unity.187

We need the following result due to K. Girstmair.188

Theorem 2.1 (K. Girstmair [13]) Let K (α) be a finite Galois extension of K with Galois189

group G. Let f (X) ∈ K [X] be the minimal polynomial of α over K . Then, 'α is K -trivial190

if and only if the character ψ = ρ − 1 of G is K-irreducible, where ρ is the character191

associated with the left regular K [G]-module K [G].192

2.2 Existence of PV number as a primitive element193

Let K/Q be a number field of degree n and OK be the ring of integers of K . Then it is194

well known that there are precisely n = r1 + 2r2 embeddings of K into C. Among them,195

there are precisely r1 number of real embeddings of K , say, σ1, . . . , σr1 and r2 number of196

complex embeddings, say, σr1+1, . . . , σr1+r2 , up to conjugation. Note that σr1+r2+j = σr1+j197

for all j = 1, 2, . . . , r2. For a nonzero fractional ideal I of K , we denote the norm of the198

fractional ideal as N (I) and note that N (OK ) = 1; the discriminant of K/Q by dK . We199

need the following theorem of Minkowski [23].200

Theorem 2.2 Let K/Q be a number field of degree n = r1 + 2r2 where r1 is the number of201

real embeddings of K and r2 is the number of distinct complex embeddings of K . Let I be a202

nonzero fractional ideal in K . Suppose there are positive constants c1, . . . , cr1+r2 satisfying203

r1+r2∏

i=1
ci >

( 2
π

)r2 √
|dK |N (I).204

Then, there exists a nonzero element α ∈ I satisfying205

|σi(α)| < ci for 1 ≤ i ≤ r1, and |σr1+j(α)|2 < cr1+j for 1 ≤ j ≤ r2.206

We first prove the following general theorem.207
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Theorem 2.3 Let K/Q be a number field such that K ⊂ R and τ > 1 be a given real208

number. Then, there exists a PV number α ∈ K such that K = Q(α) and for any non-trivial209

embedding σ : K → C, we have |σ (α)| < τ−1.210

Proof Given that K ⊂ R is a number field of degree n = r1 + 2r2. Therefore, the identity211

embedding ofK is a real embedding and we denote it by σ1. Choose positive real numbers212

c1, c2, . . . , cr1+r2 such that c1 > 1, cj < 1
τ for j = 2, 3, . . . , r1, cr1+j < 1

τ 2 for j = 1, 2, . . . , r2213

and satisfying214

r1+r2∏

i=1
ci >

( 2
π

)r2 √
|dK |N (OK ) =

( 2
π

)r2 √
|dK |.215

Then by Theorem 2.2, there exists a nonzero element β ∈ OK satisfying216

|σi(β)| < ci for 1 ≤ i ≤ r1, and |σr1+j(β)|2 < cr1+j for 1 ≤ j ≤ r2.217

Since β ∈ OK \{0}, we conclude that N (β) ∈ Z\{0}. Thus, we get218

1 ≤ |N (β)| =
r1+2r2∏

i=1
|σi(β)| = |σ1(β)|

r1∏

i=2
|σi(β)|

r2∏

i=1
|σr1+i(β)|2,219

Since |σi(β)| < 1/τ for all i = 2, 3, . . . , r1 and |σr1+j(β)|2 < 1/τ 2 for all j = 1, 2, . . . , r2,220

we must have |σ1(β)| = |β| > 1 as N (β) ≥ 1. Rest of the Galois conjugates of β satisfies221

|σj(β)| < 1/τ < 1. Therefore, we conclude that β ∈ OK is of degree n. Let222

α =
{
β ; if β > 0
−β ; if β < 0.223

Then, α > 1 and all its other conjugates |σi(α)| < 1 for all i > 1. Hence, α is a PV number224

in K with K = Q(α) and |σ (α)| < τ−1 for every non-trivial embedding of K . 23225

Lemma 2.1 Let K/Q be a number field and L/K be a finite Galois extension with Galois226

group G such that L ⊂ R and let τ > 1 be a given real number. Then, there exists a PV227

number α ∈ L such that L = K (αm) for any natural number m ≥ 1 and for any non-trivial228

element σ ∈ G, we have |σ (αm)| < 1
τm .229

Proof By Theorem 2.3, we know that L = Q(α), and hence, L = K (α) for some PV230

number α and |σ (α)| < 1
τ for any non-trivial σ ∈ G. Therefore, for any natural numberm231

and for any non-trival element σ ∈ G, we have |σ (αm)| = |σ (α)|m < 1
τm . So, to finish the232

proof, it is enough to prove that for any natural number m, the degree of αm is the same233

as that of α over K .234

Let the degree of α ∈ L over K be d = [L : K ] and α1 = α,α2, . . . ,αd be all the Galois235

conjugates of α. Suppose there existsm such that the degree of αm is< d. Since the Galois236

conjugates of αm over K are precisely αm1 , . . . ,αmd and the degree is < d, we must have237

αmi = αmj for some 1 ≤ i '= j ≤ d. That means, αi = ζαj for some m-th root of unity238

ζ ∈ L. Then, by applying all σ ∈ G, we must get α1 = α = ζ ′αr for some 1 < r ≤ d. Since239

α > 1, we must have |αr | > 1, a contradiction, as α is a PV number. Hence, αmi '= αmj for240

any i '= j and hence the lemma. 23241
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2.3 Primitive group action242

For this section, we refer to a fine article by K. Conrad [3]. Let G be a finite group and let243

X be a non-empty set such that |X | > 1. We say G acts on X transitively, if for any given244

x, y ∈ X , there exists g ∈ G such that gx = y; equivalently, this action has only one orbit.245

For a given group action of G on X , we define G-equivalence relation on X as follows246

(see Definition 7.3 in [3]); x ∼ y =⇒ gx ∼ gy for all g ∈ G and x, y ∈ X .247

This is an equivalence relation and the equivalence classes form a partition of X . Note248

that given any transitive group action of G on X , we have at least two G-equivalence249

relations, namely the equivalence relation having all of X as a single equivalence class and250

the equivalence relations whose equivalence classes are individual points of X .251

A transitive action ofG onX is said to be a primitive action, if there are noG-equivalence252

relations onX , other than the two equivalence relations of individual points and the whole253

set.254

The following is a basic result that gives an equivalent criterion for an action to be255

primitive.256

Theorem 2.4 [3] Let G be a finite group and X be a set with |X | > 1. Then, the following257

statements are equivalent.258

(1) G acts on X primitively.259

(2) For every x ∈ X, the stabilizer subgroup of x of G is a maximal subgroup of G.260

We have the following observation.261

Theorem 2.5 Assume that L = K (α). Then, G acts on 'α primitively if and only if262

|G| = [L : K ] = |'α| = n = p, a prime number.263

Proof By Theorem 2.4, we see that G acts on 'α primitively if and only if the stabilizer264

subgroup of α of G must be a maximal subgroup of G. Since α is a primitive element of265

L, the only subgroup of G fixes α is the trivial subgroup. Hence, we conclude that G acts266

on 'α primitively if and only if {id} is a maximal subgroup of G. Therefore, by Sylow’s267

theorem, we further infer that G acts on 'α primitively if and only |G| = p, a prime268

number. Hence the theorem. 23269

3 Proof of Theorem 1.1270

Given that L/K be a finite Galois extension of number fields with abelian Galois groupG.271

Suppose |G| = [L : K ] = n. Since L ⊂ R, in Theorem 2.3 taking τ = φ(n)[L : K ], there272

exists a PV number α ∈ L such that L = Q(α) and |σ (α)| <
1

φ(n)[L : K ] for every non-273

trivial embedding of L into C. Since L = Q(α) ⊂ K (α) ⊂ L, we conclude that L = K (α).274

By Lemma 2.1, for any natural numberm, we have L = K (αm).275

To complete the proof, it is enough to prove that L = K [G] ·αm for any natural number276

m. However, it is enough to prove m = 1 as αm > 1 and |σ (αm)| < τ−m, by Lemma 2.1.277

By Proposition 2.1, it is enough to check that εψ (α) '= 0 for all K -irreducible characters278

ψ ∈ + of G.279
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Let ψ ∈ + be a K -irreducible character of G and εψ be the corresponding idempotent280

element. To prove εψ (α) '= 0, it is enough to prove |G| ·
∣∣εψ (α)

∣∣ '= 0. LetG = {σ1, . . . , σn}281

with σ1 is the trivial element and n = [L : K ]. Consider282

|G|·
∣∣εψ (α)

∣∣ =
∣∣∣∣∣
∑

σ∈G
ψ(σ−1)σ (α)

∣∣∣∣∣ ≥ |ψ(σ−1
1 )|·|α|−|ψ(σ−1

2 )|·|σ2(α)|−· · ·−|ψ(σ−1
n )|·|σn(α)|

(3.1)283

Since ψ is a K -irreducible character of G, then there exists a unique complex irreducible284

character χ ofG such thatψ = χ1+· · ·+χc, whereχi are theK -conjugate characters ofχ285

and c = [K (ζn) : K ] with n = |G|. Note that ψ(σ−1
1 ) = 1 as σ1 is the identity embedding.286

Therefore, for any i ≥ 2, σi ∈ G, we see that287

|ψ(σ−1
i )| ≤ c = [K (ζn) : K ] ≤ φ(n) (3.2)288

whereφ(n) denotes theEulerφ-function.Thereforeby (3.1), (3.2) and |σi(α)| < 1/(φ(n)[L :289

K ]) for every i ≥ 2, we get290

|G| · |εψ (α)| ≥ |α| − φ(n)|σ2(α)| − . . . − φ(n)|σn(α)|291

> α − 1
[L : K ] − . . . − 1

[L : K ] = α − [L : K ] − 1
[L : K ] > 0,292

as α > 1. Thus, εψ (α) '= 0 for all ψ ∈ + .293

If F is an intermediate field such that K ⊂ F ⊂ L, then L/F is a Galois extension with294

the Galois group H (which is a subgroup of G). Then, H is abelian and [F (ζn) : F ] ≤295

[K (ζn) : K ]. Therefore, the same estimate in (3.1) holds for L/F with the same α. Hence,296

L = F [H ] · α and L = F (α) follows. !297

4 Proof of Theorem 1.2298

As in the proof of Theorem 1.1, it is enough to prove the assertion whenm = 1.299

By hypothesis, L/K is finite Galois extension with dihedral Galois group G of order 2n300

and L ⊂ R. By choosing τ = 2n + 1 = |G| + 1 > 1, by Theorem 2.3, we conclude that301

there exists a PV number α ∈ L such that α > 1 and |σ (α)| < 1/τ for every 1 '= σ ∈ G.302

Also, by hypothesis, we know that L ∩ K (ζn) = K for some ζn, a primitive n-th root303

of unity. Therefore, by Galois theory, the Galois group G(LK (ζn)/K (ζn)) of LK (ζn) is304

isomorphic to the Galois group of L/K through σ 8→ σ |L, restriction map, that is,305

G(LK (ζn)/K (ζn)) ∼= G(L/K ) = G, the dihedral group of order 2n. Also, we know that306

if α ∈ L generates a normal basis for LK (ζn)/K (ζn), then α is a normal basis generator for307

L/K . With all these reduction, it is enough to prove that the PV number α ∈ L is a normal308

basis generator for LK (ζn)/K (ζn). By Proposition 2.2, it is enough to prove that309

〈α|χ〉 = 〈α | χ〉LK (ζn)/K (ζn) = det(
∑

σ∈G
σ−1ρh(σ )) '= 0310

for every K (ζn)-irreducible character χ associated to complex representation ρh of D2n.311

Note that α ∈ L is a PV number and hence σ−1(α) > 1 whenever σ−1 is identity and312

otherwise |σ−1(α)| < 1/(2n + 1).313
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Since K (ζn) is a character theoretic splitting field of G, we see that the complex irre-314

ducible characters of G is the same as the set of irreducible characters of G over K (ζn).315

If ρ is a complex one-dimensional representation of G, then316

〈α | χ〉 =
∑

σ∈G
σ−1(α)ρ(σ )317

with ρ(σ ) is an n-root of unity. Thus,318

|〈α|χ〉| ≥ α −
∑

σ∈G,σ '=id
|σ−1(α)| ≥ 1 − 2n − 1

2n + 1 > 0.319

This proves the assertion for the dimension 1 representations of G.320

Now, let ρ be a complex irreducible representation of G of dimension 2. Then, ρ = ϕh321

for some integer 0 < h < n/2. Let χ be the associate character of ϕh and consider322

〈α | χ〉 = det
(
∑

σ∈G
σ−1(α)ϕh(σ )

)

.323

Since the presentation of G is324

〈r, s | rn = s2 = 1, srs = r−1〉,325

we see that326

〈α | χ〉 = det
( n∑

t=1
r−t (α)ϕh(rt ) +

n∑

t=1
(srt )−1(α)ϕh(srt )

)

327

= det





n∑

t=1
r−t (α)ωht

n∑

t=1
(srt )−1(α)ω−ht

n∑

t=1
(srt )−1(α)ωht

n∑

t=1
r−t (α)ω−ht




.328

Thus, in order to prove 〈α|χ〉 '= 0, since the determinant of
(
a b
c d

)

is ad − bc and329

|ad − bc| ≥ |ad| − |bc|, it is enough to compute the lower bound for
∣∣∣∣∣

n∑

t=1
r−t (α)

∣∣∣∣∣ and the330

upper bound for
∣∣∣∣∣

n∑

t=1
(srt )−1(α)

∣∣∣∣∣ as |ωm| = 1 for eveym.331

Since α ∈ L is a PV number, α > 1 and |σ (α)| < 1/(2n + 1) for every 1 '= σ ∈ G.332

Therefore,333

∣∣∣∣∣

n∑

t=1
r−t (α)

∣∣∣∣∣ ≥ |α| − n − 1
2n + 1 > 1 − n − 1

2n + 1 ≥ n + 2
2n + 1334

whereas for every t = 1, 2, . . . , n, we see that sr−t '= 1, and hence335

∣∣∣∣∣

n∑

t=1
(srt )−1(α)

∣∣∣∣∣ <
n

2n + 1 .336
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Therefore, the determinant of the matrix is nonzero.337

Now, let E be an intermediate field such thatK ⊂ E ⊂ L. Then L/E is a Galois extension338

with Galois group H , a subgroup of G. Any subgroup H of G is either cyclic or dihedral339

group of order 2m satisfying H = 〈rn/m, srk , 0 < k < n〉 withm|n. Sincem|n, we see that340

K (ζm) ⊂ K (ζn).341

Using the fact that L ∩ K (ζn) = K , we get L ∩ E(ζm) = E.342

If H is cyclic, then all the irreducible characters of H are one dimensional over E(ζm).343

Hence, we get344

〈α|χ〉LE(ζm)/E(ζm) =
∑

σ∈H
χ (σ )σ−1(α)345

and we get346

∣∣〈α|χ〉LE(ζm)/E(ζm)
∣∣ ≥ 1 − |H | − 1

2n + 1 .347

If H is dihedral group of order 2m, then all the complex irreducible characters of H are348

irreducible characters overK (ζn). Using the similar calculation as above, we can complete349

the proof of the theorem. !350

5 Proof of Theorem 1.4351

Given thatK is a number field and L/K is a finite Galois extension of degree n for a natural352

number n ≥ 2 with Galois group G such that L = K (α) for some α ∈ L.353

Suppose'α is K -trivial. ThenG acts primitively on'α . Therefore, by Theorem 2.5, we354

conclude that n = p is a prime number. Hence G ∼= Z/pZ, the cyclic group of order p.355

Now, we need to prove that K ∩ Q(ζp) = Q.356

Since 'α is K -trivial, by Theorem 2.1, we see that the character IndG{Id}(1) − 1 is K -357

irreducible. Note that the group ring is decomposed as rings358

K [G] = K [Z/pZ] ∼= K [X]/〈Xp − 1〉 = K [X]/〈X − 1〉 ⊕K [X]/〈1+X + · · · +Xp−1〉.359

Since IndG{Id}(1)−1 isK -irreducible, we conclude that the second component is indecom-360

posable, and hence, we conclude that ζp /∈ K .361

To prove K ∩ Q(ζp) = Q, it is enough to prove that [K (ζp) : K ] = [Q(ζp) : Q] = p − 1.362

Suppose [K (ζp) : K ] < p − 1. Since IndG{id}(1) − 1 = ∑
ψ nψψ where the sum is running363

over all the non-trivialK -irreducible characters ofG and each complex irreducible charac-364

terχ ofG is contained in one and onlyψ that appears in the above sum. TheK -irreducible365

character ψ corresponding to the given complex irreducible character χ of G can be366

obtained as ψ = κ(χ1 + · · · +χc) where χi ’s are running over {σ ◦χ : σ ∈ Gal(K (ζp)/K )}367

with [K (ζp) : K ] = c < p− 1 where κ is the Schur index of the character χ . SinceG is the368

cyclic group, it is known that κ = 1 and nψ = 1 (cf. [26], Page 92). Since c < p−1 and the369

dual group Hom(G,C×) of G is of cardinality p, we must have a non-trivial complex irre-370

ducible character η ofG, which is not corresponding toψ above. Hence, we conclude that371

there exists another K -irreducible non-trivial character ψ1 of G other than ψ . Thereby372

we conclude that IndG{id}(1) − 1 cannot be K -irreducible, a contradiction. Hence, we get373

[K (ζp) : K ] = p − 1 and so K ∩ Q(ζp) = Q.374
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Conversely suppose n = p ≥ 3 and K ∩ Q(ζp) = Q. Then, the Galois group375

Gal(K (ζp)/K ) ∼= (Z/pZ)∗. If χ1 is a non-trivial complex irreducible character of G, then376

the unique K -irreducible character containing χ1 is ψ = χ1 + χ2 + · · · + χp−1 where χi377

runs over {σ ◦ χ : σ ∈ Gal(K (ζp)/K )}. Since there are only (p − 1) non-trivial complex378

irreducible characters ofG, we conclude thatψ contains all the complex irreducible char-379

acters ofG. Hence, IndG{id}(1)− 1 = ψ , which is K -irreducible. Then, by Theorem 2.1, we380

conclude that 'α is K -trivial. !381

6 Proof of Theorem 1.5382

Given that K/Q is a finite Galois extension with Galois group G which is either abelian383

or dihedral. Since K ⊂ R, by Theorem 1.1, there exists a PV number α ∈ K such that384

K = Q[G] ·α with α ∈ OK , that is, the set {σ (α) : σ ∈ G} forms Q-basis for K . Therefore,385

the discriminant D(α) of {σ (α) : σ ∈ G} is given by386

|D(α)| = [OK : Z[G] · α]2|dK |387

where dK is the absolute discriminant of K . Thus, we have388

[OK : Z[G] · α] =
√

|D(α)|
|dK | . (6.1)389

Since α is a PV number, by Theorem 1.1, we also see that if β '= α is a Galois conjugate of390

α, then |β| <
1
τ
where τ = nφ(n) when G is abelian and τ = n + 1 when G is dihedral of391

order n = [K : Q]. Let α1 = α, . . . ,αn be all the Galois conjugates of α. Then, it is known392

(see, for instance, [22]) that393

√
|D(α)| =

∣∣∣∣∣

n∏

s=1

( n∑

r=1
αre

2π irs
n

)∣∣∣∣∣ .394

Therefore,395

√
|D(α)| ≤

n∏

s=1

( n∑

r=1
|αr |

)

<

(
α + n − 1

τ

)n
,396

Also, by Proposition 2.2, we see that c1 > τn−1√|dK | and so, if we choose c1 =397

[τn−1√|dK |] + 1, then we conclude that398

α < [τn−1√|dK |] + 1.399

Thus by (6.1), we get400

[OK : Z[G] · α] =
√

|D(α)|
|dK | <

(α + n−1
τ )n

√
|dK |

401

<
(τn−1√|dK | + 1 + n−1

τ )n
√

|dK |
=
(
τn−1√|dK | + 1 + n−1

τ

|dK |1/2n

)n
402

=
(

τn−1|dK | 12− 1
2n + 1 + n−1

τ

|dk |1/2n

)n
.403
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By choosing |dK | ≥ (1 + φ(n)−1)2n, we see that 1 + n − 1
τ

< |dK |1/2n, as τ = φ(n)n or404

τ = n + 1. Hence we get405

[OK : Z[G] · α] <
(
τn−1|dK | 12− 1

2n + 1
)n

406

as desired. !407

Proof of Corollary 1.1 Since n = [K : Q] = 2, it is known that the Schur index κ = 1 for408

the cyclic group and φ(n)n = 2. Hence, we get τ = 2. Therefore, by Theorem 1.3, we get409

the corollary. 23410
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