SURJECTIVITY OF TRACE FOR RELATIVE EXTENSIONS
SUDIPA DAS AND R. THANGADURAI

ABSTRACT. Let L/K be a finite extension of number fields and let Oy, and O be its ring
of integers respectively. We classify all the finite extensions L/K such that the trace map
restricted to Oy, is surjective. When O is a PID, we classify all the finite extensions L/K
of number fields such that Try /x(Or) = [L : K]Ok.

1. INTRODUCTION

Let L/K be a finite extension of number fields and Oy and Ok be the ring of integers
of L and K respectively. It is easy to see that the trace map Try/x : L — K is surjective.
Since Tr(Op) C Ok, we can consider the restricted trace map Tr/x : O = Og. It is a
natural question to ask whether this restricted trace map is surjective or not?.

One can easily hit upon plenty of counter-examples when L is a quadratic extension of
K = Q. More precisely, if L = Q(y/m) for a square-free integer m with m = 2,3 (mod 4), it
is well-known that the ring of integers O = Z[\/m]. If « € Z[\/m], then a = a + by/m and
hence Trpg() = a+by/m +a — by/m = 2a € 27Z. Thus, Trpg(Z[y/m|) = 2Z and hence the
restricted trace map is not surjective in this case. It is known that when m = 2 or 3 modulo
4, the absolute discriminant d;, of L is 4m.

Suppose the extension L/K is of degree d > 2. Note that Tryk : Op = Ok is a
homomorphism of abelian groups O, and Ok and hence the image Trz,x(Op) is an additive
subgroup of Og. Since Try/k(ka) = k - Trp k() for all k € Ok and a € Or, we conclude
that Trp/x(Or) is an ideal of Ok. Before we state our results, we define the following
terminology.

Definition 1.1. Let L/K be a finite extension of number fields and Oy, (respectively, Ok )
be the ring of integers of L (respectively, K ). A non-zero prime ideal B in Oy lying above a
prime ideal p in Ok such that B¢ exactly divides pOy, (we write P¢||pOy ) for some natural
number e > 1, is said to be

e tamely ramified in L, if e is coprime to the characteristic of the finite field Ok /p;
e wildly ramified in L, if the characteristic of the finite field O /p divides e;
e totally ramified in L, ife = [L : K],

In Galois theory, it is well-known that every finite Galois extension L/K with Galois group
G admits a normal basis, that is, there exists an element o € L such that {o(a) : o € G}
forms an K-basis for L. A related question is whether L admits a normal integral basis or
not?. That is, does there exists « € Of, such that the set {oc(a) : ¢ € G} forms an integral
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basis for Oy, as an Ok module?. It is known, due to S. Ullom [8], that if a finite Galois
extension L/K of number fields or p-adic fields admit a normal integral basis, then L/K
must be a tame extension which in turn implies the trace map restricted to O must be a
surjective map. See for instance A. Frohlich [3] and E. Aljadeff [1].

In this article, we consider the relative extensions and prove the following.

Theorem 1.1. Let L/ K be a finite extension of number fields of degree d. Then the following
statements are equivalent:
(1) TI“L/K(OL) = OK,'
(2) Let p be any prime ideal divisor of dOx and pOr = Bi' - - P be the prime ideal
factorization of p in O for some integers s > 1 and e; > 1. Then, there exists an
integer 1 with 1 < i < s such that B; is tamely ramified in L.

Theorem 1.2. Let L/K be a finite extension number fields of degree d. Consider the fol-
lowing three statements:

(1) Tk (OL) is a proper ideal of Ok-.

(2) There is a prime factor p in dOg such that p¢ divides disc(L/K).

(3) L/K is wildly ramified.
Then (1) <= (2) = (3).

When K = Q, and if L/Q is any finite extension (not necessarily Galois), then Theorem
1.1 and Theorem 1.2 are proved by F. Battistoni and T. Zaimi [2].

Corollary 1.1. Let L/K be a finite Galois extension of number fields of degree d. Then the
three statements in Theorem 1.2 are equivalent.

The following Corollary is a rephrasing of the statements (1) and (2) in Theorem 1.2.

Corollary 1.2. Let L/K be a finite extension of number fields of degree d. If p¢ does not
divide the disc(L/K) for every prime ideal p dividing dOk, then Trk(Or) = Ok. In other
words if for any prime p dividing dOk, the highest power of p dividing disc(L/K) is atmost
(d—1), then L/K is tamely ramified.

Corollary 1.3. Let L/K be a finite extension of number fields of degree d. Let p be a
maximal ideal in Og. If p is totally and tamely ramified in L, then the highest power of p
dividing disc(L/K) is equal to d—1. Conversely, if the highest power of p dividing disc(L/K)
1s d — 1, then p is totally ramified if and only if it is tamely ramified.

Though Theorem 1.2 says that for any prime divisor p of dOg, we have p? divides
disc(L/K). However, v,(disc(L/K)) can be very large compared to the degree d of the
extension. For example, Let L/K be a finite Galois extension of number fields with Galois
group G, p be a prime ideal of Ok which is wildly ramified in L/K and 8 be a prime ideal
in Op, over p. Let G;q be the i-th ramification group of G relative to 8. By the Hilbert’s

formula, we have
mo

vp(Dryk) = Y (1Gigl — 1)

1=0
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for some natural number mgy. Then by applying this formula for a degree p, a prime number
wildly ramified Galois extension L/K, we get any prime p of O which is wildly ramified
(and hence totally ramified) and for a prime ideal B of Oy, over p, we have

vp(Pryx) = (p = 1)1 +mo) = wy(disc(L/K)) = (p = 1)(1 +mo).
If m, > 2, then we see that v,(disc(L/K)) = (p — 1)(1 + myg) > p.

Suppose L/K is a finite extension of number fields such that O is a PID and the degree
of L/K is d > 2. Since Ok is a PID, there exists an algebraic integer ¢ € Ok such that
Tr k(OL) = tOk. Since Trp k(1) = d, the degree of L/K, and if Trp/x(Or) = tOk for
some algebraic integer t € Ok, then t is a divisor of d in Ok.

If L/K is a wildly ramified extension of number fields of degree d > 2 and Oy is a PID, it
is a natural question to ask under what conditions Trz,x(Or) = dOg?. For a finite extension
L/K of number fields, we can define the group index, I(L/K), which is defined to be the
index [Og : Tr/k(Or)]. When Ok is a PID, we see that

TTL/K(OL) = dOK e [OK : TI'L/K(OL)] = [OK : dOK] =d.

In 2006, H. Johnston [4], improving the results of Girstmair, proved the following. Let L/K
be a finite extension of absolutely abelian number fields of equal conductor n. Let e = vy(n)
and m =n/2¢, and let Q(m) be the m-th cyclotomic field. Then

[KNQ(m):Q]. . _
I(L/K) = { 2 . if L/K is wildly ramified

1; otherwise.
We prove the following result.

Theorem 1.3. Let L/K be a finite extension of number fields of degree d. If there exists an
integral basis {1, 1, g, ..., 041} for L/K such that Trp k(a;) =0 foralli=1,2,...,d—
1, then Trpx(Or) = dOg. Conversely, suppose the ring of integers Ok is a PID and
Trr )k (Or) = dOk. Then there exists an integral basis {1,a1, 0, ..., aq-1} for L/K such
that Trr k(0w) =0 foralli =1,2,...,d—1.

We also observe the following regarding the generator of a normal integral basis of a finite
Galois extension L/K of number fields.

Theorem 1.4. Let L/K be a finite Galois extension of number fields. Suppose L/ K admits
a normal integral basis in it and let o« € Of be a generator of the normal integral basis. Then
Trp k(o) € Of where Of denotes the unit group of O.

2. PRELIMINARIES

Let L/K be a finite extension of number fields. The inverse different ideal Dy /x of L/K
is the fractional ideal of O;, defined as follows:

@Z}K = {x €L | Tryk(zy) € Ok forall y € OL} )

We have the following basic lemmas.
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Lemma 2.1. (For a proof, see Chapter 111, §3, Proposition 7 in [6]) Let a (respectively, b) be
a fractional ideal of K (respectively, L) relative to O (respectively, Or). Then Trr k(b) C a
if and only if b C a- @L/K

Remark 2.1. By Lemma 2.1, we get Trp,x(Or) C a for some ideal a in Ok if and only if
O, Ca- @L/K if and only if Dk C a0y,

Lemma 2.2. (For a proof, see Chapter III, §2, Theorem 2.6 in [7]) A prime ideal B of L
is ramified over K if and only if P|Dpr k. Let PB° be the highest power of P dividing D,k
and let e be the ramification index of ¥ over K. Then we have

=e—1; if B is tamely ramified

€le,e—1+uvg(e)]; if B is wildly ramified.

Remark 2.2. Let p be prime ideal in Ok and pOp = P -- - P&, ---Q,; be the prime
factorization in Op with s > 1, t > 0 and e; > 2 are integers for all i = 1,2,...,s. Then
Lemma 2.1 implies that Q; does not divide D, for alli=1,2,...,1

If a prime ideal p of Ok is tamely ramified in L (means, if pO; = P --- P, then the
prime ideal B; of Oy, is tamely ramified for every i), then the following lemma estimates the
maximum power of p dividing the discriminant, disc(L/K), of L/K.

Lemma 2.3. Let p be a prime ideal of K and let the factorization be pOp = P+ - - - P&y -+ - Qy
in L where s > 1 andt > 0 are integers and the integers e; > 2 for alli =1,2,...,s. Suppose
p"||disc(L/K) for some natural number n. If p is tamely ramified in L, then

S

n:Z(ei—l)fi:[L:K]—(f1+-~~+fs+gl+-~-+gt)S[L:K]—(s+t),

i=1
where f;’s (respectively, g;’s) are the residue degree of P; (respectively, Q;) over p for each
i (respectively, for each j).

Proof. Given that pOy = BT - - P& ---Q; be the prime ideal factorization of p in Oy,
where s > 1 and t > 0 are integers and the integers e; > 2 for all ¢ = 1,2,....s. Let f;
(respectively, g;’s) be the residue degree of ‘,Bz (respectively, ;) over p for each i > 1 and

j. Then we know that [L : K| = Z e fi + Z gj-

By hypothesis, we know that p is tamely ramlﬁed in L. Then by Lemma 2.2, if u; is the
exact power of B; dividing Dy /x, then u; =e¢; — 1 for all i = 1,2,..., 5 and by Remark 2.2,
we see that ; doesn’t divide ® k. Therefore,

Ny (B PBY) = Ny (BT ) - Ny (Poe™h) = plerDittemfe,

If p™||disc(L/K) is the exact power of p dividing the discriminant of L/K, then since
Nik(@px) = dise(L/K), we see that

disc(L/K) = p"a = N /g (P71 - - Peb) = Ny (Dr/x)
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where a is coprime to p and b is coprime to B;’s. Then by unique factorization of ideals, we
conclude that

P = Nk (Bt - - Bue) = pler DAt lem s
and hence we get the exact power of p in disc(L/K) is

s

" Z(ei_l)fi:Zeifi+29j—(f1+'--+fs+g1—l—---—l—gt)
1 =1

i=1 i=
= [L:K]= (it -+ fstg+-+g)<[L:K]—(s+1),
as each f; > 1 and if ¢ # 0, then each g; > 1. OJ

When L/K is a finite extension of number fields, since Try/x(Op) is an ideal of Ok, we
have the following observation.

Lemma 2.4. Let L/K be a finite extension of number fields. Then Try x(Or) = pi*---pr

T

in Ok for some integers a; > 1 if and only if for each i = 1,2,....r, we have a; =
. [vyp, (D) o . . .

min | —————| where the prime ideal B;; in O, dividing p; for every j.

Pijlpi U, (pz)

Proof. Let i € {1,2,...,r} be a fixed integer and consider prime ideal p; in Ok. Then by
Remark 2.1, we see that

Trp/k(Or) Cp;* <= vy, (Dr/k) = vy, (pi)ni <= ni < vy, (Dr/x)/vp,; (9:)
for every prime ideal ;; dividing p;. Since the exact power of p; dividing Try/x(Op) is equal

to a;, the result follows. |

When K = Q, Lemma 2.4 was proved by Maurer [5]. In the next lemma, we deal with
trace zero elements of O which is useful in proving Theorem 1.3.

Lemma 2.5. Let L/K be a finite extension of number fields and O and Ok be the ring
of integers of L and K respectively. Then the following exact sequences of projective O -
modules

0— 0} = Op — Tryx(Or) = 0
splits, where OY is the kernal of the trace map on Op.

Proof. Since the trace map on Oy, is an additive homomorphism and Og-linear map, we see
that Trr /K(OL) is an ideal in Ok and it is generated by at most 2 elements of O. Since O%
is the kernal of the trace map, Of is an ideal in Or. Thus, O, 0} and Try k(Oy) are all
finitely generated torsion-free Ox-modules and hence they are all projective Og-modules.
Therefore, we get the above exact sequence splits. O

Corollary 2.1. Let L/K be a finite extension of number fields of degree d and O, and O
be the ring of integers of L and K respectively. Then we have

O, =0 & Trr(Or)
with rank of OY as a O -module is at least d — 2.

Proof. By Lemma 2.5, we get the first assertion. Since Trp,x(Op) is an ideal in the Dedekind
domain, it is generated by at most 2 elements of Ok and hence the assertion. 0



SURJECTIVITY OF TRACE FOR RELATIVE EXTENSIONS 6

Remark 2.3. Consider the case when Ok is a PID. In this case, there exists t € Ok such
that Trr k(Or) = tOk. By the module isomorphism, we see that

OL/O% = TI'L/K<OL) = tOK.

Therefore, as a free Og-submodule of Or, the free rank of OY is d — 1. Thus, Op =
O} &0k as a Ox-module for some v € O such that Trp k(y) = t. Indeed, if we write
OV = 1O ®- - Dag 10k as Ox-module, then we can get an integral basis {ay, ..., aq_1,7}
of Or, with Trp k(a;) =0 for each i and Trp (y) =1t.

We need the following theorem of S. Ullom [8§].

Theorem 2.1. Let L/K be a finite Galois extension of number fields. If L/K admits a
normal integral basis, then L/K is tamely ramified.

The following two observations suggest how the trace map behaves in the intermediate
fields and of independent interest.

Lemma 2.6. Let L/K be any finite extension of number fields such that Trp x(Or) = Ok.
Then Trp )k (OF) = Ok for every intermediate field K C F C L.

Proof. Since Ok = Trpx(O1) = Trp/(Trrr(0L)) C Trex(OF), we et Trp/x(Op) =
Ok. O

Proposition 2.1. Let L/K be any finite extension of number fields and Fj;c; be any family
of subfields of L containing K with Trg, )k (OF,) = a;, an ideal in O for each i € I. Then

TI'L/K(OL) C ﬂﬂi.
i€l
Proof. Since Trp x(Or) = Trg /k(Trrr,(OL)) C Trp,/x(OF,) C a; for each i@ € I, we get the
assertion. 0J

3. PrROOF OF THEOREM 1.1, 1.2, COROLLARY 1.1, 1.2 AND 1.3

Proof of Theorem 1.1. Suppose Try x(Op) is a proper ideal Ok. Then there exists a
prime ideal p of Ok such that Trp,x(Or) C p. Since dOx C Trp,x(Or) C p, we see that
p divides dOg. Now by Remark 2.1, we get Dy /x C pOp = B - -P+Q;--- Q. Then
by Lemma 2.2 and Remark 2.2, we conclude that ¢ = 0 and each 93; is wildly ramified for
1=1,2,...,s.

Suppose (2) is not true. Then by Lemma 2.2, for each i = 1,2,...,s, we get B;' (D /x.
Since PB; and P; are coprime for each i # j, we get D /x C pOp. Again by Remark 2.1, we
conclude that Try/x(Or) C p, which proves the theorem. O

Proof of Theorem 1.2. We prove (1) <= (2). The first implication follows from
Theorem 1.1. For the converse implication, if pOy, = B7* - - - P is a prime ideal factorization
and there exists a prime ; (for some ¢) of O such that J; is tamely ramified, then, by
Lemma 2.3, the highest power of p dividing disc(L/K) would be d — f;, which contradicts
our assumption. Thus each ‘B; is wildly ramified for each i and hence D is divisible by
B;* for each i. This implies D7k C pOp, and by Lemma 2.1, we get Trz,x(Or) C p. Thus,
Trr x(Op) is a proper ideal in O.
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(2) = (3) follows from Lemma 2.3. O

Proof of Corollary 1.1. It is enough to prove (3) = (1). Suppose L/K is wildly
ramified. Then there exists a prime ideal p in O such that if pO = P --- P is the
ideal factorization, then there exists at least one i for which B5* divides ® k. Since L/K
is a Galois extension, we get e; = --- = e5. Then by Lemma 2.2, we get B;" divides Dk
for each ¢ = 1,...,s. This implies that ©;/x C pOr, and hence by Lemma 2.1, we get,
TI'L/K(OL) C p O

Proof of Corollary 1.2. This follows from Theorem 1.2. [

Proof of Corollary 1.3. Since p is totally ramified in L, we get pO;, = B¢ for some prime
ideal 3 in L. Hence e = d and f = 1. If p™||disc(L/K), then as p is tamely ramified, by
Lemma 2.2, we get n = e —1 =d — 1, as desired.

Conversely, suppose the highest power of p dividing disc(L/K) is n = d — 1. Assume that
p is totally ramified. Then pO; = P? and hence we get ¢ = d and f = 1. If p is wildly
ramified, then by Lemma 2.2, we must have n > d, a contradiction. Hence p must be tamely
ramified.

Assume that p is tamely ramified. If possible, suppose pOp = P - - - P& for some integer
s > 2. Then by Lemma 2.2, we get n < d — s < d — 2, a contradiction to n = d — 1. Hence
we conclude that s = 1 and p must be totally ramified. 0

4. PROOF OF THEOREM 1.3

Suppose {1,a1,..., 041} is an integral basis for O over Ok where Try /k(a;) = 0 for
each i = 1,2,...,d — 1. We prove that Try,x(Or) C dOk. For, if 3 € Op, then § =
c1+ coaq + -+ + g for some ¢; € Og. Hence Trp i (8) = e1Trp k(1) = e1d € dOg and
we get Try/x(Op) C dOk. Since 1 € Op, we see that d = Try k(1) € Trr/x(Or), which
proves the assertion.

Conversely, suppose the ring of integers Ok of K is a PID and Try/x(Or) = dOk.
By Corollary 2.1, we let {a1,..., a4 1} be an Ok basis of 0. Again by Corollary 2.1,
there exists v € O such that {ay,...,a4 1,7} forms an integral basis of L/K, where
TrL/K(v) = d. We claim that {1,aq,...,a4 1} is a Og-basis of O and hence an integral
basis.

To prove that {1,q1,..., 41} is an integral basis for O, we need to prove that if ¢o +
croq + -+ cgo10g-1 =0 with ¢; € Ok, thencg=c; =---=c41 =0and y=ag+ a1y +
<o+ ag_10g—q for some a; € Ok.

Suppose 11 + Toan + -+ + T4 10q-1 + x4 = 0 for some z; € Ok. Then applying trace
on both sides, we get TrL/K(:cd) = 0, and hence we get dry = 0. Since Ok is an integral
domain, we get x4 = 0. Thus the equation now becomes xya; + xoas + -+ - + 1410041 = 0.
Since «; € O%’s forms an Og-basis, we get x; = 0 for all i.

It remains to show that v € O, (as above) can be expressed as an O linear combination
of 1,ay,...,a4-1. To see this, since Try k(7)) = Trr k(1) = d, we get Trp (7 — 1) = 0 and
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hence (y—1) € O%. Therefore, v — 1 = ¢y + - - - + cq_1a4_1 for some ¢; € O which inturn
implies that v =1+ cia1 + -+ - 4+ c4_104_1, as desired. Il

5. PROOF OF THEOREM 1.4

Let L/K be a given Galois extension of number fields of degree d with Galois group
G ={o1,...,04}. Since L/K admits a normal integral basis, there exists a € Oy, such that
{o(ar) : 0 € G} forms an integral basis for O, over Of. Therefore, by Theorem 2.1, L/K
is tamely ramified and hence Trz,x(Or) = Ok.

Since 1 € Ok, there exists § € Op such that Trp,x(8) = 1. Also, we can write § =
cror(a) + -+ - + cgo4() for some ¢; € Ok. Then

d d
1= TI"L/K(ﬁ) = TFL/K ZC,‘O‘Z‘(&) = ZCiTrL/K(O'i(Oé)) = (Cl + -4 Cd)TI“L/K(Oz).
i=1 i=1

This implies that ¢; + -+ + ¢4 € Ox\{0} and Try/x(a) are units in Ok and hence the
theorem. O
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