On Davenport’s Constant !

P. RAaTH, K. SRILAKSHMI AND R. THANGADURAI

Abstract

In this paper, using the idea of Alford, Granville and Pomerance in [1] (or
Emde Boas and Kruyswijk [6]) we obtain an upper bound for the Davenport
Constant of an Abelian group G in terms of the number of repeatations of

the group elements in any given sequence. In particular, our result implies,

(=2)"9]) -

where n is the exponent of G and k£ > 0 denotes the number of distinct

D(G)Sn(k—i—l—i—log

elements of G that are repeated at least twice in the given sequence.

1. INTRODUCTION

Let G be a finite abelian group. By the structure theorem, we know G =
Zny ® Lp, ® - - ® Ly, where n;’s are integers satisfying 1 < nj|ng|---|ng and ng
is the ezponent (denoted by exp(G)) of G and d is the rank of G. Let M(G) =
1+ Zgl:l(ni —1). Through-out this paper, we follow standard notations followed
in the book of Geroldinger and Halter-Koch [12].

The Davenport constant of a finite abelian group G (denoted by D(G)) is
defined to be the least positive integer ¢ such that any sequence (not necessarily
distinct) of ¢ elements in G contains a subsequence whose sum is the zero element

in G. This constant is finite and doesn’t exceed the cardinality of the group G.

This constant, though attributed to Davenport, seems to have been first stud-
ied by K. Rogers [20] in 1962. This particular reference was somehow missed-out

by most of the authors in this area.

Apart from their interest in zero-sum problems of additive number theory
and non-unique factorization in algebraic number theory, these constants play
important role in graph theory (see, for instance, [4] or [10]). One of the prime
examples is the proof of the infinitude of Carmichael numbers where some knowl-
edge of zero-sum sequences in the group of units of Z, is required. For more

details we refer to [1].

Determining the Davenport constant for a general finite abelian group, how-

ever, seems to belong to the realms of distant future. We are not even sure
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what exactly are the invariants which should appear in a general formula for all
abelian groups. It is perceived, from whatever little is known, that the following
invariants ought to have a bearing in such a general formula: (1) The rank of
the group; (2)The number of prime factors of the order of the group; (3) The
distribution of orders of the various group elements, for instance the ratio of the

largest and the smallest (greater than 1) possible orders.

It is trivial to see that M (G) < D(G) < |G| and the equality holds if and only
if G = Zy,, the cyclic group of order n. Olson ([18] and [19]) proved that D(G) =
M(QG) for all finite abelian groups of rank 2 and for all p-groups. Recently, G.
Bhowmik and J-C. Schlage-Puchta [3] proved that D(Zs & Z3 & Zsq) = 3d+ 4 =
M(Z3 ® Z3 @ Zsq). 1t is also known that D(G) > M(G) for infinitely many finite
abelian groups of rank d > 3. (See for instance, [13]).

Chronologically, Emde Boas and Kruyswijk [6], Baker and Schmidt [2] and
Meshulam [15] gave upper bounds for Davenport Constant which involves the
exponent of the group and the cardinality of the group G. In this direction, the
best known bound is due to Emde Boas and Kruyswijk [6] who proved that

G
D(G) <n <1 + log ’n|> ) (1)
where n is the exponent of G. This was again proved by Alford, Granville and

Pomerance [1].

Obtaining a good upper bound for the Davenport constant constitutes a very
important question about which the current state of knowledge is rather limited.

However, we do have the following conjectures.

Conjectures.
1. D(G) = M(G) for all G with rank d =3 or G = Z%. ([7] and [8]).

2. D(G) < S n; ([17]).

In their paper, Alford, Granville and Pomerance [1] (Here referee pointed out
that the idea of this proof goes back to Emde Boas and Kruyswijk [6]) obtained
the above mentioned bound (1) for an arbitrary abelian group G by construct-
ing a suitable group algebra K[G], where K is a finite field and by an ingenious
enumeration of the characters on K[G] based on the greedy algorithm. However,
their enumerative procedure does not take into account the fact that group ele-
ments are allowed to recur in the sequence; i.e., they do not distinguish between

a set or a sequence of group elements.



In our work, we modify their method so as to take into account repeatations
and hence obtain a different upper bound. Since most of the examples giving
“good” lower bound involve repeatations, one would expect better answers once
repeatation is assumed which turns out to be the case for us. Of course we do
away with the trivial case where some element occurs at least exp(G) times. We

prove the following theorem.

Theorem 1. Let G be a finite abelian group of rank d and of exponent n. Let
l1,0o,- -+ L and r be integers such that 1 < ¢; <n—2 foralli=1,2,--- k for

some integer k > 0 and the positive integer

k nk+1 nk+1
log ¢; — 1 l;
+ ln (; og og cl )] if H > \G|

n otherwzse

Let

k r
S = H g?%" H Cj
i=1 7j=1

be a sequence in G of length p = Zle(n —{;))+r. Then S has a subsequence

whose sum s zero.

Remark 1. From Theorem 1, we have the following upper bound for the Dav-
enport Constant of an Abelian group G in terms of the number of repeatations

of the group elements in any given sequence.

D(G) < 5:1 (nlogt; — 4;) + (k+ 1)n — nlog % if Hi;:l 0> n‘kg'l
(k+1n - ”’;:1 bi otherwise

Hence, we get,
k nk+1

D(G) < Z (nlog(n —2) —4;) + (k+1)n —nlog ar
i=1

K G|
< nlog(n —2) +(l€+1)n+nlognk+1—k.

which implies

D(G) < <k+1+log( ;2>k’G|>_k.

n

Thus, we see that when no repeatation is assumed, i.e., when k£ = 0, we
recover the bound (1) of Alford et al. which is to be expected as they did not

use the fact that the group elements can repeat in a given sequence.

Remark 2. Let d > 3 be any integer. Let S be any sequence in Z& of length
d(n — 1) + 1. Suppose there exist at least d — 1 distinct elements of Zfl which



are repeated n — 1 times in S. Then S contains a non-empty subsequence whose
product is 1 in Z2.

We get the above by applying Theorem 1 with G = 7%, k =d —1 and ¢; = 1.
Moreover, this length is tight because the sequence

_ n—1_n—1 n—1 . d
S=el ey ---e) inZy,

of length d(n — 1) has no subsequence whose product is identity where e; =
(0,0,---,0,1,0,---,0) with 1 in the i-th position.

2. PROOF OF THEOREM 1

First we prove the following general lemma which would be of relevance in

our proof.

Lemma 1. Let G be a finite abelian group, K a field and X C Hom(G,K*).

1. IfkeNand g1, -, gx € G, then there exist ai,ao,---,ar € K* such that

e X I xo) £ ot 181 < T (1= )

2. If g € G with ord(g) = n > 2 and I € [1,n — 1], then there exists
aW, ... al® € K* such that

) -1 1
e X | xlo) £ a9 for attje (1.0 )] < X[ (1- ).

=0 =

3. IfkeNand g1, -+, gr € G with ord(g;) =

(1) (£1)

n; > 2 and ¥; € [1,n; — 1] for all
i € [1,k], then there exists ay’,---,ay ,--‘,a,(cl) .

. ,a](f’“) € K* such that

.

Hx € X | x(g:) # az(j) for all j € [1,4;] and for all i € [1,k]}|

< |X|ﬁzﬁ1 (1— ! )

i=1 j=0 i =J

Proof. For the proof of the first assertion, see ([12] , Lemma 5.5.3).

2. We proceed by induction on ¢. The case ¢ = 1 follows from above. Let
¢ > 2 and a®,a®, ... oY e K* be such that the cardinality of the set
X, ={xe€ X |x(g) #a¥ for all j € [1,£—1] } satisfies

-2 1
X < 1XIT] (1— )
J=0 "o

J



The set {x(g) | x € X1} is contained in a cyclic subgroup of order n in K* and

does not intersect {a(!),a®, ... a*"D}. Hence there exists an o) in K* such
that X
X =a0y > 2

Thus, we have

{x € X | x(g) #a" foralli € 1,0} = [{x € X1 | x(g) # a'"}]

1 et 1
<xi(1-—V)<|x 1-
= ”( n—£+1>—’ ‘]HO< n—j)

3. We proceed by induction on k. The case k = 1 follows from part 2. Let
k > 2 and agl),--~,a§él), e ,ag_)l, a (zk ) ¢ K* be such that the set

X1 ={x € X | x(g:) #a" for all j € [1,4] for all i € [1,k — 1]}

satisfies

< T (-2,

=1 5=0 o ]
Again by part 2, there are a,(cl), . al(f’“) € K* such that

0,1

1
v X xlon) # o forallj e Lad) < %l T (1- )
7=0
Thus,
HxeX | (gz)#a for all]G[l ¢;] and for all i € [1, k] }|
= |{x e X1 | x(gr) # ay for all j € [1,4:]}|
le—1
< il (1o )ﬂﬂﬂH( ).
Jj=0 "k i=1 j=0 —-J
Thus the lemma is proved. O

Proof of Theorem 1. We adopt the strategy applied in [1]. Let

k T
S = Hgf_& H cj
i=1 j=1

be the sequence in G of length p.

Let ¢ be a prime such that n|(g — 1). Let F,[G] be the group algebra over F,

with basis G and we write the elements in it as

f= Z cgXY.

geG



Our goal is to find p elements a(”) agu), . (”C) ,b1,b2,- -+, b, € Fy where each
ij varies from 1 ton —¢; for j =1,2,---k such that the product

nfh . n*£2 . n_&‘? . r
[T (xo = at) TT (x% = o) TT (0 = o) TIX = )
1=1 1=1 i=1 =1

is equal to zero in F,[G]. This clearly ensures the existence of a subsequence of
S whose sum is zero. To show that an element a € F,[G] is the zero element, it
suffices to prove x(a) = 0 for all x € Hom(G,F;) where each such x is extended
naturally to F,[G]. Indeed, by definition,

£ =x0] cgX9) =" cox(g)

geG geqG
By Lemma 1, we see that there exists non-zero elements
agl),'--,agnfel),---,ag), a,(gn ) €T,
such that the following set
B = {x € Hom(G,F}) | x(g:) # a”, Vi€ [LK],j € [l,n—0]}.

has cardinality

(n—ty) k n—~_{;—1 1
B"M < |G (1 > .
B, ST I (15— ]
Since ?;571 ("njjl) , we get
k
n— fz
‘B,(g b) S’G|HE:€1€2 €k|G‘
i=1
nk+1

Case (i) Hﬁ < a

In this case, it is clear that ‘B,gnizk)’ < n. Also note that we are still left with

r = n elements of the sequence. Set B, := B](Cn_é’“).

k1
G

Case (ii) HE >

In this case, we can continue the process (because of the definition of r) and

= |n log ¢; — log )
= Gl

use

+1




number of ¢;’s to find elements by, by, - - -, by, in Fy such that at the final step, we

have the following set
Bai={x € B | x(e;) # bi, ¥i € [1,m]}

with a N
|Ba|§£1€2---€k| |<1—> .

nk n
By the choice of m, we have |B,| < n. In this case, we are still left with at least

n — 1 elements of the sequence.

Let By = {Xm+1, Xm+2," ", Xm+s} - LThen in case (i), we have |B,| = s < n
and in case (ii), we have |By| = s < n — 1. We take b; = xi(¢;) for all i =
m+1,m+2---,m+ s and the remaining (if any) b;’s can be chosen arbitrarily.
Thus, the required product vanishes for all the characters in the group algebra
F,[G] and hence the result. O

3. REMARKS.

1. Tt is our perception that the method adopted here is unlikely to yield an
upper bound qualitatively superior to whatever has been obtained. The
main reason is that the method here only takes into account the maximal
order of the group elements and does not take into account the distribution
of the orders of the other group elements. For instance, the method does
not distinguish between the groups Z,, ® Zp, ® --- ® Zy, and G = VA

serious drawback.

2. If one does not allow repeatations in the definition of Davenport’s constant,
then the corresponding constant is referred to as Olson’s constant (denoted
by Ol(G)). Clearly Ol(G) < D(G). However, equality is expected for
groups with large rank d (See for instance [9] and [11]). But for smaller
values of d, it is expected to be much smaller than D(G). In [14], it is proved
that Ol(Z,) < v/2p + 5logp for all primes p while in [11], it is proved that
Ol(z3) = p— 1+ Ol(Z,) for all primes p > 4.67 x 10>, Recently, J. M.
Deshouillers and G. Prakash ([5]) proved for large enough prime p that

7
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Other than these results, hardly anything is known as regards its exact
value. This also constitutes an important open question in Combinatorial

group theory.



3. Many generalization of Davenport’s constant is known now. For instance,
one may refer to Theorem 5.1.5 in [12]. Also, very recently the last author

proved a variation of Davenport’s constant in [21].
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