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In this paper, we investigate the function
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where the arithmetical function &4 (n) is defined by
S (n) =max {d :d|n, 4 k) = 1}.

Apart from some standard techniques in analytic number theory, our method mainly
consists of the application of a theorem of Delange” and an estimation of the number
of integer lattice points in tetrahedrons.

1. INTRODUCTION

Let k=py, .., p, be a squarefree natural number. The arithmetical function
8 (n) is defined by 8;(n) = max {d : d | n, (d, k) = 1}. The average behaviour of
dx (n) has been extensively studied by many authors!™ %12 In this paper, we
investigate the function

vy € tim =S 1 - (D)

N-—s nsN, 8 (n) <nh
where O0sA < 1.
More precisely, we prove the following result.

Theorem 1
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where ¢(k) is Euler’s totient and

(n) = 1, if every prime divisor of n divides k
X 0, otherwise.

2. PROOF OF THEOREM 1

A theorem of Delange® (see also Elliott’ for instance) says that if g(n) is a

multiplicative function such that (1) | g(n) | = 1, n = 1, 2, ..., and (2) the series
Z,(1~g(p))/p converges then the limit

Jim % > aln) = M(g)

nsN

exists and

M(g)=H(1—11)) 1+ é ﬂg?

j=1

d
O (n
We apply the above theorem for g(n) = ( k’S )) where d is a natural number.

Since
1_( 3% (p) )“
R
P p otk P
condition (2) is satisfied. The other conditions of the theorem can be easily verified.
Therefore,

1 1\ - 21
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We note that the arithmetical function y, (n), defined in the statement of
Theorem 1, is completely multiplicative and
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Now,
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Hence, by (2.1) and (2.2) we get
] d
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n
This is true for all d = 0, 1, 2, ...
Consequently, for any polynomial P(X),

ok 5 u® ,(dm) 1 g
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Now, by using Weirstrass’ Theorem on approximation of a continuous function
by polynomials, we see that for any continuous function F(X) on [0, 1],
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Next, taking the usual approximation of the function

1 if XsA
S(X)={O if X>A

by continuous functions, we obtain

ﬂk@ 3 wlm L1 T o1=vy by ().

n N
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O (n) < nh O (n) < nh
This proves the first part of the theorem.

V(>»)=9(;:L) S &;ﬁﬁ)wE(x), . (23)

Now,
& (n) < nh

where
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Dl
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The function

NS 3 um= 3 1

f
4

T
nsx n=py ..p,
n=sx

counts the number of r-tuple of non-negative integers (iy, ..., #,) satisfying
ijlogp; + ... +i, logp, s logx. .. (2.5)

In other words, N(x) counts the number of integer lattice points in the tetrahedron
defined by (2.5). We have the asymptotic formula (originally obtained for the two-
dimensional case by Hardy and Littlewood®, the general case being derivable by
induction (Beukers®))

N(x) = c¢; (log x) + ¢c; (log x)~ ! + o(log x) ~ 1) .. (2.6)
where

1

‘= logp; .... log p,

and

1 'logp1+...+logp,

Cy=—
2 2((r-1)!) logp; ... logp,

Therefore, from (2.4) and (2.6) we obtain that

a0

1 1 m + m
0sE()s~ 2 om N2 1x)=N(2™x))

mw=0

X
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This alongwith eqn. (2.3) completes the proof.



DISTRIBUTION OF VALUES OF AN ARITHMETICAL FUNCTION 935
REFERENCES

1. S. D. Adhikari, Arch. Math. 58 (1992), 257-64.
2. S. D. Adhikari and R. Balasubramanian, Arch. Math. 56 (1991), 37-40.

3. S. D. Adhikari, R. Balasubramanian and A, Sankaranarayanan, Indian J. pure appl. Math. 19 (1988),
830-41.

4. S. D. Adhikani and K. Soundararajan, Arch. Math. 59 (1992), 442-49.

5. F. Beukers, Indag. Math. 37 (1975), 365-72.

6. H. Delange, Ann. Sci. Ecole Norm. Sup. (3) 78 (1961), 273-304.

7. P. D. T. A. Elliott, Probabilistic Number Theory I, Springer-Verlag, 1979.

8. G. H. Hardy and J. E. Littlewood, Proc. London Math. Soc. (2) 20 (1922), 15-26.

9. 1. Herzog and T. Maxsein, Arch. Math. 50 (1988), 145-55.

10. V. S. Joshi and A. M. Vaidya, Average behaviour of the largest k-prime divisor of an integer. Colloq.
Math. Soc. Janos Bolyai 34, Topics in classical number theory, Budapest, 1981.

11. Y. F. S. Pétermann, L 'Enseignement Math t. 37 (1991), 213-22.

12. D. Suryanarayana, Math. Stud. 37 (1969), 145-57.



