Quaestiones Mathematicae 25(2002), 1–7. © 2002 NISC Pty Ltd, www.nisc.co.za

A LOWER BOUND FOR CERTAIN RAMSEY TYPE PROBLEMS

N.V. Tejaswi Department of Mathematics (253-37), California Institute of Technology (Caltech), Pasadena, CA 91125, USA. E-Mail tejaswi@caltech.edu

R. Thangadurai Stat-Math Division, Indian Statistical Institute, 203 B.T. Road, Kolkata 700108, India. E-Mail thanga v@isical.ac.in

Abstract. One of the main results in this article is to present a new and simple proof of the following theorem; The Diophantine equation a1/y1 + a2/y2 + · · · + an/yn = 0, where yi ≠ 0 are n unknown variables and ai’s are non-zero integers, is regular if and only if there exists a non empty subset I of {1, 2, · · · , n} such that ∑ i∈I ai = 0. In the rest of this article, we study a particular case when n = 3 in the above equation. Also, we define f(r) to be the largest integer such that if the integers in [1, f(r)] are r coloured, then no monochromatic solution to the Diophantine equation 1/x + 1/y = 1/z, x, y, z can exist. Then we prove that f(r) ≥ 2^{r−3}.192 − 1 and

f(r + 2) ≥ 4 ( f(r) + √ f(r) 5 ) .

Mathematics Subject Classification (2000): 05D10, 11B75. Key words: Ramsey theory, Rado theorem, lower bound.

1. Introduction. A given Diophantine equation in n (n ∈ N) variables x_1, x_2, · · · , x_n is said to be r-regular whenever the set of all positive integers N is r coloured in any manner, there exists a solution say b_1, b_2, · · · , b_n ∈ N to that equation and all the b_i’s having the same colour. Such a solution, we call to be monochromatic. If the Diophantine equation is r-regular for every natural number r, then it is said to be regular.

A classical theorem of Schur [7] states that the Diophantine equation x + y = z is regular and in 1933, Rado [6] discovered the following, far more reaching generalization of the classical Schur’s theorem.

Theorem of Rado. ([6]) The linear homogeneous Diophantine equation ∑_n i=1 a_ix_i = 0, where x_i ≠ 0’s are n unknown variables and a_i’s are non-zero integers, is regular if and only if for some non-empty subset I of {1, 2, · · · , n} we have ∑ i∈I a_i = 0. 1

Paul Erdős posed a question which is analogous to the classical Schur’s theorem as follows:

“Is it true that the equation 1/x + 1/y = 1/z is regular?”

In 1991, this question was answered affirmatively, and in greater generality, by Lefmann in [5], as well as by Brown, and Rödl in [4]. Recently, Adhikari gave a new proof of Erdős’s question (see [2]) by employing a method different from those of Lefmann, Brown, and Rödl; moreover, Adhikari’s result answers the question for x, y, z distinct.

In Section 2, we shall consider the following Diophantine equation

a_1 y_1 + a_2 y_2 + · · · + a_n y_n = 0, (1)

where the a_i’s are non-zero integers and y_i’s are n unknown variables in natural numbers. Here, we shall give a Rado-type criterion for this equation to be regular. Lefmann [5] proved this type of criterion in generality. Our proof is new and simpler for this particular type of equation.

Let f(r) be the largest integer such that if the integers in [1, f(r)] are r coloured, then no monochromatic solution x, y, z to the equation 1 x + 1 y = 1 z (2) can exist. Prof. Schinzel asked the question (during a conference held at the university of Limoges) of finding a lower bound for f(r) in the spirit of the result of Schur and its improvement by Abbott-Hanson [1]. In [3], it had been proved that f(2) = 59 and f(r + 2) ≥ 4f(r) + 3.

In Section 3, we deal with this question of finding a lower bound which improves the above mentioned results. Indeed, we could obtain the following results in this regard.

Theorem 3.1. f(3) ≥ 191.

Theorem 3.2. For each r ∈ N, we have

f(r + 2) ≥ 4 ( f(r) + √ f(r) 5 ) .

Theorem 3.3. For every intger r ≥ 3, we have

f(r) ≥ 2^{r−3} · 192 − 1.

In the last section we shall discuss some known upper bounds of f(r) and some open questions.

2. A criterion of Rado type.

Theorem 2.1. The Diophantine equation

a_1 y_1 + a_2 y_2 + · · · + a_n y_n = 0,

where the a_i’s are non-zero integers and the y_i’s are n unknown variables in natural numbers, is regular if and only if there exists some non-empty subset of the a_i’s which sums to 0.

Proof. Suppose there exists a non-empty subset of the a_i’s which sums to 0. Then, by the theorem of Brown and Rödl (see Theorem 2.1, [4]), we get the equation (1) is regular.

Conversely, suppose that (1) is regular, and suppose, for proof by contradiction, that all the non-empty sums of the a_i’s are non-zero. Let p be some prime which does not divide any of these non-empty sums, and consider the (p − 1)-colouring of the natural numbers which assigns to n = p^aq, gcd(p, q) = 1, the colour q (mod p). Denote the colour assigned to n by Ψ(n).

By hypothesis, (1) has a monochromatic solution (c_1, ..., c_n), where c_i = p^{ℓi} m_i, gcd (m_i, p) = 1, and where all the m_i’s are congruent to a common number β (mod p), 1 ≤ β ≤ p − 1. Set ℓ = max_i{ℓ_i}, and suppose, without loss of generality, that ℓ_1 = ℓ. Then,

0 = p^ℓβ n∑ i=1 a_i c_i = n∑ i=1 a_ip^{ℓ−ℓi} βm^{−1}_i ≡ n∑ i=1 a_ip^{ℓ−ℓi} (mod p). The sum on the right hand side is congruent, modulo p, to a sum of the a_i’s, and this sum is non-empty because it includes a_1. This contradicts our assumption that p does not divide any of the non-empty sums of the a_i’s, and so our theorem follows. □

Remark 2.2. Theorem 2.1 tells that the equation 1/z = 1/x + 1/y is regular whereas Erdős-Strauss’ equation 4/x_4 = 1/x_1 + 1/x_2 + 1/x_3 and Sierpiński’s equation 5/x_4 = 1/x_1 + 1/x_2 + 1/x_3 are not regular.

3. A lower bound. Before we go into the proof of Theorem 3.1, we fix up a notation as follows. If m and n are two natural numbers, then m#n means the set of natural numbers m, m+1, · · · , n whenever m ≤ n or m#n means m, m−1, · · · , n whenever m ≥ n.

Theorem 3.1. f(3) ≥ 191.

Proof. To prove this, we have to produce a 3-colouring

{1, 2, · · · , 190, 191} = C_1 ∪ C_2 ∪ C_3 such that none of the C_i’s contains a solution of the equation (2). Let us define the colouring as follows;

C_1 = {1, 3, 5, 7, 8, 11, 24#47} ,

C_2 = {4, 6, 10, 13, 14, 18, 48#95} and C_3 = {2, 9, 12, 15, 16, 17, 19, 20#23, 96#191} .

The idea is the following. First, colour the integers from 191 to 24 (in the descending order) using 3 colours as the integer 191#96 gets one colour, the integers 95#48 gets another and the integers 47#24 gets the third.

Note that the integers in the each subset having the same colour lie between n and (n + 1)/2 for some integer n. So, none of the subsets contains a monochromatic solution of the equation (2). Now, we left with the integers 1 to 23. We just distribute them in one of the subsets so that none of the subsets contains a monochromatic solution. Hence the Theorem. □

Remark 3.1.1. Note that with the above idea, we are unable to extend further. For example, if we colour the following three blocks 193#97, 96#49 and 48#25 into three different colours, then we are unable to put 24 into any of the classes so that none of the classes contains a monochromatic solution to the equation (2). For instance, with the above colouring, we have a monochromatic solution 1/18 = 1/24 + 1/72.

Theorem 3.2. For each r ∈ N, we have

f(r + 2) ≥ 4 ( f(r) + √ f(r) 5 ) . Proof. To prove this, it suffices to produce an (r + 2)-colouring of the integers in [1, 4(f(r) + √ f(r)/5) which avoids a solution to (2). First, colour the integers [1, f(r)] with the first r colours, so as to avoid a solution to (2). Colour the integers in I_1 ∪ I_2 the (r + 1)^{st} colour, where

I_1 = [ f(r) + 1, f(r) + √ f(r)/5 ) , I_2 = [ 2(f(r) + √ f(r)/5), 4(f(r) + √ f(r)/5) ) , and finally, colour the integers in

I_3 = [ f(r) + √ f(r)/5, 2f(r) + 2 √ f(r)/5 )

with the (r + 2)^{nd} colour. With this colouring, there can be no solution involving the (r + 2)^{nd} colour, since if x, y, z ∈ I_3 is a solution to (2), then we have 1 x + 1 y > 2 2(f(r) + √ f(r)/5) = 1 f(r) + √ f(r)/5 ≥ 1 z .

By a similar argument, one can show that a solution involving the (r + 1)^{st} colour must have y, z ∈ I_1 and x ∈ I_2 (or, x, z ∈ I_1 and y ∈ I_2 – assume, without loss of generality, that y, z ∈ I_1).

Note that since x, y ≥ 1 and 1/x + 1/y = (x + y)/xy, which implies whenever x or y is equal to xy/(x + y), then we get y or x is equal to zero which is a contradiction. Hence x ≠ z and y ≠ z. Let g = gcd(y, z) and set d_1 = z/g and d_2 = y/g. Notice that gcd(d_1, d_2) = 1. We will now show that d_1, d_2 > √ 5f(r): since g||z − y| < √ f(r)/5, and since z ≠ y, we must have that g < √ f(r)/5, which implies that

d_1, d_2 ≥ f(r) + 1 g > √ 5f(r). Thus, 1 x = 1 z − 1 y = 1 g ( 1 d_1 − 1 d_2 ) = d_2 − d_1 gd_1d_2 , and (d_1 − d_2, d_1d_2) = 1. Therefore, x ≥ d_1d_2 > 5f(r), which is a contradiction. This proves the Theorem. □

Theorem 3.3. For every integer r ≥ 3, we have f(r) ≥ 2^{r−3}.192 − 1.

Proof. First, we shall prove that f(r +1) ≥ 2f(r)+1. Indeed, it suffices to produce an (r + 1)-colouring of the integers in [1, 2f(r) + 1] which avoids a solution to (2). First, colour the integers in [1, f(r)] with the first r colours so as to avoid a solution to (2), and then colour all the integers in [f(r) + 1, 2f(r) + 1] the (r + 1)^{st} colour. Any solution to (2) must have x, y, z ∈ [f(r) + 1, 2f(r) + 1], but this is impossible, since 1 x + 1 y ≥ 2 2f(r) + 1 > 1 f(r) + 1 ≥ 1 z . Now, to prove the theorem, we shall do the following: Since f(r+1) ≥ 2f(r)+1, we get, by iteration,

f(r) ≥ 2^{r−3}f(3) + 2^{r−4} + 2^{r−5} + · · · + 2^2 + 2 + 1 = 2^{r−3}(f(3) + 1) − 1.

Since f(3) ≥ 191 by Theorem 3.1, we get f(r) ≥ 2^{r−3} · 192 − 1. □

Remark 3.3.1. (i) The set of all odd positive integers contains no solution of the equation (2) because the numerator of the sum 1/x + 1/y has a factor of 2 (as x and y are odd) which cannot get cancelled.

(ii) Also, note that f(r) + 1 cannot be an odd prime number. Assume that it is an odd prime number p. We know, by definition of f(r), there exists an r-colouring of the integers in [1, f(r)] which has no monochromatic solution to the equation (2). More precisely, there exists C_1, C_2, · · · , C_r such that

[1, f(r)] = C_1 ∪ C_2 ∪ · · · ∪ C_r

and none of the C_is contains a solution to the equation (2). If we include the prime number p into any of the C_i, then there is a solution to the equation (2) involving p. Also note that, in the equation (2), z ≠ p, since p is the largest integer in that set. Therefore, p is either x or y. Thus assuming y = p, we get, 1/x + 1/p = 1/z where x, z < p. This implies, xz = p(x − z). It is impossible, since x, z < p.

(iii) It may happen that f(r) is odd for every integer r ≥ 2.

Theorem 3.4. If f(r) is odd, then we have f(r + 1) ≥ 2f(r) + 3.

Proof. It suffices to colour the integers in [1, 2f(r) + 3] by (r + 1) colours such that this colouring has no monochromatic solution to (2). Here is such a colouring: colour the even integers in [2, 2f(r)] with the first r colours, so as to avoid a monochromatic solution (upon dividing these integers by 2, one can see this is the same way as r-colouring the integers in [1, f(r)] to avoid monochromatic solutions), and then colour 2f(r) + 2 and the odd integers in [1, 2f(r) + 3] by the (r + 1)^{st} colour. Any monochromatic solution must have x, y, and z all being of the (r + 1)^{st} colour, so let us assume x, y, and z are coloured by the (r + 1)^{st} colour.

Now, x, y, and z cannot all be odd, by above Remark 3.3.1 (i); moreover, z must be odd, since otherwise 1 z = 1 2f(r) + 2 < 2 2f(r) + 3 ≤ 1 x + 1 y . If x and y were both even, then 1/x + 1/y = 2/(2f(r) + 2) = 1/(f(r) + 1), which is not coloured with the (r + 1)^{st} colour. So, we conclude that one of x or y is even, while the other one is odd, which is impossible, since if 1/x + 1/y = 1/z, then 2|z. We conclude that no monochromatic solutions exist for our colouring, and hence the theorem. □

4. Concluding remarks. Let S(r) denote the classical Schur number, which is defined to be the smallest positive integer such that if {1, 2, · · · , S(r)} is r coloured, then there exists a monochormatic solution to x + y = z. In [7], Schur proved that S(r) ≤ [er!] and some slight improvements have since appeared. Our interest is to connect this number with f(r). In 1991, Brown and Rödl [4] while proving the existence of the monochromatic solution of the equation (2), they argued as follows; If we put T (r) to be the least common multiple (lcm) of {1, 2, · · · , S(r)} where S(r) is the Schur number, then they proved that given any r colouring of the set {1, 2, · · · , T (r)}, we have a monochromatic solution of the equation (2). This implies, in our notation f(r) ≤ T (r) − 1. Since S(3) = 16 (for instance, see [8]), we have T (3) = lcm{1, 2, · · · , 16} = 720720. Therefore, f(3) ≤ 720719, which is seemingly too big.

Let N = n(2, 3, r) and M_r = P (N)p_N p_{N−1}/2 where p_m denotes the mth prime, n(2, 3, r) is the Ramsey number and P (N) is the lcm of all positive differences of p_m for all m = 1, 2, · · · , N. Then, in Adhikari’s [2] method one can arrive at the first distinct solution to the equation (2) in the interval [1, M_r]. But M_3 is too large when compared to T_3. Thus, at present we know that 191 ≤ f(3) ≤ 720719.

From the Theorem 3.4, one notes that f(3) ≥ 3f(2) + 2 = 3 · 59 + 2 = 179. We conclude this article by raising the following questions;

(i) “Is it true for every natural number r ≥ 1 that f(r + 1) ≥ 3f(r) + 2?”

A Lower Bound for Certain Ramsey Type Problems 7

(ii) “Is it true for every natural number r ≥ 1 that f(r) is odd?”

Acknowledgements. We would like to thank Professor R. Balasubramanian for many valuable discussions. Also, we are greatful to the referee for his suggestions to improve the presentation of this paper. The second author thanks the John Knopfmacher Centre for Applicable Analysis and Number Theory, University of Witwatersrand, Johannesburg for arranging his visit there during which this work was completed.

References

1. H.L. Abbott and D. Hanson, A problem of Schur and its generalizations, Acta Arith. 20 (1972), 175–187.

2. S.D. Adhikari, A note on a question of Erdős, Exposition. Math. 15 (1997), 367–371.

3. S.D. Adhikari and R. Thangadurai, Monochromatic Solutions of Diophantine equations, In: Algebraic Number Theory and Diophantine Analysis, (F. Halter-Koch and R.F. Tichy, eds.), Walter de Gruyter, Berlin, 2000, 1–9.

4. T.C. Brown and V. Rödl, Monochromatic solutions to equations with unit fractions, Bull. Austral. Math. Soc. 43 (1991), 387–392.

5. H. Lefmann, On partition regular systems of equations, J. Combin. Theory Ser. A 58 (1991), 35–53.

6. R. Rado, Studien zur Kombinatorik, Math. Z. 36 (1933), 424–480.

7. I. Schur, Über die Kongruenz x^m +y^m ≡ z^m (mod p), Jber. Deutsch. Math. Verein.

25 (1916), 114–117.

8. W. Sierpiński, Elementary Number Theory, North-Holland, PWN-Polish Scientific Publishers (A. Schinzel, ed.), Warszawa, 1987.

Received 18 July 2001 and in revised form 11 April 2002.