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Abstract.  Given an integer N > 3, we shall prove that for all primes p > (N —
2)24N, there exists x in (Z/pZ)* such that x, x + 1,...,x + N — 1 are all squares
(respectively, non-squares) modulo p. Similarly, for an integer N > 2, we prove that

25.54N

for all primes p > exp( >, there exists an element x € (Z/pZ)* such that

x,x+1,...,x+ N — 1 are all generators of (Z/pZ)*.

Keywords. Quadratic residues; primitive roots; finite fields.

1. Introduction

Let p be a prime number. The study of distribution of quadratic residues and quadratic
non residues modulo p has been considered with great interest in the literature. One can-
not expect to get consecutive squares in integers as the difference of two squares is at
least twice of the least one. But, in modulo p, one can expect to get a string of con-
secutive squares (which are called quadratic residues). The same is true while dealing
with quadratic nonresidues and primitive roots modulo p. Let Z/pZ denote the group
of residues modulo p and (Z/pZ)* the multiplicative group of Z/pZ. In this paper, we
address the following question.

Question. . For a given natural number N > 2, can we find a positive constant po(N)
depending only on N such that for every prime p > po(N), there exists an element
x € (Z/pZ)* with x,x + 1,x +2,...,x + N — 1 are all quadratic residues (respec-
tively, quadratic non-residues) modulo p? If po(N) exists, then can we find the explicit
value?

In 1928, Brauer [1] answered the above question and proved the existence of po(N) for
quadratic residues and non-residues cases using some refinement of van der Warden’s the-
orem in combinatorial number theory. Therefore, in his proof, the constant py (V) depends
on the van der Warden number, which is very difficult to calculate for all N. For instance,

2
recently, Luca and Thangadurai [8] proved that for all primes p > exp 222N o , there
exists x such that x,x + 1,...,x + N — 1 are all quadratic residues modulo p, using
Gowers [3] bound for van der Warden theorem.
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For a given prime p, the set of all non-residues modulo p can be further divided into 30
two classes, namely the set of all primitive roots modulo p (or generators of (Z/pZ)*) 31
and non-residues which are not primitive roots modulo p. 32

In 1956, Carlitz [2] answered the above question for the set of all primitive roots mod- 33
ulo p and proved the existence of po(N) in this case. This was independently proved by 34
Szalay [12,13]. Recently, Gun et al [4,5] and Luca et al [7] answered the above question 35
for the complementary case and gave an explicit value of po(N) in that case. 36

In this article, we shall prove the following theorems. 37

Theorem 1.1. Let p be a prime. For all p > 7 (respectively for p > 5), there is a 38
consecutive pair of quadratic residues (respectively for p nonresidues) modulo p. 39

Theorem 1.2. Let N > 3 be any positive integer. Then for all primes p > (N'= 2)%4N 40
we can find N consecutive quadratic residues (respectively quadratic nonresidues) 41
modulo p. 42

Theorem 1.3. Let N > 2 be any positive integer. Then for all primes p > 625'54N, we can 43

find N consecutive primitive roots modulo p. 44

Let p be an odd prime. It has been conjectured [10] that there exists an integer g < p—1 45
which is a primitive root modulo p and which is relatively prime to p — 1. In 1976, 46
Hausman [6] proved this conjecture for all sufficiently large primes p without giving an 47
explicit bound. Here, we compute an explicit bound. 48

Theorem 1.4. Let p be a prime number such that p > M08 ~ 1.318 x 10*8. Then there 49
exists an integer 1 < g < p—1 such that g is a primitive root modulo p and (g, p—1)=1. 50

In particular, odd primitive root modulo p exists. 51
2. Preliminaries 52
Lemma 2.1. 53
(i) For any integer n > 90, we have 54
$(nys ——, 55
logn
where ¢ (n) is the Euler ®-function. 56
(i1) Let w(n) denote the number of distinct prime divisors of n. Then we have 57
lo
w(p—1) < (1385 —2P_ 5
loglog p
for all primes p > 5. 59

The first result was proved by Moser [9] in 1951 and the second result can be seen in 60
page 167 of [11]. 61

Lemma 2.2. Let N be any positive integer. Then 62

(Z)—FZ(];,)+-~+(r—1)(7)+--~+(N—1)=(N—2)2N_1+1. 63
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Proof. Differentiating 83
N N N
(1+x)N=l+<1>x+<2)x2+--~+< )x’+---+x”, (2.1) 66
r
we get 67
N N N
N(1+x)N1=<1>+2<2>x+--~+r( )x“+--~+NxN‘. (2.2) 68
r
Substituting x = 1, we get 69
= (M) (M) (M) (Y 70
N 1 2 r NJ’

NaN—1 <IIV>+2(12V>+...+r(’j>+...+N(x). -

Substracting (2.1) from the (2.2), we get 72
N N N
+2 +o+ =1 +.-+N-=-1) 73
2 3 r
=(N—=22N""141. 74
0 75

An element y € (Z/pZ)* is said to be a primitive root (mod p) if y is a generator 76
of (Z/pZ)*. Once we know a primitive root (mod p), all primitive roots (mod p) are 77
given by the set 78

{y': ged(i, p—1) = 1}. 79

Consider a non-principal character x : (Z/pZ)* — u,—1, where u, denotes the sub- 80
group of C* of n-th roots of unity. Then one sees that x (y) is a primitive (p — 1)-th root 81
of unity if and only if y is a primitive root (mod p). Let n be a primitive (p — 1)-th 82

root of unity and assume that x(y) = n. Since x is a homomorphism, we have 83
x (") = x'(y) = n'. Hence by the above observation, it is clear that x («) = n* with 84
gcd(@, p — 1) = 1 if and only if « is a primitive root (mod p). 85
Let [ be any non-negative integer. We define 86
p—1
a(p-D= Y @)\ 87
i=1,,p—h=1

Setyi = x' forl <i <p—1. 88
Let 89

fx) = % (1 4 (%)) for all x € (Z/pZ)* 90
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and

glx) = ! (1 — (f)> for all x € (Z/pZ)*,
2 p

where <—> is the Legendre symbol.
p
Clearly
1, if x is a quadratic residue  (mod p)
fx) = .
0, otherwise
and
1, if x is a quadratic nonresidue  (mod p)
gx) = .
0, otherwise.
Lemma 2.3. We have
p—2 o L
B | p—1, ifxisaprimitive root . (mod p)
Zaz(P Dxi(x) = { 0 otherwise.
1=0
Proof. See Lemma 2 in [13]. O

The following theorem was proved by Weil in [14].

Theorem 2.4. For any integer I, 2 < | < p and for any non-principal characters
X1, ---, X1 and distinct ay, . . ., a; € 7] pZ, we have
p
Yot +aNxa@+a) -k +an| < A —Hyp.
x=1
For a positive integer m, we denote w (m) by the number of distinct prime factors of m.

Lemma 2.5. We have

p—2

D fer(p = D =227V (p —1).

=0
Proof. See [13]. O

Theorem 2.6. For any prime p, let N, denote the number of integers 1 < g < p — 1
which are primitive roots modulo p and coprime to p — 1. Then

2(p — —
_#p-D o=,

N
P p—1 p—1

P

where

|Ep| < 4°%7D /p(log p).

Proof. The proof can be found in [6]. U

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110
111

112

113

114

115



AUTHOR'S PROOF

Distribution of residues and primitive roots

3. Residues modulo p 116

QI Let Q(p, N) (respectively N(p, N)) be the number of N consecutive quadratic residues |5
(respectively nonresidues) modulo p in (Z/pZ)*. Then, using properties of f(x) and 118

g(x), we see that 119
p—N
Ap. Ny =Y fOfx+1) - flx+N—1) 120
x=1
and 121
p—N
N(p.N)= Y glr)glx+1)--gx + N —1). 122
x=1
We have the following technical lemma. 123
Lemma 3.1. For any prime p and any positive integer N > 3, we have 124
p (N =22N"1 1) /p
)Q(p,N)— | = N 125
and 126
p (N =22V 14 1) /p
)N(p, N) — | = 3N . 127
128
Proof. Consider 129

p—N (N—1 | PN (N X4l
a(p. N) { f(x+l)}=2—N {H(H( > >>} 130
1 [=0 1 =0

IrE () () ().

l
Setx1=<i> for/ =0,..., N — 1. Since 132
p
N—1 N—1
1_[(1+x1)=1+le+ Z X[ Xl + -0+ X0X1 - XN, 133
=0 =0 0<li<lh<N-1
we have 134
N—-1

1 i 4 i I
o(p, N) < 2%4-2_]\/ Z(ﬂ)+ Z Z((x—; 1)) ((x+ 2)) 13

P 0<li<lh<N-1x=1 p

S EQED )
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By Theorem 2.4, we get 137

1
SRR 2 D DN/ R D DI N EARE G E N/ e

0<li<lh<N—-1 0<li<hh<lz<N-1

VP (N N N
== 2 o+ (N -1 . 139

I ALCY L CY AR N w
Now applying Lemma 2.2, we get 140

p (N =221 4+1) /p

Q(p,N)—Z—N = ( N )\/_, 141
as desired. 142
Replacing the function f by g, we get the required estimate for N(p, N). O 143

Proof of Theorem 1.1. When p = 7, we clearly see that (1, 2) is a consecutive pair of 144
quadratic residue modulo 7. Assume that p > 11. If 10 is a quadratic residue modulo p, 145
then we have (9, 10) as a consecutive pair of quadratic residues modulo p, otherwise as 146
10 = 2 x 5, either 2 or 5 is a quadratic residue modulo p. Thus again either (1, 2) or (4, 5) 147
serves as a consecutive pair of quadratic residues modulo p. Therefore, Q(p, 2) > 0 for 148
all primes p > 7. 149

Now when p = 5, we see that (2, 3) is a consecutive pair of quadratic nonresidues 150
and when p = 7, (5, 6) serves the purpose. Assume that p > 11. Let2 < a1 < ay < 151

- <a = < p — 1 be all the quadratic nonresidues. If there are no consecutive pairs 152

—_ =

—_

4

thena; > 2, ap —a; > 2,and in general g¢; 41 —a; > 2forl <i < %3, with at least 153

one i such that a; 1 — a; > 2 as there exists a pair of consecutive quadratic residues. But 154

—_

this is impossible since we cannot fit pT_l numbers in {2, ..., p — 1} such that no two 155

are consecutive and there are atleasttwo at a distance larger than 2 apart. This proves the 156

theorem. 0 157

Proof of Theorem 1.2. By Lemma 3.1, we have 158

p pi_((N=22""1+1)/p

—Q(P,N)+2—N§‘Q(p,N)—2—N < ( N ) . 159

Clearly Q(p, N) > 0 if 160
p (N =221+ 1) /p B

2—N>( X ) <=>p>((N—2)2N‘+1)ﬁ. 161

Thus if p > (N — 2)24", then Q(p, N) > 0. 162

Similar arguments show that if p > (N — 2)24N then N(p, N) > 0. ] 163

4. Primitive roots modulo p 164

Let P(p, N) be the number of N consecutive primitive roots modulo p in (Z/pZ)*. We 165
have the following lemma. 166
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Lemma 4.1. For any prime p and any positive integer N, we have 167
— D\
P(p,N)—p ((P(p—l)) < 2N /p2Ner=D, 168
p—
169

Proof. Replace B¢(p — 1) by ag(p — 1) and put ¢ (p — 1) in place of k in Lemma 4 of [5] 170

to get the required result. We shall omit the proof here. U171
Proof of Theorem 1.3. Clearly, by Lemma 4.1, we have 172
p(%)N—P(n Ny <|P(p, M) - p(‘ﬁif’%l”)N 2N 2D 7y
Clearly P(p, N) > 0if 174
p<¢§f’+ll)) —2N P2V 50— f(‘p ;p_ )) >2N2New=D 75

This last inequality is satisfied if log p — 2N log %21 > 2(log 2N) +2Nw(p— 1) log2. 176
If p > e*V, then we see that k’% > 2N log %. Hence, if we prove that logp > 177

4(log2N) + 4Nw(p — 1) log2, then it follows that P(p, N) > 0 forall p > e*V. 178
1
By Lemma 2, we have, o(p — 1) < (1.385)% holds for all prime p > 5. Thus 179
oglog p
for such primes the right-hand side of the above is bounded by 180
1 log2
410g(2N) + 4N x 1.3852P 8= 181
loglog p
So, if we prove 182
4N x 1.385log2
<1 _ u) log p > 410g(2N), 183
loglog p
we are.done. Note that 184

4N x1.385log2
T X000 08 2 <1 <= loglogp > 10g24NX1'385 — p>exp(25'54N). 185

loglog p
Also, we need 186
log p > 41log(2N) = log(2* - N*) < p > 16N*. 187
So if 188

5.54N
e2

5.54N
p > max {62 , 16N4, e4N} = 189

we have P(p, N) > 0. J 190
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Proof of Theorem 1.4. By Lemma 2.1(ii), we see that 191
4o < 4035k _ (6.83)Reks — pioiss 4.3) 192
Let € > 0 be such that 0 < € < 1/2. Then for all primes 193
(2 log 6.83 )
pzexpexp| ——— )., 194
1 —2¢
we have 195
40(p=1) _ p%‘f, (4.4) 196
which is an easy computation from (4.3) and (4.4). Therefore, N, > 1 follows at once, if 197
we prove that 198
2
-1 -1
¢p =D > o(p )pl*6 log p for all p > expexp (—21f§g‘83); 199
p—1 p—1 <
or if we prove ¢ (p — 1) > p'~¢(log p) for all primes p satisfying 200
210g 6.83
p >expexp| ——— | . 201
1 —2¢
Note that 202
pP— 1 1—e
—F—>p C“logp 203
log(p — 1)
is equivalent to 204
p > (log(p — 1) +1)%€. 205
Choose € = 1/11 and we check whether 206
P — 1 1—e
—————~>p “logp 207
log(p— 1)
is true for this choice of €. (Lemma 2.1(i) says that it is enough to check this inequality 208
only to prove the theorem.) In fact, we get 209
210g6.83
exp exp (%) = exp exp(log(6.83)2'45) = exp((6.83)2‘45) <el108 5y
—2¢
Choose primes p > e'108 and we see that 211
-1
o(p—1) > Pz >p10/“10gp. 212
log(p —1)
Therefore, N, > 1 for all p > e!!0%_ This completes the proof. 0O 213
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