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NOTES

Edited by Vadim Ponomarenko

A Note on Gauss’s Theorem
on Primitive Roots

V. P. Ramesh, R. Thangadurai, and R. Thatchaayini

Abstract. In this note, we refine Gauss’s famous theorem on the existence of primitive roots
modulo p* for every odd prime number p and for every integer £ > 1 and observe the follow-
ing: For an odd prime number p > 5, at least half of the primitive roots modulo p are primitive
roots modulo p* for every integer £ > 2.

Throughout this note, p > 5 is an odd prime number and £ > 1 is an integer. By a
primitive root modulo p*, we mean a generator of the multiplicative group (Z/p‘Z)".

For an element g € (Z/ p‘Z)*, the order of g is denoted by ord ¢ (g) and defined to be
the least positive integer m such that g” = 1 (mod p*). In particular, if g is a primitive
root modulo p*, then ord ¢ (g) = p*~'(p — 1).

In 1801, while studying the periods of the unit fractions written in base 10, C. F.
Gauss proved that the multiplicative group (Z/nZ)* is a cyclic group if and only if
n =2,4, pt or2pt for any odd prime p and for any integer £ > 1 (see article 315
and page 379 of [4]). Indeed, in order to prove that the group (Z / p‘Z)* is cyclic, first
he proved the same for £ = 1 and then he proved the following theorem. We refer to
Chapter 8 of [1].

Gauss’s theorem. For any odd prime number p, if g is a primitive root modulo p,
then there exists an integer m such that g + mp is a primitive root modulo p* for every
integer £ > 2. Moreover; if a is a primitive root modulo p?, then a is a primitive root
modulo p* for every integer £ > 3.

Since the total number of primitive roots modulo p is ¢(p — 1), where ¢ is the
Euler phi function, we have the following natural question:

Question 1. Among the ¢ (p — 1) primitive roots modulo p, how many are actually a
primitive root modulo p* for every integer £ > 2?2 In other words, how many primitive
roots modulo p satisfy Gauss’s theorem withm = 0?

In order to answer Question 1, by Gauss’s theorem, it is enough to answer Ques-
tion 1 for £ = 2. That is, we need to compute the number of primitive roots modulo p
that are primitive roots modulo p?. Indeed, we have the following observation.

Theorem 1. Let p be an odd prime number. Then at least ¢ (p — 1)/2 primitive roots
modulo p are primitive roots modulo p* for every integer £ > 2.
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In 1974, Cohen, Odoni, and Stothers [2], using analytic techniques, proved a
stronger estimate than in Theorem 1, for all sufficiently large primes p. However, the
proof of Theorem 1 is elementary and the result holds for all primes p > 5.

We recall the following two elementary group theory lemmas which are useful in
proving Theorem 1.

Lemma 1. For any element a € (Z/pZ)*, we have
ord(a) = ord,(a) or ord 2 (a) = ord,(a) - p.

Proof. Letord,(a) = r and ord ,2(a) = s. Then, by definition, r divides s.

Sincea” =1 (mod p), we can write a” = pu + 1 for some integer u and hence we
have a’? = (pu 4+ 1)? = 1 (mod p?). Therefore, by definition, s divides rp. Since s
divides rp and r divides s, we conclude that s = r or s = rp, as desired. [ |

Lemma 2 (see [3]). Let G be a finite cyclic group of order n. If an integer d > 1
divides n, then the number of elements of G of order d is precisely ¢ (d).

Proof of Theorem 1. In order to prove Theorem 1, by Gauss’s theorem, it is enough to
prove the theorem for £ = 2. By Lemma 1, it is enough to prove the following claim.

Claim. Among the ¢ (p — 1) primitive roots g modulo p, there are at least ¢ (p — 1)/2
of them that satisfy ord 2(g) # p — 1.

Let S = {g € (Z/pZ)" : ord2(g) = p — 1 = ord,(g)} be a subset of (Z/pzZ)*;
we treat this set S as a subset of {1,2,..., p — 1}. If possible, we assume that
IS| > 14 (¢(p — 1)/2). Define another subset T = p> — S = {p> —g :g € S} of
(Z/p*Z)", which is clearly a subset of {p> — p + 1, p> — p +2, ..., p*}. Hence, we
getT NS =0 and

ITUS|=ITI+|SI=2(1+(@(p—-1D/2)>¢(p—-D+1 €]

To finish the proof of the claim, we shall prove that, for some integer ¢, there are
at least ¢(t) + 1 elements a € (Z/p*Z)” with the property that ord 2 (a) = ¢, which
contradicts Lemma 2.

Let b € T be any element. Hence there exists a € S such that b = p? — a. First
note that if ord 2 (b) =t < p — 1, then 7 cannot be even. If so, then

l=b =(p’—a) =(-1'a"=d" (mod p*) = ord(a) <t <p—1,

a contradiction. Hence, we assume that ordpz (b) =t for some odd integer ¢. Also,
since t|p(p — 1) and ¢ is odd, we have 2t|p — 1.

Case 1. p =1 (mod 4).

In this case, since 4 divides (p — 1) and ¢ is odd, we get 2t < p — 1. Therefore, we
get

1=b"=(p*—a)’=d” (mod p*) = ord2(a) <2t < p—1,

a contradiction. Thus, in this case, any element b € T has order ord »(b) = p — 1.

By (1), we see that the number of elements ¢ € (Z/ p2Z)* of order p — 1 is at least
T US| > ¢(p— 1)+ 1, which proves the claim and hence the theorem in this case.
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Case 2. p =3 (mod 4).

Note that if 27 < p — 1, then we have ord 2(a) < 2t < p — 1, a contradiction.
Hence, we assume that 2t = p — 1. We define the set S*> = {a® : a € S}. Note that
|S?| = |S|. Since max(S?) < (p — 1)?>and min(T) > p> — p+1> (p — 1)?, we con-
clude that > N T = . Thus, we get

ISPUT|=|S?|+IT|>¢p(p—D+1=¢@)+1. (2)

Note also that any element b € S? is of order ¢. To see this, let b € S? be any element.
Then b = a? for some a € S. Therefore,

ord,2(b) = ord2(a”) = (p — 1)/2 =1.
Since any element of T is of order ¢, by (2), we get the number of elements of

(Z/ pZZ)* of order ¢t is at least ¢(¢) 4+ 1, which contradicts Lemma 2. This proves
the claim and hence the theorem. ]
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