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Abstract

In this article, apart from giving a survey of known results on Davenport
constant for finite groups, we shall prove the following new result. Let G be
a non-abelian group with Z(G) as its center. Let S = (a1, a2, ...,a¢) be a se-
quence in G of length £ = |G|+ D(G)—1, where D(QG) is the Davenport constant
(see below, definition 1) for the group G. Suppose that there exists g € Z(G)
such that g appears in S maximum number of times. Then, there exist distinct
integers i1,%2,...,%g| from 1,2,...,£ such that the product a;,as, ...a; g, is
the identity element in G.

1 Introduction

In 1961, Erdds, Ginzburg and Ziv [2] proved that given any sequence ap, as,
...y 02n—1 (not necessarily distinct) of elements in Z,, the cyclic group of order
n, there exists a subsequence with n elements whose sum is the identity in Z,.
Moreover, they proved that 2n — 1 cannot be replaced by 2n — 2.

This theorem is a cornerstone of many questions in ‘Zero-sum Problems’ which
is now one of the active fields of research in Combinatorial Number Theory. The
above theorem has many generalizations (See [25] for instance).

From now onwards, we denote any finite group (not necessarily abelian) by G
which is additively written.

Definition 1. By D(G), we denote the smallest positive integer ¢ such that given
any sequence gi, go,...,ge¢ in G with ¢ > t there exist distinct integers 1 < i; <
ia < -+ < ip < £ and a permutation 7 on the symbols {1,2,...,r} such that
iray t Ginay T F Gingy =00 G-
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When G is abelian, D(G) is nothing but the well-known Davenport constant. This
above generalization is considered, for example, in [3]. Clearly, we have D(G) < |G|.

In the definition 1, if we take 7 to be identity, then D(QG) is called the Strong
Davenport constant and we denote it by d(G).

Definition 2. By ZS(G), we denote the smallest positive integer ¢ such that given
any sequence gi, gs,...,g¢ in G with £ > t there exists distinct integers 1 < i <
iy < -+ < i) </ and a permutation m on the symbols {1,2,...,|G|} such that
Gingy T Giney T T Gingap = 0in G.

When G is abelian, the first author [7] proved that
ZS(G) = |G| -1+ D(G),

which had been earlier conjectured by Hamidoune. When G = Z,, this result is
nothing but the Erdos, Ginzburg and Ziv theorem.
An interesting problem is to prove or disprove the following conjecture.

Conjecture 1. (Gao and Zhuang, [12]) For every finite group G, we have ZS(G) =
|G| — 14 D(G).

J. E. Olson [21] proved that ZS(G) < 2|G| — 1. Recently, Dimitrov [4] gave a
very simple proof of this fact for all solvable groups. In 1984, Peterson and Yuster
[23] proved that ZS(G) < 2|G| — 2 for a non-cyclic group G. In 1988, for a positive
integer r, with the restriction that |G| > 600((r — 1)!)2, Yuster [27] proved that
ZS8(G) < 2|G| — r; for a non-cyclic solvable group G and 1996, the first author [8]
proved that ZS(G) < &|G| -1 for a non-cyclic solvable group G. In 2003, Dimitrov
[5] proved a stronger result when G is a non-cyclic p group. More precisely, he
proved:

Let s > (1 + %) |G| — 1 be any integer. Then for any sequence S = (a1, az,
ooy as) i G, there exist 1 < iy <ig < -+ < ijq| < s such that a;, +az, +-- +ai g =
0 in G.

Using the method of the proof of the above result, in [6], Dimitrov mentions that
ZS(G) < I|G| — 1 for all non-cyclic nilpotent groups G. More recently, Gao and
Juan [12] proved Conjecture 1 for any Dihedral G of large prime index.

In this article, we shall survey the known results and conjectures on Davenport
constant for all finite groups and prove the following new result which is related to
Conjecture 1.

Main Theorem. Let G be a finite non-abelian group and S = (a1, az,...,ap) a
sequence in G of length ¢ = |G| + D(G) — 1. Suppose that there exists g € Z(QG),
where Z(Q) is the center of G such that g appears in S mazimum number of times.
Then, there exist distinct integers iy, iz, ...,4q| from 1,2,...,|G| =14 D(G) such
that a;, +ai, + -+ a5 =0 in G.

Notations. Let S = (a1, aq,...,ar) be a sequence in G. We denote the length ¢ of
S by |S|. If T is a subsequence of S, then ST~! is a sequence obtained by deleting
the terms of T" from S. If T} and T3 are two disjoint subsequence of .S, then we write
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T1Ts for a subsequence of S after a permutation on 77 and T>. We call a sequence
S of length ¢ to be a zero-sum sequence if there is a permutation 7 on the symbols
{1,2,...,4} such that gr(1) + gr(2) + - + grry = 0 in G. We call a sequence in G
a zero-free sequence if none of its subsequences is a zero-sum sequence. We call an
element g of G to be a hole of S if g & > (S) U {0}, where >(S5) denotes the set of
all possible finite sums of elements of S.

2 Davenport Constant for any finite group

One can easily see that D(G) < |G| for any finite group G.

2.1 Davenport constant for abelian groups.

Since G is a finite abelian group, by the structure theorem, we have
G=2Zln, ©Zlp, - B ZLn,

where 1 < ny|ng|---|n, and |G| = ning...n,. Here r is called the rank (denoted by
r(G)) of G and n, is called the exponent (denoted by exp(G)) of G. Define

M(G) = 1+Z(ni_1) (1)

and

K(G) = Z n;. (2)

It is easy to see that D(G) = |G|, whenever G is cyclic. Olson ([21] and [22]) proved
that D(G) = M(G) for all p-groups G and for all G with rank 2. These are the
major classes of groups for which this constant is known explicitly. The first author
[9] studied this constant when G is of rank 3 and he conjectured that

Conjecture 2. (Gao, [9]) For all groups G of rank 3, we have D(G) = M(G).

It is known from the results in [13], [11] and [16] that D(G) > M (G) for infinitely
many groups G.

Recently, P. Rath, K. Srilakshmi and the second author proved the following
theorem in [24].

Theorem 1. Let G be a finite abelian group of rank r and of exponent m. Let
by, 0o, ..., 0._1 and d be integers such that 1 < {; <nm—1 foralli=1,2,...,7r—1
and the positive integer

n -+

r—1 r
n (Z log ¢; — log %)
i=1

n otherwise

r—1 r
. n
if H ;> @
=1
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Let
S=1 g1,-- 391 s s Gr—15-+,9r—1,C1,C2, .., Cd
—— S———
(n—201) times (n—€,_1) times

r—1

be a sequence in G of length p =Y, —; (n—{;)+d. Then S has a zero-sum subsequence
wm 4.

Corollary 1. We have

D(G) < n, <1 +log (”n—‘l)_l ('%')) .

The Corollary 1 improves the previous best upper bound due to Alford, Granville
and Pomerance[l] and Meshulam [17] in 1993. Also, Corollary 1 can be improved if
one proves the following conjectural bound suggested by W. Narkiewicz and J. Sliwa,
[18] in 1982.

Conjecture 3. (Narkiewicz and Sliwa, [18]) For all finite abelian group G, we have,
D(G) < &(G).

Conjecture 3 has been verified for many particular groups; for more information
one can refer to [10]. In 2003, Dimitrov [4] proved that D(G) < ¢(r)k(G) where
¢(r) is a positive constant which depends only on r. Recently the second author [25]
improved this bound to

(c(r) —r —=3)k(G) if 4<n; <2r71—-1

b(@) < {(c(r) —rl.)k(Q) if ng >2r 1

where ¢(r) is a constant depending only on r and

@ -Nr-1+1

br= r(r—1)

Definition 3. We denote by v(G) the smallest non-negative integer ¢ such that
every zero-free sequence S in G of length ¢ > v has all its holes in some proper
coset of G, i.e.,, G\ (3 (S) U{0}) C a+ H for some proper subgroup H and for some
a€G\H.

Note that v(Zy) = 0. The first author [9] proved that v(G) +1 < D(G) <
v(G) + 2. Also, it is known by the result of van Emde Boas [28] that if G is either
cyclic or a p-group, then D(G) = v(G) + 2. The following was conjectured by the
first author;

Conjecture 4. (Gao, [9]) For every finite abelian group G, we have D(G) =
v(G)+2.

In 2003, Dimitrov gave an upper bound for D(G) when G = Z% using covering
systems modulo n. More precisely, we define the terminology as follows;
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Definition 4. Let n > 1 be any positive integer. Let

ail a2 ... Qir
M _ a1 a9 e agqy aij c Zn
am1 Am2 ... Gmp
be an m X r matrix over Z,. Let R = (ajaz2...a,) be a m x 1 column vector

over Z,. We call the tuple (M, R) to be a covering system if for every r-tuple
(z1,29,...,2,) € Z", there exists 7 € {1,2,...,m} such that

T
Zaijxj =a; (modn)
j=1

has a solution.

A finite dimensional matrix M over Z,, is said to be a cover if it is the matrix of
some covering system.

For any given positive integers r and n, we denote ¢(n,r) to the least positive
integer ¢ such that all £ x r» matrices over Z,, are covers.

Using these notions, Dimitrov [4] proved that for all positive integers r and n > 1,

we have,
D(Z}) < c(n,r).

and he conjectured the following.

Conjecture 5. (Dimitrov, [4]) For all positive integers r and n > 1, we have

D(Z}) = c(n,r).

2.2 Davenport constant for non-abelian groups.

Olson and White [22] proved that D(G) < (|G| 4+ 1)/2 for any non-cyclic group
G. Also, trivially one observes that D(G) < d(G). Since every group of order p is
cyclic, the first non-trivial class of non-abelian group is of order 2p where p is an
odd prime. If G is of order 2p, then the first author and Zhuang [12] proved that
D(G) = p + 1. Recently, Dimitrov [4] proved that D(G @ Z¢) < 2|G| — 1 for any
finite solvable group G. If H is a normal subgroup of G, then Delorme et al., [3]
proved that D(G) > D(H) + D(G/H) — 1. It is obvious from the definition that
D(G) < d(G). So, any reasonable bound for d(G) gives a bound for D(G) as well.
But, providing a reasonable bound for d(G) seems to be another hard problem. We
have the following conjecture of Dimitrov [6].

Conjecture 6. (Dimitrov, [6]) Let G be any finite group whose complex irreducible
representations (up to equivalence) have degrees dy,ds, ..., d,, then

d(G) < idi.
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When G is a non-abelian p-group, then we have better known result for d(G).
Since G is a p-group, F,G is a group algebra. Its Jacobson radical J is an augmen-
tation ideal and is nilpotent. Then its nilpontency class is called the Loewy length
of F,G and is denoted by L(G). Dimitrov [5] proved that

d(G) < L(G).
He conjectured the following;
Conjecture 7. (Dimitrov, [5]) For all finite p-group G, we have d(G) = L(G).
Note that Conjecture 7 is true for abelian p-group by the result of Olson [21] and

Jennings [14].

3 Proof of Main Theorem

We start this section with the statement of the following deep theorem of Kem-
perman [15].

Theorem 2. If A and B are two non-empty finite subsets of a group G such that
0eANB, and0=a+b,a € A,b € B implies that a = b= 0. Then,

|A+B| > |A|+|B| - 1.

Lemma 1. Let S be a sequence in G of length at least |G|. Let g € G be the
element appearing in S mazimum number of, say h, times. Then 0 € > _,(S)

where Y, (S) = Ul 3°.(8) and Y°,(S) denotes the set of all possible sums of i

elements of S.

Proof: One can distribute S into h non-empty subsets Bi, Ba, ..., By, such that

> |B;i| = |S|. For any two nonempty subsets A, B of G, let A® B = AUBU(A+ B),

and this definition can be generalized to three or more subsets by induction.
Assume to the contrary that 0 ¢ > _, (S), then 0 ¢ B; and

0€dB1®B, CB  ®PBy®BsC---CB ®PBa@Bs®--- D By,

Set A; ={0}U B; for i =1,...,h. Then, by Theorem 2, we obtain, |A; + Az| >
|A1| + |A2| — 1 = |B1| + |Bz2| + 1. Since 0 ¢ By & By @ Bs, one can apply Theorem
2 to A1 + A2 = {0} @] (Bl @BQ) and Ag = {0} UBg to get
|A1+Ao+As| > [A1+Ag[+[As|—1 = [By|+|B2[+1+[Bs|+1-1 = | B1|+| Bz |+|Bs|+1.
Continuing this process, finally we arrive at:

|A1 + Ao+ + Ap| > |Bi| + [Ba| + -+ [Br| + 1 = |G| + 1,

a contradiction. O
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Proof of the Main Theorem: Let S = (a1, as,...,ar) where £ = |G|+ D(G) — 1
be a sequence in G. By our hypothesis, we know that some element, say, a; € Z(G)
is repeated maximum number of, say h, times in S. We can assume that h < |G| —1;
otherwise, we are done. As ay € Z(G), we have ay + x = x + a4 for every z € G.
Therefore, we can translate, if necessary, the given sequence by a, and can assume
that 0, the zero element is repeated h times. Thus, we have,

S=|ai,a2,...,a0-1,0,0,...,0) and S; = (a1,as,...,as_p
——
h times

Clearly, { — h = |G| — 1+ D(G) — h > D(Q).
We distinguish two cases here.

Case (i). ({ —h <|G])

Since £ — h > D(G), by the definition of D(G), there exist distinct indices
i1,02,...,0 from 1,2,...,¢ — h such that a;;, + ai, +---+ a;, = 0. Choose k to
be the maximal possible integer ¢ such that this happens in S;. This can be done
by applying all possible permutations on the indices {1,2,...,¢ — h}. Hence by the
maximality of k, it is clear that |G| — 1+ D(G) — h — k < D(G) — 1, in turn this
implies k > |G| — h and hence |G| — h < k < |G|. Therefore, we can get

0+0+---4+0+aiy +aj,+--+a;, =0 inG,
—_——

|G|—k times
as desired.
Case (ii) (({ —h > |G| +1)
By Lemma 1, one can find ¢ disjoint zero-sum subsequences 77, ..., T; of S1 such

that 2 < |T;| < h, and that |S;(Ty...Ty)"!| < |G| — 1. Let W be the maximal
zero-sum subsequence of Sy(Ty...Ty) ™1 (if it exists). If [W| > |G| — h, then we
are done, by the argument as in Case (i). Otherwise, |W| < |G| — h — 1. By the
maximality of W, we see that |S1(T1...T;)"*W~1| < D(G) — 1. Therefore,

W+ 1|+ + T3] >¢—h—(D(G)—1) > |G| — h.

Note that since 2 < |T;| < h, we infer that, |G| — h < |W| + Ty 4+ -+ |Tk| < |G|
for some k € {1,2,...,t}. But WTy...T} is zero-sum and we are done, as we have
h number of 0’s outside S7. ]
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