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Introduction
® Quantum discord & “discord-type” measures
® Dynamics under local noisy channels

® What is freezing?

® [Initial state, freezing conditions, phase diagram
e Complementarity, state space, etc.

Effective freezing

® Quantitative approach: Freezing index
® Quantum phase transition using freezing index

e Conclusion
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e (Quantum correlations beyond entanglement

e Several measures available..
1. Quantum discord
2. Quantum work deficit
3. Several geometric measures

Review by Modi et. al., RMP (2012)
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e Even ifitis, it faces a problem! Decoherence
Decay of quantum correlations in noisy environments



Measure: Quantum discord

Classical mutual information: Two equivalent definitions

® [(A:B)=H(A)+H(B) — H(A,B)

® J(A:B)=H(B) — H(BA)
H(A) = — 3", palog, ps < Shannon entropy
H(B|A) = H(A,B) — H(A) = — 3_, ,, Pa,bPb|a < Conditional entropy
Pbla = Ppa;b

Quantum mutual information: Two inequivalent definitions
® Z(A:B) = S(pa) + S(ps) — S(pas)

® J(A:B)=S(ps) — S(pslpa)
S (p) = —Tr[plog, p] < von Neumann entropy

S(pglpa) = > PiS (pk ) < Quantum conditional entropy

Oa(pas) = ;?Ilﬁ {S(PA) — S(pag) + zk:PkS (P/A%B)}

Minimization over a complete set of projective measurements {II{ }
Ollivier & Zurek, PRL (2001); Henderson & Vedral, J. Phys. A (2001)
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Problem: Decoherence!

® Model: Interaction of each qubit with independent local environment
< Local noisy channels

e Evolution of the state pss: Kraus operator representation

1
pAB('V) = Z E;L,VPAB(O)EL,V; Eu,u = E,u RE,

=0

v — Decoherence parameter
0<~y<1

® 3 types of channels:

17
Ey = Tvlz; E, =\/§Ua

v’ bitflip (o = x)
v bit-phase-flip (o = y)
v phase-flip (o = z)
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Examples

e Initial Bell-diagonal state: psp = % [l QI+ vy Canlf @ Of

v Diagonal correlators: |caa| = |(0f ® 05)| < 1
E Q
B Q
W
0 1 0 1y
Entanglement sudden death Discord is robust!
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/')} Freezing terminal

17 0 1y
Sudden change in decay rate Freezing!
Maziero et. al., PRA (2009) Mazzola et. al., PRL (2010)

Adiabatic freezing: Listen to Debraj’s talk!
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e Initial Bell-diagonal states under bit-flip, phase-flip, and bit-phase-flip
evolutions

v Quantum discord, quantum work deficit, and several geometric measures
v Same initial condition
v

Mazzola et. al., PRL (2010)
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Freezing so far..

e Initial Bell-diagonal states under bit-flip, phase-flip, and bit-phase-flip
evolutions
v Quantum discord, quantum work deficit, and several geometric measures
v Same initial condition
v

Mazzola et. al., PRL (2010)

Xu et. al., Nature Commun. (2010)
Aaronson et. al., PRA (2013)

Cianciaruso et. al., arXiv: 1411.2978 (2014)

e However, questions remain...
1. More general freezing states..?
2. Conditions for freezing?

3. Measure-dependent phenomena..?
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More general initial state?

Consider bit-flip evolution

® (General two-qubit state (up to local unitary transformations)

1
pan =5 |:1A®IB+ Y canof@of+ > Ao @+ D C§1A®Ug]

a=x,y,z a=x,y,z B=x,y,2

v leaal =lo§ @) < 1 v Al = [og @) <15 v |B] =[x ®op)| < 1

Proposal. Canonical initial state

a=x,y,z

- 1
Pap = {IA ®Ip + Z Caa0y ®og + (Cﬁaf, ®Ip+ i ® 0’5)}

e Under bit-flip evolution, ¢y, ¢, ¢? are y-independent
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.., but how to compute discord?

Freezing of quantum discord with p4z as initial state

V' Calculate discord of pag(~y) as function of
v Show that discord is y-independent for a finite interval

Minimization over {II{ } for general two-qubit state:
Minimization over two real paramters, 0 (0 < 0 < 7),and ¢ (0 < ¢ < 2m)

cos £ sin £ei®

2 20 ); ) = [0}, 1)

¢ = Ulk)y(k|UT; U= .
k Ik} k| <7sin%e_’¢> cos 5

Analytical calculation of discord: Bell-diagonal states only

Luo, PRA (2008)

Discord of more general two-qubit mixed state:
Despite several attempts, only numerical results so far..

M. Ali et. al., PRA (2010); Lu et. al., PRA (2011);
Girolami & Adesso, PRA (2011); Chen et. al., PRA (2011)
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Take help from numerics

® [z is special!

- 1 !
Pan = § Iy ® I + Z Caa0y Q@ of + (C?Uf\ @I +EL e Uf;)

Q=X,y,2

99.97% oo

A X z A .
{Hk} > {GA s GAy, 0A } {Hk} —» Arbitrary
Discord calculated analytically! Discord calculated numerically!

“Special” canonical initial state

e Discord can be calculated analytically for special canonical initial state!

Assumption: For 100% of gag, {H‘]?} — {O'f‘, Gi;, O'f\}
Consequence: g4 = Qs — Q < 2.9088 x 103
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Freezing conditions

Set of necessary & sufficient conditions:
L (ey/ez) = =(} /cf) = —cxr Jen| <1
2. (cz)? + () <1
3. F(V/(cz)? + (cB)?) < Flew) +F(c]) —F(cy)

F(y) =2(H((1+y)/2) — 1); 4

H(a) = —alogy o — (1 — a)logy (1 — )
Valid for all canonical initial states

~s from equality in third condition

Different shades: Different values of -,

Freezing phase diagram

|exx| = 0.6



Freezing conditions

1 035

Set of necessary & sufficient conditions: o 03
L (ep/ez) = —(ch/cB) = —cu. lew < 1
2 (ez)* + () <1 ’
3. F(V/(cz)? + (cB)?) < Flew) +F(c]) —F(cy) s

F(y) =2(H((1 +y)/2) = 1); 1 0

H(a) = —alogy o — (1 — a)logy (1 — ) A as 0 05 1

Valid for all canonical initial states

~s from equality in third condition Freem‘lf’ plhise(e)délagram
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Points to ponder...

e Complementarity: Trade-off between frozen quantum discord and freezing terminal

O+ <1

v Can be proved for Bell-diagonal state
V" Numerically verified for pap

0.98 (1) )
0.8 ' ‘ 08
0.7
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o 0.5
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0.2 0.3
02

0.1

0
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e Inhomogeneity is crucial!

¢} = ¢ — |cy| = 1 < Freezing conditions violated

e Freezing states form a non-convex set
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A word on the state space

Separable states can freeze

el = 0.2 el = 0.8

Correlgted .

Separable

State space: Current picture
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Measure dependent freezing?

YES!
Example: Freezing of quantum work deficit of g4 under bit-flip evolution

1
e Set of Necessary & sufficient conditions: 0s
L (eyy/cz) —(f«“? / 17_(—;) = —Cax, o] < 1 =x0

2. (cz)? + (B <1

3. F(\/(e)? + (B)2) < Flew) + F(cb)

— Differs from discord! 1

e Valid for all canonical initial states

® -~ from the equality in third condition Freezing phase diagram
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Different shades: Different values of -,



YES!

Measure dependent freezing?

Example: Freezing of quantum work deficit of g4 under bit-flip evolution

NN

1
Set of Necessary & sufficient conditions: 0s
L. ((.,","/CT?> = _({‘V:‘ /((;) = —Cxx, ‘(’,\,\‘ <1 =50

2. (cz)? + (B <1

3. F(\/(e)? + (B)2) < Flew) + F(cb)

— Differs from discord! 1

Valid for all canonical initial states

s from the equality in third condition Freezing phase diagram
lexe| = 0.6
Different shades: Different values of -,

Non-convexity of the set of states psp with freezing quantum work deficit
Complementarity
Inhomogeneity as a crucial freezing condition

Freezing of quantum work deficit in separable states
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“almost” frozen states: Very slow decay of correlation

Prescription: Deviate ““only a little” from freezing conditions
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More practical approach: Effective freezing

® ‘“‘almost” frozen states: Very slow decay of correlation
® Prescription: Deviate “only a little” from freezing conditions

e Example: jsp with ¢, ¢® under phase-flip evolution

1 :
ﬁAB:Z Iy ®1Ip + Z Cozao',?@g?‘f’(C’?O’A@IB‘FCQ;IA@U%)

a=x,y,z
0.3
exact
effective -
0.25
v’ Start: freezing in Bell-diagonal state 0.2
eyy/exe = —Cz 50.15
v Deviate from freezing condition 0.1
— B
Introduce small ¢ = ¢ # 0 0.05
0

Quantitative description of effective freezing?



How good does a state ‘“almost” freeze?

® Freezing index: Quantifies the goodness of freezing
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How good does a state ‘“almost” freeze?

® Freezing index: Quantifies the goodness of freezing

s—

W 2,i
= E:QJU_%»/] 0(7)dy
i=1 R

1,i

® Depends on

average value of effectively frozen correlation, Qf,
duration of freezing, A~y,

onset of A~yy, and

number of freezing intervals, Ny

ANENENEN

v Detects quantum phase transition in transverse-field XY model

N L
Hyy = g; {0+ gotot + (- gaol,, } 3



To summarize...

Freezing in states other than Bell-diagonal state
Inhomogeneity is crucial

Choice of quantum correlation measure is important

— Different initial conditions
Complementarity: trade-off between value and duration

Effective freezing and freezing index

Titas Chanda, Amit Kumar Pal, Anindya Biswas, Aditi

Sen(De), and Ujjwal Sen
arXiv: 1409.2096 (2014)






Quantum work deficit

Minimum difference between amount of pure states extractable under suitably restricted

“global” and “local” operations

Closed operation (CO)
1. Unitary transformation

2. Dephasing by a set of projectors

Ico = log, dim (H) — S(pas)

W, = m1n
A (PAB {1}

Closed local operations & classical communica-
tion (CLOCC)

1. Unitary transformation
2. Dephasing by local measurement

3. Sending the dephased qubit via a noiseless
quantum channel

IcLocc = log, dim (H) — min § (Phs)
{m}

k
Phg — ZpkpAB
k

Z I’k/)AB (pAB)}



How good does a state ‘“almost” freeze?

® Freezing index: Quantifies the goodness of freezing

1
1

W V2,i
= {20 0= [ omn
i=1 1,i

Q A & =— Tolerance

Qo — Qy < Sforally; <v <7,

® Depends on

v average value of effectively frozen correlation, @f,
V' duration of freezing, A~,

v’ onset of A~ys, and

v/ number of freezing intervals, Ny

Naibar Na2ho v



QD

Quantum phase transition with 7,

® XY model in a transverse field

Hyy = = Z{ 14 g)ojoi + (1 —g)o; Uzy+1}+h20

1—1 i=1
V" Second order quantum phase transition at A = h/J = 1

Lieb, Schultz & Mattis, Ann. Phys. (1961);
Pfeuty, Ann. Phys. (1966); Barouch & McCoy, PRA (1971)

® Scaling:
How fast does the system
approach thermodynamic limit?

Ai\/ — Ac +kN70.729




