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① 	  Background	  
 - MBQC 
 - gFlow (causal order and corrections)	  

	  
	  
② 	  Informa(on	  light	  cone	  

 - Causal cone from gFlow is also an information light cone! 
 

	  
③ 	  Classical	  simulatability	  and	  universality	  

 - Size of light cone bounds simulatability 
 - Points to tradeoff: 

         `spread’ of information    Vs     ‘use’ of spread 

	  
④ 	  gFlow	  for	  transla(ng	  MBAC	  to	  Adiaba(c	  QC	  

 - gFlow provides translation, hence ideas and intuitions follow 
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Measurement	  Based	  Quantum	  
Computa(on	  (MBQC)	  

• 	  What	  are	  the	  correc1on	  opera1ons,	  and	  why	  do	  we	  need	  them?	  

gFlow tells us when it can be done, and which operations 
to make 
 
Imposes a CAUSAL ORDER (measurement sequence)	  
 
Describes information spread 
 
Concequences for simulatability / universality 
 
Translation to other models of computation (AQC) 



gFlow	  

• 	  Condi(on	  for	  a	  graph	  state	  to	  allow	  determinis(c	  computa(on	  
(tells you if corrections exist and what they are) 

	  

	  	  	  	  	  	  	  gFlow:	   	  	  -‐	  ‘correc(ng	  sets’:	  who	  corrects	  for	  what	  measurements	  
	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  (me	  order	  (so	  correc(ons	  can	  be	  consistent)	  

Input	   Output	  

V.	  Danos	  and	  E.	  Kashefi,	  Phys.	  Rev.	  A.,	  74,	  (2006)	  
D.	  Browne,	  E.	  Kashefi,	  M.	  Mhalla,	  S.	  Perdix,	  New	  J.	  Phys.	  9	  250	  (2007)	  



gFlow	  as	  acronychal	  correc(ons	  
• 	  Tools:	  Graph	  states	  and	  stabilisers 
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gFlow	  as	  acronychal	  correc(ons	  
• 	  Measure	  qubit	  
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0 ± e−iθ 1
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•  …. use   	  
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•  …. use   	  

ZPa
−θZ G

Ma
θ = Pa
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−θ Pa

±θ := ±θ ±θ ±θ =
0 ± e−iθ 1
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+θ G
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r = 0
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Ma
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r G = Pa
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gFlow	  as	  acronychal	  correc(ons	  
• 	  Measure	  qubit	  

	  
	  
	  
• 	  Problem:	  have	  to	  know	  	  	  	  	  	  	  before	  we	  do	  the	  measurement!	  

	   	   	   	  (acronycal)	  
	  

• 	  Solu(on:	  Use	  the	  graph	  stabilisers	  to	  simulate…	  
   Correct on different systems – commutes with measurement! 

ZPa
−θZ G

Ma
θ = Pa

+θ −Pa
−θ Pa

±θ := ±θ ±θ ±θ =
0 ± e−iθ 1

2

a

G

Pa
+θ Gr = 0

r =1

Ma
θZa

r G = Pa
+θ+  G

r

MaZa
ra G = Xi

ra ⊗
j∈N (i)
  ≠a

Z j
raMa G



gFlow	  as	  acronychal	  correc(ons	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
•  Can	  measure	  first,	  then	  correct	  

	  -‐	  how	  to	  choose	  correc(on	  set? 	  	  
	  -‐	  consistent	  (me	  order?	  

X	  

Z	  

Z	  

Z	  
=

MaZa
ra G = Xi

ra ⊗
j∈N (i)
  ≠a

Z j
raMa G

Z	  r	  

r	  

r	  r	  

r	  

- correction  
- then measure (impossible) 

-  measure  
-  then correct (great!) 

r=0,1	   r=0,1	  
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•  Can	  measure	  first,	  then	  correct	  

	  -‐	  how	  to	  choose	  correc(on	  set? 	  	  
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gFlow 

r=0,1	   r=0,1	  

-  measure  
-  then correct (great!) 

- correction  
- then measure (impossible) 



gFlow	  

• 	  Find	  a	  good	  set	  of	  neighbours	  to	  to	  correc(ons	  in	  a	  consistent	  way	  

 
    
 1)         is in ‘future’ of     (time order)  
 2) It corrects!      (neighbour / odd edges) 
 3) It does not interfere with previous corrections  (not neighbour / even to
             past) 

 
 
•           gives you a      , and nothing on past 

-  Achronycal correction 

-  Anticorrolation with          (Logical operator update) 
        (translation to AQC) 

V.	  Danos	  and	  E.	  Kashefi,	  Phys.	  Rev.	  A.,	  74,	  (2006)	  
D.	  Browne,	  E.	  Kashefi,	  M.	  Mhalla,	  S.	  Perdix,	  New	  J.	  Phys.	  9	  250	  (2007)	  
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gFlow	  
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 2) It corrects!      (neighbour / odd edges) 
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             past) 

 
 
•  Optimisation of time/depth 
•  Optimisation of number of qubits 
•  Information light cone 
•  Simulatability / universality 
•  Translation to AQC 
V.	  Danos	  and	  E.	  Kashefi,	  Phys.	  Rev.	  A.,	  74,	  (2006) 	   	  D.	  Browne,	  E.	  Kashefi	  and	  S.	  Perdrix	  TQC	  2010 	  	  
D.	  Browne,	  E.	  Kashefi,	  M.	  Mhalla,	  S.	  Perdix,	  New	  J.	  Phys.	  9	  250	  (2007) 	  R.	  da	  Silva,	  E.	  Galvao,	  E.	  Kasehfi	  PRA	  2011 	  	  
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Light	  Cones	  
• 	  E.g.	  Cluster	  state:	  causal light cone 

	  
	  

i

R.	  da	  Silva,	  E.	  Galvao,	  E.	  Kasehfi	  PRA	  2011	  
R.	  Raussendorf,	  P.	  Sarvepalli,	  T.C.	  Wei,	  P.	  Haghnegahdar,	  arxiv:1108.5774,	  EPTCS	  2012,	  arxiv:1210.0620 	  	  
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Light	  Cones	  
• 	  E.g.	  Cluster	  state:	  causal light cone 

•  Logical operators            spread across the same cone! 
        -> information light cone 

	  

Xi,Zi i

Xi,Zi

Informa(on?	  



Informa(on	  spread	  and	  simula(on	  
	  
	  
• 	  Logical	  Heisenberg	  picture	  

• 	  Trace	  complete	  set	  of	  logical	  operators	  

• 	  All	  informa(on	  can	  be	  read	  from	  
	   	   	  -‐> location of info ~ extent of	  	  

	  

ρ =
1
2
I +ηxX +ηYY +ηZZ( ) ρ = 1

2
I +ηx

X +ηY Y +ηZ
Z( )

LXi LXi

ϕ LXi ϕ = ϕ LXi ϕ

LXi
LXi

D.	  Deutsch,	  	  P.	  Hayden,	  PRSL	  2000 	   	  D.	  Browne,	  H.	  Briegel,	  arxiv:	  0603226	  	  
D.	  Gopesman	  PhD	  Thesis	  1997	  

LXi Lα =ULαU
+

E.g.	  Unitary	  

ϕ LXi ϕ = ϕ U+ LXiU ϕ



Informa(on	  spread	  and	  simula(on	  
	  
• 	  Graph	  state	  MBQC	  

	  
	  
	  

• 	  Stabilisers	  are	  logical	  iden((es	  

• 	  Measurements?	  
-‐  If	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐>	  	  	  	  	  	  do	  not	  change!	  
-‐  Use	  stablisers	  (logical	  iden((es)…	  choice?	  	  	  	  -‐>	  gFlow	  

G(ϕ ) Lα G(ϕ ) = G(ϕ ) LαKi G(ϕ )

D.	  Deutsch,	  	  P.	  Hayden,	  PRSL	  2000 	   	  D.	  Browne,	  H.	  Briegel,	  arxiv:	  0603226	  	  
D.	  Gopesman	  PhD	  Thesis	  1997	  

Ki := Xi ⊗ Π
(i, j )∈Ed

Z j

Ki G(ϕ ) = G(ϕ )      ∀i ∉ I

Space	  of	  dim.	  2|I |

Lα ≈ LαKi

[Lα,M ]= 0 Lα



Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state	  
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LZ1 = I1⊗ Z2 ⊗ X3 ⊗ Z4 ⊗ Z7

Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state	  
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LZ1 = I1⊗ Z2 ⊗ X3 ⊗ Z4 ⊗ Z7K6
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Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state	  
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Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state	  

	  
	  

LX1 = Z10 ⊗ X11⊗ Z12
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Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state	  

	  
• 	  General	  case:	  round	  by	  round	  

-‐	  if	  
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• 	  E.g.	  Cluster	  state	  

	  
• 	  General	  case:	  round	  by	  round	  
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Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state:	  general	  angles	  

-‐	   	   	   	  rotate by     and measure  

	  
	  

LX1 = cos(θ1)X1⊗ Z3 + isin(θ1)Z1X1⊗ Z3
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LZ1 = Z1

Ma
θ = Pa

+θ −Pa
−θ Z(θ ) X

Ki
θi := cos(θi )Xi ⊗ Π

(i, j )∈Ed
Z j + isin(θi )ZiXi ⊗ Π

(i, j )∈Ed
Z j



Informa(on	  spread	  and	  simula(on	  
	  
• 	  E.g.	  Cluster	  state:	  general	  angles	  

-‐	   	   	   	  rotate by     and measure  

• Every	  (me	  we	  use	  a	  stabiliser,	  double	  terms	  (or	  more)	  

LX1 = cos(θ1)X1⊗ Z3 + isin(θ1)Z1X1⊗ Z3
LZ1 = Z1

Ma
θ = Pa

+θ −Pa
−θ Z(θ ) X

Ki
θi := cos(θi )Xi ⊗ Π

(i, j )∈Ed
Z j + isin(θi )ZiXi ⊗ Π

(i, j )∈Ed
Z j
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Informa(on	  spread	  and	  simula(on	  
 
• 	  E.g.	  Cluster	  state	  

• 	  Informa(on	  forward	  cone:	  spread across 	  

• 	  Cost	  of	  simula(on 	   	   	   
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Informa(on	  spread	  and	  simula(on	  
 
• 	  E.g.	  Cluster	  state	  

• 	  Informa(on	  forward	  cone:	  spread across 	  

• 	  Cost	  of	  simula(on 	   	   	  worst case angles! 
 - efficient for Pauli (Clifford) 
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Universality?	  
	  

	  
• 	  Balance:	  

	  
	  

	  

	  	  	  	  Spread	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Vs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Use	  of	  spread	  
	  	  (via	  ent) 	   	  	  	  	  	  	  (#	  ways	  of	  using	  ent)	  



Universality?	  
	  

	  
• 	  Balance:	  

• 	  e.g.	  	  
	  	  	  1D) 	   	   	   	   	  	  
	  
	  
	  	  	  2D) 	   	   	   	  	  	  	  	  2D)	  Pauli	  
	  
	  
	  

DM,	  J.	  Anders,	  M.	  Hadusek	  and	  V.	  Vedral,	  EPTCS	  26	  (2010)	  
J.	  Anders,	  DM,	  V.	  Vedral	  and	  M.	  Hadusek,	  Found.	  Phys.	  38,	  506	  (2008).	  

Limited	  spread	  
	  
	  
	  
	  
	  
	  
Spread	  balanced	  with	  use	  (arbitrary	  	  	  	  	  )	  

	  

	  	  	  	  Spread	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Vs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Use	  of	  spread	  
	  	  (via	  ent) 	   	  	  	  	  	  	  (#	  ways	  of	  using	  ent)	  

	  	  
	  
	  
	  
	  
	  
	  
Spread,	  but	  not	  ‘used’	  	  	  	  	  (	  	  	  	  	  	  	  	  	  	  	  	  )	  θ = 0,πθ



Universality?	  
	  

	  
• 	  Balance:	  

• 	  e.g.	  	  
	  	  	  1D) 	   	   	   	   	  	  
	  
	  
	  	  	  2D) 	   	   	   	  	  	  	  	  2D)	  Pauli	  
	  
	  
	  

•  Analogy to 2nd law / phase transition? 
	  	  	  	  	  	  	  Energy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Vs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Entropy?	  

DM,	  J.	  Anders,	  M.	  Hadusek	  and	  V.	  Vedral,	  EPTCS	  26	  (2010)	  
J.	  Anders,	  DM,	  V.	  Vedral	  and	  M.	  Hadusek,	  Found.	  Phys.	  38,	  506	  (2008).	  

Limited	  spread	  
	  
	  
	  
	  
	  
	  
Spread	  balanced	  with	  use	  (arbitrary	  	  	  	  	  )	  
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	  	  (via	  ent) 	   	  	  	  	  	  	  (#	  ways	  of	  using	  ent)	  

	  	  
	  
	  
	  
	  
	  
	  
Spread,	  but	  not	  ‘used’	  	  	  	  	  (	  	  	  	  	  	  	  	  	  	  	  	  )	  θ = 0,πθ



MBQC	  and	  gFlow	  
	  

	  
• 	  Structure	  for	  feed	  forward:	  correc(ons	  and	  (me	  order	  

• 	  Natural	  spread	  of	  informa(on	  
	  -‐	  Simula(on	  
	  	  
	  -‐	  Informa(on	  light	  cone	  

• 	  True	  difficulty	  in	  simula(on	  /	  universality	  balance	  

Spread Vs Use 
	   	  	  

O(exp(FC ))

FC



MBQC	  and	  gFlow	  
	  

	  
• 	  Structure	  for	  feed	  forward:	  correc(ons	  and	  (me	  order	  

• 	  Natural	  spread	  of	  informa(on	  
	  -‐	  Simula(on	  
	  	  
	  -‐	  Informa(on	  light	  cone	  

• 	  True	  difficulty	  in	  simula(on	  /	  universality	  balance	  

Spread Vs Use 
	   	  	  

O(exp(FC ))

FC

Not	  simple!	   	  	  	  	  	  	  	  	  	  (clifford	  +	  	  	  	  /8)	  
-‐>	  maybe	  gFlow	  helps	  	  	  	  (same	  language)	  

π



AQC	  and	  gFlow?	  
	  

	  
	  
	  
	  
	  
	  

• 	  Adiaba(c	  theorem:	  slow	  enough,	  stay	  in	  ground	  state 	   	  	  

H0 H f

τH0 + (1−τ )H f

e0 e0Δ



AQC	  and	  gFlow?	  
	  

	  
	  
	  
	  
	  
	  

• 	  Adiaba(c	  theorem:	  slow	  enough,	  stay	  in	  ground	  state 	   	  	  

• 	  Bacon	  Flammia,	  cluster	  state	  -‐>	  AQC	  
	  	  

H0 = − Ki
i
∑ H f = − Xi

i
∑

τH0 + (1−τ )H f

e0 e0Δ



AQC	  and	  gFlow?	  
	  

	  
	  
	  
	  
	  
	  

• 	  Adiaba(c	  theorem:	  slow	  enough,	  stay	  in	  ground	  state 	   	  	  

• 	  Bacon	  Flammia,	  cluster	  state	  -‐>	  AQC	  
	  	  
• 	  Use	  gFlow	  to	  generalise	  AGSQC	   	   	  B.	  Antonio,	  DM,	  J.	  Anders	  arxiv:1309.1443	  

H0 = − Ki
i
∑ H f = − Xi

i
∑

τH0 + (1−τ )H f

e0 e0Δ



AGSQC	  and	  gFlow	  

	  
	  
	  
	  
	  
	  

• 	  gFlow	  gives	  natural	  

• 	  Easy	  to	  solve	  

• 	  Tradeoff?	  	  
	   	  Classical computation   degree of 

• 	  Spread	  of	  informa(on	  bounds	  	  

H0 = − Ki
i
∑ H f = − Xi

i
∑

H1 = −X1 − Ki
i≠1
∑

H2 = − Xi
i=1

2

∑ − Ki
i≠1,2
∑

Hi

t
H0



gFlow	  AGSQC	  1:	  
Step by step 

	  
	  
	  

• 	  gFlow	  implies	  gives	  natural	  

H0 = − Ki
i
∑ H f = − Xi

i
∑H1 = −X1 − Ki

i≠1
∑ H2 = − Xi

i=1

2

∑ − Ki
i≠1,2
∑ ...

Hi

∀i,     ∃   α(i)∈ g(i)    s.t.
Xi,Kα (i){ }= 0 Xi,K j>i

!" #$= 0

H (τ ) = τ − Kii∑( )+ (1−τ ) −X1 − K jj≠α (i)
j≥i

∑
%

&
'

(

)
*

         = τKα (1) + (1−τ ) −X1 − K jj≠α (i)
j≈i

∑
%

&
'

(

)
*+ K jj≠α (i)

j>i
∑



gFlow	  AGSQC	  1:	  
Step by step 

	  
	  
	  

• 	  gFlow	  implies	  gives	  natural	  

• 	  (me	  

H0 = − Ki
i
∑ H f = − Xi

i
∑H1 = −X1 − Ki

i≠1
∑ H2 = − Xi

i=1

2

∑ − Ki
i≠1,2
∑ ...

Hi

∀i,     ∃   α(i)∈ g(i)    s.t.
Xi,Kα (i){ }= 0 Xi,K j>i

!" #$= 0

H (τ ) = τ − Kii∑( )+ (1−τ ) −X1 − K jj≠α (i)
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j>i
∑

t =O(poly(n))



gFlow	  AGSQC	  2:	  
Round by round 

	  
	  
	  

• 	  Play	  with	  degree	  using	  gFlow	  

-‐>	  same	  ground	  state	  space,	  same	  spectrum	  

	  

• 	  Round	  by	  round,	  as	  gFlow	  
	  -‐>	  not	  quite	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  as	  is	  	  [work	  in	  progress!]	  

	  
• 	  Trade-‐off	  	  	  	  

	  -‐>	  speed	  against	  degree	  	  	  	  	  	  	  	  	  	  	  	  	  

H0 = − Ti
i
∑ H f = − Xi

i
∑...H1 = − Xi

i∈R1

∑ − Ti
i∉R1

∑ H2 = − Xi
i∈R1R2

∑ − Ti
i∉R1R2

∑

H0 = − Ti
i
∑ Ti = K j

j∈g(i)
∏

Xi,Ti{ }= 0 Xi,Tj≥i"# $%= 0

t = depth(MBQC)



gFlow	  AGSQC	  2:	  
Direct 

	  
	  
	  

• 	  Speed	  	  	  	  	  	  	  	  depends	  on	  spread	  (finite	  speed	  of	  spread)	  

• 	  Trade-‐off:	  countered	  by	  high	  degree	  

H0 = − Ki
i
∑ H f = − Xi

i
∑

H0 = − Ti
i
∑ H f = − Xi

i
∑

t



Conclusions	  
	  
• 	  gFlow	  shows	  informa(on	  spread	  

	   	  Information light cone = causal light cone 
  Playground for causal order?	  

	  
	  
	  
• 	  Spread	  bounds	  simula(on	  

	  	  	  	   	  Cost 	  
	  

• 	  `Good’	  resource	  
  Balance:     Spread     Vs    ‘Use’	  

• 	  General	  transla(on	  to	  AGSQC	  
	   	  Translation of trade-offs? 
  Notions of spread	  

O(exp(FC ))

G1	
 G2	




Thank	  you!	  

hpp://iq.enst.fr/	  
	  

LOOKING	  FOR	  POST	  DOCS	  

FREQUENCY	  HIPERCOM	   CIQWII	  



Examples	  
	  

• 	  Some(mes	  need	  more	  than	  one	  in	  correc(ng	  set	  

• 	  Not	  unique	  (allows	  for	  tradeoff)	  A.	  Broadbent,	  E.	  Kashefi	  TCS	  ‘07,	  D.	  Browne,	  E.	  Kashefi	  and	  S.	  Perdrix	  TQC	  ‘10	  
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• 	  Some(mes	  need	  more	  than	  one	  in	  correc(ng	  set	  

• 	  Not	  unique	  (allows	  for	  tradeoff)	  A.	  Broadbent,	  E.	  Kashefi	  TCS	  ‘07,	  D.	  Browne,	  E.	  Kashefi	  and	  S.	  Perdrix	  TQC	  ‘10	  
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Examples	  
	  

• 	  Some(mes	  need	  more	  than	  one	  in	  correc(ng	  set	  

• 	  Not	  unique	  (allows	  for	  tradeoff)	  A.	  Broadbent,	  E.	  Kashefi	  TCS	  ‘07,	  D.	  Browne,	  E.	  Kashefi	  and	  S.	  Perdrix	  TQC	  ‘10	  

K4 = Z1⊗ Z2 ⊗ X4
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• 	  Some(mes	  need	  more	  than	  one	  in	  correc(ng	  set	  

• 	  Not	  unique	  (allows	  for	  tradeoff)	  A.	  Broadbent,	  E.	  Kashefi	  TCS	  ‘07,	  D.	  Browne,	  E.	  Kashefi	  and	  S.	  Perdrix	  TQC	  ‘10	  

K5 = Z2 ⊗ Z3 ⊗ X5
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• 	  Some(mes	  need	  more	  than	  one	  in	  correc(ng	  set	  
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